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Abstract

We consider the computational cut-off rate and its implications on signal design for the complex quasi-
static Rayleigh flat fading spatio-temporal channel under a peak power constraint where neither transmitter
nor receiver know the channel matriz. The cut-off rate has an integral representation which is an increasing
function of the distance between pairs of complex signal matrices. When the analysis is restricted to finite
dimensional sets of signals interesting characterizations of the optimal rate-achieving signal constellation can
be obtained. For arbitrary finite dimension, the rate-optimal constellation must admit an equalizer distribu-
tion, i.e., a positive set of signal probabilities which equalizes the average distance between signal matrices
in the constellation. When the number N of receive antennas is large the distance-optimal constellation is
nearly rate-optimal. When the number of matrices in the constellation is less than the ratio of the number
of time samples to the number of transmit antennas, the rate-optimal cut-off rate attaining constellation is
a set of equiprobable mutually-orthogonal unitary matrices. When the SNR is below a specified threshold the
matrices in the constellation are rank one and the cut-off rate is achieved by applying all transmit power
to a single antenna and using orthogonal signaling. Finally, we derive recursive necessary conditions and
sufficient conditions for a constellation to lie in the feasible set.
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Figure Captions

1. Two dimensional slice of three dimensional cone cone(Ey) (k = 3) with inscribed and circumscribed
three dimensional spheres used to establish sufficient and necessary conditions, respectively, for es-
tablishing that 1, € cone(E}). Interior of triangle is slice of cone(E}) in a plane orthogonal to the
vector cu. Vertices of triangle are located at points {c;g.,(i)}3_, along extremal rays of cone(E}y). The
inner dotted circle is the corresponding slice of the largest possible sphere centered at cu that can be
inscribed in cone(Ey). The outer dotted circle is the slice of the smallest possible sphere centered at
cu through which all rays in cone(E})) must pass.

2. Interior of outer triangle is slice of cone(E}) for £ = 3 in a plane orthogonal to the vector cl,. Vertices
of outer triangle are located at points {c;g5(i)}7_, along the extremal rays of cone(Ey). The interior
of the smaller equilateral triangle in the center is the slice of cone(F}(fy)) within the same plane. The
equilateral triangle has center point cl;,. The dotted circle is the slice of a sphere with radius d equal
to the distance between cl; and the vertices of the smaller triangle. b is the distance of cl; to the
closest face of cone(Ey). cone(Fy(8r)) C cone(Ey) as long as the smaller triangle is inscribed in the
larger triangle; i.e. d <b.

3. Top panel shows M, given by (55) as a function of the SNR parameter nT M. Bottom panel is blow
up of first panel over a reduced range of SNR. The straight line is a least squares linear fit to the
upper panel. The linear approximation has slope 0.32 and zero intercept 0.08. Average residual error
between linear fit and exact M, vs SNR step function is less than 0.09 and maximum error is less than
0.52. By Corollary 2, for T, K, M, M, satisfying T > KM, and M, < M, the curve gives the number
of antennas utilized by the optimal constellation for various SNR’s



1 Introduction

In this paper we investigate the single-user cut-off rate for a Rayleigh fading spatio-temporal channel model
under a maximum peak transmitted power constraint. For a wider perspective on different channel fading
models we refer the reader to [4]. Multi-channel flat Rayleigh fading models have been widely used to
investigate space-time channel capacity [30, 8, 14, 20, 31, 12], to investigate random coding error exponents
[1, 31], and to motivate and evaluate robust space time coding schemes [15, 16, 29, 7]. Similarly to Marzetta
and Hochwald [20] our results are derived under the quasi-static Rayleigh fading model and under the
assumption that neither transmitter nor receiver knows the channel. The quasi-static fading model assumes
a propagation matrix of zero mean complex Gaussian distributed coefficients which remain constant over
several time samples, called the coherent fade sampling interval,but change independently over successive
fade intervals. The signal set for this channel consists of complex matrices whose rows are indexed over
temporal coordinates that span the fade interval, and whose columns are indexed over spatial coordinates

that span the locations of the transmitter antennas.

The channel cut-off rate R, is a lower bound on the Shannon channel capacity C. R, also specifies an
upper bound on the error rate of an optimal decoder operating at a given symbol rate which can be used to
majorize the minimum probability of decoding error. Cut-off rate analysis has frequently been adopted to
establish practical coding limits [32, 11] as the cut-off rate specifies the highest information rate beyond which
sequential decoding becomes impractical [27, 34] and as it is frequently simpler to calculate than channel
capacity. Cut-off rate analysis has also been used to evaluate relative merits between different coding and
modulation schemes [22], signal design for optical communications [28], and establishing achievable rate

regions for multiple access channels [24, 25].

The following are some of the principal results obtained.
1. An integral representation for the cut-off rate is obtained (Lemma 1) which depends on a pairwise

dissimilarity measure over the set of signal matrices. This dissimilarity measure is a decreasing function

of the spatial correlation between pairs of signal matrices.

2. For low SNR the dissimilarity measure reduces to a distance metric equal to the trace norm of pairwise

differences between outerproducts of the signal matrices (Lemma 7).

3. The K dimensional cut-off rate, defined as the cut-off rate for constellations whose dimension does



not exceed K, is the appropriate limiting factor for finite dimensional space time coding/decoding and
when signal sets must be generated with finite numerical precision. A necessary condition for such a
signal constellation to attain cut-off rate is that there exist a probability distribution on the constel-
lation which equalizes the average exponentiated distance between signal matrices in the constellation

(Proposition 3). We call this the equalization condition and it plays a central role in this work.

4. The determination of the K dimensional cut-off rate reduces to maximization of a quadratic form over
the set of feasible constellations, defined as those constellations which satisfy both the peak power
constraint and the finite dimensional equalization condition (Proposition 4). This quadratic form is
similar to that arising in the Capon/MVDR method for adaptive beamforming arrays. If the feasible set
of K dimensional constellations is empty then the rate-optimal constellation is necessarily of dimension

less than K.

5. For low symbol-rate the rate-optimal constellation is a set of scaled mutually orthogonal unitary ma-
trices in @T*M (Proposition 9). This constellation is also distance-optimal in the sense of having the
largest possible minimal distance over all constellations of the same dimension (Corollary 2). When
SNR is low the rank of the signal matrices in the constellation is one and cut-off rate is achieved by
transmitting all power from a single antenna element. As the SNR increases the rank of the signal
matrices increases and more and more antenna elements are utilized. Interestingly, the number of
receive antennas N plays no role whatsoever in determining how many transmit antennas should be

used.

6. When K exceeds T/M but is finite, the K dimensional cut-off rate is not closed form and must
be determined by numerical optimization of the cut-off rate objective function over the feasible set of
constellations. We derive simple necessary conditions and simple sufficient conditions for a constellation
to be in the feasible set (Lemma 3). The necessary conditions characterize properties of the optimal cut-
off rate achieving constellation while the sufficient conditions can be used to generate feasible signal sets.
To satisfy these conditions, among other attributes, the signal matrices should have pairwise distances
of low variability. As these conditions can be used to check if a candidate set of constellations is in the
feasible set or not, they provide a potentially useful signal design tool, especially when dealing with
large constellations of high dimensional signal matrices for which computing the globally rate-optimal

signal set may be impractical.

7. When the number N of receive antennas increases the distance-optimal constellation becomes nearly



rate-optimal and the K dimensional cut-off rate becomes approximately equal to In K. Furthermore,
the dimension K of the rate-optimal constellation among all constellations of countable dimension

increases as N increases (Proposition 6).

The outline of this paper is as follows. In Section 2 the Rayleigh fading measurement model is introduced,
we briefly review the computational cut-off rate. and we characterize general structural properties of space-
time codes that achieve cut-off rate. In Section 3 an integral expression is specified for cut-off rate involving
the pairwise dissimilarity function. In Section 4 we specialize to the finite dimensional cut-off rate which
reduces to maximization of a quadratic form over signal dissimilarity matrices. In Section 5 we consider
quadratic programming for computing the cut-off rate. In Section 6 general characterizations for the feasible
set are given. In Section 7 we specialize to the case of finite constellations with dimension smaller than T'/M,

for which the cut-off rate is closed form.

2 Preliminaries

2.1 Rayleigh Fading Spatio-Temporal Channel

We use substantially the same notation as in the papers of Hochwald and Marzetta [20, 14]. Let there be M
transmitter antennas and NN receiver antennas and let the M N channel fading coefficients be constant over
an interval of length T" time periods, called the coherent fade sampling interval. A transmitted signal S is a
T x M matrix having complex valued entries. Let S = @'7*M denote the set of all possible signal matrices.

The norm of a matrix S € S is defined as

ISI] = \fer{SSH} =

where S¥ denotes the Hermitian transpose of S and {\;}X, are the singular values of S. Note that if T > M

only M of these singular values will be non-zero.

