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Millimeter wave scattering model for a leaf
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At millimeter wave frequencies a typical leaf is a significant fraction of a wavelength in thickness,
and its nonuniform dielectric profile now affects the scattering. To provide a simple and efficient
method for predicting the scattering, two types of physical optics approximations are examined. The
first approximates the volume polarization current by the current which would exist in an infinite
dielectric slab with the same profile, while the second (and simpler)one employs the surface current
which, on the infinite slab, produces the known reflected field. It is shown that the first method is
superior, and provided the actual dielectric profile is used, it predicts the scattered field to an
accuracy which is adequate for most practical purposes. |

1. INTRODUCTION

Leaves are a key feature of any vegetation can-
opy, and in order to model the scattering from
vegetation-covered land, it is necessary to develop
an efficient and effective technique for predicting
the scattering from a single leaf. At microwave
frequencies where a typical leaf is electrically thin
with lateral dimensions at least comparable to the
free space wavelength Ay, several methods have
been proposed [e.g., Le Vine et al., 1985; Willis et
al., 1988] all based on the physical optics approxi-
mation applied to a uniform dielectric slab. In
particular, if the leaf thickness is no more than
about Ay/50, physical optics in conjunction with a
resistive sheet model predicts the scattering at most
angles of incidence [Senior et al., 1987] and can also
handle curved leaves [Sarabandi et al., 1988].

On the other hand, at millimeter wavelengths the
thickness can be a significant fraction of a wave-
length, and it is also necessary to take into account
the internal structure of a leaf, At least two different
types of cell can be distinguished, and their differing
water content affects the dielectric constant, lead-
ing to a nonuniform dielectric profile. To compute
the scattering at these higher frequencies, two dif-
ferent physical optics approximations are exam-
ined. The first of these employs the polarization
current which would exist in an infinite slab con-
sisting of one, two, or more layers simulating the
dielectric profile of the leaf, and this is referred to as

Copyright 1990 by the American Geophysical Union.

Paper number 89RS03459.
0048-6604/90/89RS-03459%08.00

the volume integral physical optics (VIPO) approx-
imation. When there are many layers, a convenient
method of implementation is described in the ap-
pendix. In the second (and simpler) approach the
equivalent surface currents are approximated by
the electric and magnetic 'surface :currents of an
infinite slab. New expressions for the physical op~
tics currents, which are more convenient than the
standard ones [Beckmann, 1965], are introduced,
and this technique is referred to as the surface
current physical optics (SCPO) approximation.

For an electrically thin leaf or plate the two
approximations are indistinguishable, but as the
thickness (or frequency) increases, the predicted
scattering differs in most directions, and by com-
parison with the results of a moment method solu-
tion of the volume integral equation it is shown that
VIPO is superior. In addition, for a two-layer ma-
terial it is no longer adequate to treat the plate as a
homogeneous one having an average dielectric con-
stant. Provided the actual dielectric profile of a leaf
is simulated, it appears that VIPO can predict the
scattering behavior of a leaf to an accuracy that is
sufficient for most practical purposes at millimeter
wavelengths.

2. STRUCTURE OF A LEAF

The structure of a typical vegetation leaf is shown
in Figure 1. The type and number density of cells
may vary as a function of depth into the leaf which,
in turn, results in a nonuniform dielectric profile.
The effect of this nonuniformity becomes observ-
able at higher frequencies where the thickness of
the leaf is comparable to the wavelength.
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Fig. 1. The structure of a typical vegetation leaf.

Leaves contain two types of photosynthetic cells:
palisade parenchyma, consisting of column-shaped
cells in which most photosynthesis takes place, and
spongy parenchyma, consisting of irregularly
shaped cells with large spaces between them [Curtis
and Barnes, 1985], Because a large part of the
vegetation material is water, its dielectric constant
is strongly influenced by the dielectric constant of
water and the water content. For most leaves the
water content is higher in the upper layer (palisade
region) than in the undersurface (spongy region),
The sensitivity of the dielectric constant to water
content is much greater in the lower part of the
millimeter wave spectrum than in the upper, but
this is more than counterbalanced by the thickness
to wavelength ratio. The net result is that the
sensitivity to dielectric variations is greater at the
higher frequencies.

