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Approacheso proofin Z
Why effective prooftool supportfor Z is hard

Andrewn Martin*

Abstract

Variousattemptsat supportingproofin Z aredescribedn theliterature. This
paperpresentsa suney of theseapproachesandthe underlyingsemantidssues
whichmale proofin Z anon-triial task. ThedraftZ Standards usedasanormat-
ive reference Specialcareis givento anaccounbof thepeculiaritieof Z schemas.
The proof tools suneyed divide into two groups: custom-madémplementations
for supportingZ, andencoding®f aZ logic within someotherlogical framework.
Thelatterarefurthersubdvidedinto ‘deep’and‘shallon’ embeddingsThebroad
conclusionis that noneof theseapproachess a clearwinner at presentput that
eachmaybeableto benefitfrom theothers.
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1 Intr oduction

In the softwareengineeringvorld, Z (Nicholls, 1995)hasgainedsomesignificantre-
spectasa notationfor specification(seefor example,(Bowenet al., 1997)), but very
few projectsundertale reasoningabouttheir specifications—eitheto validatethem,
or to refinethemformally towardscode. Thereasorusuallycited for choosingnot to
conductsuchreasonings oneof diminishingreturns:formal specificationgrewidely
believed to improve the quality of deliveredsystemswithout significantincreasen
cost; formal validationand refinementappeardo be very expensve, with relatively
few benefitdo begained.

No doubt,amajorreasorwhy thereis little useof Z in thisway is becaus¢hereare
few strongtoolsfor proofin Z. (Specificationpy contrast;s well-supportecdy some
excellenttype-checkingools.) Corversely few have beenwilling to investin the pro-
ductionof suchtoolsbecausehereappeargo belittle market for them. Otherformal
methodologietiave beenmoresuccessfullyappliedwith extensie tool supportt Why
have prooftoolsfor Z beenslow in appearing?

It is worth notingin passinghattype-checkingn Z hasbeenvery successfuasa
simple semanticcheckof well-formednesdor specifications.This is largely because
Z hasasimpledecidableHindley-Milner typesystem(Spivey andSufrin, 1990)which
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1B (Abrial, 1996),for example hasdevelopedalongsideoolsfor its application.



canbe staticallychecled. Moreover, a tool like fuzz is ableto useZ’s abbreviation
mechanismso constructa systemof subtypesfor helpful error diagnosticqSpivey,
1996).Z's approachwith a decidableype systemmay be contrastedvith thatof PVS
(seeSection2.2.1and3.1.9).

To the casualobsener, the Z notationis merelya style for writing termsof first-
orderpredicatecalculusandsettheory Thisis of coursetruein principle. Z is afirst-
orderlanguageandaZ specificatiorcanbe mechanicallyransformednto a collection
of classicalpredicates.Classicallogic andsettheoryarewell-understoodopics,and
thusproducingprooftoolsfor Z doesnot soundik e aninterestingheoreticaresearch
problem.

We appeato befacedherewith a paradox.Z is constructedisingan easytheory
yet it is too expensve to produceusefultools for it. Many researchprojectshave
consideredaspectof proof tool supportfor Z, anda few product-qualitytools have
beenproduced Whilst hardfiguresarenot available,anecdotakvidencesuggestshat
uptale of thesetoolsis small.

1.1 Semanticsfor Z

That Z is not quite the easytheoryit first appeardo beis evidencedby the number
of differentaccountof the semanticof Z which areavailable. The seminalwork on

Z semanticcomesfrom Spivey (1988). This hasbeenadaptedconsiderablyto give

the semanticshow presentedn the Z Standard.The standardtself may be regarded
aspresentingwo views of the semanticsthe definitional(normative) partof the doc-
umentgivesa denotationamodelfor Z usingthe relationalcalculus;an informative

anne offersalogical theorywhich includesa deductve systenfor reasoningaboutZ

specificationsjt might be regardedas an axiomaticsemanticsn its own right. This

secondaccounts intendedio be consistentvith thefirst, thoughnot equivalent(since
it takes decisionsover matterswhich the denotationabescriptiondeliberatelyleaves
loose—thdssueof undefinednes$or example).A formal proofof soundnesgmodulo
theseissues)s ervisagedthoughnot publishedat present.

Eachprooftool describedn this paperalsoeffectively definesits own semantics
for Z. For mary, the correspondenceith the standards very close,thougha proof
of soundnessr faithfulnesds not usually offered. For others,the resemblancevith
StandardZ will merelybe a passindikeness.Many texts alsoprovide elementf a
semanticdor Z, offering eithera (paperbased)roof system,or someform of model
theory Again, someof thesearecloseto the Standard(WoodcockandDavies, 1996),
othersapproactrom avery differentangle,e.g. (Hodges,1995).

1.2 Outline of the paper

The next sectionwill explain the main challengesncounteredn supportingproofin
Z. Above all, the Z schemanotation (which is the mechanisnby which compleity
is managedn Z specificationsjappeargo be the mostproblematic. Z schemasare
unlike the usualtermsof logic andsettheory andproviding deepsupportfor themis
non-trivial.

A schemaconsistsof a declamation of sometypedvariablesanda (collectionof)
predicatés) over thosevariables(and othervariablesof the specification).It corres-
pondsto a generalisatiomf arecordtypein programmingput in popularZ style may
alsofor exampledescribethe global variablesof a system,operationson thosevari-
ables,or the promotionof onesuch(sub-)systeninto another



Transformationinto purefirst-orderpredicatelogic is possible(seethe accounts
of varioussystemswhich do this, belaw), but almostentirely obfusticateshe original
specificationanddoingsosoundlyis againnon-trivial. This semantigapcanbeseen
in somethingasseeminglytrivial ashow substitutionworks.