For N receiver antennas and an observation time interval of LT time periods the received signal is a

sequence {X;}X | of L complex valued T' x N matrices X; € X = €' T*N which has the representation [20]:
Xi:\/ﬁSiHi-}-Wi, 1=1,...,L, (1)

where S; € S is the i-th transmitted signal, n = p/M is the normalized signal-to-noise ratio (SNR) with

p > 0 the expected SNR at each receiver per transmit antenna, H; is an M x N matrix of complex channel



coefficients, and W; is a T" x N matrix of complex noises. The quasi-static Rayleigh flat fading model
corresponds to taking the LN (T + M) elements of the matrices { H;}~ , and {W;}£ | to bei.i.d. complex zero
mean (circularly symmetric) Gaussian random variables with unit variance. Therefore the joint conditional

probability density of the observations factors into a product of marginals

L
p(Xla"'aXL|51)"'7SL) = Hp(Xl|Sl)7
i=1

where
exp (—tr{[IT + nSiSiH]_lXiXiH)
p(Xz|Sz) = N ) (2)
xTN |IT + nSZSlH|
Iy is the T' x T identity matrix, and |A| = |det(A)| denotes the magnitude determinant of square matrix A.

Let P, denote the probability of decoding error for a block code of rate R (nats) with blocklength L. It
is well known [34, 10, 9] that for R below capacity C, the minimum decoding error probability P, of the best

code satisfies
P, < e LPu(R) (3)

where Ey(R) > 0 is a reliability function, called the random coding error exponent, controlling the error

rate of the optimal decoder:

Ey(R) = max max{—uR—ln/XGX USES (p(X]S5)"/ 1 qp(s)

nefo,1] PEP

14u
dX} , nats/symbol, (4)

where the inner maximization is performed over a suitably constrained set P of probability distributions
P defined over the set of signal matrices S. Additional constraints on P are determined by factors such
as total power budget or envelope constraints and are left implicit in (4). The distribution P = P* which
attains the maximum in Ey(R) gives an optimal signal distribution for which there exists a decoder achieving
minimum probability of decoding error for sufficiently large blocklengths. Generally, P* is not discrete and
an optimal set of signal matrices can only be constructed by a random coding procedure. The function Ey (R)
was studied for the spatio-temporal Rayleigh quasi-static fading model by Abou-Faycal and Hochwald [1]
and Telatar [31] under a mean power constraint on transmitted signal matrices. Unfortunately, the double
maximization in (4) is generally very difficult since the inner integral is raised to a fractional exponent when
i € (0,1). The cut-off rate specified below is a lower bound on the error exponent Ey(R) which is frequently

simpler to analyze.

The random coding error exponent Ey(R) can be lower bounded by the tangent line Q(R) having slope

—1: Q(R) = R, — R, where R, is this line’s intercept on both the Ey(R) and the R axes [34]. The point



of tangency R, = maxpgejo,c1{R : Ev(R) = Q(R)} is the critical rate and the intercept R, is called the

computational cut-off rate. The cut-off rate is given by

2
R, = max—ln/ {/ Vp(X|S)dP(S)| dX, nats/symbol (5)
pep Xex L/ses

which is equivalent to the error exponent Ey(R) in (4) with the maximization over p € [0, 1] replaced by

the simpler evaluation at the point = 1.

While use of cut-off rate for evaluating system performance has its limitations, in particular it is an
upper bound only for sequential decoding [5, 21], it satisfies useful properties which in our opinion justify

its application to space-time coding:

e Since R, < C cut-off rate provides a lower bound on channel capacity.

e Ey(R) =~ R, — R when the symbol rate R is close to R.. Thus the signal distribution P = P* which

attains the maximum in the definition of R, will attain optimal error rates for R near R..

e For sequential decoding strategies, R, is the maximum practical symbol transmission rate. Specifically,
even though Shannon’s coding theorems ensure that there exists a low error decoding algorithm for all
R such that R < C, if R, < R < C the probability of arbitrary long decision delays becomes significant
[27]. Even though it has recently been demonstrated that non-sequential turbo decoders can achieve
rates greater than R, [3], sequential decoding remains of interest and cut-off rate analysis continues to

give useful insights [4, 33, 18, 32, 11].

e Combining (3), (4) and (5) a useful upper bound is obtained on the minimum probability of decoder

error for transmission rates R less than R,
P, <exp{-L(R,—R)}, R<R,. (6)

Thus R — R, is an upper bound on the error rate (In P.)/L of the optimal decoder regardless of the

decoding algorithm.

e When analysis of channel capacity C is difficult or intractable, R, offers an alternative which may be

easier to analyze.
2.2 Structure of Space-Time Codes Attaining Cut-off Rate

Below we give a result that parallels Theorems 1 and 2 of Marzetta and Hochwald for channel capacity [20],

but covers the case of peak power constrained signal sets.



Proposition 1 Assume that the transmitted signal S is constrained to satisfy the peak power constraint
ISII? < MT. The peak power constrained cut-off rate attained with M > T transmit antennas is the same
as that attained with M = T antennas. Therefore, there is no advantage to using more than T transmit
antennas. Furthermore, for M < T the signal matriz which achieves peak power constrained cut-off rate can
be expressed as S = VA where V is a T x T unitary matriz, A = [Apr, 0! is a T x M matriz, and Ay is a

diagonal M x M matriz.

Proof of Proposition 1

We first treat the case that M > T. Let S have singular value decomposition (SVD) S = VAUH where
Visa T x T unitary, U is an M x M unitary and A = [Ap, O] is a T x M matrix partitioned into a diagonal
T x T matrix Ay and a T x (M — T') matrix of zeros. The fading model (1) for L = 1 specifies the received

signal as the T' x N matrix
X =nSH+W,

where the M x N matrix H and the T x N matrix W are mutually independent matrices of of i.i.d. zero

mean complex Gaussian random variables. Substituting the SVD of S into the model we obtain

X

VISH + W
= VIVAUPH +W
= VVAp [Ip,OlU"H + W

= VnVArHr +W.

Note that, as U is unitary, Hr = [IT,OlU¥H is a T x N matrix of i.i.d. zero mean complex Gaussian
r.v.s. Note also that, as ||S||> = ||V Az|%, the T x T transformed signal V Ar satisfies the same peak power
constraint as the original 7' x M signal S. Thus the signal X measured at the receiver after transmission of
the signal S on M antennas is statistically equivalent to X received when the signal V Ap is transmitted on

only T antennas.

When M < T the SVD of S is identical to S = VAU above except that now A = [Ay, O]T, where Ays

is an M x M diagonal matrix. Therefore

where H = UHH. O



Readers familiar with Theorems 1 and 2 of [20] might suspect that characterization of the statistical
distribution P of the optimal cut-off achieving signal matrix S can be obtained. Indeed, paralleling the
arguments of [20], it can be shown that, as tr{SSH} < TM is invariant to unitary premultiplication of S
and as the maximization in the definition of R, is over a concave function of P, the peak-power constrained
cut-off rate is attained by random matrices of the form S = VA where V is a T' x T isotropically distributed

matrix, A = [Ay,0]7 is a random T x M diagonal matrix, and V and A are statistically independent.

3 R, Representation for Quasi-Static Rayleigh Flat Fading Chan-
nel

Here we give integral representations for the cut-off rate.

Lemma 1 The cut-off rate for the spatio-temporal fading model (1) is given by

N
\/|1T+nslslH| |I7 + S, 54 |
|[Ir + 2(S1ST + S»S)| ’

nats/symbol (7)

Rozmax—ln/ dP(S / dP(S
PeP S1ES ( 1) S2€S ( 2)

where the mazximization is performed over the set P of distributions P of suitably constrained signal matrices.

Proof of Lemma 1

For notational convenience define the T' x T' matrix A(S) = It + nSSH. Then the conditional p.d.f.

(2) takes the form p(X;|S;) = exp (—tr{A(S;) ' X;X}T) /(=™ |A(S:)|™). The integral in (5) is the triple

integral [dX [dP(S:) [dP(S2)\/P(X|S1)P(X]|S2). As nS;SH is non-negative definite |A(S;)| > 1 and
therefore p(X;|S;) < 1/71 < co. Thus by Fubini we can interchange order of integration in the triple

integral to obtain

o — mMaX—In 1 2 \/ﬁ
R, al l/slesdP(S)/SzeSdP(S)/Xede p(X]S1)p(X]S2) 8)

pPeP

The inner integral has the explicit form

/ X \/p(X[SDp(X|S5) (9)
Xex

1 1 . _
= JA(S) N2 |A(Sy) N2 7IN /eXP (—3[A71(S1) + A7 (S2)] X XT)

J

e

N
|34 (S)+3471(52))

(VAT
1A + 1AGS)]



where in the first line the normalization constant of the multivariate complex Gaussian p.d.f. has been iden-
tified ([ exp{—tr(B~'XXH)}dX = #7N|B|") and in the second line the determinant property |BC||B~! +

C~!| = |B + C] has been used. O
The form of the cut-off rate given in (7) suggests defining the pairwise dissimilarity measure for any two
signal matrices S1,S2 € S

def |, |Ir+2(5:5F +5,55)]|

D(S1]|S2) = 3In [Frtn9 S| [Tr +05a 58] (10)
Thus the cut-off rate can be equivalently expressed as
R, = max — ln/ dP(Sl)/ dP(Sy) e NPS1l%2)  nats/symbol. (11)
PeP S1ES S2€S

As the integral (9) is upper bounded by one (Cauchy-Schwarz inequality) D(S;|S2) is non-negative. By
Lemma 7, given in the Appendix, D(S;||S2) = 7%/8||S1SH — S2SH||2 + o(n?), so that in the asymptotic
regime of low SNR (n small), D(S;[|S2) is to a good approximation proportional to the squared norm
|S1SH — S2SH |12 of the matrix outerproduct difference. We define the minimal distance (dissimilarity) of
a set of signal matrices S¥ = {S;}¥_ | as Dy, = ming; s;esr.iz; D(Si||Sj). A set of signal matrices which
is close to optimal, in terms of nearly attaining the cut-off rate, might be expected to have large value of
D,;,. Indeed, Proposition 9 implies that the rate-optimal peak constrained signal constellation maximizes

Dpyip for low symbol-rates.