To examine the effect of the nonuniform dielec-
tric profile on the scattering properties of the leaf at
millimeter wavelengths, we computed the normal
incidence reflection coefficient I'y of a two-layer
dielectric slab and compared it with the reflection
coefficient of a uniform dielectric slab whose dielec-
tric constant is the average. The computation was
performed for a leaf thickness of 0.5 mm, and the
water content ratio of the two layers was chosen to
be 4 to 1, representing a marked variation between
the upper and lower surfaces of the leaf. From the
data in Table 1 it is seen that when the two-layer
slab is approximated by a uniform slab the error in

the reflection coefficient increases with increasing
frequency and is as large as 4 dB at 140 GHz.

3. PHYSICAL OPTICS APPROXIMATIONS

At microwave frequencies where a typical leaf is
no more than about Ay/50 in thickness with lateral
dimensions comparable to or larger than the wave-
length, the scattering properties can be accurately
predicted using the physical optics approximation
applied to a resistive sheet model of a leaf [Sara-
bandi et al., 1988]. In effect, the leaf is modeled as
an infinitesimally thin layer, but as the frequency
increases, it is necessary to take the leaf thickness
into account. There are now two types of physical
optics approximation that can be employed. One is
the surface current (SCPO) approach in which an
infinite dielectric slab is replaced by an equivalent
sheet current that produces a plane wave identical
to the reflected wave of the slab. This current is
then used as an approximation to the equivalent
surface current over the upper surface of a finite
dielectric plate. Alternatively, the induced (volume)
polarization current in the plate can be approxi-
mated by the current in the infinite dielectric slab,
and we shall refer to this as the volume integral
physical optics (VIPO) method. It is more accurate
than the SCPO method, although the latter is more
convenient to use for evaluating the scattered field.

To illustrate the two procedures, consider a di-
electric plate consisting of a homogeneous dielec-
tric of thickness d; and relative permittivity &, atop
a second material of thickness d, — d; and relative
permittivity &,. The plate occupies the region —a/f2
=x=<al2,-bR=y=0>b/2,and ~d, =z =<0, as
shown in Figure 2, and is illuminated by an E-
polarized plane wave whose electric vector is

Ex‘ = ? e iko(xsin@y — zcosy) )

where k; is the propagation constant in the free
space medium above and below the plate. When the

TABLE 1. Voltage Reflection Coefficient for a Two-Layer and Average Diélectric Slab

_€e 1 te;
f, GHz £y &2 8(“” - 2 rg l"qm,
35 20 + 21 6+ i3 13 +i12 0.7446 0.782-0.16
94 6+ iS5 24+l 4+3 0.59212 0.48.27
140 5+i4 2+l I+ 25 0.50.20 0.34226.1
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Fig. 2. The geometry of the scattering of a plane wave from a
two-layer dielectric slab.

plate is treated as an infinitely extended slab, the
electric field can be written as

Ey =(e —tko:z 4. reiko,z)eiknsinsox 0sz
= (Be —ik1z +Aleikkz)eikusinﬂnx -dy<szs0
. e - @
Ey = (B,e ~ika2:z +Ase z,z)er’kuslnsox -d, <z < —d,
Ey - Bae—iknzzeikasinﬂux z< —d,

where
kﬂz = k]] Cos 90 kF =k|}(8j - SiIfll2 eg}m

for j = 1, 2. If R; and R, are the reflection
coefficients at the upper and lower surfaces where
kﬂz = k1. .kﬂz
koz + kyz

— ks,

Ri= 2= koy + Kz

and
k 2;& ds —d
C=—1+—{1+Re 2(d2 —du)y

. {1 _‘Rzeiikzz(d: -dn)}—l

application of the boundary condition at the three
interfaces gives

B, Cs (1+R1)
+ +C_Ry g 2

itk —kaz)ds 2
B s Re@- g,

B] Az = _Rzez&;,dsz

BS - el'{kh -koz)dz(l "'R2)BZ
and

C.Ry + C_.ezﬁhdl

r=C+ +C_.Rlezlkkdl (5)

The corresponding results for a single layer of
thickness d; and relative dielectric constant &, can
be obtained by putting d; = dy and ky, = ky,,
lmplymg Bz = Bl andAz = AI'

Given a volume distribution of electric current J
in free space, the corresponding Hertz vector is

:.i:nlr Id

) = g IJ(’) —d @
where Zy(= 1/Yy) is the free space impedance, and
the resulting field is

EF=V x V x I
HE) = —ikoYoV x 1)

