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1 Introduction

This note introduces a particular kind of Hilbert space known as a reproducing kernel Hilbert space (RKHS).
We will establish connections with kernels, defined previously, and show that kernels and RKHSs are in
one-to-one correspondence. This material is largely drawn from Chapter 4 of [1], although some results are
presented in a slightly different way to ease digestion.

2 Reproducing Kernel Hilbert Spaces

Before formally stating the definitions and results, let us to mention that throughout this note, we use the
term “Hilbert function space over X” to refer to a Hilbert space whose elements are functions f : X — R.

Definition 1. (Reproducing Kernel) Let F be a Hilbert function space over X. A reproducing kernel of F
is a function k : X x X — R which satisfies the following two properties:

1. k(-,x) € F for any x € X.

2. (Reproducing property) For any f € F and any x € X, f(x) = (f,k(-,2))*.
Theorem 1. Let F be a Hilbert function space over X. The following are equivalent:

1. F has a reproducing kernel.

2. For any x € X, the function §, : F — R defined by d, (f) = f (x) is continuous.

Definition 2. Let F be a Hilbert function space over X. We say F is a reproducing kernel Hilbert space
over X if it satisfies the conditions of the previous theorem.

Proof. ((1) = (2) ). Suppose that F has a reproducing kernel, k£ : X x X — R. We need to show that if
(fn)ff:l converges to f € F,i.e., || fn — fllz — 0, then for every x € X, [0, (fn) — 0 (f)| = |fn () — f (2)| —
0. Now

0r (f) = f(2) = (fik (1 2))F = <n1LH;O frik (1 2)F
@ Jim (fo, k(- 2))r = lim fi (2) = lim & (fn)

Note that the identity “(a)” is implied by the continuity of inner product operator of its first argument.
Before proving the reverse implication, we state a classical result from functional analysis named the Riesz
representation theorem.

Theorem 2 (Riesz representation theorem). Let F be a Hilbert space and L : F — R be a linear functional
on F. Then L is continuous if and only if there exists ® € F such that L (f) = (f, @) for any f € F.



((2)=1(1)). Let z € X. It’s trivial to see that d, is a linear functional, so due to the assumed
continuity of d,, Theorem 2 ensures the existence of a ®, € F such that d, (f) = f(z) = (f, P,)r. Now
define k (z2, 1) := @4, (22) € R. Note that k (-,z) = &, € F (establishing the first property of reproducing
kernels). Also,

f (m) = <f, (I)w>~7'- = <f7 k <~,$)>]:

which shows that the reproducing property holds. O
The next result establishes that kernels and reproducing kernels are the same.

Theorem 3. Letk: X x X — R. Then k is a kernel if and only if k is a reproducing kernel of some RKHS
F over X.

Proof. (<=). We first prove the reverse implication. Let k be the reproducing kernel of F and define @ :
X — F by ®(x) =k(-,z). Now for any 2’ € X, consider the function f,» =k (-,2’). Using the reproducing
property and symmetry of the inner product, we obtain

k(z,a") = for () = (for, k()7 = (b (,27) K (- 2))
= (2 (), 2 (2))r = (®(2),® ().

Hence, £ is a kernel.
(=) . The following lemma is needed.

Lemma 1. If k is a kernel, then it has a feature space F and a feature map ® : X — F such that the map
V:F i+ (X —R) (the range of V is the set of functions from X to R) given by

V(W)= (w,®())z (1)
s injective.
Proof of Lemma 1. Let Fy, ®( be a feature space and feature map associated to k, respectively, i.e., k (x,2’) =

(Dg (2), Pg (2")) 7,- Now define
F= {f: <w7¢)0(')>.7:0 | w e ]:O}

It’s worthwhile to mention that, since @ is not known to be onto, then it’s possible to have multiple w’s
mapping to f. Consider the kernel (nullspace) V, ker (V) = {w: Vw = (w, Po (+)) £ = 0}, where the 0 refers
to the zero function. One can easily show using the continuity of an inner product in its first argument that
ker (V) is closed. The projection theorem then implies that Fo = ker (V) @ F (& denotes the direct sum)
where

F=(kerV)" ={veFo: (wv)r =0Ywe ker (V)}

F is closed by a routine argument, and therefore F is a Hilbert space by inheriting the inner product of
F. For any w € ker (V) and any z € X, the construction of V leads to V (w) = (w, ®o (z))#, = 0. Thus,
®g (z) € (ker (V) = F. Hence, ® = @ is a valid feature map on X — F. Finally, the restriction
V|z: F — F is such that ker (V| z) = {0}, and therefore is injective. O

Let (@, F) be as in Lemma 1. Define
F={f=wdz | weF}
F is clearly a space of functions. The linear map V : F — F defined by identity (1) (linearity of V is an

immediate consequence of linearity an of inner product in its first argument) is bijective (injective and onto)
by the constructive definition of F and therefore V is invertible. Now, define an inner product on F by

(Ffr=VTHEYVT )z



Since V is a bijective linear map, so is its inverse, and so it’s straightforward to check that (-,-)# defines
a valid inner product. Therefore V is also an isometry (distance preserving map). We also need to show
that F is complete. Thus, let {f,}, c be a Cauchy sequence in F. Since V is an isometry, we have that
| fn = fmllr = HV’lfn — V’lmef— for any m,n € N. Hence, (V~!f,)nen is a Cauchy sequence in the

complete space F which means that it converges to a limit f € F. Since V is an isometry it is continuous,
and therefore f, = V(V~1f,) converges to Vf € F. This shows that F is complete.
Next, we show that k is a reproducing kernel of F. If x € X', then

k(o) = (®(x),®()z=Ve(x)eF
This proves the first property of a reproducing kernel. Lastly, for any f € F and any « € X, observe

Fl@) =), @)= £,V (@)r = (fk(,2))r

which established the reproducing property. O

3 Kernels and RKHSs are in one-to-one correspondence

The next two results establish that kernels and RKHSs are in one-to-one correspondence.
Theorem 4. If F is a RKHS, then it has a unique reproducing kernel.
The proof is left as an exercise below.