In the following sections we specialize to the case of discrete signal constellations for which equalizer

distributions are always optimal.

4 Finite (K) Dimensional Cut-off Rate

For practical coding schemes it is of interest to restrict attention to finite sets of signal matrices. Let K be
a prespecified finite positive integer. The cut-off rate (11) restricted to discrete distributions concentrated

on at most K signal matrices will be called the K dimensional cut-off rate and takes the form
R,(K) = max —InQ ({PYE, {SHE)=—-In min ) ({PYE, {S K 12
) = mex QP ISHE) =l min QRIS (SE) (1)

where Q is the quadratic form

K K

Q ({Pl}l[ily {Sl}fil) — ZPZ ZPJ efND(SiHSj)’ (]_3)

i=1 j=1

10



and where G¥ is a suitably constrained set of signal matrices {S;}X | and signal probabilities {P;}X | (see

subsection below for examples).

When P; = 0 the signal S; is never transmitted which motivates a natural definition of a signal constel-

lation.

Definition 1 A set of matrices {S;}E | in @T*M s a signal constellation if all assigned signal probabilities

P; are strictly positive, i1 = 1,... K.

As the optimization in (12) is performed over a restricted set R,(K) is a lower bound on R,. Hence, in
particular, RO(K) can be used in (6) to specify an upper bound on probability of decoding error or a lower
bound on capacity. If the optimizing distribution P in (11) over P actually concentrates on a constellation
consisting of a discrete finite number of signal matrices then the bound is tight, i.e. P is a discrete probability
and RO(K) = R, for some finite K. This hypothesis may not be unreasonable, e.g. when N = M = 1, the
optimal P was shown to be discrete by Abou-Faycal and Hochwald [1] for codes that achieve the random
coding error exponent. However, for cut-off rate and for more general values of N and M this property
remains to be verified. On the other hand, when the signal matrices are generated under finite precision
arithmetic the bound R,(K) is always tight for an appropriately chosen K, e.g., K = 2T x M2P for B bit

register resolution on each complex entry of the signal matrix.
4.1 Peak Power vs. Average Power Constraints

When an average transmitted power constraint is imposed, such as adopted in [20], the optimization (12)
must be performed over the restricted set
K K
GK =gk, = {{Pi,si}fil P>0,S€@™, Y P=1,> PSi|’ < TM}
i=1 i=1
where T'M is the average transmitter power budget. Thus the average power constraint introduces additional

dependency between signal matrices and signal probabilities which complicates the optimization problem.

On the other hand, when a peak power constraint is imposed, the optimization (12) is performed over

the simpler product set

K
G =gk = {{Pi,Si}fil : P> O,ZPi =1,5 0™ |S;]]> < TM} =PK x SK (14)

peak
i=1

11



where

K
PE = {{P,»}{il:Pizo,ZPizl} (15)

i=1

and

S eak — {{Si}zlil : Sl € GTMv ||Sl||2 < TM} . (16)

p

In particular, under the constraint (14) the optimization (12) decomposes into two nested minimizations

Ro(K) = I omin  Q(PHEL{SHE), (17)

peak

where, for fixed {S1}X,, P = P*(S1,...,Sk), i = 1,..., K, is the optimal probability assignment to the

(3

signal .S;
{P S = argmingpyxc eprQ ({P}E {Si}E) - (18)
4.2 Signal Dissimilarity Matrix

A more compact form for R,(K) (12) is obtained by putting the quadratic form into vector form with a
dissimilarity matrix Ex. For K signal matrices Si,...,Sk, and for ek (i,j) = exp(—ND(S;||S;)), Ex =
Ek(S1,...,Sk) is the K x K matrix

.. K
Ex = ((ex(i,4))); =1
1 €1,2 €1,K
_ | e (19)
€EK-1,K
eK1  t eKK—1 1

Note that Ex is symmetric with non-negative entries.

Lemma 2 Ey is non-negative definite. If the K outerproduct matrices {S;SH}E | are distinct then: (i)

Ex is positive definite; and (i) ex(i,5) < 1,1 # j.

Proof of Lemma 2

From the defining relations (10) and representation (9) in the proof of Lemma 1 we have ek (i,j) =

Jxex dX/p(X]Si)p(X|S;). For assertion (i) consider for any a € R¥
K K
ZZ aiek (i, j)a

12



K K
_ /X XYY wiag p(XIS0p(XS)

i=1 j=1
K 2
= / dX (Z ai\/p(X|Si)> > 0.
Xex i=1

Thus a® Ex a is equal to zero iff Efil a;/p(X|S;) = 0 almost everywhere (X). In view of (2): Ef; a;\/p(X1S;) =
Zfil a;p(X1S;) where p(X|S;) is a multivariate circular complex Gaussian density with zero mean and co-
variance matrix 2[I7 4+ 7S;S7] and @; = a;2"N7TN/?|I7 +7S;SH|N/2. For a reference signal S; € S an easy

calculation establishes that for any S, € S the Kullback-Leibler divergence [6] of p(X|Sz) from p(X|Sy) is

K(S1]1S0) /X P18 (B(X]0)/5(X52) dx

K
= NZ[(@ —1) —Ino;]

where {0;}X | are the eigenvalues of the positive definite matrix A = [I1 + 17525{1]*% [I7 + nSi1SH[I7 +
17525211]_%. As (0; — 1) — Ino; > 0, with equality iff o; = 1, we see that K(S;]|S2) = 0 iff A = Ix, as
A is symmetric. Thus K(S1]|S2) = 0 iff S;SH = S5SI and therefore for distinct {S;SH}X | the density
functions {p(X|S;)} X, are almost everywhere linearly independent functions of X [17]. Gathering together
the above results: if {S;SH}X | are distinct then Efil air/p(X|S;) = 0 (a.e.) implies {a;}}, are identically

zero. Hence E is positive definite.
As for assertion (ii) of the Lemma we have by Cauchy-Schwarz

(f . dX\/p<X|si>p(X|sj>)2

< [ pexisgax [ pxispix
XeXx Xex

ex (i, )

with equality iff p(X|S;) = p(X|S;) (a.e. X). As shown above, this equality condition can only occur if

SiSH = SjSJH. Hence ek (i,7) < 1 under the hypotheses of the lemma. m|

5 General Properties of Solutions to R,

In this and the following subsections we establish properties of solutions to (12) under the peak power

constraint (14).

First we give a relation between the average distance of the rate-optimal constellation and the largest

13



possible minimum distance of any constellation of identical dimension. Define this latter distance
max min D(S;]|S;).
{8}, ES]:I){eak iZ£j

* %k
min

A constellation whose minimum distance Dy,;, attains D is said to be distance-optimal.

Proposition 2 Let {S}< | be a constellation that attains the K dimensional cut-off rate R,(K). Then,

D(S7155) = Dy

min?
where D(S}|SY) is the mean value

Y iz PrPFD(SEIST)
Yz I FS

DS} =

As D(S/[|S7) < max;x; D(S7||S}), combination of Proposition 2 and a sphere-packing bound on Dy

derived in [13, Prop 2] gives the following bound on the maximum distance of the constellation attaining

cut-off rate
n*(TM)*

—2/T 2
128 K (14 o(n®)).

max D(S}||S¥) >
i#] ( || J) =
Proof of Proposition 2

Let {P7}X achieve the minimum value Q* of the quadratic form Q@ ({P;}X,,{S}/,) in (18). First we
show that

« px  —ND(S]||S*
S, PrPrNDSIIS)
<oV, 20)
Ei#j [

Assume the contrary. Then

~ K K
Zpi*P;efND(S;HS;‘) + Z(Pz*)z
i#j i=1

K K
efND** Zpi*Pj* + Z(Pl*)Z
ij i=1

<
[

\Y

On the other hand,

K

K
Q* min Z Pi*P;efND(SiHSj) + Z(Pz*)z
{Si}f{zlesé{eak i#j i=1

IN

K K
. —Nmin;»; D(S;]|S;) * pPx *)?
{8}, e {e ’ PR ;(Pi )

peak i)

K K
_ e*NDr*;in Z P;P; + Z(Pi*)2)
i#j i=1

IN
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which is a contradiction. The Proposition follows after application of Jensen’s inequality to the left hand

side of (20).
5.1 Optimality of Equalizer Distributions

The solution Pj; = [Py, ..., Pi]T to the minimization (18) can be found by convex quadratic optimization

subject to linear equality and inequality constraints. Define the Lagrangian
J(Pg) = PgExPg—26(1iPy —1), (21)

where, Pr- = [P1, ..., Pk]T, 1, = [1,...,1]T is a K-element vector of ones, and ¢ > 0 is an undetermined
multiplier that must be chosen to enforce the equality constraint l%ﬂ = 1. As J(P) is convex cup the

