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Electromagnetic Scattering From a Dielectric
Cylinder Buried Beneath a Slightly

Rough Surface
Daniel E. Lawrence, Student Member, IEEE,and Kamal Sarabandi, Fellow, IEEE

Abstract—An analytical solution is presented for the electro-
magnetic scattering from a dielectric circular cylinder embedded
in a dielectric half-space with a slightly rough interface. The
solution utilizes the spectral (plane-wave) representation of the
fields and accounts for all the multiple interactions between the
rough interface and the buried cylinder. First-order coefficients
from the small perturbation method are used for computation
of the scattered fields from the rough surface. The derivation
includes both TM and TE polarizations and can be easily ex-
tended for other cylindrical buried objects (e.g., cylindrical shell,
metallic cylinder). Several scattering scenarios are examined uti-
lizing the new solution for a dielectric cylinder beneath a flat,
sinusoidal, and arbitrary rough surface profile. Results indicate
that the scattering pattern of a buried object below a slightly
rough surface differs from the flat surface case only when the
surface roughness spectrum contains a limited range of spatial
frequencies. Furthermore, the illuminated area of the incident
wave is seen to be a critical factor in the visibility of a buried
object below a rough surface.

Index Terms—Buried objects, ground penetrating radar, rough
surfaces, scattering.

I. INTRODUCTION

OVER the past few decades, a significant amount of
research effort has been spent toward developing a viable

buried object detection scheme. The results of such research
can be applied to buried landmines, pipes, conduits, and other
buried objects of interest. There are many difficulties associated
with detecting objects beneath the ground due to the existence
of clutter and low RF signal penetration into moist soil.
Recently, the authors proposed an acousto–electromagnetic
approach to enhance buried object detection by observing the
scattered electromagnetic Doppler spectrum from an object
vibrated at resonance [1] and [2]. In addition to the object
vibration, the incident and scattered acoustic waves will perturb
the interface above the buried object. In a similar detection
technique proposed by Scott [3], a Doppler radar is used in
conjuction with elastic waves in the ground to detect buried
objects by anomolies found in the surface vibration. In both
of these techniques, it is important to characterize the relative
backscatter from the acoustic-induced surface roughness and
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buried object, including the direct backscatter and all multiple
interactions between the object and rough surface. The interface
may also be naturally rough. Accordingly, this paper will present
an analytical solution for a two-dimensional (2-D) scattering
problem involving a buried dielectric circular cylinder below
a slightly rough surface.

The analysis of a buried cylinder below a flat surface has
been done analytically by D’Yakonov [4], and subsequently
has been examined by Howard [5] and Ogunade [6], where the
solution was obtained by the eigenfunction expansion of the
total fields. A number of other analytical studies involving the
scattering from buried objects below a flat interface have also
been done [7]–[12]. Butler [13] and Xu [14] have solved the
problem of a buried conducting cylinder of arbitrary geometry
below a flat surface using the method of moments (MoM).
In each of these works, the assumption of a flat surface was
critical for mathematical and computational tractability. For
practical considerations, however, it is necessary to understand
the effect of a rough surface on the scattering from buried
objects. Generally, ground penetrating radar (GPR) systems
use oblique incidence to direct the strong specular reflection
away from the backscatter receiver. While this helps isolate the
return from the buried object, rough surface scattering can still
interfere with the target return. Only recently has there been
any consideration of a target beneath a rough surface. Cottis
and Kanellopoulos treat the scattering from a circular cylinder
buried below a sinusoidal interface, using an integral equation
combined with the extended boundary condition approach [15]
and [16]. Several other numerical studies involving a buried
object below a rough surface have also been done recently
[17]–[21].

Analytical scattering solutions such as the small perturbation
method (SPM) and Kirchhoff approximation are widely known
and used to study the scattering from slightly-rough surfaces
[22]–[24]. To date, the interaction of a buried object with a
rough surface has not been explored analytically. Analytical
solutions, unlike numerical techniques, are unfortunately
limited to canonical geometries or small perturbations from
a canonical geometry. Nevertheless, analytical solutions are
valuable in that they do not require a discretization of the
geometry and can provide a benchmark for comparison with
numerical solutions. Furthermore, fundamental insight into the
scattering mechanisms of a problem can be gained from an
analytical approach. In this paper, an analytical solution for a
buried circular cylinder beneath a slightly rough surface [with
arbitrary one-dimensional (1-D) surface profile] is derived. The