In the far zone of the current distﬁbution,

)~ f 3#)e 7 gy ™

EF) =~ k& x £ x IF (8)
In the dielectric slab the volume current Jis the
polarization current

J = —ikoYo(e; — DEy§ 9

where E, has the value appropnate to each layer
(=1, 2), and when this is inserted into (6) and the
integration carried out over the volume occupied by
the plate, we obtain the VIPO approximation. For
scattering in the direction 6; indicated in Figure 2
the expression for the Hertz vector is

e koab sin X

VIPO o 1~~~
n 9 kor 4m X F (10)
where
1- e—l(ku *kom”a}dl
F=(e1- 1){ i(ky; — Ko cos 0 34
1- el'(ku + kocos8; )
" iky; + ko cos 65) B }
—ilk2z = kocosfs)d) _ e—i(klx — kocosfs )d2
o= 1){ sy — kg c08 8, Az
eilkas + kocosts)dr __ pitkas + kocos8s)d: )
ik, + ko coOS 8,) B ’-} an
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X= k—;ﬂ (sin @ + sin 6g) (12)

The far zone scattered field can then be obtained
from (7) and written as

’ eikor
k 85(8:9 00)

E’= (13)

where SE(G,, ) is the far-field amphtude and for
the VIPO approximation the result is

koﬂb SI.DXF
=Y X

8§76, 60) = (14)
In terms of the far-field ampli_tude the bistatic scat-
tering cross section is »

2

A
(85, 80) = —;" IS(65, 80)!2 15)

_ The more conventional SCPO approximation can

be obtained by noting that the electric current sheet.

CJ==2Y, cos oorem“ﬂa(z)y (1)

produces a plane wave- identical to the field re-

flected from the dielectric slab. As evident from the
impulse function &z) in (16), the current is located
at the upper surface of the slab, and when (16) is
inserted into (?) we find

: iﬁ;or . . X
. nSC"O ~ y = cos = a7
kor
and the far-ﬁeld amphtude is then
. -ikg _ sin X
S5O, 6,) = § 5 cos 6oTab — (18)

In the specular (; = —6,) and backscattering (8, =
6,) directions it can be verified that (14) and (18) are
identical, but in the other directions the two approx-
imations differ. '

In the case of H polarization for which

HI = ?eiko(xsin@o - zcosfo) (Ig)

the analysis is similar. With H, represented as
shown,in (2) the various coefficients (now indicated
by primes) differ from those for E polarization in
having k;, replaced by k,zi’sl and k,, replaced by
ky./e; everywhere except in the exponents. The
induced polarization current then has two compo-
nents and is ngen by : : -

J = —lkoZn(SJ - l)(E t+E 2)

(20)

where E, = (ikoe) 'ZgoH,/ox and E, =
—(ikgej) " Zy9H,/d x have the values appropriate to
each layer (j = 1, 2). The Hertz vector can be
computed using (6), and for the scattered ﬁeld H’
the far-field amplitude is found to be

3ab sin X

9.........._.

SY®O6,, 6) = (cos 8,F] — sin 6,F})

(21)
where

F‘i - {kh(sl - l) [l —-e I1('*!: —kucos&)d;

koey i(ky, = ko cos 0")
1 = etk + komﬂ:)dl ku(sz l)
0€2

* Hhrn ¥ kg <08 6,)

[e “'l.(hx

oltkes + kocosd.ldr itk + kocost,)d2 B
N _ B

—ilk1; — .kocosﬂ,)dz
— Aj

= kocos®s)dy _ e

i(k’z:z — ko cos ;)

-l'(kgz + ko cos-o,) . i (22)

(1 —1)
€]

Fz—sm 00{

: [l - e_'i(k'lz 'ka-ﬂ”ax)-dl . l

i(k1z = ko cos 6,)

eitkic + komﬂs)dl
:(klz + ko cos 0,)

i(ka e ~kocost,)di _ o, =ilk;~koc088,)d:

+ (e2—1) [e” A4
€7 i(kz,—ko cos 8,) 2

(23)

iz + kooess,')d.' — eilka: + koc0s8,)ds |
- i(kg, + ko cos 8y)

The SCPO approximation can also be obtained by
noting that a magnetac current sheet of the form

(29)

generates a plane wave ldermcal to the reflected
wave. When we use thns as the equivalent surface
current on the dielectric plate, the magnetic far-field
amplitude becomes G

J* =-2Z, cos 601'" "‘“"““‘8{:}9

‘ SCPO 4 | -k sinX
Sg(0;, 89) =9 3}2 cos 8pI"ab. X

(@25

As in the case of E polarization, the two approxi-
mations are identical in the specular direction, but
(21) and (25) differ in all other directions; including
backscattering (8, = ;) unless 6, = 0.
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Fig. 3. Amplitude of the ratio of the bistatic far-field ampli-
tude of VIPO to SCPO for E polarization of a dielectric plate with
dy = Agld and &) = g = 3 + i0.1 at 6, = 30°.