Thesecondartof thepapersuneysandattemptgo classifytheleadingapproaches
to theseproblems.Thesemay be classifiedinto two majorgroups—thosevhich sup-
port Z by encodingits semanticswithin an existing system(a logical frameawork, or
generictheorem-preer); andthosewhich have beenimplementedrom scratchgspe-
cially for the task of supportingZ. In both groupswe find a variety of experimental
projects,aswell asproduct-qualitytools.

Oneof theoriginalgoalsof theZ standardisatioactiity wasto promoteawidely-
acceptedmeansof reasoningaboutZ specifications.In a final section,we consider
whetherthe emeging Z standardnay assistin solvingsomeof the problemsoutlined
here.

Spivey and the Standard Someof the problemswhichwill be describecherearea
resultof the liberal approachtaken by the Z Standard.The Z of Spivey’s Reference
Manual(1992)is morerestrictive (in the useof arbitraryschemassexpressionsfor
example)andtherebyavoids some(thoughnot all) of theseissues.

To someextent, the restrictionsimposedby the Z ReferenceManualcorrespond
to goodstylistic advicefor aiding readabilityand simplifying proof. For a variety of
reasonsthe Standardeommitteehaschoseno take a moreliberal approachandat
lengthareasonablsemanticgor it hasbeendefined.It will befor theusersto decide
if thegreaterfreedomof expressioris worthwhile.

2 Challengesin supporting proofin Z

This sectionexplains someof the reasonsvhy supportingZ is not trivial. The first
subsectiordealswith directusabilityissuesthe secondwith moreprofoundsemantic
matters.

2.1 Problemsof Syntaxand Methodology

Much of Z is a stylisedway of writing traditionalmathematicsThe notationis terse
becausenathematicianbave generallyaimedfor concisenessf notationin orderto
easeboth the discovery of proofsandtheir recording. To reproducehe notationac-
curatelyrequiresa moderatelyadvancedtypesetting/rd-processingystem. Other
specificatiomotationsaredeliberatelytext-basede.g.theannotationsn SFARK Ada
(Barnes1997)). Many systemasusea specialsyntaxfor specificationandanotherfor
proof. This complicategheir use,andincreaseshe potentialfor mistales.

The concretesyntaxof the specification/proofs of no theoreticalinterest. How-
ever, in thesoftwareengineeringontet it is quite significant,for two reasons:

1. Change®f notationarea barrierto understandingWhilst mostpeopleareable
to copereasonablywell with differentsyntaxesfor input, printed/typesespe-
cifications,andtool interactionsthe costof learningall threeis high, andthe
scopefor mistalesvery great. For example,two closely-relatedools areused
regularly by the author; eachusesa differentbinding priority for certaininfix
operatorsTheresultis thatmary hourshave beenwastedbecauseermswhich
look thesamein bothsystemsactuallyhave radicallydifferentmeanings.



2. Z specificationsrecommonlyusedin high-integrity developments.Here, it is
mostimportantthat proceduregor configurationrmanagemerandversioncon-
trol arefollowed. Changesreinevitableduringaproject;eitherdueto changing
requirementsor the discovery of errors. The propagatiorof changeghrough
specificationdocumentsyalidations, refinementsand code must be recorded
andtraceable.

If a collectionof toolsis usedwhich do not sharecommoninput formats,the
developmentprocesswill be hardto manage.Automatedtranslationfrom one
form to anotheiis usuallypossible but the retentionof comments/lineumbers
etc. may be very ad hoc. Moreover, the statusof proofs needsto be part of

the managecdconfiguration,so that the extent of changesn requirementsand
specificationganbe accuratelydetermined.

Theseproblemsarenotuniqueto Z, but do distinguishthe proof actiity in soft-
wareengineeringrom the moregeneralconcernf the proof tool community
(Becauseproofsin grouptheory say areunlikely to be subjectto changingas-
sumptions.)They arethe subjectof ongoingresearch.

Theseconcernseento mitigateagainsuseof off-the-shelfprooftools.

Notice how well atool like fuzz faresagainsthesecriteria. It canbe insertedin
the proceswith virtually no overheadprovidedthe specifierauselATpX) andit canbe
run asa batchjob in orderto achiese ‘regressiortesting’for specificatioranddesign
documents.

An alternatve approachs to usea text-basedversionof Z for specificationand
interactionwith tools. The Standardffersanemaillexis for suchpurposesbut thisis
yetto bewidely takenup. The Cogito project(Bloeschet al., 1994)definesits own
Z subset (calledSun) whichis written usingsimpleAscii charactersUnfortunately
interactionwith Cogito’stheorenprover Ergo usesa different(thoughclosely-related)
syntax.

A commonmethodfor managingcompleity in developmentis to usea module
system. Variousmoduleschemesave beenproposedor Z,3, but nonehasachieved
widespreadise. The Z Standarchasa notion of section which providesthe simplest
possibleform of modularitybut offersno formal supportfor the separat@evelopment
of modules—inparticular thereis no separatiorof name-spaces.

Cogitohasanextensive modulesystem(Nickson, Traynor, andUtting, 1996),with
themodulestructureof thespecificationmeflectedn atheorystructurein theprooftool.
Neverthelessthis modularitydoesnot supporthiding, andsois not ableto guarantee
safedatarefinementvithoutrestrictionson moduleusage.

2.2 Technical(Semantic)Problems

As we have obsered, therearea numberof differentaccountof the semanticof Z.
Theissuegaisedherearediscussedelativeto theZ Standardsaccountwhichin most
casesoincideswith Spivey’s(1988).0f coursetheproblemsencounteredill depend
to someextenton the underlyingframework (logical or computationaljn which the
semanticareto be expressedThegenericityof mostof theoperatorsn the Z toolkit,
for example,is problematidn somesystems.

2Sumis notstrictly asubsebf Z: it alsoextendsthelanguagawvith annotationso supportvalidation,and
anextensve modulesystem.

