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Approachesto proof in Z
– or –

Why effectiveproof tool supportfor Z is hard

Andrew Martin
�

Abstract

Variousattemptsat supportingproof in Z aredescribedin the literature.This
paperpresentsa survey of theseapproaches,andthe underlyingsemanticissues
whichmakeproof in Z anon-trivial task.ThedraftZ Standardis usedasanormat-
ivereference.Specialcareis givento anaccountof thepeculiaritiesof Z schemas.
Theproof toolssurveyed divide into two groups:custom-madeimplementations
for supportingZ, andencodingsof aZ logic within someotherlogical framework.
Thelatterarefurthersubdividedinto ‘deep’and‘shallow’ embeddings.Thebroad
conclusionis that noneof theseapproachesis a clearwinnerat present,but that
eachmaybeableto benefitfrom theothers.
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1 Intr oduction

In thesoftwareengineeringworld, Z (Nicholls, 1995)hasgainedsomesignificantre-
spectasa notationfor specification(seefor example,(Bowenet al., 1997)), but very
few projectsundertake reasoningabouttheir specifications—eitherto validatethem,
or to refinethemformally towardscode.Thereasonusuallycitedfor choosingnot to
conductsuchreasoningis oneof diminishingreturns:formalspecificationsarewidely
believed to improve the quality of deliveredsystemswithout significantincreasein
cost; formal validationandrefinementappearsto be very expensive, with relatively
few benefitsto begained.

No doubt,amajorreasonwhy thereis little useof Z in thiswayis becausethereare
few strongtoolsfor proof in Z. (Specification,by contrast,is well-supportedby some
excellenttype-checkingtools.)Conversely, few havebeenwilling to investin thepro-
ductionof suchtoolsbecausethereappearsto belittle market for them.Otherformal
methodologieshavebeenmoresuccessfullyappliedwith extensivetool support.1 Why
haveproof toolsfor Z beenslow in appearing?

It is worth notingin passingthattype-checkingin Z hasbeenvery successfulasa
simplesemanticcheckof well-formednessfor specifications.This is largely because
Z hasasimpledecidableHindley-Milner typesystem(Spivey andSufrin,1990)which
�
SVRC,Schoolof InformationTechnology, TheUniversityof Queensland,Brisbane4072,Queensland,

Australia.apm@it.uq.edu.au
1B (Abrial, 1996),for example,hasdevelopedalongsidetoolsfor its application.
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canbe staticallychecked. Moreover, a tool like fUZZ is ableto useZ’s abbreviation
mechanismsto constructa systemof subtypes,for helpful error diagnostics(Spivey,
1996).Z’s approachwith a decidabletypesystemmaybecontrastedwith thatof PVS
(seeSections2.2.1and3.1.9).

To the casualobserver, theZ notationis merelya style for writing termsof first-
orderpredicatecalculusandsettheory. This is of coursetruein principle. Z is a first-
orderlanguage,andaZ specificationcanbemechanicallytransformedinto acollection
of classicalpredicates.Classicallogic andsettheoryarewell-understoodtopics,and
thusproducingproof toolsfor Z doesnotsoundlikeaninterestingtheoreticalresearch
problem.

We appearto befacedherewith a paradox.Z is constructedusinganeasytheory,
yet it is too expensive to produceuseful tools for it. Many researchprojectshave
consideredaspectsof proof tool supportfor Z, anda few product-qualitytools have
beenproduced.Whilst hardfiguresarenot available,anecdotalevidencesuggeststhat
uptakeof thesetoolsis small.

1.1 Semanticsfor Z

That Z is not quite the easytheoryit first appearsto be is evidencedby the number
of differentaccountsof thesemanticsof Z which areavailable. Theseminalwork on
Z semanticscomesfrom Spivey (1988). This hasbeenadaptedconsiderablyto give
the semanticsnow presentedin theZ Standard.Thestandarditself maybe regarded
aspresentingtwo views of thesemantics:thedefinitional(normative)partof thedoc-
umentgivesa denotationalmodelfor Z usingthe relationalcalculus;an informative
annex offersa logical theorywhich includesa deductivesystemfor reasoningaboutZ
specifications;it might be regardedasan axiomaticsemanticsin its own right. This
secondaccountis intendedto beconsistentwith thefirst, thoughnot equivalent(since
it takesdecisionsover matterswhich the denotationaldescriptiondeliberatelyleaves
loose—theissueof undefinedness,for example).A formalproofof soundness(modulo
theseissues)is envisaged,thoughnotpublishedatpresent.

