An Out-of-Kilter Method for Minimal-Cost Flow Problems

Author(s): D. R. Fulkerson

Source: Journal of the Society for Industrial and Applied Mathematics, Vol. 9, No. 1 (Mar.,
1961), pp. 18-27

Published by: Society for Industrial and Applied Mathematics

Stable URL: http://www.jstor.org/stable/2099013

Accessed: 17/10/2011 20:24

Y our use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at
http://www.jstor.org/page/info/about/policies/terms.jsp

JSTOR is anot-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of
content in atrusted digital archive. We use information technology and tools to increase productivity and facilitate new forms
of scholarship. For more information about JSTOR, please contact support@jstor.org.

Society for Industrial and Applied Mathematics is collaborati n%with_JST OR to digitize, preserve and extend
access to Journal of the Society for Industrial and Applied Mathematics.

http://www.jstor.org


http://www.jstor.org/action/showPublisher?publisherCode=siam
http://www.jstor.org/stable/2099013?origin=JSTOR-pdf
http://www.jstor.org/page/info/about/policies/terms.jsp

J. Soc. INpusT. APPL. MATH,
Vol. 9, No. 1, March, 1961
Printed in U.S.A.

AN OUT-OF-KILTER METHOD FOR MINIMAL-COST
FLOW PROBLEMS*

D. R. FULKERSONt

1, Introduction. In this paper a method of solving minimal-cost net-
work flow problems is described and shown to have a certain desirable
monotone behavior. The method begins with an arbitrary flow, feasible or
not, together with an arbitrary pricing vector, and then uses a labeling
procedure to adjust an arc of the network that fails to satisfy the appropri-
ate optimality properties.

To present the basic notions underlying the method, let us consider, for
a moment, a general linear program of the form

(LL) ‘ Z;’L,—_l a;ix; = by (¢=1,--,m)
(1.2) A _ li Sz S uj G=1,--,n)
(1.3) . minimize Y ¢iZ; .

Here the a;;, b;, l;, u;, c; are given. Now suppose that z = (2, - )
is a vector satisfying (1.1) and (1.2), that is, z is feasible, and that there
is a dual (or pricing) vector * = (m, * -+, ™) such that the implications
(1.4) ¢; + Z?=1 Tl > 0—2z; = lj

(L.5) c; + Z:";l Ty < 00—z = u;

hold for all 7. Then it follows that z is a minimizing solution, and thus (1.4),
(1.5) might be termed optimality properties.

For a given x satisfying (1.1) and for any =, the following case classifica-
tion for the jth component of the program is exclusive and exhaustive:

() ¢ + Ziﬂau > 0, x; =1,

(8) cj + Zi mit; = 0, l; £ x; £ uj
(v) ¢i + Dimai; <0, Tp = U;

(o) ¢; + Dimai; > 0, x; < 1

(B1) ci+ Dimai =0, x; <l

(n) e+ Dimai <0, oz <y

(az) ¢i + Doimai; > 0, xz; > 1

(Bs) et amiai =0, x; > u

(v2) ¢;i + D ima <0, x> uj.

* Received by the editors February 15, 1960.
This research was supported in part by the Pacific Lighting System.
1 The RAND Corporation, Santa Monica, California.
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MINIMAL-COST FLOW PROBLEMS 19

If all components are in one of the states e, 8, v, then z is feasible and
optimal. We call these the “in-kilter” states, the others “out-of-kilter”
states. The algorithm to be presented for network flow problems concen-
trates on-a particular out-of-kilter component, and gradually puts it in
kilter. It does this in such a way that all in-kilter components stay in kilter,
whereas any other out-of-kilter component either improves or stays the
same, in a sense made precise in §2.

Section 2 provides a description of the special class of linear programs to
which the method applies, together with some preliminary discussion. We
assume that the given data for the program are integers (or, equivalently,
rationals). Then the algorithm, presented in §3, works with integers
throughout. A proof that the algorithm terminates in a finite number of
steps, and that in so doing it. possesses the monotone property roughly
described above, is sketched in §4. Some comparisons with other methods
for solving minimal-cost flow problems are made in §5.