Kuhn-Tucker conditions [26] assert that the minimum exists and must satisfy

8J(Py) [ =0 if Pr>0
op; >0 if Pr=0

or equivalently
ek()Py = ¢ if PF>0 (22)

ek(@Py > ¢ if Pf=0 (23)

where g (i) is the i-th column of Ex. By reordering the entries of P}, and the rows and columns of Ex we
can assume, without loss of generality, that the £, (7),’s satisfying (22) are the first k£ columns of Ex with the
remainder satisfying (23), k¥ < K. Making this assumption, (22) and (23) imply that P, =... = Pr =0

and
EP; = cl,. (24)

Furthermore, we can assume that {S;S7}K | are distinct (see Lemma 9) and therefore, by Lemma 2, Ej, is

positive definite. Therefore, from (22)-(24) the strictly positive component of the minimizer P} is given by
Py = cE; 'y, (25)

where c is determined via the constraint 1% P% = 11 P} =1, or
c=1/1;E 'L, (26)
Note that ¢ > 0 since Ej is positive definite and ¢ < 1 since (17 E, '1,) (1} Exl;,) > (171)? = k? and
1TE,1 < k? as the elements of Ej are < 1. Thus, in view of (24), the strictly positive elements of P}, satisfy
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the equalization condition
k
> Pre NPGillS) = ¢, i=1,...,k, (27)

where {S;}%_, are the signal matrices in {S;}/, with strictly positive assigned probabilities {P;}*_,. For
low SNR 7 it is easily shown using Lemma 7 that the equalization condition (27) is equivalent to equalizing

over i =1,...,k the average distance from S; to all other codewords Sj;, @ # j:

ZP* (S;]1S:) = a + o(n?), i=1,...,k,
J#i

where a = (1 —¢)/N.

We have thus shown that rate-optimal finite dimensional constellations, defined in Definition 1, must

have equalizer distributions. These results are summarized in the following.

Proposition 3 A constellation of dimension K achieves the K dimensional peak constrained cut-off rate
(12) only if the optimal distribution {P;}K | over signal matrices in the constellation is an equalizer distri-

bution of the form Py = Ei' L /1L Ex L.

An equivalent condition to (24) is that there exist a vector z = [x1,...,z;]T, not identically zero, lying
in the positive orthant Rﬁ which satisfies
Eyz = lka (28)
or, equivalently, E, llk € R’j_. Define the feasibility set SX Seak Of K-dimensional constellations
Shearc = {8}, : Si e @™, ||Sill> < TM, Bl € RY, SiS[ # 8;8/,i # j} - (29)
By Proposition 3 R,(K) is attained by a constellation of dimension K only if S‘Iﬁak is non-empty. Sub-

stitution of the form of the optimal probability vector P} specified in Proposition (3) into (13) we obtain

the following alternative characterization of R,(K).
Proposition 4 Let K be a positive integer. The peak power constrained K dimensional cut-off rate is

= _ T -1
R,(K) = In {Oir}ca%xK s }{nlaécspeak 1, E, lk} . (30)
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Observe that by taking the limit K — oo in Proposition 4, we obtain the cut-off rate of constellations of
countable, but possibly infinite, dimension. The objective function l{E; 1lk maximized in (30) is similar to
the criterion used in Capon’s method, also known as minimum variance distortionless response (MVDR), for
adapting the weights of a beamforming array of antenna elements and for high resolution spectral estimation

[19].

The cut-off rate R,(K) and the rate achieving signal set can be iteratively computed using (30) in the

following steps: (1) select a candidate set of signal matrices {S;}X, in SX

peaks (2) use quadratic programming

to find the zero entries of PJ, specified by condition (23), e.g. using slack variable or active set methods
[23]; (3) reorder the zero and non-zero entries of Py and permute the rows and columns of Ex as described
above; (4) solve Exx = 1y for z; (5) compute inner product 17z and take its natural logarithm; (6) perturb
the candidate set of signal matrices and repeat (1)-(5). This iterative procedure is repeated for each new set
of candidate signal matrices until 1/1% Ex'1,; attains a maximum. The procedure becomes computationally
heavy when K becomes large. Proposition 4 suggests an alternative optimization method which bypasses

steps (1) and (2) by preselecting the candidate set of signal matrices {S;}£; to lie in S}ﬁak.

It will thus be of interest to establish conditions on Ex which guarantee existence of a positive vector
z satisfying (28) or, equivalently, which guarantee that the vector EI_(llK lies in the positive orthant. The

first result in this direction is that this always holds for a sufficiently large number N of receiver antennas.
5.2 Large Number of Receiver Antennas

The equalization condition (27) is easily manipulated to yield P 4+ O(e NPmin) = ¢, i = 1,...,k. This
suggests that, for any constellation having Dy, > 0, if N is sufficiently large the equiprobable distribution

P,=1/K,i=1,...,K will satisfy this condition. We give stronger results below.

Proposition 5 Let {S;}X, be a set of peak constrained signal matrices with distinct outerproducts {S;SH}K .
Define the finite positive integer N,

In(K — 1)

N, = |

J+1, (31)
where Diin = min;z; D(S;]|S;). Then, for N > N, the optimal distribution defined in (18) is
Pl = Ex' L /1B L = (1+ 00NN t)) 1 /K, (32)

where 0 = exp(—Din)-
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The significance of the above proposition is that if K is no greater than exp(NDmin) + 1 any peak

constrained set of signal matrices {S;}X | is in the feasible set S}ﬁ

o« and thus has an equalizer distribution
P*(S1,...,SK). Furthermore, as N — oo, PJ converges to the equiprobable distribution 1, /K. Using
[13, Prop. 2] the following bound on N, for the distance-optimal constellation can be derived: N, <

[ 128 K2/ T In(K —1)/(n*(TM)?)| +1 (1* small).
Proof of Proposition 5

First observe that under the hypothesis of the proposition N, < oo since, by Lemma 2, D(S;]|S;) > 0,
i # j. Define the symmetric matrix A = Ex — Ix. The elements {d; ;} of A are d; ; = e~ ND(SillS;) < §N |
i #j,and d;; = 0. Therefore 0 <d; ; < 1. When N > N, the eigenvalues O'iA of A are bounded

lof| <MK -1)<1, i=1,..., K. (33)

The left hand inequality of (33) follows from the sequence of inequalities

K
lyT Ay ‘Ei,j:l yiyidi;
—_— — max ———

A ¥y =2y
max|os| < max
v ’ yeR¥ QTQ QERK Zfiﬂ’/f
K K
‘Ei:l y: Ej:l di
< max K 5
yeR™ et Yi
K
< mladem'
j=1
< N(K-1).

The inequality on the second line follows from Cauchy-Schwarz

2 2
K K
Z (ivdij)(yivdij) | < Z (yiv/dij)* |
i,j=1 i,j=1

and the inequality on the third line follows from non-negativity of d; ;. The right hand inequality of (33)

follows from

N(K —1) = 6N (K — 1)6N Ne < gN Nl 1 N >N, (34)

Now (28) can be expressed as the perturbed linear system by expressing Ex = Ix + A
Ik + Alz = 1p.

As Ef is positive definite [Ix + A] is invertible. Furthermore, from (33) the eigenvalues of A? are strictly

less than one and by elementary matrix manipulations
z=[Ig + Al '1g = [Ix — A7 Ix — Allg.

18



The i-th element of the vector [Ix — A]ly is 2 — Zle di; > 1— (K —1)6" which by (34) is positive for
N > N,. Also, [Ix — A?]7" = I + Y o-_, A®™ has positive entries. This implies that for N > N,, z € Rf
and the i-th element of Al is upper bounded by (K —1)6” and consequently, as it is non-negative, of order

O(ON~Net1) by (34). Hence, z = [Ig + Al "1 = 1 + O(Alg) = L (1 4 O(6VNet1)). =

From the proof of Proposition 5 we can identify a weaker condition on the number of receiver antennas
necessary to ensure Pj be an equalizer distribution: N be sufficiently large to make Ex a diagonally

dominant matrix, i.e. to make Zle’#i e NP8 «1,4=1,... K.

For large K a significantly stronger version of Proposition 5 can be established. For arbitrary signal
matrices {S;}X, and probabilities {P;}£, define the quantity
} K
RO(K, {SZ,PZ}ZIil) = — ln Z Pipje_ND(SiHSj).
i,j=1

With this definition and (12) we observe that the cut-off rate is expressed as R,(K) = R,(K,{SF, PF}<))

(3

where, as above, {S}, P’ fil is the rate-optimal set of signals and probabilities.

Proposition 6 Fiz K and assume N > Llngf;l)J + 1. Then
In(K) —1In2 < Ro(K,{Si, Pi}L)) < Ro(K) <InK (35)

where {S;}K | is the distance-optimal constellation defined earlier in Section 5, DX% = DX (K) = min;z; D(S;||S;)

min min
is its minimal distance, and P; = 1/K corresponds to the equiprobable distribution. Furthermore, as N in-
creases to infinity the size of any rate-optimal countable constellation and the cut-off rate both increase

without bound.