Eachproof tool describedin this paperalsoeffectively definesits own semantics
for Z. For many, the correspondencewith the standardis very close,thougha proof
of soundnessor faithfulnessis not usuallyoffered. For others,the resemblancewith
StandardZ will merelybea passinglikeness.Many texts alsoprovide elementsof a
semanticsfor Z, offering eithera (paper-based)proof system,or someform of model
theory. Again,someof thesearecloseto theStandard,(WoodcockandDavies,1996),
othersapproachfrom averydifferentangle,e.g.(Hodges,1995).

1.2 Outline of the paper

Thenext sectionwill explain themainchallengesencounteredin supportingproof in
Z. Above all, the Z schemanotation (which is the mechanismby which complexity
is managedin Z specifications)appearsto be the mostproblematic. Z schemasare
unlike theusualtermsof logic andsettheory, andproviding deepsupportfor themis
non-trivial.

A schemaconsistsof a declaration of sometypedvariablesanda (collectionof)
predicate(s) over thosevariables(andothervariablesof the specification).It corres-
pondsto a generalisationof a recordtypein programming,but in popularZ stylemay
alsofor exampledescribethe global variablesof a system,operationson thosevari-
ables,or thepromotionof onesuch(sub-)systeminto another.
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Transformationinto purefirst-orderpredicatelogic is possible(seethe accounts
of varioussystemswhich do this,below), but almostentirelyobfusticatestheoriginal
specification,anddoingsosoundlyis againnon-trivial. Thissemanticgapcanbeseen
in somethingasseeminglytrivial ashow substitutionworks.

Thesecondpartof thepapersurveysandattemptstoclassifytheleadingapproaches
to theseproblems.Thesemaybeclassifiedinto two majorgroups—thosewhich sup-
port Z by encodingits semanticswithin an existing system(a logical framework, or
generictheorem-prover);andthosewhich havebeenimplementedfrom scratch,espe-
cially for the taskof supportingZ. In both groupswe find a variety of experimental
projects,aswell asproduct-qualitytools.

Oneof theoriginalgoalsof theZ standardisationactivity wasto promoteawidely-
acceptedmeansof reasoningaboutZ specifications.In a final section,we consider
whethertheemergingZ standardmayassistin solvingsomeof theproblemsoutlined
here.

Spivey and the Standard Someof theproblemswhich will bedescribedherearea
resultof the liberal approachtaken by the Z Standard.The Z of Spivey’s Reference
Manual(1992)is morerestrictive (in theuseof arbitraryschemasasexpressions,for
example)andtherebyavoidssome(thoughnotall) of theseissues.

To someextent, the restrictionsimposedby the Z ReferenceManualcorrespond
to goodstylistic advicefor aiding readabilityandsimplifying proof. For a varietyof
reasons,the Standardscommitteehaschosento take a moreliberal approach,andat
lengtha reasonablesemanticsfor it hasbeendefined.It will befor theusersto decide
if thegreaterfreedomof expressionis worthwhile.

2 Challengesin supporting proof in Z

This sectionexplainssomeof the reasonswhy supportingZ is not trivial. The first
subsectiondealswith directusability issues;thesecondwith moreprofoundsemantic
matters.

2.1 Problemsof Syntaxand Methodology

Much of Z is a stylisedway of writing traditionalmathematics.Thenotationis terse
becausemathematicianshave generallyaimedfor concisenessof notationin orderto
easeboth the discovery of proofsandtheir recording. To reproducethe notationac-
curatelyrequiresa moderatelyadvancedtypesetting/word-processingsystem. Other
specificationnotationsaredeliberatelytext-based(e.g.theannotationsin SPARK Ada
(Barnes,1997)). Many systemsusea specialsyntaxfor specification,andanotherfor
proof. Thiscomplicatestheiruse,andincreasesthepotentialfor mistakes.