0018-926X/02$17.00 © 2002 IEEE



LAWRENCE AND SARABANDI: EM SCATTERING FROM A DIELECTRIC CYLINDER BURIED BENEATH A SLIGHTLY ROUGH SURFACE 1369

Fig. 1. Geometry of scattering problem.

solution is obtained by employing the spectral, plane-wave rep-
resentation of the fields and adding the successive reflections
from the rough half-space boundary and the scattered fields
from the cylinder. All of the multiple interactions are accounted
for in this solution. First-order reflection and transmission
coefficients from the SPM are used for the rough-surface
scattering. As a result, the ultimate accuracy of the analytical
approach presented here is limited by the accuracy of the SPM
solution. Details of the analytical development are presented
in Section II followed by several illustrative examples in
Section III utilizing the new solution.

II. A NALYTICAL DEVELOPMENT

A. Initial Reflected and Transmitted Fields

Consider a plane-wave incident upon a slightly-rough surface
(1-D roughness) with a dielectric cylinder of radiusburied at
a depth beneath the surface. The geometry of the scattering
scenario is shown in Fig. 1. The surface of the half-space has a
1-D profile given by the function . The Fourier transform
of this function is needed in the development that follows and is
defined by

(1)

The method used in this section to solve for the scattered field
in Region 1 will employ the spectral representation of the fields.
Since analytical solutions for the scattering of a plane wave from
a slightly rough interface and the scattering of a plane wave from
a cylinder are known, the solution will be formed by adding
the successive scattered fields from the rough interface and the
cylinder. Both TE and TM polarizations will be treated simul-
taneously by using only general expressions for the reflected,
transmitted, and scattered fields. In this paper, we define TE and
TM to be transverse to the axis of the cylinder, theaxis. Note
that this is the usual convention for cylinder scattering problems,
but is opposite the usual convention for rough surface scattering.
The incident field is expressed

(2)

where is a scalar quantity equal to for the TM case or
for the TE case. Using the SPM solution, the reflected and trans-
mitted fields at the interface with no cylinder present can be ob-
tained. Complete expressions for the relevant coefficients of the
reflected and transmitted fields are provided in the Appendix.

To first-order, the field initially reflected from the boundary can
be written

(3)

where . and are the coef-
ficients for the unperturbed and perturbed components of the
reflected field, respectively. Again to first-order, the field trans-
mitted into Region 1 is

(4)

where . and are the coef-
ficients for the unperturbed and perturbed components of the
transmitted field, respectively. The spectral representation in (4)
shows that the transmitted field is composed of a spectrum of
plane waves traveling in the -direction, specifically deter-
mined by , and weighted accordingly.

B. Scattered Fields in Region 1

The initial scattered field from the cylinder can be found by
treating each plane wave of the transmitted field in (4) as being
incident upon the buried cylinder. The eigenfunction solution
for the scattering of a plane wave from a cylinder in a homoge-
neous medium is well known [25]. For a single, unity amplitude
plane wave incident at an angle the scattered field is

(5)

where are mode coefficients for the scattered field. De-
pending on the polarization, these coefficients are

TM Case

TE Case

For this paper, only a solid dielectric cylinder is considered, but
in general, the mode coefficients for other cylindrical objects of
interest such as a metallic cylinder or dielectric cylindrical shell
could be inserted for . With incident upon the cylinder, the
scattered field can easily be written to account for the spectrum
of incident plane waves by integration over. Integrating the
eigenfunction solution in (5) over and using the appropriate
weighting from (4), the initial scattered field becomes

(6)
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where

here denotes a small quantity since is directly pro-
portional to the small-surface roughness. The expression in (6)
is the scattered field resulting from the first interaction with
the buried cylinder. Subsequent calculations will add the con-
tribution from the successive reflections from the boundary and
scattering from the cylinder. Using the integral expansion of

[26], (6) can be expanded into its spectral rep-
resentation as

(7)

This representation is seen to be a linear combination of plane
waves propagating in the -direction, specifically determined
by and incident upon the rough surface from below. Hence,
the reflection coefficients from the SPM solution can be in-
cluded in the integral, and the downward traveling field reflected
from the perturbed boundary becomes

(8)