The above Proposition implies that for a sufficiently large number N of receive antennas the K-dimensional
cut-off rate takes the form R,(K) = InK — O(1) which is attained by an equiprobable K-dimensional

distance-optimal constellation.
Proof of Proposition 6

The upper bound R,(K) < InK holds independently of N and is an immediate consequence of the
inequality
K

K 2
(Z \/p(TSi)Pi) > p(X[8;)P?

i=1 i=1
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which when substituted into the discrete form of (5) yields

K 2
R,(K) = max max —ln/ Vp(X|S:)P;| dX
(P, {SeSE Xex ;
K
< max —In) P?
< InK

where the last line follows from the elementary inequality Efil P? > 1/K, for any set of probabilities

{P,;}K |, with equality when P; = 1/K.

As for the two lower bounds on R,(K) in (35) first observe that, with S; and P; as defined in Proposition

RO(K) Z RO(Ky{S“Pz}lIil)
1 K
_ —ND(S;||S;
= gy Y e NP
i,j=1

> —ln% (1 + (K — l)e*ND:in(K)) ,

as D(S;||S;) = 0 and D(S;||S;) > D% (K), i # j. Therefore, since

min

In(K —1) In(K — 1)
N2lpe w2 b

we have

ok

— — — min > — —— —
In (1 + (K 1)6 ) In In K In2

and the two lower bounds in (35) are established. Furthermore, for arbitrary N > 0 let

K dlef max{k:: | =——

Then, as D% (k + 1) < D% (k) both K and R,(K) = In(K) — O(1) are monotone increasing in N as

min min

N — oo. O

6 Characterization of Feasible Set of Constellations

Here we derive sufficient conditions and necessary conditions for Ef(llK to lie in the positive orthant. Several
of these conditions will be defined recursively in K. So as to not confuse the reader, and to improve clarity

of the equations, we will use lower case k throughout this section to distinguish it from the fixed index K.
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For a square k x k matrix A consisting of columns a,,...,a, the positive polyhedral cone generated by

A is [2, 26]
k
cone(4) = {Ag:gERi} = {Zgimi rx; >0, 0= 1,...,k}.
i=1
This cone is convex and each of its k faces are contained in one of the hyper-planes span{a,,...,a;_1,8; 1,...,0;}.

The extremals of cone(A) are the k positive rays {ca;, : ¢ >0}, i=1,...,k.

It is evident that if cone(E},) contains the vector 1, then, as Ej, is positive definite, z = E, 11 must have

positive elements, which would guarantee that P = x/1} z is the optimal equalizer distribution.
6.1 Conditions for Feasibility

Here we give two conditions, one sufficient and one necessary, to ensure 1, € cone(E)). The sufficient
condition reduces to specifying the largest inscribed right circular cone which fits inside cone(Ey) while
the necessary condition is equivalent to specifying the smallest right circular cone which contains cone(FE}).
This sufficient condition is slightly weaker than the sufficient condition presented in Lemma 4 of the next
section and obtained by recursive inscription of a polyhedral cone. On the other hand, as contrasted with

the condition of Lemma 4, the sufficient condition in this section is not easy to express recursively in k

Asin (22)-(23), g, (i) will denote the i-th column of Ej, = ((ex (i, 5)))F

ije1- Fori=1,... k, define E(—i)

the k x (k — 1) matrix obtained by deleting its i-th column. Define
W, (i) = B (=)[By (—0) By (—0)] " B (=) (36)

the idempotent k£ x k£ matrix which orthogonally projects vectors in R* onto the column span of Ey(—1).

Lemma 3 Let u be any vector in cone(Ey). A sufficient condition for 1, to be contained in cone(E}) is

2
u .
u— Wlk < milngT[I — g, (—i]u. (37)

A necessary condition for 1, to be contained in cone(Ey) is

T :
u gy
U |— =k (Z)

2
< max
(2

Both of the conditions specified in Lemma 3 require that the test vector u be close to the ray {cl; : ¢ > 0}.

As a particularly simple application of the Lemma, consider setting u = g, = E;1,/k; the arithmetic mean
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of the columns of Ej. In this case, as all but the i-th column of Ej are orthogonal to I}, — g, (_;), the

sufficient condition becomes

< = minel ()T - g, (e (-

This condition requires that the distance between 1, and g, be less than k2 times the prediction error

squared of the most predictable column of Ej using the remaining columns of Ej, as predictor vectors.
Proof of Lemma 3

Fix ¢ > 0 and let z = cu. As z € cone(E}) there exists a sphere centered at z that fits inside cone(E},)
(See Figure 1). Such a sphere can have radius b no larger than the distance between z and the closest face of
cone(Fy). As the k faces of cone(E},) are contained in the column span of Ej(—i),i =1,...,k and cone(E})
is convex, the radius b of the largest sphere is given by the distance between z and its orthogonal projection
onto this span

SRR N (]
= mjngT[I — HEk(,i)]g

(3

= ¢ minu'[I — Mg, (—yu,

which is the right hand side of (37). If the positive ray {al, : a > 0} passes through this sphere then, by
convexity of cone(Ey), 1, must lie in cone(E}y). This occurs iff the distance from z to this ray is less than

b2, i.e.

2 2

<b?

T
u' 1,

T

z' 1,
2= 1 =cflu——7F751
H [ e

7 — ——" l
1L l>

Since ¢ > 0 is arbitrary, we obtain the inequality (37).

As for the necessary condition, for any ¢ > 0 there exists a sphere centered at z = cu through which
all positive rays in cone(Ej) must pass (See Figure 1). The smallest such sphere has radius equal to the
maximum distance between z and the faces of cone(E}). Points at maximum distance must occur along one
of the rays {ag, (i) : @ > 0}, i =1,...,k, which are the extremals of cone(E},). Therefore the radius of this
smallest sphere is

2 e e =+

Finally, if 1, € cone(E}) this sphere must intersect the ray {al; : @ > 0} in which case ¢? ||u — (u" 1) /111,117 1 ||2 <

UT§k ()

u— m e (1)

d® = max = ¢” max
(2

(3

d2. m|

22



6.2 A Recursive Construction

Here the objective will be to specify conditions for which 1, lies in cone(Ej1) when it is known that 1,
lies in cone(Ey). To proceed we will need a recursive update for Ekjllkﬂ in terms of E;llk. For a set of

signal matrices Sy, ..., Sky1 let the (kK + 1) x (k+ 1) matrix Ejbe partitioned as

E
Eypq = [ ef glk ] ) (39)

where g, is the vector of pairwise dissimilarity functions
518 SellS. r
e, = FfND(luk+nr,we—ND<knk+n} _ (40)
We also recall the partitioned matrix inverse identity for the case that Ej41 is positive definite

] (a)

—1 1 —1 T —1 1 —1
Ey +\Ek—+1|Ek erer By —moEr e
1
[Ekot1]

k k

where |Epi1| = 1 —eTE; 'e > 0. Let z* = E; '1, have partitioned form z*F = [zF | 257 where zf is a

scalar.

Proposition 7 For a given set of signal matrices {Sl}f: with distinct outerproducts {S; SH}k+1

'ZH _ N (1 — arey) _ b —apE; ey, (42)
l‘kii 677 77

where

1—-elE 1,
ap = —= bk (43)
1—e, B e

Proof of Proposition 7

By Lemma 2 Ej, is positive definite. Applying the partitioned matrix inverse identity (41) to the right

hand side of "' = E; -1 1,4,
—1, Tl L g1
B 11k+1 = P - ‘E lEk ekek &K _lEkJrlll e { Fy ]
+ - .
|Ek+1|e’~E 2y 1
1 e E 1, -1
_ E 1k+Ek Eekik |Ek+1‘
1—el l
\ék+1| :
Using the definitions of |Ej11| and ay, yields (42). m|
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Corollary 1 For a given set of signal matrices {S;}¥_, with distinct outerproducts {S;SH}¥_, assume that
the k-element vector z* = E,;llk lies in Rﬁ. Let Si41 be a signal such that 5k+151g_1 o4 {SiSiH}f:l. Then
the (k + 1)-element vector x*+! = E,;_ﬁllk_i_l is in RET iff (a) ay, > 0 and (b) B, ' (L, — axey) is in RE.

Furthermore (b) implies that oy, < 1.

Proof of Corollary 1

It only need be shown that condition (b) of the Corollary implies that ap < 1. If this condition holds

then QgE,; Y1, — are;,) > 0 as g, has non-negative elements. Therefore
arer By ley < ef By L (44)

By definition (43) ax(1—e} E, 'e,) = 1 — e} E, ' 1,,. Adding this latter equation to the inequality (44) gives

ap < 1. O

Corollary 1 motivates an iterative procedure, specified in Hero and Marzetta [13], for generating an

defined in Proposition 4.

monotonically improving sequence of constellations lying in the feasibility set S‘I’feak

At iteration k assume that a k-dimensional peak constrained constellation Si,..., Sk has been constructed
whose optimal distribution Pj attaining the minimum in (18) is an equalizer distribution: P} = cE, '1,.
Consider adding a candidate signal Si.y1, with Sky1 S,fﬂ_l distinct from {S;SH}% | having associated dissim-
ilarity vector e, given by (40). The two conditions (a) and (b) of the corollary may be used to select Sky1
to ensure that the optimal distribution P, for the updated constellation Si,...,Sk41 is also an equalizer

distribution.
6.3 Feasibility via Polyhedral Inscribed Cones

Here we specify a simpler positive cone which is inscribed inside cone(E}) and is generated by the positive
definite k x k matrix

Fi(0) ¥ 1,1 - ) + 61,17, (45)

where, § € [0,1). We recall the Sherman-Morrissey-Woodbury identity for the inverse

-1 _ 1 _ J T
F0) = 15 B - Tt | (46)

The set cone(F(f)) is centered along the positive ray {cl, : ¢ > 0}. The set cone(F(f3)) is equal to
the positive orthant R’i for # = 0 while it approaches the aforementioned positive ray as 8 approaches 1.