Theconcretesyntaxof the specification/proofis of no theoreticalinterest.How-
ever, in thesoftwareengineeringcontext it is quitesignificant,for two reasons:

1. Changesof notationarea barrierto understanding.Whilst mostpeopleareable
to copereasonablywell with differentsyntaxesfor input, printed/typesetspe-
cifications,andtool interactions,the costof learningall threeis high, andthe
scopefor mistakesvery great. For example,two closely-relatedtools areused
regularly by the author;eachusesa differentbinding priority for certaininfix
operators.Theresultis thatmany hourshave beenwastedbecausetermswhich
look thesamein bothsystemsactuallyhaveradicallydifferentmeanings.
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2. Z specificationsarecommonlyusedin high-integrity developments.Here,it is
mostimportantthatproceduresfor configurationmanagementandversioncon-
trol arefollowed.Changesareinevitableduringaproject;eitherdueto changing
requirements,or the discovery of errors. The propagationof changesthrough
specificationdocuments,validations,refinements,and codemust be recorded
andtraceable.

If a collectionof tools is usedwhich do not sharecommoninput formats,the
developmentprocesswill be hardto manage.Automatedtranslationfrom one
form to anotheris usuallypossible,but theretentionof comments/linenumbers
etc. may be very ad hoc. Moreover, the statusof proofsneedsto be part of
the managedconfiguration,so that the extent of changesin requirementsand
specificationscanbeaccuratelydetermined.

Theseproblemsarenotuniqueto Z, but dodistinguishtheproofactivity in soft-
wareengineeringfrom themoregeneralconcernsof theproof tool community.
(Becauseproofsin grouptheory, say, areunlikely to besubjectto changingas-
sumptions.)They arethesubjectof ongoingresearch.

Theseconcernsseemto mitigateagainstuseof off-the-shelfproof tools.
Noticehow well a tool like fUZZ faresagainstthesecriteria. It canbe insertedin

theprocesswith virtually nooverhead(providedthespecifiersuseLATEX) andit canbe
run asa batchjob in orderto achieve ‘regressiontesting’ for specificationanddesign
documents.

An alternative approachis to usea text-basedversionof Z for specificationand
interactionwith tools.TheStandardoffersanemail lexis for suchpurposes,but this is
yet to bewidely takenup. TheCogitoproject(Bloeschet al., 1994)definesits own
Z subset2 (calledSum) which is writtenusingsimpleASCII characters.Unfortunately,
interactionwith Cogito’s theoremproverErgousesadifferent(thoughclosely-related)
syntax.

A commonmethodfor managingcomplexity in developmentis to usea module
system.Variousmoduleschemeshave beenproposedfor Z,3, but nonehasachieved
widespreaduse.TheZ Standardhasa notionof section, which providesthesimplest
possibleform of modularitybut offersno formalsupportfor theseparatedevelopment
of modules—inparticular, thereis noseparationof name-spaces.

Cogitohasanextensivemodulesystem(Nickson,Traynor, andUtting, 1996),with
themodulestructureof thespecificationreflectedin atheorystructurein theprooftool.
Nevertheless,this modularitydoesnot supporthiding, andsois not ableto guarantee
safedatarefinementwithout restrictionsonmoduleusage.

2.2 Technical(Semantic)Problems

As we have observed,therearea numberof differentaccountsof thesemanticsof Z.
Theissuesraisedherearediscussedrelativeto theZ Standard’saccount,whichin most
casescoincideswith Spivey’s(1988).Of course,theproblemsencounteredwill depend
to someextenton the underlyingframework (logical or computational)in which the
semanticsareto beexpressed.Thegenericityof mostof theoperatorsin theZ toolkit,
for example,is problematicin somesystems.

2Sumis notstrictly asubsetof Z: it alsoextendsthelanguagewith annotationsto supportvalidation,and
anextensive modulesystem.