30Onewayto view objectorientationis asastylefor modularity Variousobject-oriente@ notationshave
beenproposedmostaresurveyedin (Stepng, Barden,andCoopey 1992).



Theissueshighlightedhereareproblemscommonto mostsystemsor reasoning
aboutZ specifications.

2.2.1 Partial Functions

CommonZ style makesheary useof partial functions— asdoesthe Z mathematical
toolkit. It is thereforeimportantthat the userof Z shouldensurethat whenever a
functionis applied,it is definedat its point of application? Z/EVES hasmadesucha
checklargely automatic—thugermittingit to be partof atestof well-formednesdike
type-checking.(Of course,in generalthe testis undecidablebut for mary practical
specificationsthis is not a problem.) Apparently few real specificationgpassthis test
(Saaltink,1997).

Mostproofsystemdor Z incorporateahewell-definednessheckaspartof therule
for functionapplication.In thelogic of the Standardfor example we have

Tk (e,u) EfAVy:foeyl=e=>y2=u

[y & deUdu]
F'Fu=fe

Suchfrequentchecksoftenseneto complicateproofs,but presenno theoreticadiffi-
culty. A goodtheorem-proeris evenableto storesuchresultsfor reusewhereverthey
areencountered.

It is worthwhile to contrastherethe approachtaken in PVS, whereevery func-
tion mustbe total. This is achiered using a systemof subtypesso the problemis
transformednto one of type-checkingand so the PVS type systemis undecidable;
demonstratingype-correctnestypically entailsproof).

If Z partialfunctionsareappliedoutsidetheir domains the resultdependsn the
particularflavour of Z semanticdeingused.A commonerroris to applythe setcar
dinality function# to a setwhichis notknown to befinite:

‘ set : PN
‘ #set < 10

Thefunction# is partial: its resultis not definedfor infinite sets,sothetruth valueof
#set < 10 is not determined.The standarchasbeencarefulto avoid giving a value
to suchexpressionssothatary reasonablénterpretationrcanbe used. The following
principle,succinctlydescribedy Peterupton(1991),is stronglyencouraged

Undefinednesshouldnot be exploitedin specifications.

Thelogic presentedn the standardbffers oneparticularway to dealwith this issue®
All termsdenotevalues(so for ary expressiont, we have that¢ = t), but in order
to replacea function applicationwith its result,the expressiorbeingappliedmustbe
shawvn to be functional at the point of application(asin the rule abose). A related
resolutionis thatembodiedoy the Z/EVES principledon't ask

ObsenrethatZ differsfrom VDM in this areain thatZ’s predicatesreclassical—
either‘true’ or ‘ false’—whereasVDM usesa carefully-craftedogic of partialfunc-
tions,with anextra‘non-value’logical value.

“More accuratelya suficient checkis thatwheneer a relationis appliedto an agument,it is defined
andfunctionalatthatpoint.

50Obsere thatthelogic hasthe statusof ‘informative’ in the standardThis is contrastedvith the ‘norm-
ative’ (definitional)parts,whereinfunctionapplicationis givena deliberateljloosedefinition.



Althoughbasedon Z, Cogitofollows VDM morecloselyin this regard. An extra
valueis addedto the underlyingmodel. Thevalue| (‘bad’) is takenby ary improper
term. It is nota memberof ary type;indeedi,it is notevena ZF set. Most operators
arestrict with respecto ‘bad’, but in logical termsit formsan equialenceclasswith
‘false’.

A detailedstudyof the possibletreatment®f undefinednesim specificatiomota-
tionsis outsidethe scopeof this paper Our aim hereis merelyto flag it asanissue
which complicateseasoningn Z. The problemis onebothof logic and methodology
A goodsunwey of approachesanbefoundin (Brien, 1995).

2.2.2 Z Schemas

Z schemasre certainlythe mostinterestingfeatureof the notation. They might be
viewed simply asmacrosgiving a nameto a combinationof declarationand predic-
atesoverthe declaredvariables® However, in mostaccountf Z semanticsschemas
have a meaningof their own. In their greatesigenerality Z schemasre quite un-
like ary termsnormallyarisingin classicalogics. This unusuahatureof schemass
what makesproducinga logical systemfor Z usingfamiliar componentsnto quite a
challengingask.

Rolesfor Schemas Z hasthreemajor syntacticclasses:declarationsgxpressions,
andpredicates.In general theseare strictly non-overlapping(thereare no boolean-
valuedfunctions,for example,to be usedas predicates)but a schemamay appeaiin
ary of theseroles.

A simpleZ schemanightbewritten

S
z:N

<y

Writing sucha declaratiorin aZ specificatioris equivalentto defining
S==[z:N|z<y]

The right-handside of this declarationis a scheman ‘horizontalformat’. Thisis an
instanceof aschemaisedasanexpression A schemaisedasanexpressiordenotes
setof bindings—seebelon. Schemaexpressionsnaybe combinedusingtheoperators
of the schemacalculus soif we have schemasl’; and T,, we may defineschemaT’,
say as

T==T,V Ty

This approachs commonlyusedwhenschemaslescribeoperations—', maydenote
thesuccessfubperationand T, theerrorcase(s).
A schemacanalsobe usedasadeclaration:

6This was, initially, preciselythe meaning,accordingto some. A paperby Brien (1994) suneys the
historicaldevelopmentf Z.

"Obsere thatin (Spivey, 1992)schemadeclarationsreintroducedusing=, and‘abbreviations’ using
==. StandardZ usesthe secondsymbolfor bothpurposes.