Theorem 5. Let k be a kernel on X, and let Fy and ®g : X — Fy be an associated feature space and feature
map, respectively, such that the mapping V : Fo — F = {f = {(w, Po (:)) 5, | w € Fo} is injective, whose
existence is guarenteed by Lemma 1. Then,

1. F is the unique RKHS with k as its reproducing kernel.

n
2. The set Fpre = {Z ak(z) | neN o eRz; € X} s dense in F.
i=1

3. For f,f' € Fpre with f =3 sk (-, x;) and f' = > abk (-, x}),
i=1

i=1
n ’II
= g E ;) k :c“ J
i=1 j=1

Proof. We already have seen in the proof of Theorem 3 that F is an RKHS. The proof of the uniqueness is
presented after proving the other two parts of the theorem.

Proof of part 2. Let F be any RKHS with k as its reproducing kernel. Since k (-, ) € F for any = € X,
we see that Fp.. C F. Now, suppose towards a contradiction that Fp.. is not dense in 7. Then the

orthogonal complement of the closure of F,,. has a non-trivial element, i.e. ( pre) # {0}. Thus, there
exists f € ( pre) and € X such that f (z) #0. But k(-,2) € Fpre, and so

0={(fk(2)Fr=f(x)#0,

a contradiction.



Proof of part 3. Let again F be any RKHS with & as its reproducing kernel. Using the reproducing
property and bi-linearity of inner product, we get

(ff)g= Zzaiaﬂk (i) k(- a5)) 7 = ZZaia;k (2i,27%) .

Proof of part 1. Assume that F; and F» are two RKHSs with the same reproducing kernel k. Choose an
arbitrary f € F;. We will show f € F5, establishing F; C F5. The reverse inclusion is established similarly.

From part 2, there is a sequence (fn)nen, fn € Fpre, such that |[f — fu[lz — 0. By part 3, ||| - and
|H|}-2 coincide on Fppe, and so (fn)nen is Cauchy in Fy. Therefore, (fy,)nen converges to some g € Fo.
Moreover, for any x € X', we have

g(z) = lim f,(x) (point evaluation at x is continuous on F3)
n—oo
= f(z), (point evaluation at x is continuous on Fi)

so f = g. This shows that F; C Fs, and the reverse inclusion holds similarly, so F; = F» as sets.
It remains to show that the inner products agree. Thus, let f, f’ be arbitrary functions in F; = Fo,
expressed as limits of functions in Fp,. as f = lim f, and f/ = lim f. Appealing to continuity of an
n—0o0 n—oo

inner product in one argument while the other is held fixed,

<f7 f/>]:1 = nh—>néo<fn’f/>}—1 = lim lim <fn7f7/n>]:1 = lim lim <fnaf';n>]:pm

n—0o0 m-—0o0 n—0o0 Mm-—00

= lim lim <fn,f7/n>_7-‘2 = nlgl;o<fna f/>.7:2 = <fa f/>f2'

n—oo m—0oo

So the two RKHSs are the same, and thus F is the unique RKHS with & as its reproducing kernel. O

By the above properties, for any kernel k with associated RKHS F, the feature map ® : X — F defined
by ®(x) = k(-,z) is a valid feature map, and is called the canonical feature map.
For additional background on reproducing kernel Hilbert spaces, see [1].

Exercises

1. Show that convergence of functions in an RKHS implies pointwise convergence. That is, if || f,, — f||x —
0 then for all z, |f,(z) — f(z)| — 0.

2. Is the Hilbert space L?(R) a RKHS? If so, what is its reproducing kernel? Hint: This problem is super
easy if you understand the definitions of RKHSs and L?(R).

3. Show that if F is a RKHS, then it has a unique reproducing kernel.

4. Elements of an RKHS inherit properties of the associated kernel. Let k be a kernel on a metric space
X and F its RKHS. We say k is bounded if sup,¢y k(x,z) < co. Show that

(a) if k is bounded, then every f € F is a bounded function.
(b) if k is bounded, then convergence in F implies convergence in the supremum norm.

(c) if k is bounded and for all x, k(-,x) is a continuous function, then every f € F is bounded and
continuous. Hint: Use the denseness of F,,. in F and part (b).

5. Let k be a kernel with feature map & : X — Fy, and consider
F={f=w 2())r |we Fo}
Show that



(a) Show that F, equipped with the inner product constructed in the Proof of Theorem 3, is the RKHS
associated with k, and is therefore independent of the choice of ®¢, Fy.

(b) for all f € F,
Ifl7 = inf{llwlz, : we VT f}

where Vw = (w, ®o(-))7,. Note: V is possibly many-to-one.

6. Cousider the proof of Theorem 5.2 in [2], available online through the UM library. The last part of
the proof (after the validity of the inner product is established) may be flawed. If the proof is flawed,
identify the error(s), and if possible, salvage the proof without making major changes to the proof
strategy. If the proof is correct, provide additional details to make the argument more transparent.
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