3Onewayto view objectorientationis asastylefor modularity. Variousobject-orientedZ notationshave
beenproposed,mostaresurveyedin (Stepney, Barden,andCooper, 1992).
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The issueshighlightedhereareproblemscommonto mostsystemsfor reasoning
aboutZ specifications.

2.2.1 Partial Functions

CommonZ stylemakesheavy useof partial functions— asdoestheZ mathematical
toolkit. It is thereforeimportant that the userof Z shouldensurethat whenever a
functionis applied,it is definedat its point of application.4 Z/EVEShasmadesucha
checklargelyautomatic—thuspermittingit to bepartof atestof well-formedness,like
type-checking.(Of course,in general,the testis undecidable,but for many practical
specifications,this is not a problem.)Apparently, few realspecificationspassthis test
(Saaltink,1997).

Mostproofsystemsfor Z incorporatethewell-definednesscheckaspartof therule
for functionapplication.In thelogic of theStandard,for example,wehave

�������	��

�����������������������! "�!#$�%� &' (
 ) �+*��,-��.�,/
10���+
� 2�3�
Suchfrequentchecksoftenserveto complicateproofs,but presentno theoreticaldiffi-
culty. A goodtheorem-proveris evenableto storesuchresultsfor reusewherever they
areencountered.

It is worthwhile to contrastherethe approachtaken in PVS, whereevery func-
tion must be total. This is achieved using a systemof subtypes,so the problemis
transformedinto oneof type-checking(andso the PVS type systemis undecidable;
demonstratingtype-correctnesstypically entailsproof).

If Z partial functionsareappliedoutsidetheir domains,theresultdependson the
particularflavour of Z semanticsbeingused.A commonerror is to applythesetcar-
dinality function 4 to a setwhich is notknown to befinite:

5 �76��98;:
4 5 ��6�<=�?>

Thefunction 4 is partial: its resultis notdefinedfor infinite sets,sothetruth valueof
4 5 �76�<@�A> is not determined.Thestandardhasbeencarefulto avoid giving a value
to suchexpressions,so thatany reasonableinterpretationcanbeused.Thefollowing
principle,succinctlydescribedby PeterLupton(1991),is stronglyencouraged

Undefinednessshouldnotbeexploitedin specifications.

The logic presentedin thestandardoffersoneparticularway to dealwith this issue.5

All termsdenotevalues(so for any expression
6
, we have that

6B C6
), but in order

to replacea functionapplicationwith its result,theexpressionbeingappliedmustbe
shown to be functionalat the point of application(as in the rule above). A related
resolutionis thatembodiedby theZ/EVESprincipledon’t ask.

ObservethatZ differsfrom VDM in thisareain thatZ’spredicatesareclassical—
either‘

6EDF
��
’ or ‘

�7G9H 5 � ’—whereasVDM usesa carefully-craftedlogic of partial func-
tions,with anextra ‘non-value’ logical value.

4More accurately, a sufficient checkis thatwhenever a relation is appliedto an argument,it is defined
andfunctionalat thatpoint.

5Observe thatthelogic hasthestatusof ‘informative’ in thestandard.This is contrastedwith the‘norm-
ative’ (definitional)parts,whereinfunctionapplicationis givenadeliberatelyloosedefinition.
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Althoughbasedon Z, Cogito follows VDM morecloselyin this regard. An extra
valueis addedto theunderlyingmodel. Thevalue I (‘bad’) is takenby any improper
term. It is not a memberof any type; indeed,it is not evena ZF set. Most operators
arestrict with respectto ‘bad’, but in logical termsit formsanequivalenceclasswith
‘
�7GJH 5 � ’.

A detailedstudyof thepossibletreatmentsof undefinednessin specificationnota-
tions is outsidethe scopeof this paper. Our aim hereis merelyto flag it asan issue
whichcomplicatesreasoningin Z. Theproblemis onebothof logic andmethodology.
A goodsurvey of approachescanbefoundin (Brien,1995).