Reflection coefficients with subscript “10” are used since the
fields are incident from Region 1. The superposition of down-
ward traveling plane waves described by (8) now become in-
cident upon the cylinder. Once again, the known eigenfunction
solution for the scattered field from a cylinder with plane wave
incidence is employed. Integrating the eigenfunction solution
in (5) over and using the appropriate weighting from (8), the
second scattered field from the cylinder can be written

(9)

where

Both and are small quantities containing the per-
turbation parameter . By keeping only first-order terms in
we can rewrite (9)

(10)

where

Equation (10) represents the second scattered field from the
buried cylinder. In general, theth scattered field can be written

(11)

where

(12)

(13)

Note from (12) and (13), that theth coefficients are found in
terms of the th coefficients, indicating the recursive nature
of this solution. The total scattered field in Region 1 can be
obtained by adding each successive scattered field. That is

(14)

(15)

(16)

where

and (17)

One way to calculate the coefficients and , is to begin
with the known coefficients from the first interaction, and

, use the recursive (12) and (13), and add each successive
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term until the result converges. An alternative method for ob-
taining the coefficients, which includesall the multiple interac-
tions, can be seen by rewriting in (17)

(18)

(19)

(20)

Equation (20) represents and infinite set of equations to solve
for the unknown coefficients, . For computational purposes,
a truncation in and can be chosen to conveniently solve
the system using matrix techniques. Similarly, can be
rewritten

(21)

(22)

(23)

Once again, an infinite set of equations is obtained. Note that the
coefficients , found from (20) are used here to solve for .
It is worth mentioning again, that although a truncation inand

is required to solve (20) and (23), the resulting coefficients
include all the multiple interactions between the rough surface
and the buried cylinder.

C. Scattered Fields in Region 0

In order to compute the scattered field in Region 0, the scat-
tered field in Region 1 is first expanded into spectral form. Using
the integral expansion of , the scattered field of
(16) becomes

(24)

The spectrum of upward traveling plane waves described by this
equation are transmitted through the interface and scaled by the
transmission coefficients to produce the scattered field in Re-
gion 0. Once the transmission coefficients are included, the scat-
tered field in Region 0 can be expressed

(25)

where

The total scattered field in Region 0 should include the initially
reflected component from the rough interface,, from (3).
Accordingly, the total scattered field in Region 0 becomes

(26)

III. SIMULATIONS

Several cases are considered to demonstrate the general so-
lution derived here and to illustrate the effect of the half-space
and rough surface on the scattering pattern. In each case, the
specular component of the initial reflected wave from the inter-
face is not included. In order to calculate the far-field scattering
pattern, the highly oscillatory integrals and must be
evaluated using the saddle point integration technique [27]. On
the other hand, the integrals and can be evaluated
directly provided the buried cylinder depth,, is within a few
wavelengths of the surface. Otherwise, asymptotic evaluation
of these integrals is also required. The scattering scenarios to be
presented include a dielectric cylinder buried beneath a: 1) flat
surface; 2) sinusoidal surface; and 3) an arbitrary rough surface.

A. Flat Surface

When there is no surface variation, the scattering solution
simplifies considerably. Terms containing the perturbation pa-
rameter become zero, and the solution in (25) reduces to

(27)

Although obtained by a different method, (27) is equivalent to
the solution found in [9]. As an example, consider a dielectric
cylinder , with radius , buried below a
flat surface at a depth . For a TE plane-wave incident
at 30 from the axis , Fig. 2 shows the bistatic
scattering (far-field) pattern for different background permittiv-
ities. The far-field radar cross section (RCS) pattern shown in
each of the plots is calculated by .
In addition to reducing the magnitude of the scattered field, the
presence of the interface and background permittivity also sig-
nificantly affect the scattering pattern of the cylinder. Note that
the null in the free space scattering pattern located at 40in
Fig. 2 moves outward, and ultimately disappears, as the back-
ground dielectric constant is increased.

B. Sinusoidal Surface

A great deal of insight into the scattering from objects buried
below a rough interface can be obtained by looking at the
scattering from a cylinder below a sinusoidal surface. Also, the
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Fig. 2. Effect of ground permittivity on the scattering pattern of a dielectric
cylinder,� = 2:25� , with radiusa = 0:16� , buried at depthd = 1:3� , and
� = �60 . (Unperturbed TE Case.)