Furthermore cone(Fy(3)) is decreasing in 3 in the sense that cone(Fy(3)) C cone(Fy(8')) for 8 > 3 .
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Define the maximum, minimum, mean, and rms values of a real vector a = [ay, - ..,ax]T

min(a) = 11;1%1]C a;, max(a) = lrgza<xk ai, avg(a)=1Fa/k, rms(a) =/aTa/k.

Lemma 4 Let {S;}5_| be a set of signal matrices with distinct outerproducts {S;SH}E_| such that E;7'1, €

le_. Assume that cone(Fi(8)) C cone(Ey) for 0 < B < 1. Let Siq1 be a signal such that Spy1SH., &

{S:SHYk || Then the (k + 1)-element vector zF*! = Ek_+lllk+1 lies in RETT if

(@) 0<ap<1, and (b) max(e) + % [max(e,) — avg(e,)] < 1 (47)
where e;, and oy, are defined in (40) and (43).
An alternative form for (b) in Lemma 4 is:

(1 —max(e;))/ (1 — avg(ey)) > 0(6), (48)

where 6(z) dlef kz/(1 4+ (k —1)z) € [0,1) is monotonic increasing over z € [0,1) and, as by Lemma 2

avg(er) < 1, under condition (a): 1 — agavg(e,) > 1 — avg(es,) > 0.

Interpretation of the sufficient conditions in Lemma 4 is similar to the interpretation of Lemma 3. Con-

dition (a) is equivalent to
er By le, <1 E e, < 1. (49)

If e;, lies close to the column span of Ej then 1 — Q,{Ek_lgk is small and condition (a) restricts the inner
product of e, and the previous un-normalized probability vector z¥F = E; 1lk to a narrow range near 1.
Thus we can expect that constraint (a) will become active only for densely packed signal constellations
(large K/(T'M)). When «y, is close to one, which occurs for the case of small values of N max; D(S;|Sk+1)
(low SNR), condition (b) places restrictions on the elements of feasible vectors e, to ensure low variation
about the mean value avg(e; ). This can be ensured if Si4; can be selected to minimize the variation of its

pairwise dissimilarities {D(S;||Sk+1)}5_;.

Proof of Lemma 4

Condition (a) of Lemma 4 obviously implies condition (a) of Corollary 1. Under the assumption
cone(F(B)) C cone(Ey) we will show conditions that (a) and (b) of Lemma 4 jointly imply condition (b) of
Corollary 1. First, observe that E,;l(lk — age) is in R’i iff 1, — are;, € cone(Ey). Second, since cone(Ey,)

contains cone(Fy(/)) it will suffice to show that 1, —ake, € cone(F(3)) or, equivalently, [Fi(8)] (1, —ake)
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is in R’j, under the conditions of Lemma 4. Applying the Sherman-Morrison-Woodbury identity (46) to
[Fr ()]~

1 k
RO G- nm) = 12 |- on - e (- we)] . 60
The minimum element of the vector (50) is
. 1 1 kg3
min (B8] (L~ k) = 1o |1 awmax(ey) = oo (1 - aveer)|

= m [1 — <maX(Qk) + % [max(ey,) — an(Qk)]ﬂ

which is positive under conditions (a) and (b) of the Lemma. Thus [F;(8)] (1, — ake;) is in the positive

orthant which establishes condition (b) of Corollary 1. O

Since Ej, is positive definite and cone(Fy(/5)) and cone(E})) are convex, 1, does not lie on the boundary
of cone(Ey) and there always exists a value 8, > 0 such that cone(Fy(8)) C cone(Ey) for all 8 € [8,,1). As
the set cone(Fy(3)) is monotone decreasing in [ the largest possible inscribed cone is obtained by using the
minimum possible value of §. This gives the least restrictive sufficient condition (b) in (47). The form of

this minimum £ is specified for £ > 2 in the Lemma below.

Lemma 5 For a given set of signal matrices {S;}£_, with distinct outerproducts {S;SH}¥_| assume that the
k-element vector z* = E; "1, lies in R'j_. For k > 2 the minimum value of B € [0,1) ensuring cone(Fy(8)) C

cone(Ey) is the value By given by

(k—1)—k+/ (k—1)¥Ymin(1—Ymin) 1
(=) (1=Fvmin) » Ymin 7 §
B = (51)
1 min _k _ 1
5~ 3% 51 Tmin =

where Ymin = min; (i), 0 < ymin < 1/k, and
. 1.+
(@) = Lk — gy -l (52)

and I g, ;) is the orthogonal projector defined in (36).

Proof of Lemma 5

Fix a value ¢ > 0. Let b be the distance between the vector cl; and the closest face of cone(Ey) (See
Fig. 2). As each face is contained in the column span of Ej(—i)) and as cone(Ey) is convex and contains

cl;, b is specified by the projection theorem
v = Amin{1] [ — g, 5L} =k Ymin, (53)
(2
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Since Iy, — g, (_; is an idempotent matrix v (i) = ||[Ix — g, (_y]1;]]?/k > 0. As the elements of Ej are
non-negative the projection error norm 17 [I}, — Mg, (-]l is maximum when cone(Ey) is largest, which

occurs for Ey, = Ij. In this case I}, — Ilg, ;) = diag(0,...,0,1,0,...,0) and (i) = 1/k.

Next let d(f) be the maximum distance from cl; to cone(Fy(53)) (See Figure 2). As the extremals of
cone(Fy(B)) are symmetric about the ray {al; : a > 0} each extremal has a point at identical maximum

distance from cl;. Consider the extremal {af :a >0} where f is the first column of Fj,(3). We thus have

2

].T
cp) = lk——”‘]’ii”z i
o[ (k- 1)p)?
= L ) 59

Evidently cone(F}(3)) C cone(E}) as long as d?(3) < b?. Let (8 be the minimum corresponding value

of B €0,1) for which d?(8) = b. Equating (53) and (54) yields the following quadratic equation for f3j,
(k= 1)(¢(k =1) = 1) +2(k = 1)¢Br +¢~1=0

where ¢ = (14 Ymin/(1 —Ymin))/k. For ymin € [0,1/k) the quadratic equation has two non-negative solutions
only one of which is contained in [0,1). For ymin = 1/k, ( = 1/(k — 1) and there is one solution in [0,1). In

both cases this solution is given by (51). |

7 Low Rate Optimality of Unitary Orthogonal Constellations

When the number of signal matrices K to be considered is sufficiently small significant simplification of the
optimization (17) is possible. In particular, one obtains optimality of a set of scaled mutually orthogonal

unitary signal matrices and a simple form for R,(K).

The first result specifies the solution to optimization of the dissimilarity measure D(S;||S;) defined in

(10).

For given n, T and M define the integer M,

(1+nTM/(2m))? } (55)

Mo, = argmax,, co  ary {mln 15 0T M m

We will see below that under some conditions M, is the rank of the signal matrices S; in the optimal

K-dimensional constellation.
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Proposition 8 Let 2M < T. Then

(L+nTM/(2M,))*
1+ nTM/M,

Do & max  D(S1|ISy) = M, In
S1,5,€SK

peak

(56)

Furthermore, the optimal signal matrices which attain Dpyax can be taken as scaled rank M, mutually

orthogonal unitary T x M matrices of the form

Sy = \/TM/M, &, S, =\/TM/M, ®,

where, for j =1,2,

®7®; =1y, and ®®; =0, i#j.

The assumption 2M < T is critical and ensures that the singular vectors of S; and Sy can be chosen as

mutually orthogonal for any set of singular values.