‘ z:N

o<y

This‘axiomaticdeclarationuseghesameschemaasbefore but now insteadof giving
a nameto the schemajt is useddirectly to definea global variablez, and placea
constrainton its value. The samedeclarationoccursbetweerthe quantifierandthe o
in thefollowing predicate:

Ve:N|z<yez=0
Giventhedeclaratiorabove, this predicatemayalsobe written
VSex=0

Thirdly, aschemacanbe usedasa predicate.Again, usingthe declaratiorabove,
we maywrite

Vr:X e S
Thiswould be equialent(in mostcases}o writing

Vr: XezeNAz <y

Freevariables,etc. Inthesevariousrolesandforms,the schemaasdifferentprop-
erties. The variablesdeclaredin a schemaare ‘free’ whenthe schemas usedasa
predicateandsomethingakinto ‘bound’ whenit appearsn anexpression.Theterms
‘bound’ and‘free’ do not have quitetheir traditionalmeaningshowever.

The standardusesthe notationsg(e) and®(p) to denotethe free variablesof ex-
pressiore andpredicatep respectiely. We have

#lz :N|z <y]={y}

(Strictly, N and(_ < _) arealsofreevariablesbut we shalloverlookthatdetailhere.)
Whereasg(S) = {S}. Moreover,

®[z:N|z <y]={z,y}

but®(S) = {9, =z}.

Therearetwo pointsto note here. First, the nameof the schemais a properz
name. It may be subjectto quantification,for example (as a simple variable,asin
VS :PNeb e S, orevenasaschemaVs : Plz : N |z < y] ¢ b € S),and
soits meaningmustbe determinedby contet, andnot by a global substitution(like
amacro). Secondlythe useof y in the definitionof S is fixedasthe y which wasin
scopeat the point of declaration.Thuswhen S is usedasa predicatey is notafree
variable.

Theconsequencef thisis thata schemaeferencdi.e. useof aschemanamelike
S asadeclarationpredicate or expressioncannotin generalsimply be replacecby
its definition.

Thechallengethen,in supportinghis notationin asystenrsetup to dealwith tradi-
tional notionsof bound/freevariabless thatthe free variablesof atermaredependent
oncontext. Logical framenorkswhich provide facilitiesfor efficientevaluationof free
variablesbut do notoffer accesso thecontext will notbeableto supporthesemantics
of Z in its greatespenerality Approacheso this problemaresurveyedin Section3.1.



Bindings An alternatve approachto understanding schemass to considerbind-
ings. Whena schemads usedasan expressionjt denotesa setof bindings,mappings
from namego values For aschemarl” with componenvariablest, ..., t,, wewould
write anelemenbf T as

qtl == 61,...,tn == en|)

Thus,if y hadthevalue3 whenS wasdeclaredabore, we would have

S:{Q;L-::OD7<];I;:=1|>7<]3;:=2|>}

Bindingsareasimplegeneralisationf tuples(alabelledproductratherthanacartesian
product) but, again they arenotcommonin logical frameworks. A distinctive binding

for aschemas thatonewhich mapseachnameto its correspondingaluein thecurrent
contet. For schemar’, thisis 6 T'.

OT = |ty ==t1,...,th == 1, )

Whenaschemaappearasanexpressionthen,it denotesa setof bindings—those
bindingswhich have the samealphabe{i.e. which declare/us¢he samesetof names)
asthe schemaandgive valuesto the variablesin suchaway asto male the predicate
part of the schemaequivalentto true. Whena schemaT appearsas a predicate,it
denoteghe predicate

0T e T

This predicatemaybereadassayingsimply thatthe bindingwhich mapsthevariables
definedin T to theirvaluesin thecurrentcontext is onewhich satisfieghe declaration
andpredicatepartsof 7.

A schemawhich appearssa declarationcanbe viewed asintroducinga binding
of thatschemaype,andusingthatbindingasalocal definition.

(VSeP)< (Vb:Se(lethe P))

(subjectto side-conditiongo preventvariablecapture).Seebelow for a discussiorof
local definitionsandsubstitution.

Semantics Thisview of aschemaasa setof bindingsis madeconcreten the Stand-
ard’s semanticgor schemaswherefor aschemas, we have

(SIM : Env + Situation

Here Env is the environmentthatis, a mappingof namego values,and Situation is
amappingfrom namesgo type—\aluepairs(wherethe valuemustbe a memberof the
type). Thusin ary givenervironment,the schemanay denotea numberof situations.
Bindingsareasimplificationof situationsn thatthey mapsimply from namego values
(omitting the type part).

The denotatiorof a predicatds the setof ervironmentsin which thatpredicates
true. A schema$S usedasa predicateis truein an environmentiff thatenvironment
containsa situationof the schemas..



Substitution Whilst bindingssene to complicatethe languageconsiderablythey
are alsovery usefulfor describingsubstitutionin Z. This is a major contritution of
the paperof WoodcockandBrien (1992). Becausghe notion of freevariablesin Z is
contt-dependentsotoo mustbe any formulationof substitution.

Z usesa dotto denotebindingselectionso{ z == 3,y == 4 ).y takesthevalue
4. We may promotethis selectionoperatorsothat{ z == ¢ |) , e denotesgheresultof
replacingevery freeoccurrencef z in expressiore by ¢, and{ z ==t ) ® p denotes
theresultof replacingevery freeoccurrencef z in predicatep by ¢.2 More generally
anarbitrarybinding canbe usedasa substitution.This notationis merelya shorthand
for thelocal declarationwhich Spivey writesusinglet. He notesthatlet canbewritten
usingotherZ operatorssothatfor expressions

(letzy ==e€1; ...; T, == e, @ €)
=(ux ity o) Tty | T =€1; ... Tn =€y @ €)

andfor predicates

(letzy == €15 ...; T, == e, ® p)
S mity; o ity [T =€1; .. T =€y 0 D)

(subjectto certainside-conditionsn eachcase).
Theshortformsmentionedhbove permitthedescriptiorof inferenceulesfor quan-
tifiers asfollows:

Fr-vSeP 'bes
r-boP

This is a generalisatiomf thetraditionalform, which would usereplacemen®[e/ z]
in the conclusionof therule. Therule saysthata universalquantificatiormay be spe-
cialisedby providing a binding b which satisfiests declaratiorpart, assigningvalues
to eachof thevariables.Thespecialisedersionof thepredicatas obtainedby usingb
asasubstitutioninto P.