expressions derived in this paper for a general rough surface
simplify when the surface roughness is sinusoidal. Noting that
the Fourier transform of a sinusoidal surface variation
(and hence the SPM coefficients) are composed of Dirac delta
functions, the double integrals in (23) and in (25)
both reduce to single integrals in. This simplification reduces
both the complexity and computation time of the solution.
Figs. 3–6 demonstrate the effect of a sinusoidal surface on
the scattering of a TM plane wave incident at
upon a buried dielectric cylinder, , and

, buried at a depth, , below the
surface. Note that the discrete Floquet mode components of
the initial reflected field are not shown. The surface variation
function is

(28)

where is the period of the surface which is varied from
in Fig. 3 to in Fig. 6. As seen in Fig. 3, the scattering pat-
tern for is almost identical to that of a flat surface.
On the other hand, the scattering pattern is significantly changed
for and as shown in Figs. 4 and 5. Note, how-
ever, for shown in Fig. 6 that the pattern once again
approaches that of a flat surface. The conclusion here is that
the scattering pattern of a buried object is only significantly af-
fected by a limited range of (spatial) surface frequencies, and
roughness outside this frequency range does not alter the scat-
tering pattern. To determine whether this effect is dependent
upon the size of the buried scatterer, simulations were repeated
for a cylinder of radius buried at depth .
Results are shown in Figs. 7–10, and confirm that surface rough-
ness outside a limited range of frequencies does not affect the
scattering pattern of a larger buried object. Although not shown,
this result holds for the TE case as well.

It is well known that the SPM scattering solution for random
rough surfaces (without buried objects) is only valid when the
surface correlation length is small [28]. Hence, a relevant ques-

Fig. 3. Effect of sinusoidal surface roughness on the scattering pattern for
� = 0:25� , a = 0:16� .

Fig. 4. Effect of sinusoidal surface roughness on the scattering pattern for
� = 0:4� , a = 0:16� .

Fig. 5. Effect of sinusoidal surface roughness on the scattering pattern for
� = 0:6� , a = 0:16� .
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Fig. 6. Effect of sinusoidal surface roughness on the scattering pattern for
� = 2:0� , a = 0:16� .

Fig. 7. Effect of sinusoidal surface roughness on the scattering pattern for
� = 0:25� , a = 1:0� .

Fig. 8. Effect of sinusoidal surface roughness on the scattering pattern for
� = 0:4� , a = 1:0� .

Fig. 9. Effect of sinusoidal surface roughness on the scattering pattern for
� = 0:6� , a = 1:0� .

Fig. 10. Effect of sinusoidal surface roughness on the scattering pattern for
� = 2:0� , a = 1:0� .

tion to ask is whether the SPM solution is even valid when the
sinusoidal surface has a long period. To address this question,
a comparison is made between the SPM solution and the solu-
tion obtained from the extended boundary condition (EBC) ap-
proach for a sinusoidal surface without a buried object. The EBC
solution, outlined in [29], provides coefficients for the discrete
angular spectrum of plane waves scattered from the surface and
propagating along

(29)

where

and

The subscript denotes the th scattered plane wave and is re-
ferred to as the th Floquet mode. A comparison between the
SPM and EBC reflection coefficients for modes in the range,
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TABLE I
MAGNITUDE COMPARISON OFFLOQUET MODE REFLECTION COEFFICIENTS

FROM A SINUSOIDAL SURFACE, f(x) = 0:0064� cos(2�=� x), USING

EBC AND SPM. TM CASE WITH � = �60 AND � = 4:0�

TABLE II
MAGNITUDE COMPARISON OFFLOQUET MODE REFLECTION COEFFICIENTS

FROM A INUSOIDAL SURFACE, f(x) = 0:0064� cos(2�=� x), USING EBC
AND SPM. TE CASE WITH � = �60 AND � = 4:0�

, are given for the TM and TE cases in Tables I and
II, respectively. Since the SPM coefficients are proportional to
the Fourier transform of the surface variation function, and the
Fourier transform of a sinusoidal function contains Delta func-
tions located at , SPM coefficients for a sinu-
soidal surface only exist for . It is not necessary for
the first-order SPM solution to predict higher order modes be-
cause the EBC coefficients for and higher are seen
to be at least an order of magnitude smaller than the
coefficients. The component is simply the Fresnel reflec-
tion coefficient from an unperturbed, flat surface. As seen in the
tables, the SPM solution accurately predicts the Floquet mode
coefficients for the three dominant modes , and the
agreement is maintained as the period of the surface variation is
increased. Although not shown, the SPM solution for the trans-
mission coeffiecients have similar agreement. These results jus-
tify the use of the SPM coefficients in the new solution presented
here and validate the results shown in Figs. 3–10.