The rank M, of the optimal matrices S; and S> increases from 1 to M as the SNR parameter nT' M
increases from 0 to oo (see Fig. 3). Numerical evaluation has shown that the functional relationship between

M, and SNR is well approximated by the relation
M, ~ max (1, [anT M + b+ 0.48])

where a, b are the slope and intercept of the least squares linear fit to the function y(r) = argmax,,_, , _m

)

In[(1 + x/(2m))?>/(1 + z/m)]. The approximation is a lower bound and underestimates the exact value of
M,, given by (55), by at most 1 over less than 0.5% of the SNR range shown in Fig. 3 (0 < nTM < 120).
If the SNR is sufficiently large, e.g. (from Fig. 3) nT'M > 17 for M = 6 and T > 12, M, = M and the
optimal signal matrices utilize all M transmit antennas. On the other hand for small SNR, i.e. (from Fig.
3) nTM < 4, M, =1 and the optimal signal matrices apply all available transmit power to a single antenna

element over the coherent fade interval 7.
Proof of Proposition 8
Let S; and Sy have the singular value decompositions
Sy =ViM U, Sy = VoAU, (57)

where Vi,V are T x M unitaries, i.e. VAV, = ViHV, = Iy, Uy, Uy are M x M unitaries, and A;, Ay are

M x M real diagonal matrices of singular values {\1;}M, and {\9;},, respectively.
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The function D(S;]|S2) of S1SH and S5SI only depends on S; and S, through Vi, Ay, Vs, As. Thus
unitaries U; and Us can be arbitrarily chosen without affecting D(S;||S2) and hence we can choose them as

Ins. We denote this functional dependence by writing D(S1|S2) = D(Vi, A1]|Va, Az). Therefore

max D(S1||S2) = max max D(Vy, A1||Vz, Az). (58)

S1,S2 A1,A2 V1, Vo
Using the form for D given in Lemma 6 (see the Appendix)
|IM + 2SHS, | |Ins + 2S4S, |
\/|IM +nSES| | Ins +nSESs |

(1432300 + 3X)
Z VL) +0A3)

For fixed arbitrary Ay, Ay first consider the inner maximization in (58), i.e. maximization over Vi, V3 of the

D(Vi,A1]|Va, Ag) +1n|IM—nH/<;|

+1In|Iy — &5 (59)

right hand side of (59). Observe that the first term in (59) depends only on the singular values Ay, Ay and
not on Vi, V5. Observe that as SlHS2 =M\ VlHVgAg, for any Ay, A the product 51HS2 can be forced to zero
by selecting matrices V7 and V5 to be mutually orthogonal — possible under the assumption 2M < T'. Recall
that k = 5’{15'1 where S; and 5'2, defined in Lemma 6, have the same column spaces as S; and Ss. Therefore,
when V] and V5 are mutually orthogonal k = 0 and the second term in (59) is equal to its maximum value
(0). This establishes that the optimum signal matrices S; and S» have orthogonal singular vectors V; and

V5 and that

M
1 /\ 14 2)2.
max max D(Vy, A1||Va, Ag) = max E In —2—-L t o +max » In t oA

A1,A2 V1,V P \/1 +n )\ { X2} P val —l—n}éi‘

Due to the assumed peak power constraint each of the above maximizations on the right hand side
are performed over the inequality constraint sets {)\jl,...,)\jM : Zf\il A?i < TM}, j = 1,2. As these

maximizations are of identical form,

/\2
max maxD(Vl,A1||V2,A2 —2max21n 1+

1
A1,A2 V1, Vo - \/1+’I7>\2 {A } Z n 1+77>‘2

where the maximization on the right hand side is subject to Elj\il A? < TM. Observe that as each summand

(60)

is monotone increasing in A\? the inequality constraint in the maximization is always met with equality.

Consider the Lagrangian

M M
T, Am) =) 21+ 2X7) —In(1+7A7)) —a D> X
i=1 i=1

where a > 0 is an undetermined multiplier. For a suitable value of a, the maximum of J over unconstrained

{Ai} is identical to the maximum of the right hand side of (60) over power constrained {A;}. The derivative
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of J with respect to A; is
oJ 5 (A +2X v/n+2/p?

ox T T )1+ 2N

3a—n
2a

+
or by — y/A? where A? is one of the roots

where v =

. Therefore, for each \;, there are five possible stationary points of J given by either \; = 0

/\f:(—vi\/vz—2)/n, i=1,...,M. (61)

With respect to (61) there are three cases which must be considered. For v > /2 both roots are real
negative and for —v/2 < v < /2 both roots are complex. For v < —4/2 both roots are real positive.
Thus only the latter case is relevant. It can be verified that, when A? is equal to one of these two positive

o i 92 2 2v2_ Aitv/n BT :
roots, the second derivative of J is 0°J/0A; = —4dan’\; —--—~L— which is negative only for the root
¢ b (i) (45 )
A? = (—v + Vv2 — 2)/n. Therefore, we can restrict attention to a candidate maximizer {\1,..., Ay} of J
for which each A? can take on either of two values: zero or ¢ = (—v + Vv? —2)/n. Let m € {1,...,M}
denote the number of nonzero valued \; for one of these candidate maximizers. Then, invoking the constraint

M A2 = TM and noting that the ordering of the indices of A? is irrelevant, any candidate maximizer of

J can be put in the form

i 0, di=m+1, .. M (62)

)\2:{TM/m, i=1,....m
and now m is the only remaining free parameter. Substituting this expression for v? = A? into (60) we obtain
the expression (56) with M, equal to the optimal value of m given by (55). Using the SVD representation
(57) with Uy = Uy = I it is easily seen that the optimal signal matrices, corresponding to (62) with
m = M,, have the form S; = V;A; = \/TM/M, ®;, J = 1,2, where the ®;’s are rank M, mutually

orthogonal rectangular unitaries as defined in the statement of the Proposition. |

Proposition 8 implies that for low symbol rate, the distance-optimal signal constellations are constellations

of scaled mutually orthogonal unitary matrices of rank M, < M.

Corollary 2 Let 2M < T and let M, be as defined in (55). Assume M, < min{M,T/K} and define the
set of signal matrices {S;}<, by S; = \/TM/M, ®; where {®;}, are a set of T x M mutually orthogonal
rectangular unitary matrices of rank M, (®H®; = Iy, and ®7®; =0, i # j). This set of signal matrices
are equidistant in the sense D(S:HS]*) = Dmax = Dmin, © # j, and they attain the mazimum possible value

0f Dmin = minyz,, D(Si||Sm) over all signal sets {S}K | € S[ﬁak of dimension K.

Proof of Corollary 2
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First observe that if M, < min{M,T/K} then such an orthogonal unitary set {®;}X, exists, e.g.
the set of K mutually orthogonal permutation matrices of dimension T' x M whose columns are formed
from K disjoint M,-dimensional subsets of the columns of I7. The set {SF}X, satisfies the peak power
constraint [|S}||*> < TM, i = 1,...,K, with equality and, by Proposition 8, it has the property that
D(S7|1S7) = Dmax dlef maxs, g, D(S1]|S2), i # j. Let {S;}, be any set of K signal matrices in @ 7*M
satisfying the same power constraint. Then min;; D(S;]|S;) < Dmax = min;z; D(S7||S7) and thus {S;}/<,

maximizes Dmin. O

It can be easily verified that the mutually orthogonal unitary constellation of Corollary 2 satisfies the

K

sufficient conditions (a) and (b) of Lemma 4 when Speak is not empty. For this constellation Ex = Fg(9),

§ = e NPmax < 1, and
ag = (1= Lg[Fr(9)] " Lx6)/(1 - 1k [Fr ()] 7' 1%
= (1-0)/(1-46).

where # = 6(5) € [0,1) is defined below (48) with k¥ = K. Therefore 0 < ax < 1. Furthermore, as

max (e ) = avg(ex) = d, condition (b) reads: axd < 1, which is satisfied regardless of the value of 3.

The final result of this section is an expression for the cut-off rate.

Proposition 9 Let 2M < T and let M, be as defined in (55). Suppose that M, < min{M,T/K}. Then the

peak constrained K dimensional cut-off rate (12) is

Ry(K) =1n (1 + (K — l)e_NDmaX>

and Doy is given by (56). Furthermore, an optimal constellation attaining R,(K) is the set of K rank
M, mutually orthogonal matrices specified in Corollary 2 and the optimal probability assignment is uniform:

Pr=1/K,i=1,...,K.

Any unitary transformation on the columns (spatial coordinates) of a set of signal matrices produces a set
of signal matrices with identical Dy;,. In particular, any set of K mutually orthogonal T x M, permutation
matrices, specified in the course of proof of Corollary 2, has optimal distance properties. This simple set
of signal matrices corresponds to transmitting energy on a single antenna element at a time, among a total
of M, < M elements, in each of the available T" time slots. Since RO(K ) is increasing in K the maximum

cut-off rate achievable using these mutually orthogonal unitary matrices is obtained by using the maximum
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possible number of them: K = |T/M,|. Observe that the resulting optimal constellation may correspond

to a code of quite low symbol rate, e.g. for M, = M = T'/2 the symbol rate is only 1 bit-per-symbol.