For the particular class of programs being considered, the assumptlon
that the initial x satisfies (1.1) is unimportant, since such an z is immedi-
ately available, e.g., = = 0. But starting with a good guess for z and = will
decrease computation time. One situation for which the present algorithm
is particularly appropriate would be in solving a sequence of flow problems,
where each problem of the sequence differs only slightly from its prede-
cessor. Then the old optimal z and 7 could be used to initiate the compu-
tation for the new problem.

We should like to express our appreciation to G. B. Dantzig, whose criti-
cism of an earlier version of this paper in which the initial x was assumed
feasible, led us to reconsider the problem from the standpoint of infeasible z.

2. Notation, definitions, and problem description. We suppose given a
network consisting of nodes 1, 2, - - - , n together with directed arcs ¢j (from
node 7 to node 7). Each arc 45 has associated with it three integers: I,; (the
arc lower bound), u;; (the arc upper bound or capacity), and ¢;; (the arc cost),
mthO § lij é Usj »

It is convenient to describe the problem in terms of circulations [12],
rather than flows from sources to sinks [7, 8, 9]. By a circulation we shall
mean a nonnegative integral vector £ = (z,;), one component for each
arc ij, that satisfies the conservation equations

(2.1) 2oz — ) =0 . (t=1--,n).
If the circulation z also satisfies
(22) li,‘ S xS Uy (&H arcs ’l,]),

we call z a feasible circulation. We shall refer to a particular component z;;
of a circulation as the arc flow z,; or the flow in arc 7.
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A feasible circulation x that minimizes the cost form
(2.3) Zii CijTsj

over all feasible circulations is optémal. The problem we are considering is
that of constructing an optimal circulation. Of course feasible circulations
may not exist, in which case we want to discover this fact. It is known [12]
that a necessary and sufficient condition for the existence of a feasible circu-
lation is that the inequalities

JjeL jel

hold for all subsets L of nodes. Here L denotes the complement of L. The -
conditions (2.4) are easily shown to be necessary; their sufficiency can be
proved in various ways, for example, by using the maximum flow-minimum
cut theorem [7, 8] or the supply-demand theorem [11].

Let # = (m;) be a vector of integers, one component for each node 7.
We call 7 a pricing vector, and refer to its components as node prices. Opti-
mality properties for the problem are that the implications

(2.5) ciitmi—m; > 0>z =l
(2.6) Cij +mi — 7 < 0>y = uy

hold for all arcs 4j. That is, if « is a feasible circulation, and if there is a
pricing vector = such that (2.5), (2.6) hold, then x is optimal. We shall
shorten the notation by setting

(2.7) Cij = Cij + 7 — mwyi.

For a given circulation x and pricing vector =, an arc 4j is in just one
of the following states:

() ¢ij > 0, x5 = lij

(8) Ci; =0, L 2 £ uij
(v) ¢i; <0, Xij = Ugj

(o) Gii >0, 1y <l

B) G =0, @<l

(v1) ¢ij <0, Tij < Uij

(ag) Ci; > 0, Tij > lij

(B2) ¢ = 0, Tij > Uij

(v2) - G <0, @i > ui.
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We say that an arc ¢j is in kelter if it is in one of the states a, 8, v; other-
wise the are is out of kilter. Thus {o solve the problem, we need 1o get all
arcs in kilter.

With cach state that an are ¢ can be in, we shall associate a nonnegative
integer, called the kilter number of the arc in the given state. An in-kilter
arc has kilter number 0; the arc kilternumbers corresponding to out-of-kilter
states are listed below:

(ar) iy — @y

(B1) Lij — @ij

(r1)  Ci(@i; — i)
(a2)  Ci(xi; — L)
(B2) Tij — Uij
(v2) @iy — Uas

Thus out-of-kilter arcs have positive kilter numbers.._ The kilter numbers
for states oy , 81, B2 , v2 measure infeasibility for the arc flow z,; , while the
kilter numbers for states vy; , a; are a measure of the degree to which the
optimality properties (2.5), (2.6) fail to be satisfied.

The algorithm stated in the following section has the property that all
arc kilter numbers are monotone nonincreasing throughout the computa-
tion. However, steps can occur that change no kilter number, and this
complicates the proof of termination somewhat.