4. NUMERICAL RESULTS

To illustrate the difference between the VIPO and
SCPO approximation, we consider a homogeneous
(single layer) plate of thickness d; = Ay/4 with g, =
g = 3 + i0.1. For an E-polarized plane wave
incident at 30° the amplitude and phase of SYFO/
SSCPO gare given in Figures 3 and 4, and these show
that the difference increases away from the specular
and backscattering directions. At a fixed scattering
angle the difference increases with the electrical
thickness of the plate up to the first resonance and
then decreases. To test their accuracy, the two
approximations have been compared with the re-
sults of a moment method solution of the volume
integral equation. The particular code used is a
two-dimensional one which was extended to three
dimensions by assuming that the induced currents
are independent of the y coordinate. Since the
dielectric constant of most vegetation materials is
high, it is necessary to have the cell sizes very
small, and one consequence of this is the need to
compute the matrix elements extremely accurately,
especially for H polarization [Sarabandi, 1989]. For
a 2 square plate formed from the above men-
tioned layer and illuminated by an E-polarized plane
wave at normal incidence, the two approximations
are compared with the moment method solution in
Figure 5, and the superiority of VIPO is clear.

In the case of a thin plate the two approximations
are indistinguishable. This is illustrated in Figure 6
showing the VIPO expression (14) and the moment
method solution for a 2Ay square plate of thickness

4 L L
a'-ﬁ =78 <58

=30 -;.0 10 » Tﬂ ?.B ;]
Soattering Angle (Degress)

Fig. 4. Phase of the ratio of the bistatic far-field amplitude of
VIPO to SCPO for E polarization of a dielectric plate with d) =
Ag/d and g; = g5 = 3 + 0.1 at 6 = 30°.

d, = Ay/50 for E polarization. The plate is a homo-
geneous one having ¢ = 13 + {12 corresponding to
the average permittivity at 35 GHz in Table 1. The
SCPO expression (18) yields the same results, as
does a two-layer model having the permittivities
listed in Table 1. The analogous data for H polar-
ization are given in Figure 7, and over a wide range
of scattering angles the approximate and moment
method solutions are in excellent agreement.

As the frequency and hence the electrical thick-
ness of the plate increase, the superiority of the
VIPO approximation becomes apparent and, in
addition, it becomes necessary to take the layering

-®  -10 18 =
Scattering Angle (Degress)

Fig. 5. The bistatic cross section of a 2Ag’ X 2Aq plate for E
polarization with dy = Ay/4 and & = &3 = 3 .+ i0.1 at normal
incidence: moment method solution is denoted by the solid line,
VIPO by the short-dashed line, and SCPO by the long-dashed
line.
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Fig. 6. The bistatic cross-section area of a 24y X 2A, plate
for E polarization with d; = Ay/50 and &gvg = 13'+ i12 at normal
incidence: moment method solution is denoted by the solid line.
VIPO or SCPO is denoted by the dashed line.

of the plate into account. In Figures 8 and 9 the
simulated frequency is 140 GHz, but to keep the
moment method calculations tractable, the plate
has been reduced in size to 1.4\ by 2A,. The
curves shown are for a two-layer plate having d, =
2d; =0.5mmwithe; =5+ i4dand e, =2 + il, and
for a single layer having the average permittivity
€avg = 3.5 +i2.5 (see Table 1). Since the accuracy
of the physical optics approximation increases with

the plate size, the agreement between the two-layer-

VIPO approximation and the moment method solu-
tion is remarkably good, and significantly better
than if a single layer had been used.

2k ' E

. -T0 - . "
©omo® fhu«n:wo(mm?