Moreover, this versionis contet-sensitve in thatb ® P is to be evaluatedin the
context of thedeclarationsn T.° Clearly, for proof, a context-sensitve accounof how
to simplify thesesubstitutiontermsis required.Thisis presentedh the Standard.

[ AlIE ]

3 PossibleApproachesto Supporting Proofin Z

A significantnumberof prooftoolsaimingto supportproofin Z have beendescribed
in the literature. The authorwould be pleasedo hearof ary not alreadymentioned
here.

Oneway to classifythe variousproof tools for Z is to distinguishbetweerthose
which encode/embed within an existing system,andthosewhich have beenimple-
mentedespeciallyfor supportingZ. Thelatterclearly have a betterchanceof meeting
the concernsof Section2.1. The dividing line is not always entirely sharp(see,for
example thedescriptionof Ergoin Section3.1.6belaw).

Z tool summariehave beenpublishedpreviously by Parker (1991)and Stegggles
andHulance(1994).

8The symbolsdiffer (o vs ®) in orderto helpdisambiguateubstitutioninto a schemaexpressioranda
schemapredicatetheresultsalsodiffer, in general.

T is a sequencef Z paragraphs—schemadsclarationsgiven sets predicatesetc. The sequenform
T' + P shouldbereadas‘the specificatior” is suficientto derve thepredicateP.




3.1 Encodingswithin a more generalsystem

Many highly configurableproof supporttoolsareavailabletoday Someallow theuser
to definea logical theoryfor a particularproblemdomainwithin a well-understood
logic (e.g.the HOL system);others—thélogical framavorks’—permitthe definition
of the logical systemitself from scratch(e.g. Isabelle). This detailneednot concern
us.

However, the level of the embeddings of interest. Someencodingsare at the
syntactidevel. A languagef Z terms(termalgebra)s definedwithin thehostsystem,
asareinferencerules,suchasthosepresentedn the Z standardlogical framewvorks
arebestsuitedto this task). Alternatively, the embeddingnay be semanticproviding
amappingfrom (somethingcloseto) Z into somepre-&isting logical theory suchas
higherorderlogic. Semanticembeddingsnay be further subdvidedinto ‘deep’ and
‘shallow’ embeddings.

The paperof Bowen and Gordon(1994) discusseshe issuesinvolvedin various
levels of embedding.In generaltherewill be a continuumof possiblelevels, rather
thanasharpdivision. Typically, thedeepetheembeddingthemoreabstractheresults
which maybe proved. (A deepembeddingnight permita proof of the commutatvity
of schemaconjunction,say) A shallov embeddingmay be goodfor proving results
abouta particular specification,but nothing more general. The embeddingsvhich
| have called‘syntactic’ are somehav the deepesbf all, in that the logical rules of
(somethingike) Z areencodedandlittle relianceis placedon the semanticof the
hostlogic.1°

A goodreasonfor choosingto encodesupportfor Z within a more generalsys-
temis thatthesesystemgendto be well-designedandefficient. They have sizeable
usercommunitieswvith muchexperienceof their use,andlargelibrariesof tacticsand
exampletheoriesavailablefor directre-useor minor adaptation.

Corversely if oneis concernedo demonstratéhe soundnessf ones encoding,
or complianceto the Z Standard suchan encodingmay presenta major burden. A
systemsuchasHOL will ensurethe soundnessf proofswhich it produceshut this
is usefulonly if the axiomatisatiorof Z introducesno inconsisteng. Moreover, the
transformatiorfrom Z into an alternatve semantidramewnork mustbe trusted(or the
chosensemanticmodel shavn consistentwith that of the Standard). In the areaof
schemasasdiscusseth Section2.2.2 thiscanbeparticularlyproblematic Finally, the
majority of suchframeworkswill requireconsiderablavork if supportfor Z syntax—
anduserinteractionusingthe samenotation—isto bearranged.

3.1.1 zedB

zed (NeilsonandPrasad1992)wasan early attemptto supportproof in Z usingthe
B-Tool. BecauseB’s settheoryandlogic is essentiallyidenticalto Z's, the manipula-
tion of Z expressionsusingB is very profitable. B doesnot supportthe schemanota-
tion, however, so sometricks were employed to permit the simplificationof schema
expressionsThesoundnessf thesewasneverfully explored.

B hasnow becomemuchlessgeneral-purposeothisis notaviable futureimple-
mentatiorroute.

10The term ‘syntactic embedding'is the authors invention. Notice thatit is at the oppositeend of the
spectrunfrom a syntactictransformationwhich generallyaccomplishea shallav embedding.

10



3.1.2 Z/EVES

EVESis arelatively highly automategrooftool (comparedo the otherproof systems
describechere)for predicatecalculusand (untyped)settheory The Z/EVES system
(Saaltink,1997)translatesZ specificationsnto the corelanguageof EVES, andsup-

portsthe productionof proofsaboutthosespecificationsTheresultsof theapplication
of proof steps(typically large steps,dueto the high degreeof automationjaretrans-

formedbackinto the Z notation.

Asindicatedabove, considerableffort hasbeerputinto checking(in anautomated
mannerwhereser possible)that partial functionsare appliedwithin their domains—
with theperhapsurprisingresultthatvery mary specificationghecled usingthetool
have failed.