2.2.2 Z Schemas

Z schemasarecertainly the most interestingfeatureof the notation. They might be
viewedsimply asmacrosgiving a nameto a combinationof declarationsandpredic-
atesover thedeclaredvariables.6 However, in mostaccountsof Z semantics,schemas
have a meaningof their own. In their greatestgenerality, Z schemasarequite un-
like any termsnormallyarisingin classicallogics. This unusualnatureof schemasis
whatmakesproducinga logical systemfor Z usingfamiliar componentsinto quitea
challengingtask.

Roles for Schemas Z hasthreemajor syntacticclasses:declarations,expressions,
andpredicates.In general,thesearestrictly non-overlapping(thereareno boolean-
valuedfunctions,for example,to beusedaspredicates),but a schemamayappearin
any of theseroles.

A simpleZ schemamightbewritten

K
L �	:
L <M�

Writing sucha declarationin aZ specificationis equivalentto defining7

K  ; ) L �N:PO L <M�90
The right-handsideof this declarationis a schemain ‘horizontal format’. This is an
instanceof a schemausedasanexpression. A schemausedasanexpressiondenotesa
setof bindings—seebelow. Schemaexpressionsmaybecombinedusingtheoperators
of theschemacalculus, so if we have schemasQ
R and Q%S , we maydefineschemaQ ,
say, as

Q  ; Q RUT Q S
This approachis commonlyusedwhenschemasdescribeoperations—QVR maydenote
thesuccessfuloperation,and Q%S theerrorcase(s).

A schemacanalsobeusedasa declaration:
6This was, initially, preciselythe meaning,accordingto some. A paperby Brien (1994)surveys the

historicaldevelopmentof Z.
7Observe that in (Spivey, 1992)schemadeclarationsareintroducedusing WX , and‘abbreviations’ usingXYX . StandardZ usesthesecondsymbolfor bothpurposes.
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L �	:
L <M�

This ‘axiomaticdeclaration’usesthesameschemaasbefore,but now insteadof giving
a nameto the schema,it is useddirectly to definea global variable L , and placea
constrainton its value. Thesamedeclarationoccursbetweenthequantifierandthe

�
in thefollowing predicate:

� L �N:PO L <M��� L  =>
Giventhedeclarationabove,thispredicatemayalsobewritten

� K � L  Z>
Thirdly, a schemacanbeusedasa predicate.Again, usingthedeclarationabove,

wemaywrite
� L �	[\� K

Thiswouldbeequivalent(in mostcases)to writing
� L �	[\� L �3:]� L <^�

Freevariables,etc. In thesevariousrolesandforms,theschemahasdifferentprop-
erties. The variablesdeclaredin a schemaare ‘free’ when the schemais usedasa
predicate,andsomethingakin to ‘bound’ whenit appearsin anexpression.Theterms
‘bound’ and‘free’ donothavequitetheir traditionalmeanings,however.

Thestandardusesthenotations
,_���`�

and a �cbd� to denotethefreevariablesof ex-
pression

�
andpredicate

b
respectively. We have

, ) L �	:MO L <=�N0d fe	�hg
(Strictly,

:
and

� < �
arealsofreevariables,but we shalloverlookthatdetailhere.)

Whereas,
,_� K �i Pe K g

. Moreover,

a
) L �	:MO L <^�N0V fe L ����g

but a � K �j Pe K � L g .
Thereare two points to notehere. First, the nameof the schemais a properZ

name. It may be subjectto quantification,for example(as a simplevariable,as in� K �_8':k�mln� K
, or even asa schema:

� K �-8 ) L �-:oO L <p�90q�rln� K
), and

so its meaningmustbe determinedby context, andnot by a global substitution(like
a macro).Secondly, theuseof

�
in thedefinitionof

K
is fixedasthe

�
which wasin

scopeat thepoint of declaration.Thuswhen
K

is usedasa predicate,
�

is not a free
variable.