C. Arbitrary Rough Surface

The final example involves the scattering from a cylinder
buried below an arbitrary surface profile. In order to limit the
amount of reflected energy from the surface, it is necessary
to limit the area illuminated by the incident field. In the

Fig. 11. Single realization of Gaussian rough surface.

rough surface scattering literature, this is usually accomplished
by either tapering the incident wave or limiting the extent
of the rough surface. For the examples presented here, a
Gaussian scaling function, , is used to taper
the generated rough surface, with the constantproviding a
measure of the illumination length. Another consideration is
the computational complexity of the double integrals,
and , for an arbitrary rough surface. These integrals can be
made computationally tractable by assuming the rough surface
to be periodic, reducing the double integrals to a summation
of single integrals weighted by the Fourier series coefficients
of the periodic surface. This is a reasonable simplification for
a shallow object because the object/rough surface interaction
only takes place in a limited area directly above the buried
object. Hence, the reduction does not significantly affect the
accuracy of the solution provided the period is sufficiently
large ( and ). One should note that the surface
is assumed periodic only for the two integrals which account
for the object/rough surface interaction. All other integrals are
evaluated directly.

Consider the same dielectric cylinder used in Fig. 2 buried at a
depth below the rough surface shown in Fig. 11. The
surface profile is a sample of a random process with a Gaussian
autocorrelation function with correlation length , and rms
height . The permittivity of the ground medium is

. For a TE incident plane wave at ,
the scattered, reflected, and total far-field patterns are shown in
Fig. 12 for an illumination length of . When there
is no cylinder present, the only scattered field is the initially re-
flected field, , from the rough surface. When the cylinder is
introduced, the total scattered field is obtained by coherently
adding the cylinder component, , to the initially reflected
field. For this particular illumination length and surface rough-
ness, Fig. 12 demonstrates that there is a noticeable increase in
the total scattered field when the cylinder is introduced, making
object detection possible. An increase in the rms height of the
surface roughness will, of course, increase the amount of inter-
ference caused by the surface scattering component and make
object detection more difficult. Another factor influencing the
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Fig. 12. TE scattering pattern of dielectric cylinder buried at depth,
d = 1:3� , below a rough surface withL = 1:25� and� = (4:0�j0:01)� .

Fig. 13. TE scattering pattern of dielectric cylinder buried at depth,
d = 1:3� , below a rough surface withL = 5:0� and� = (4:0�j0:01)� .

visibility of a buried target is the illumination area. An increase
in the illumination area will increase the initially reflected field,
but will not significantly increase the scattering component from
the cylinder. Consequently, for buried-object detection the illu-
minated area should be as close as possible to the size of the
buried objects of interest in order to minimize the interference
caused by the rough surface. To illustrate this point, the rough
surface from Fig. 11 was simulated with a longer illumination
length, , and Fig. 13 displays the corresponding scat-
tered fields. As expected, the longer illumination length is seen
to increase the interference from the rough surface, making ob-
ject detection more difficult.

IV. CONCLUSION

An analytical solution for the electromagnetic scattering from
a dielectric cylinder beneath a slightly-rough surface has been
presented. This solution accounts for all of the multiple interac-
tions between the rough surface and the buried cylinder and is

limited only by the accuracy of the first-order SPM coefficients.
The examples illustrate the usefulness of the solution and pro-
vide insight into important scattering properties. It was shown
that the scattering pattern from a cylinder below a rough surface
is only significantly different from the flat-surface case when
surface roughness contains a limited range of spatial frequen-
cies. Surface frequencies outside this range do not cause a sig-
nificant change in the scattering pattern. It was also shown that
the area illuminated by the incident wave should be close to the
size of the object in order to increase the visibility of the buried
object below a rough surface. The solution presented here can
be easily extended for other cylindrical buried objects such as
dielectric shells or metallic cylinder and may be useful in the
development of inversion algorithms for buried targets.

APPENDIX

SMALL PERTURBATION METHOD PARAMETERS

For the TM case, the unperturbed reflection and transmission
coefficients are

and (30)

and (31)

and the TM perturbed components from the SPM are

(32)

(33)

and (34)

For the TE case, the unperturbed reflection and transmission
coefficients are

and

(35)

and

(36)

and the TE perturbed components from the SPM are

(37)

(38)

(39)

(40)
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