We need a few other notions before stating the algorithm, the main one
being that of a path from some node to another in a network. Let 7;,
72, *** ,%m be a sequence of distinct nodes of a network such that either
Tklk+1 OT Tx4ats is an are, k = 1, --- ,m — 1. Picking out, for each k, one
of these two possibilities, we call the resulting sequence of nodes and arcs
a path from 1 to i, . Arcs 2442x41 that belong to the path are forward arcs of
the path; arcs 4,12 that belong to the path are reverse arcs of the path.
If we alter the definition of a path by stipulating that ¢; = 7, , we call the
resulting sequence of nodes and arcs a cycle.

3. An out-of-kilter algorithm. The algorithm of this section uses a modi-
fied labeling procedure [8, 9] as its basic routine. In general, the labeling
procedure is a search for a path (having certain desired properties) from
some node to another. We start labeling from a given node, called the
origin, attempting to reach some other given node, called the terminal. To
initiate the modified procedure, we assign the label [0, «] to the origin;
the following labeling rules are then applied:
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(3.1) 1f node 7 is Iabeled [k €], node j is unlabeled, and if 4 is an ave
such that either

(a) ¢ii >0, oz < li,
(b) ¢;; =0, i < Usj,

then node j receives the label [i7, ¢;], where ¢; = min (e, lij — zi;)
in case (a), ¢; = min (&, u;; — a45) in case (b).

(3.2) If node 7 is labeled [k*, €], node j is unlabeled, and if j¢ is an arc
such that either

(a) ¢z 0, x>,
(b) ¢ <0, Tz > Uji

then node j receives the label [, ¢;], where ¢; = min (e, i — ljs)
in case (a), ¢; = min (&, T;; — ;) in case (b).

Here 2 is a circulation and = a pricing vector.

The labeling procedure terminates in one of two ways, called breakthrough
and nonbreakthrough, respectively: either the terminal receives a label, or
no more labels can be assigned and the terminal has not been labeled.

If breakthrough occurs, a path from origin to terminal can be located by
backtracking from the terminal, using the first members of the label pairs.
If, in this backtracking, a node j is reached that carries the label ", €l
then 4] is a forward arc of the path from origin to terminal; if 7 is labeled
[i", €;], then ji is a reverse arc of the path. Thus forward arcs of the path
satisfy either (3.1a) or (3.1b), whereas reverse arcs of the path satisfy
(3.2a) or (3.2b).

If nonbreakthrough results, we let L and L denote the sets of labeled
and unlabeled nodes respectively, and define two subsets of arcs:

(3.3) G = {tj|1 € L,j €L &; >0,z £ uij)
(3.4) @ = (jilicLjcL <02zl
We then define

(3.5) 8, = mingjeq, (Gij)

(3.0) 8 = Minjieq, (— )

(3.7) 6 = min (8, d).

Here 8; (i = 1,'2) is a positive integer or « according as @; is nonempty
or empty.
The complete algorithm now runs as follows. Start the computation with
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any circulation  and any pricing vector x. Next locate an out-of-kilter
arc st and go on to the appropriate case below:

(o1): €t > 0, 25t < I . The origin for labeling is ¢, the terminal s. If
breakthrough results, add ¢ = min (e, , l,; — ;) to the flow in
all forward arcs of the path from ¢ to s, subtract e from the flow
in all reverse arcs, and add e to 2, . If nonbreakthrough results,
add & defined in (3.7) to all x; for ¢ in L.

(B1) or (v1): €t = 0, ey < lg, OF €y < 0, e < u, . Same as («),
except € = min (€, Us; — Tst).

(az) or (B2): €t > 0, Tor > lye, OF & = 0, 2 > ug . The origin for
labeling is s, the terminal ¢. If breakthrough results, add ¢ =
min (&, ;e — L) to the flow in all forward arcs of the path
from s to ¢, subtract e from the flow in all reverse arcs, and sub-
tract e from z,;. If nonbreakthrough results, add & defined in
(3.7) to all , for  in L.

(v2): Gt < 0, xss > uye. Same as (az) or (B2), except
e = min (€, Ty — Ust).

The labeling process is repeated for the arc st until either st is in kilter,
or until a nonbreakthrough occurs for which the node price change § = .
In the latter case, stop. (There is no feasible circulation). In the former
case, locate another out-of-kilter arc and continuec.