Theconsequenceof this is thata schemareference(i.e. useof a schemanamelikeK
asa declaration,predicate,or expression)cannotin generalsimply be replacedby

its definition.
Thechallenge,then,in supportingthisnotationin asystemsetuptodealwith tradi-

tionalnotionsof bound/freevariablesis thatthefreevariablesof a termaredependent
oncontext. Logical frameworkswhichprovidefacilitiesfor efficientevaluationof free
variablesbut donotoffer accessto thecontext will notbeableto supportthesemantics
of Z in its greatestgenerality. Approachesto thisproblemaresurveyedin Section3.1.
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Bindings An alternative approachto understandingZ schemasis to considerbind-
ings. Whena schemais usedasanexpression,it denotesa setof bindings,mappings
from namesto values. For aschemaQ with componentvariables

6 R �A�����A��6ts , wewould
write anelementof Q as

u Ov6 R  ; (� R �����A�7��6 s  ; "� s O w
Thus,if

�
hadthevalue x when

K
wasdeclaredabove,wewouldhave

K  "y u O L  ; Z>�O wF� u O L  ; f��Ow7� u O L  ; =&�O w�z
Bindingsareasimplegeneralisationof tuples(a labelledproductratherthanacartesian
product),but, again,they arenotcommonin logical frameworks.A distinctivebinding
for aschemais thatonewhichmapseachnameto its correspondingvaluein thecurrent
context. For schemaQ , this is {_Q .

{_Q  u O|6 R  ; (6 R ���A�����A6}s� ; f6}s+Ow
Whena schemaappearsasanexpression,then,it denotesasetof bindings—those

bindingswhichhave thesamealphabet(i.e. which declare/usethesamesetof names)
astheschemaandgive valuesto thevariablesin sucha way asto make thepredicate
part of the schemaequivalent to true. Whena schema Q appearsasa predicate,it
denotesthepredicate

{_Q � Q
Thispredicatemaybereadassayingsimply thatthebindingwhichmapsthevariables
definedin Q to theirvaluesin thecurrentcontext is onewhichsatisfiesthedeclaration
andpredicatepartsof Q .

A schemawhich appearsasa declarationcanbeviewedasintroducinga binding
of thatschematype,andusingthatbindingasa localdefinition.

~ � K �;����� ~ ��l�� K ���
let
l!�;�����

(subjectto side-conditionsto preventvariablecapture).Seebelow for a discussionof
localdefinitionsandsubstitution.

Semantics Thisview of a schemaasasetof bindingsis madeconcretein theStand-
ard’ssemanticsfor schemas,wherefor aschema

K
, wehave

� ) K 0 ������������� K
� 6�
�G96 ��� �
Here

���%�
is theenvironment, that is, a mappingof namesto values,and

K%� 6E
�GJ6 ��� �
is

a mappingfrom namesto type–valuepairs(wherethevaluemustbea memberof the
type). Thusin any givenenvironment,theschemamaydenotea numberof situations.
Bindingsareasimplificationof situationsin thatthey mapsimplyfromnamestovalues
(omitting thetypepart).

Thedenotationof a predicateis thesetof environmentsin which thatpredicateis
true. A schema

K
usedasa predicateis true in an environmentif f that environment

containsa situationof theschema
K

.
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Substitution Whilst bindingsserve to complicatethe languageconsiderably, they
arealsovery useful for describingsubstitutionin Z. This is a major contribution of
thepaperof WoodcockandBrien (1992).Becausethenotionof freevariablesin Z is
context-dependent,sotoomustbeany formulationof substitution.

Z usesa dot to denotebindingselection,so
u O L  ; x ���� ; Z��O wF��� takesthevalue�

. Wemaypromotethisselectionoperatorsothat
u O L  ; f6�O wV��� denotestheresultof

replacingeveryfreeoccurrenceof L in expression
�

by
6
, and

u O L  ; f6�O wV�3b denotes
theresultof replacingevery freeoccurrenceof L in predicate

b
by
6
.8 Moregenerally,

anarbitrarybindingcanbeusedasa substitution.This notationis merelya shorthand
for thelocaldeclarationwhichSpivey writesusinglet. Henotesthatlet canbewritten
usingotherZ operators,sothatfor expressions�

let L R  ; (� R9� ����� � L s  ; (� s ���?� f��� L R �h6 R`� �A��� � L s ��6 s O L R  "� RJ� ���A� L s  �� s ���`�
andfor predicates�

let L R  ; (� R � ����� � L s� ; (��sB��bd������ R L R �h6 RJ� ���A� � L s �h6 s O L R  �� R`� �A��� L s  "� s ��b��
(subjectto certainside-conditionsin eachcase).