Fig. 7. The bistatic cross section of a 2Ag X 2Ag plate for H
polarization with dy = A/50 and &, = 13 + {12 at normal
incidence: moment method solution is denoted by the solid line.
VIPO or SCPO is denoted by the dashed line.
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Fig. 8. The bistatic cross section of a 1.4Ag X 2, plate for E
polarization with d; = 2d; = 0.5 mm and f = 140 GHz at normal
incidence: The solid line denotes moment method solution with
&1 =35+ i4, &; = 2 + il; the short-dashed line denotes VIPO with
€1 =5+ i4, g5 = 2 + i1; and the long-dashed line denotes VIPO
with g; = g; = 3.5 + i2.5.

5. CONCLUSIONS
A typical leaf has at least two dielectric layers
whose cells have differing water content, and this
produces a nonuniform dielectric profile which can
now affect the scattering. At microwave frequen-

cies where the leaf is no more than (about) Ay/50 in-

thickness, the nonuniformity is not important, and

as shown by Senior et al. [1987] the leaf can be

modeled as a resistive sheet using an average value
for the permittivity. If the physical optics approxi-

T D 18 E)
Scattering Angle (Degress)
Fig. 9. The bistatic cross-section area of a 1.4Ay X 24, plate
for H polarization with d, = 2d; = 0.5 mm and f = 140 GHz at
normal incidence: The solid line denotes moment method solu-
tion with &; = 5 + i4, e; = 2 + i1; the short-dashed line denotes
VIPO with &; = 5 + i4, &; = 2 + il; and the long-dashed line
denotes VIPO with &, = g; = 3.5 + i2.5.

-
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mation is then applied, the resulting scattering is
attributed to a surface current, and this method is
equivalent to the SCPO approximation. At higher
frequencies, however, the thickness and structure
of a leaf are more significant. At 100 GHz and
above, a leaf is a considerable fraction of a wave-
length in thickness, and in spite of the reduced
sensitivity to water content, the nonuniformity af-
fects the scattering.

For a two-layer model of a leaf the SCPO approx-
imation has been compared with the volume inte-
gral (VIPO) approximation. When the leaf is thin,
the two approximations are identical and in good
agreement with data obtained from a moment
method solution of the integral equation, but as the
electrical thickness -increases, the two approxima-
tions diverge in all directions except the specular
and (for E polarization) backscattering ones. Al-
though the VIPO approximation is more compli-
cated, its accuracy is greater, and the agreement
with the moment method data is better using a
two-layer model than when a single layer of average
permittivity is employed.

For most practical purposes it would appear that
VIPO in conjunction with an accurate dielectric pro-
file of a leaf provides an adequate approximation to
the scattering at millimeter wavelengths. As our
knowledge of the profile increases, it may be desirable
to use a multilayer model which could even simulate a
continuous, nonuniform profile, and a convenient
way of doing this is described in the appendix. We
also note that at frequencies for which the leaf thick-
ness is comparable to A,,/2, where A,, is the (average)
wavelength in the leaf, the scattering is greatly re-
duced at some angle of incidence, and because the
permittivity is complex, there is actually a range of
angles for which this is true. Since the reduction is
accompanied by an increase in the field transmitted
through the leaf, this could provide a means for
penetration through a vegetation canopy.

APPENDIX

Al. - Combined sheets model

When using the VIPO approximation, an efﬁcmnt
way to take into account the effect of any nonuni-
formity in the dielectric profile is to model the leaf
as a stack of N combined current sheets. Each sheet
simulates a very thin dielectric layer whose thick-
ness is less than A/15 where A is the wavelength in

the material. A combined sheet consists of coinci-
dent resistive and modified conductive sheets that
support electric and magnetic currents, respec-
tively, with the conductive sheet accounting for the
electric currents flowing perpendicular to the di-
electric layer. The mth layer sheets are character-
ized by a complex resistivity and conductivity R,,
and R}, respectively, where

R, = iZy
™= kobm(em =1
fYosm
Rl = ——— Al
" tobm(Em_1) (An

Here ¢, and A, are the relative dlelectnc constant
and thickness of the mth layer, and 7= Z_, A, is
the total thickness of the dielectric slab.

The boundary conditions at the mth combined
sheet are as follows [Senior and Volakis, 1987]:

AX{@X[E* +E] = —2Rpdm (A2

Jn=ax[H"-HT] (A3)

where J,, is the total electric current supported by
the resistive sheet, and

aAx{fx[H"+H]}

iY,
-’Iﬂﬁxw[m +E7]= -2R5I% (A%)
Ji = -Ax[E*—E"] (AS)
where J%, is the total magnetic current supported by

the conductive sheet. The superscripts plus and
minus refer to the upper (+) and lower (—) sides of
the sheet, and # is the unit vector outward normal to
the upper side.