It is noteworthy that the optimal peak constrained signal constellation specified by Proposition 9 does
not include the zero valued signal matrix S; = O. Including zero in the signal constellation would allow
signalling using on-off keying. On-off keying is often proposed for average power constrained signalling over
low SNR channels since it permits energy discrimination at the receiver. As contrasted with on-off keying
all signals in the optimal peak constrained signal set have equal power. We conjecture that the zero signal

would result from replacing the peak power constraint with an average power constraint in Proposition 9.
Proof of Proposition 9

Define § = e~ VPmax which is strictly less than one under the hypotheses of the Proposition. For any set
of signal matrices {S;} X, satisfying the assumptions of Proposition 9, Proposition 8 asserts that D(S;||S;) <
Dinax, i # j, with equality when {S;}X, consists of the specified mutually orthogonal matrices. Using this

inequality and the fact D(S;||S;) =0, i = 7,

K K K
D 215 TS CCITRSES e o
e = i#j i=1
= PiFx(0)Pg-. (63)

Now, using the identity (46), Fx (d)z = 1 has a unique solution in the positive orthant

z = [Fg'(0) "1k
1 K§
- 15 <1_ 1+(K—1)6>lK
1

— 15
1+ (K -1)6)~ "~
Thus the minimizer P} of Pk Fx(8)Py is the uniform distribution P, = 1, /K. Substitution of this

solution back into (63) establishes that

K K
- 1S 1 (1-6)+6K
min min Py Pje NPEHIS) = 1T PR ()l = ————
{Pi}g;lE'PK {,Si}{ilesffeak z:zl ¢ ; J K? =K K( )_K K
which when substituted into (12) yields the expression given for R,(K) specified in Proposition 9. o

8 Conclusions

We have derived representations for the single user computational cut-off rate for space time coding under the

Rayleigh quasi-static fading channel model under a peak transmitted power constraint. For finite dimensional
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constellations the cut-off rate and the optimal signal distribution were specified as a solution to a quadratic
optimization problem and it was shown that optimal constellations have codeword distributions which satisfy
an equalization condition. This characterization of optimality motivated us to study properties of the set of
feasible constellations which satisfy the equalization property. In particular, we showed that distance-optimal
constellations are close to rate-optimal for large number of receive antennas. Easily verifiable necessary and
sufficient conditions were given for validating that a given signal constellation lies in the feasible set. A

recursive form was given for one of these conditions which may be useful for design of feasible constellations.
Acknowledgement

The authors would like to thank the reviewers and the associate editor for their thoughtful comments on

this work.

9 Appendix: Properties of D(Si]|Ss)

Here we collect various properties of the signal dissimilarity measure (10).
9.1 Alternative form for D(S;||S2)

D(51]|S2) can be equivalently expressed in terms of a signal multiple correlation matrix &.

Lemma 6 The signal dissimilarity measure (10) for the spatio-temporal fading model (1) has the equivalent

form

|IM+Z2151H51|2|IM+IQLSQHSZ 2 H

- 1 | _ 2
D(SillS) = 30 S e T esTsa] |Iv — &[],

where k is the M x M multiple correlation matriz
k=2S818,
Sy and Sy are the “prewhitened” signal matrices
S = /IS [In + 2SS 72, S = /ISy + 2SF 5] 7,
and A% denotes the positive definite square root factor of positive definite square matriz A.
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Proof of Lemma 6

Counsider the quantity in the numerator of expression (10)

SH
[Ir + 2(51S{" + S2537))| It + 3[S1 Ss] { S;q H

SH
= IT+g|:S;q:|[51 SQ]

I + 3518, nS{'S,
- nSszl IM + gS2HSQ

)

where in the second line we have used the property |I + AB| = |I + BA].
For A and C' Hermitian positive definite matrices we recall the following determinant identity for block

partitioned matrices

‘ [ P ] ‘ =4[ |C] [T - BHABCY.
Furthermore, denoting by C' > the invertible square root factor of C', where C' = C' 5 c %,

q
2

1-B"A-'BC™!| = ‘C%(I—c—%BHA—%A—%Bc—%)C—

= |I— KJHFL|
where k = C*%BHA*%. Identifying A = Ip; + gSfISl, C =1y + 1215{152, and B = SH S, finishes the
proof of Lemma 6. a

9.2 Bounds on D(S;]|S2)

Lemma 7 The dissimilarity measure D(S1||Ss) satisfies
o
D(5,(S2) = §||515F ~ 82857 |1” + o(n*)

where o(n?) is a non-negative function of n such that lim, o o(n?)/n*> = 0.

Proof of Lemma 7

Let {v1;}L, and {vo;}, denote the eigenvalues of A = S;SH and B = S,S¥ respectively and let
{o;}, denote the eigenvalues of 1(A + B). Since these are Hermitian non-negative definite matrices these

eigenvalues are real and positive. Thus the dissimilarity measure D(S||S2), given in (10), can be written as

T
D(S]182) = 1> (2In(1+noy) — In(1+nry;) — In(1 +neay)) -

i=1
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Using the relation In(1 + a) = a — a?/2 + o(a?) and the fact that Y., (205 — v1; — va;) = 0

DisiIs) = B3 (6t - 200) ol
= % (tr(AAH) +tr(BBY) — 2tr <(A J; B) 4 +2B)H>> + o(n?)
= T (A= B)A- B + o))
Since tr((A — B)(A — B)") = ||A — B||? Lemma 7 is established. O

Lemma 8 Let A and B be T x T complex matrices. Then the trace norm of A — B satisfies
T
|4 = B|)> = tr((A = B)(A = B)) > |aii — buil, (64)
i=1
where {a; YL, and {bi;}L_, are the diagonal elements of A and B, respectively. Equality occurs in (64) iff
the trace norm of the anti-diagonal matrix A — B — diag(A — B) is equal to zero.
Proof of Lemma 8

Let A = A— B have diagonal elements {d;;}7_, and consider the decomposition A = D + Z into diagonal

matrix D = diag(d;;) and anti-diagonal matrix Z. Then
IAI* = |IDIP +1ZI]” + tx(DZ") + te(ZD™).
As tr(DZH) = tr(ZDH) = 0,
T
IAIIP > IDIIP =) di,
i=1
with equality iff [|Z|| = 0. o

The following establishes that it is safe to assume that the signal matrices in the optimal constellation
have distinct outerproducts. While this result can also be obtained from the statistical invariance of the

Rayleigh fading model, the lemma below is proven using a more elementary non-statistical argument.

Lemma 9 Let the set of signal matrices {S;}X, have dissimilarity matriz Ex and assume that for some
i#£j: S;SH = S]-Sfl. Then there exists a K — 1 dimensional subset of {S;}X, having dissimilarity matriz
Ex_1 such that

min PEExPp = min Pk Ex_Pyx_,
P, ePK P, _,ePK-L
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Proof of Lemma 9

Without loss of generality we can assume that Sk S | = SgSH. As D(S,]|S;) is a function of S; and

S; only through S;SH and S;SH, Ex takes the form
J i g

Ex_> e e
Ex = e’ 11|, )
el 11

where e is a vector with entries exp(—ND(S;||Sk)) = exp(=ND(S;||Sk-1)), i =1,...,K —2. Let Pp_, =

[P1,..., Pk )T and Q{P}E,,{Si}£,) = P} Ex Py Then using (9.2)

Q(Pi,...,Px_1,Px,S1,...,Sk-1,5k) = (Px + Px_1)* +2[Px_o]"e(Px + Px_1) + [Py _s]  Ex—2Pr_»

= Q,...,Pk—2,(Pk + Pk-1),51,...,5k—2,SK—1)

Since

min_ Q(Py,..., Px—2,(Px + Px_1),51,...,SKk—2,5Kk_1) = i )(P,...,Px_1,51,...,SKk_
BKGPKQ( 1 K -2, (PK K-1), 51 K—2,SK-1) EK,I?GI%K*Q( 1 K—1,91 K-1)
the Lemma, follows. a
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\ easa(2)

Figure 1: Two dimensional slice of three dimensional cone cone(Ey) (k = 3) with inscribed and circumscribed
three dimensional spheres used to establish sufficient and necessary conditions, respectively, for establishing
that 1, € cone(Ey). Interior of triangle is slice of cone(E},) in a plane orthogonal to the vector cu. Vertices
of triangle are located at points {c;g;(7)};_, along extremal rays of cone(Ej). The inner dotted circle is the
corresponding slice of the largest possible sphere centered at cu that can be inscribed in cone(E})). The outer
dotted circle is the slice of the smallest possible sphere centered at cu through which all rays in cone(Ey)
must pass.

BIOGRAPHIES

Biography of Alfred O. Hero

Alfred O. Hero III, was born in Boston, MA. in 1955. He received the B.S. in Electrical Engineering
(summa cum laude) from Boston University (1980) and the Ph.D from Princeton University (1984), both in
Electrical Engineering. Since 1984 he has been a Professor with the University of Michigan, Ann Arbor, where
he is with the Department of Electrical Engineering and Computer Science, the Department of Biomedical
Engineering and the Department of Statistics. He has held visiting positions at the University of Nice at

Sophia-Antipolis, France (2001), Ecole Normale Supérieure - Lyon, France (1999), Ecole Nationale Supérieure

40



c3e3(3)

coe3(2)

Figure 2: Interior of outer triangle is slice of cone(Ey) for K = 3 in a plane orthogonal to the vector cl.
Vertices of outer triangle are located at points {c;g5 (i) }3_, along the extremal rays of cone(E}). The interior
of the smaller equilateral triangle in the center is the slice of cone(F}(fr)) within the same plane. The
equilateral triangle has center point cl,. The dotted circle is the slice of a sphere with radius d equal to the
distance between cl, and the vertices of the smaller triangle. b is the distance of cl, to the closest face of
cone(Ey). cone(Fy(Br)) C cone(Ey) as long as the smaller triangle is inscribed in the larger triangle; i.e.
d < b.
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Figure 3: Top panel shows M, given by (55) as a function of the SNR parameter 7'M . Bottom panel is
blow up of first panel over a reduced range of SNR. The straight line is a least squares linear fit to the upper
panel. The linear approximation has slope 0.32 and zero intercept 0.08. Average residual error between
linear fit and exact M, vs SNR step function is less than 0.09 and maximum error is less than 0.52. By
Corollary 2, for T, K, M, M, satisfying T > KM, and M, < M, the curve gives the number of antennas
utilized by the optimal constellation for various SNR’s.
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