An earlierpaperon Z/EVES (Saaltink,1992) explainssomeof the difficultiesen-
counteredn translatingexpressionsnvolving schemasndbindingsinto the untyped
basdanguagef EVES,asonewould expectfrom theaccountabore. No full solution
is presentedhere,but onehassincebeendiscoreredso Z/EVES now coversvirtually
thewhole of Z. As with mary of the systemsdescribechere,Z/EVES displayspoor
performancenvhenthe numberof variablesin a schemabecomedarge (which may
happersurprisinglyeasily dueto Z's structuringschemes).

3.1.3 Z-in-Isabelle

KraanandBaumann(1995)have produceda ‘deepsemanticembedding’of Z the lo-
gical framework Isabelle. They have produceda deductve systembasedn thatin the
Z Standardv1.0) usinglsabelles simplelogical theoryLkz asa basis(sinceLkzis a
sequentalculusin the samestyle asthatof W). TheobjectlanguageZ) is represen-
tedin Isabelleusingsimply typedlambdacalculus. This providesautomatedsupport
for productandpower types(thoughnot bindings)soall deductionsareautomatically
type-correctQuantifiersandotherbindingconstructgsuchassetcomprehensiongre
expressedusing lambda-abstractionThe predicatevVz : X e P is representeds
V(Az e z € X A P). Usingthis style, Isabellehidesmuch of the detail involved
in proof; usualsideconditionsaboutvariablecaptureareautomaticallyrespectedin-
deed,rulesare not permittedto have side-conditions)and alpha-cowersionis auto-
maticwherenecessary

The papercited explainshow this approacmecessitatethe expansionof schema
referencesat the outset;this is donein a preprocessingtep. As we have seen,to
do this entails strongassumptionsboutthe namespacesusedin the specification.
Clearly, it alsoresultsin very long formulae,andthushasa highimpacton efficiency.
Theformer problemis mitigatedby Isabelles pretty printe—the concretesyntaxfor
the expandedschemais retainedas simply its name. Preprocessings also usedto
eliminatea potentialproblemarisingfrom the useof schemasasboth predicatesand
expressionsApproximately variablesarisingin schemasispredicateshouldbefree;
thosein schemaexpressionshouldbebound.Boundvariablesarenot appropriatée-
causdn Z thenamegnatter. lambda-boundariablesareanorymous,makingschema
calculusoperationgmpossible The Z-in-Isabellesolutionis to replaceall occurrences
of schemasisexpressionss with { S e 4.5 }, beforereplacingtheseinstance®f S by
their definitions.

By making thesesimplifications,Z-in-Isabelleis able to provide a useful proof
ervironmentfor alarge classof reasoningroblemsn Z.
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3.1.4 Zin Isabelle/HOL

An indicationof the greatgeneralityof Isabelleis thata secondencodingof Z in Isa-
belle hasbeenproducedby Kolyang, SantenandWolff (1996),andthis haslittle in
commonwith Z-in-Isabelle. This encodingis built usinglsabelles HOL theory Its
chiefcontributionis to provide anencodingwhich still allows schemaso bemodelled
aslogical entities(in fact, aspredicates).It is claimedthatthis is donein a manner
which ‘essentiallyconformswith latestdraft of the Z standard’.The encodings nev-
erthelesslescribedas'shallow’ becauseotall aspect®f Z semanticarerepresented
in logicalterms—Z& distinctive treatmenbf namess notrepresentedh thelogic; the
parserkeepstrack of these,andschemacomponenvariablesare essentiallyanorym-
ous(i.e. schemaquivalenceis preseredonly up to alpha-conersion).

Schemasare denotedby characteristidunctions. A schemais representeds a
predicateoveratuple of variables A schemandits representatioareshovn below.

-
z:N . . . .
.7 consts S:: "int <=>int * int * int => bool".
y: def S == SBf.SB x.SBO y.[x: N & y:Z &
[:Z—7 f:2>->Z| Pxfy]
Pzfy

Theterm SB is definedso thatit behaeslike a quantifier andis suppressetly
the pretty-printer;thatis, a schemas denotedby a lambda-abstractionThe parser
keepstrack of schemasignaturesnternally, so that the referenceto schemas$ in a
context may bereplacedy anapplicationS z, wherez representshosevariablesof
the surroundingcontext which areto be identifiedwith thosedeclaredn S. Obsere
that at this level (hiddenfrom the user)the identifiersin the schemas signatureare
sortedlexicographicallyto facilitatematching.

This representatiopermitsuserreasoningaboutschemas—stayingt the level of
the schemacalculus, say—withoutexpandingthe schemadefinitions. In this way,
Kolyanget al. achiese similar resultsto thosepresentedn thelogic of the Standard.
Again,largeschemagpresenperformanceroblems.

3.1.5 Jigsawvil

Jigsa v1 (Martin, 1993)usesthe 20BJlogical framevork to implementa prooftool
basedn W (WoodcockandBrien,1992).In sofaras)V is sound!?! thisis asuccessful
attemptto provide a proof tool faithful to the Z standard. However, the overheads
involvedin supportingthe context-sensitve notionsof free variablesand substitution
using20BJ(which wasitself a very experimentatool) renderedhe resultingsystem
cripplingly inefficient.

3.1.6 Cogito

Cogito(Nicksonet al.,1996)offersanintegratedmethodologyandtool-setfor Z-style
developmentsrom specificationthroughto executablecode(in Ada, at present). A
variantof Z, called Sumis usedasthe specificationnotation,and the accompaying
prooftool is calledErgo.