4. Termination and the monotone property. Suppose that arc st is out of
kilter, say in state «; . The origin for labeling is ¢, the terminal s. The arc st
cannot be used to label s directly, since neither (3.2a) nor (3.2b) is appli-
cable. Consequently, if breakthrough occurs, the resulting path from ¢ to s,
together with the arc s, is a cycle. Then the flow changes that are made on
arcs of this cycle again yield a circulation. Moreover, the labeling rules
have been selected in such a way that kilter numbers for ares of this cycle
do not increase, and at least one, namely, for arc st, decreases. Kilter num-
bers for arcs not in the cycle of course don’t change.

Similar remarks apply if st is in one of the other out-of-kilter states.

We summarize the possible effects of a breakthrough on an arc 7 in
I'ig. 1, which shows the state transitions that may occur following hreak-
through. If a transition is possible, the number recorded beside the corre-
sponding arrow represents the change in kilter number. (The subscripts 4j
are omitted in the diagram.)

Verification of the breakthrough diagram is straightforward. I'or exam-
ple, suppose are 47 is in state e, with é,; > 0, x;; > [;;, and kilter number
Firy — 1) > 0,10 & is not an are of the eyele of How changes, then )
remains in state ae with zero change in kilter number. If the flow in are 45
has changed as a result of the breakthrough, then cither ¢ is the are st or,
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by the labeling rules (3.1), (3.2), 4 is a reverse arc of the path from origin
to terminal. Specifically, ¢ was labeled from j using (3.2a). In either case,
a;; decreases by the positive integer ¢ < x;; — I;;, the new state for ¢j is
a; or «, and hence the kilter number for 4j has decreased by ¢;;¢ > 0. The
rest of the diagram may be verified similarly.

The state transitions and changes in kilter number that may occur fol-
lowing a nonbreakthrough with § < c« are indicated in Fig. 2. (Again the
subscripts 47 arc omitted.)

Again we omit a detailed verification, but consider, for example, an arc
1j in state 1, so that ¢;; < 0, 2;; < u.; , having kilter number é;;(x;; — u;)
> 0 before the node price change is made. If both 7 and j are in L or both
in L, then ¢;; remains the same after the node price change, and conse-
quently #j stays in state ¥, with no change in kilter number. We cannot
have ¢ € L,j € L (labeling rule (3.1b)), and hence the remaining possi-
bility is ¢ € L, j € L. Then ¢, is increased by 8 > 0. Consequently the arc
1j either remains in state v, (if 8 < —&;), goes into state 8 (if 6 = —¢;;
and z;; = [;;), into state 8, (if § = —¢é;; and z;; < I;;), or into state ay
(if 8 > —é;; and z;; < l;;), and the corresponding changes in kiltér number
are respectively 8(z:; — ui;) < 0, 8(@i; — i) <0, l; — 245 + 8(xs; — uiy)
<0, l; — x4 — Gij(xs; — ui;) = 0. (The remaining logical possibility
8 > —¢;j, xi; = li; cannot oceur, since if x;; = I;;, then 47 is in @, defined
by (3.4), and hence § = —¢;;.)

It follows from the breakthrough and nonbreakthrough diagrams that
kilter numbers are monotone nonincreasing throughout the computation.
Moreover, if breakthrough occurs, at least one arc kilter number decreases.
Thus to prove that the algorithm terminates, it suffices to show that an

Oor-ce 0 Oor-e¢
as alg—E——'q,
QOor-e QOor~¢
8, ___._JW B,
Oor-e¢ 0 00('%5
_____.__.» 4——————-

o ) ,

Breakthrough diagram

Fre. 1
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Oor-8(x-4) 0 "0
G b
A
0
_x-u v _l-x
-t (x-40) B, :)0 B‘DO -€ (x-u)
0 0 A~x
+8(x-u)
Y v
0 Q . Oor 8 (x-u)

Non-breakthrough diagram '

Fia. 2

infinite sequence of successive nonbreakthroughs, each with § < o, is im-
possible. To show this, let us suppase that a labeling resulting in nonbreak-
through with 8 < « has occurred, and let L, L denote the labeled and un-
labeled sets of nodes. After changing node prices, the new ¢ vector, which
we denote by &, has components given in terms of the old by