A2. The induced currents of N planar
sheets

Consider a stack of N infinite planar combined
sheets all parallel to the xy plane of a Cartesian
coordinate system (x, y, z) as depicted in Figure Al.
The top sheet is in the z = 0 plane, and the mth
sheet is located at z = —d,,, where d; = 0. The
space between the mth and (m + 1)th sheets is
referred to as region m, and we note that region
0 (z > 0) and region N (z < —d,,) are semi-infinite
free space. A plane wave whose plane of incidence
is parallel to the xz plane impinges on the stack of
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Fig. Al. Layer of N combined sheets simulating infinite dielec-

tric slab.

sheets from above. From the symmetry of the prob-
lem, all the field vectors are independent of y (i.e.,
d/dy = 0), as a result of which the field components in
each region can be separated into E- and H-polarized
waves which are the dual of each other.

The analysis is similar to that employed in study-
ing reflection and transmission by a layered half-
space [Kong, 1985]. In the case of E polarization the
incident field is given by (1), and the field compo-
nents in region m can be expressed as

Emy = [C:;'e~lkocosﬂuz + C,',,e ikowsﬂﬂ}eiknslnﬂox

H,, = Y, cos GO[C:“E ~ikocosfoz _ C;ei&omeozleikesineox

(A6)
Hmz = Y, sin 90[0;;8 —ikocosoz C:rn eikomﬂaz]ea‘kusinsnx

The coefficients C}, and C/, are the amplitudes of
the waves traveling in the —z and +z directions,
respectively, in region m. In region 0, C§ = 1 and
Ci = T'g (the total reflection coefficient), and in
region N, Cy = 0 and C}; = T (the total transmis-
sion coefficient). Hence, using the boundary condi-
tions (A2)~(AS), there are 2N unknowns and 2N
equations that can be solved simultaneously. On
substitution of (A6) into (Ad4) the left-hand side
vanishes, showing J%, = 0. As expected, the con-
ductive sheet is not excited with this polarization
since there is no current in the z direction in the
dielectric slab, and in the absence of a magnetic
source the tangential component of the electric field
must be continuous as given by (AS5). On inserting
the expressions (A6) into (A5) and (A2) and defining
the reflection coefficient in region m as

"
rﬁ = ___?_ e—ﬂknm@ndmn

m

the following relations are obtained:

~1+ (2¥ cos 8¢ Ry, - 1)e?*oc0s0(dm+1 = dm)pE

E _
L -1 14 2Y, cos 6y R,, + e2%scosbon+y —d..}rﬁ

(A7)

,. 1+TE '
C"‘ 1+ e2l’knm8u(d'.+| -d,,.)l-E Chn - 1

The mduced electric current in the mth sheet can be
found from (A3) and expressed as (excludmg the
phase factor e %osinéx)

IZ =27, cos fgekocosbodn

1+rE
1= 1+ eztkgmsﬂn(d,.“ —dm)_rf'—-l

1+TE,

m=~1 B
. ,1.1 (l ¥ emucoss.,(d,,,—q,)rf) o (A8)

The total reflection coefficient in region 0 (6 =
I'¢) can be evaluated from the recursive relation
(A7) by noting that T'§ = 0 (the region N is
semi-infinite). The total transmission coefficient can
also be obtained from (A7) as follows: P

cy X 1+TE_,
Te(6) = i I [1 T 2 HecosBedn 1 — dm)[ E ({\9)

m=1

Unlike the E-polarized case where the magnetic
current is zero, an H-polarized wave excites a
magnetic current in the y direction, and the tangen-
tial electric and magnetic fields are both discontin-
uous across the combined sheets. For H polariza-
tion the tangential field vectors in region m can be
obtained by applying the duality relationships to
(A6). In this case the amplitudes of the waves

traveling in —z and +z directions are denoted by B/,

and B;,, respectively. By applying the boundary
conditions (A2)~(AS) at the mth sheet and denoting
the reflection coefficient in region m by