W turnsout to placeheary restrictionson the namingof variablesandsois not very practical.
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Ergois agenerictheorem-praer, but Cogitois its biggestuser andhasthusinflu-
encedthe designof boththe coretool andits libraries. Sumis modelledusingErgo’s
Zermelo-Fraenél theory of sets. The modellingfollows the semanticf the stand-
ard,asmentionedn Section2.2.2. Thereforewhena Sumspecifications translated
into Ergo, the ervironmentin which eachpredicateis to be evaluatedis madeexpli-
cit. Schemasrecharacteristiéunctions,returning' true’ if the environmentcontains
a situationof the schemaand' false’ otherwise.Theresultingpredicatedook rather
forbidding,but advancedacticssimplify theminto morerecognisabléorms.

This approachhaselementsn commonwith the approachof Z in Isabelle/HOL
(Section3.1.4)in the useof characteristidunctionsto modelschemasbut herethe
namesare usedwithin thelogical theoryto matchschemacomponentso the current
ervironmentwhereasn Isabelle/HOLthiswork is accomplishe@ntirelyin theparser

Theresultis a potentiallyfaithful modelof the contet-sensitve schemaemantics
presentedibove, thoughin a ratherimpenetrabldorm. Bindingsare not supported,
andso schemasstypesarenot allowed, thoughit would be a straightforvardtaskto
addthis facility within the existing model.

3.1.7 Z/HOL

A papetby BowenandGordon(1994), (1995)describeg simple’ “shallon” semantic
embedding’of Z in the HOL system.This approachmakesno specialconcessiono
Z’s unusualuse of names thoughit offers limited supportfor bindingsas tuplesof
name-alue pairs. The papersenesasa good descriptionof the issuessurrounding
semantiembedding¢in HOL, in particular).

Thepaperoffersthefollowing shibbolethasa meanwf distinguishingshallov and
deepembeddingsonly in thelatterwill the propertyof commutatvity of schemacon-
junctionbeprovable.In ashallav embeddingheschemaonjunctionwill becorverted
into somethingelse(logical conjunction,typically), renderingthe questionmeaning-
less.

3.1.8 ProofPower

In contrastProofPaveris quiteadeepembeddingf Z in HOL, completewith extens-
ive supportfor reasoningaboutZ specifications Early paperson ProofPaverinclude
thoseby Arthan (1991)andJoneq1992); recentinformationis to be foundon aweb
site (Arthan,1997). In ProofPaver Z, bindingsareaccuratelynodelledaslogical ob-
jects,andthetypesystemis extendedo supportthis use.

BowenandGordon(1994)remark,however that this encodingis still insufficient
to be ableto prove the commutatvity of schemaconjunction.Thisis largely because
thereis no way to write a postulateabout‘all schemas’the modellinghassuficient
depth.They furtherremarkthatthereis no singlesemantidunctiondefinedn thelogic
thatmapsZ syntaxinto its meaning.

ProofPaver is committedto compliancewith the emeging Z standardthoughit
doesnotappeathataformalresultaboutthefaithfulnesf its logic with respecto the
Standards semanticss expected.Of all thetoolsdescribedn this paper ProofPaver
is probablythe mostmature.
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3.1.9 PVSandZ

As partof theProCosproject,EngelandSkaklebaek1994)describeheapplicationof
the PVS systento Z specificationgparticularlythosein a timedvariantof Z, for use
with the durationcalculus). We might call this a ‘supershallov’ embeddingsinceit
actuallyentailsa translationfrom Z into the specificationanguageof PVS.All proofs
arecarriedoutin PVS,with no specialeferencdo theZ specificationsrom whichthe
termsoriginate.

In this case,the mappingfrom Z schemado PVS theoriesis describedasbeing
quite straightforvard; thereis a close thoughnot perfectmatchbetweerthetwo. The
languageof Z expressionss a greaterchallengehowever, asPVSis basednatheory
of total functions,in contrastto Z’s settheoryandpartial functions. A faithful model
of Z functionsin PVSis presentedhut asa consequencéehe resultingPVStermsare
rathercomplicated and cannotutilise muchof the power of the automatiorprovided
in PVSfor specificationsvrittenin its own native style. PVSandZ remainantithetical
in theirapproaches.

Also relevant, sinceit dealswith B’s abstractmachinenotation,which is closely
relatedto Z, is work by Pratten(1995)on usingPVSin placeof the B tool.

3.1.10 Z in LEGO/Type Theory

Maharaj(1994)describes carefulstudyof how to encodethe schemacalculususing
the unifying theory of dependentypes(UTT), asimplementedn the LEGO proof-
checler. Variouspossiblerepresentationareexplored,takingaccountof someof the
issuegaisedn Section2.2.2. Theuseof schemaso definetypesis explicitly excluded,
andsinceUTT emplgys an intuitionistic logic (whereasZ is generallytaken to be
classical),the encodingnecessarilycovers only a restrictedpart of Z. Earlier work
(1990)describesimplementing’Z usingLEGO.

3.2 Speciallmplementations

Clearly, the alternatve to usinga logical framework or general-purposproof tool is
to constructonefrom scratch. In doing so, onecanavoid all interfaceproblems by
arrangingfor tool interfacesto permit real Z specificationgo be read, written, and
manipulated.Moreover, in this way it is possibleto side-stegoroblemsof soundness
by implementingpreciselya publishedaccountof a logic for Z, suchasthe onein
the Z standard? Theimplementatioris ableto provide full supportfor bindingsand
schemassfirst-classobjects,andto evaluateaccuratelyZ’s context-sensitie notions
of boundandfreevariables.

Thechiefdravbackof thisapproachs theinherentlysmallbaseof theoriestactics,
and userexperienceon which to draw. A longerimplementatiortime is alsoto be
expectedpf courseandpotentiallypooremperformancef thefinishedproduct(though
Jigsan1, implementedwith 20BJ, wasbetweentwo andthreeordersof magnitude
slowerthanJdigsa//2, implementedlirectly in Haslell).