) {E,-j*-ﬁ ‘ (iGI_J,jEI:)
(4.1) Cij = {Cis + 8 (1€ L,jeL)
Cij (otherwise),

If the arc st is still out of kilter, then the origin is the same for the next
labeling, and it follows from (4.1) and the labeling rules that every node
of L may again be labeled. Thus if the new labeling again results in non-
breakthrough with labeled set L', we have L C L'. Let Gy, @, denote the
new sets defined in terms of L, & (and z) by (3.3), (3.4), and suppose
L = L'. Then, from (4.1) we have &' & @, @' < @z, and at least one
of these inclusions is proper by (3.5), (3.6), (3.7). Hence the new labeling
either assigns a label to at least one more node, or failing this, an arc is
removed from one of the sets @, or @; . It follows that, after finitely many
nonbreakthroughs with 8§ < «, we either get the arc st in kilter, obtain a
breakthrough, or obtain a nonbreakthrough with 6 = .

If a nonbreakthrough with § = « occurs, then there is no feasible circu-
lation. For if § = o, it follows from (3.3), (3.4) and the labeling rules
(3.1), (3.2) that z;; = wu;jfori € L,j € L,and zj; < lj;fori € L,j € L.
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Moreover, for the arc st, either t € L, s € L with 2, < ly;,ors € L,t € L
with 2, > u, . (This is immediate for cases a1 , 81, B2, v2 of the algorithm,
and follows from (3.3) and the assumption § = « for case az, from (3.4)
and the assumption § = « for case v;.) Hence, summing the equations
(2.1) over 7 € L and noting cancellations, we obtain in all cases
0= Z (@ — 250) > Z (wij = L)
jet et

But this vielates the feasibility condition (2.4). Thus § = « implies there
is no feasible circulation.

To sum up, the algorithm terminates after finitely many applications of
the labeling procedure, either with all arcs in kilter (in which case the
feasible circulation is optimal), or with the conclusion that there is no
feasible circulation. Moreover, all arc kilter numbers are monotone non-
increasing throughout the computation.

It is worthwhile to note the simplification that occurs if the method of
the preceding section is initiated with a feasible circulation. The states o ,
B1, B2, v2 are then empty to begin with, and consequently remain empty
throughout the computation. Hence at each nonbreakthrough (as well as
each breakthrough), the kilter number for at least one arc, namely st, de-
creases by a positive integer. In many minimal cost flow problems, a start-
ing feasible circulation is readily at hand. For example, in the Hitchcock
problem [1, 2, 3, 4] or the assignment problem [5, 6, 10], such is the case. -

5. Comparison with other methods. The method of §3 is a generalization
of the method of [9] for solving minimal-cost flow problems, which in itself
generalizes the methods of [5, 6, 8, 10] for solving Hitchcock and assignment
problems. In [9] the fundamental problem was that of finding a maximal
feasible flow from source node 1 to sink node n that minimizes cost over all
such flows. (Also the lower bounds were assumed zero on all arcs. This is
not really a restriction, since a change of variables will accomplish this, if
desired.) If we add to the network the special arc nl with Iy = 0, um = U,
¢ = —C (U and C large), and consider feasible circulations in the en-
larged network, then the method of §3 is applicable to such problems. Or
if it is desired to find an optimal flow from 1 to » of given value
v = 2; (2, — x;) in the original network, we can add the arc nl with
Ly = ua = v, ¢a = 0, in order to cast the problem in circulation form.

The method of [9] begins with the zero flow from source 1 to sink n
(which satisfies the bounds on arc flows because lower bounds are zero),
and all node prices zero. It was also assumed that the given arc costs are
nonnegative. Equivalently, if we take I,y = 0, uyy = U, ¢m = —C and
begin the algorithm of §3 with the zero circulation and all node prices zero,
then the special are n1 is the only out-of-kilter are (it is in state 1), and
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hence it remains the only out-of-kilter arc throughout the computation.
Then the method of §3 reduces to that of [9].

It is also informative to note some of the major contrasts between this
method and the simplex method [4] for solving such problems. First of all,
the simplex method would be done in two phases, the first phase being a
search for a feasible circulation, the second for an optimal circulation.
(Throughout both of these phases, the simplex method would work with
basic solutions, a concept that plays no role in this method.) Here we have
combined the two phases. Ignoring this difference, however, and assuming
that both methods start with a feasible circulation, the main contrast, apart
from mechanics of operation, appears to lie in the fact that, for the simplex
method, the kilter numbers are not monotone. For example, arcs that were
in kilter at some stage of the simplex computation can go out of kilter at
later stages.
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