FH’ - B:" ‘e ~2ikocosBodm + 1
" B,
after some algebraic manipulation we obtain
~ (Qmpm_l)_(l_Pm)(Qm_l)rgeliknwseo(dmn—du)
- —(14P,)(1+Q,,)+(1 _Q'um)rTgeilkoman(dms = dm)

(A10)
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(Qm‘1)+(l+Qm)r

i
B~ e g (- QT B =2 B
(Al1)
where the parameters Q,, and P, are
=2 )
sin” 8¢ 2R, sec 6,
Qm “RiZecosts "7z, (Al;)

Since I'ff = 0 the recursive relation (A11) gives the
total reflection coefficient in region 0, and using
(A12) the total transmission coefficient is given by

Ty(6)

~ ﬁ (Q@m—1)+(1+Qm)Tm—
= —(1+Qm)+(l—_Q,,.)l"gem"‘“e“(d‘“*"d")' '

m=1
(A13)

The induced electric and magnetic currents can be
expressed in terms of the reflection coefficients as

J:' = _ﬂeilkocbueodm—l .

. [(1 + rg_ 1) +(1+ rf:eﬂknmﬂn(dun "dn))

.- (Qm*1)+(l+gm2FH_i
(14 Qm)+(1- Qm)r,‘gg”‘“”’_"ﬂdmﬂ =)

L -l Y
-'JILI! |:(1+Q:)gil-l()2;g’:§22";&rn *ﬂ'r)] (A1)
Ji* = 9Zq cos By ethocortodn-1 |
. [(1 - r§ 2y + (1 = T pe?ocosboldns 1 = dn))
(Q@m =1+ (1 + Q)07
(14 Q) + (I = Q)T e 0ol = |
T [t ]

where

g( x) = Jﬂ e.!kosinﬂox Jg* ec‘kosinﬂox

I (x) =

%. 4,20 > X

Fig. A2. The geometry of the scattering of a plane wave from
a finite N-layer combined sheet.

A3. Scattering by c_i recta&gular stack

Consider a portion of the N-layered stack of
combined sheets in the form of a rectangle occupy-
ing the region —a/2 = x < a/2, —bl2 =y = bl2 as
depicted in Figure A2. In the far zone the approxi-
mation

|F — Fp| = r + sin @,x’ + cos 6,d,,

leads to

dmr iZ al? bi2 N
ne a..’;.;. 2;“ f f ( DI (—:)efkocow,d.)

. iku!inﬂ;x' dx' dyi
(A16)

II*(F) = _f_k.n_r '_}.3). J’m J.m ( J* (--)efkocoso.d,.)

,e_Ikosind,x' dx’ dy'-

Using the physical optics approximation, the cur-
rents obtained for the infinite sheets are substituted
into (A16) to find the scattered fields. For E and H
polarizations the far-field amplitudes are

: i sin X
Se(8;; 60) =% o k§abZq (MZ_I JEglkocosadn <
(A17)
. . _' i 35
Sa(0, 00) = § 7 kiab
N . sin X
| D (cos 0,35 + oI etecostdn | —= (A1)
m=1
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where, as before, X = (kga/2) (sin 6, + sin 6p). In
the backscattering (6; = 6;) and. specular (8, =
—#6p) directions the summation term in (A17) re-
duces to a telescopic series resulting in

N
2 JEetoostodn = 2y, cos 8y C§ = 2Y, cos 8oT'z(6o)

m=1

(A19)
and the backscattering cross section is then
ab 2
G’E(oo, 00)-"“4‘# (LAZ)— (:l'.}ﬁ2 oo|r£(90}|z
sin? (koa sin 6;)
" (koa sin 0g) (A20)
Also, for H polarization,
N .
2 (cos BoJ 7 + yoy Jekacostodn
m=1 .
_ . N
=-2cos 8 2 (B,_;=B)
m=]1
= —2 cos 3033 = —2 cos @y rﬂ(so) (A21)
which leads to
ou(6q, Bg)=4m (—1—‘; ) cos? 0/l y(80)12
sin? (ka sin 8;) (A22)

Ty
(ka sin 8g)

These results are identical with the ones obtained
by the SCPO technique. The extinction cross sec-

tion can also be obtained from the far-field ampli-
tude using '

2

A
o™= — Im [8(80, 6o + m))] (A23)
from which we obtain
ag* =2ab cos 6 Re [1 — Tg(6)] AZ0

o =2ab cos 0y Re [1 — Tg(6,)]
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