125 noproofof thesoundnessf thatsystenis offered,thequestiorof whetheror notthisis wiseis moot.
Moreover, assoonastheimplementorchoosedo change/enhandbe publishedaccounta new problemof
soundnesarises.
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3.2.1 Jigsawv2

A secondversionof JigsaV hasbeenconstructedimplementeddirectly in Haslell.
Someof its featuresaredescribedn (BrienandMartin, 1995),asit hasbeendeveloped
with the specificaim of supportingpreciselythe logic describedn the Z Standard.
Becausdhe Z Standardhasyet to stabilise,the tool is not yetin a generally-usable
state.

3.2.2 Zola (Balzac)

Zola (a commercialversionof the tool developedasBalzac(Harwood,1991; Ashoo,
1992)) is basedn a custom-designelbgic, closelyrelatedto W.

Thetool represents considerablenumberof man-yearof effort, andsois relat-
ively mature. It hasbeendevelopedin closeco-operatiorwith the Standardsctiity,
andmaybe expectedo conformwith theZ Standard.

3.2.3 CADiZ

The CADIZ tool developmenthasgonethrougha numberof stages.Early versions
supportedype-checkingandtypesettingof Z specificationgJordan McDermid, and
Toyn, 1991;Toyn andMcDermid,1995).More recently CADIZ hasbegunto support
proof(Toyn, 1996). Thetool hasahighly visualuserinterface andis basecbn . An
ad hocimplementatiorof substitutioris used but conformancéor corvergence)with
the Standards claimed. A tacticlanguagesimilar to thatusedin Jigsa/V is available
for writing proof procedures.

4 Concluding Remarks

This paperhassurweyed someof the featuresof Z which malke the provision of proof
tool supportaninterestingask. It hasalsoconsideredheapproachewhich have been
takento datein meetingthatchallenge.

The key featureof Z which complicategool supportis its useof namesandthe
consequentiatompleity of the semanticof Z schemasThis hasa wide impactbe-
causeit meansthat substitutionin Z is not readily implementedusing the replace-
ment/ravriting toolswhich comewith mostproofframeaworks.

4.1 The stateof the art

If agenerictheorem-praing tool is used we have seenthata differenceof basiccon-
ceptsmay renderthe resultingsystemsomeavhatdistantfrom Z. In somecaseghisis
quitemarked—PVSfor example usesentirelythewrongparadigm—irothersit is less
immediatelyobvious, but lacking bindingsas first-classobjects,or contet-sensitve
free variablecalculationsjs a significantproblem. By makingshallov embeddings,
suchproblemscanbe avoidedfor large classe®f specificationsanda usefultool con-
structed.However, thetranslationto a hostlogic is necessarilya complicatedstep,re-
quiring muchof theapparatusf aZ logic itself. Having madethetranslationtheuser
mustreasonn somethingakinto a modeltheoryfor Z, which hasattendanproblems.
Thesucces®f Z asa specificatiomotationcanbe attributedlargely to the structuring
madepossibleby schemasilf this structuringis lost or obscuredn the proof actity,
proofwill quickly becomdifficult and/orerrorprone.
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Specially-constructetbols are startingfrom ‘further back’ andstill have a lot of
catching-upto do. They have the potentialto supportZ substitution,schemasand
bindingsata high level, but muchof the benefitof doingsois yetto berealised.

In both casessoundnessgvith respecto the Standardsemanticof Z hasnot been
formally addressed.In this regard, the specially-constructetbols possiblyhave an
adwantagesincethey incorporatea singlelogical systemwhichis amenabléo a proof
of soundnessin all but the deepesembeddingsby contrast,someelementsof the
proof of soundneswill rely on the work of the translator and someon the way that
termsareembeddedh the hostlogic.

This form of soundnesss oftentermed‘f aithfulness’. Theremay be little doubt
that the hostlogic is itself sound,but thatis not a guarantedhat the transformation
of Z termsinto that systemproducesa sound(faithful) meansof reasoningaboutZ
specifications.

For the time being, thereis a spectrumof options,someof which inspire higher
confidencen their probablesoundnesssomeof which areobviously supportingZ (as
distinctfrom somethingwhich appearsimilar to Z, but in facthasquite differentse-
mantics),andsomeof which areactuallyusefulfor doingindustrially-releantproofs.

4.2 Future Directions

Oneway to mitigate questionsaboutsoundnesswhilst retainingaccesgo existing
prooftools, mightbeto developaframework in which awell-establishegbrooftool is
usedto discover proofs,anda small, highly-trustedcustom-uilt proof-checleris used
to validatethem.

In ary caseijt is highly desirabldgo achieve librariesof theories|emmasandtactics
for the Z world. Thereis every reasonto supposédhat suchlibraries could be made
portableacrossvarious proof tools, since most work from a commoncollection of
definitionsin the Z mathematicaloolkit. Spivey’s accounbf the mathematicaloolkit
includesa large numberof laws relating the constructsdefinedthere. A library of
suchlaws togetherwith tacticsdescribingtheir proofsshouldbe portableenoughto be
incorporatednto ary prooftool supportingZ.

Reasoningabout schemass, as we have seen,more problematicthan proving
toolkit properties.SincemostZ specificationwill not usethe mostexotic properties
of schemashowever, eventhe systemswhich take the greatestibertieswith schema
semanticwill oftendeliver correctresults. Therefore we might go furtherandcon-
sider proof stratgies appropriateto commonZ actiities (standardtheoremsabout
specificationsgetc.) which could againbe usedin both interactve tools, andtrusted
proof-checlers.

In conclusionwhilst no singleproof tool technologyis a clearwinnerat present,
giventhatwe have generalagreemenbn the semanticof Z andthe definitionsto be
usedin the mathematicatoolkit, thereis every reasonto supposehatwe shouldbe
ableto extendthe Z mathematicatoolkit into a proof toolkit. If we canachieve this,
theimplementatiortechnologymay eventuallybecomeirrelevant.
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