Theshortformsmentionedabovepermitthedescriptionof inferencerulesfor quan-
tifiersasfollows:���1� K �;� ���nl;� K )	� H}H ��0����l��]�
This is a generalisationof thetraditionalform, which would usereplacement

� ) �J  L 0
in theconclusionof therule. Therule saysthata universalquantificationmaybespe-
cialisedby providing a binding

l
which satisfiesits declarationpart,assigningvalues

to eachof thevariables.Thespecialisedversionof thepredicateis obtainedby using
l

asa substitutioninto
�

.
Moreover, this versionis context-sensitive in that

l¡�Z�
is to beevaluatedin the

context of thedeclarationsin
�

.9 Clearly, for proof,acontext-sensitiveaccountof how
to simplify thesesubstitutiontermsis required.This is presentedin theStandard.

3 PossibleApproachesto Supporting Proof in Z

A significantnumberof proof toolsaimingto supportproof in Z have beendescribed
in the literature. The authorwould be pleasedto hearof any not alreadymentioned
here.

Oneway to classifythe variousproof tools for Z is to distinguishbetweenthose
which encode/embedZ within anexisting system,andthosewhich have beenimple-
mentedespeciallyfor supportingZ. Thelatterclearlyhave a betterchanceof meeting
the concernsof Section2.1. The dividing line is not alwaysentirely sharp(see,for
example,thedescriptionof Ergo in Section3.1.6below).

Z tool summarieshave beenpublishedpreviously by Parker (1991)andSteggles
andHulance(1994).

8Thesymbolsdiffer (
�

vs ¢ ) in orderto helpdisambiguatesubstitutioninto a schemaexpressionanda
schemapredicate:theresultsalsodiffer, in general.

9 £ is a sequenceof Z paragraphs—schemasdeclarations,givensets,predicates,etc. Thesequentform£'¤¡¥ shouldbereadas‘the specification£ is sufficient to derive thepredicate¥ .’
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3.1 Encodingswithin a moregeneralsystem

Many highly configurableproofsupporttoolsareavailabletoday. Someallow theuser
to definea logical theory for a particularproblemdomainwithin a well-understood
logic (e.g. theHOL system);others—the‘logical frameworks’—permitthedefinition
of the logical systemitself from scratch(e.g. Isabelle).This detail neednot concern
us.

However, the level of the embeddingis of interest. Someencodingsare at the
syntacticlevel. A languageof Z terms(termalgebra)is definedwithin thehostsystem,
asareinferencerules,suchasthosepresentedin theZ standard(logical frameworks
arebestsuitedto this task).Alternatively, theembeddingmaybesemantic,providing
a mappingfrom (somethingcloseto) Z into somepre-existing logical theory, suchas
higher-orderlogic. Semanticembeddingsmaybe further subdivided into ‘deep’ and
‘shallow’ embeddings.

The paperof Bowen andGordon(1994)discussesthe issuesinvolved in various
levels of embedding.In generaltherewill be a continuumof possiblelevels, rather
thanasharpdivision. Typically, thedeepertheembedding,themoreabstracttheresults
which maybeproved. (A deepembeddingmight permita proof of thecommutativity
of schemaconjunction,say.) A shallow embeddingmaybe goodfor proving results
abouta particularspecification,but nothing more general. The embeddingswhich
I have called ‘syntactic’ aresomehow the deepestof all, in that the logical rulesof
(somethinglike) Z areencoded,andlittle relianceis placedon the semanticsof the
hostlogic.10

A goodreasonfor choosingto encodesupportfor Z within a moregeneralsys-
tem is that thesesystemstendto be well-designedandefficient. They have sizeable
usercommunitieswith muchexperienceof their use,andlargelibrariesof tacticsand
exampletheoriesavailablefor directre-useor minoradaptation.

Conversely, if oneis concernedto demonstratethe soundnessof one’s encoding,
or complianceto the Z Standard,suchan encodingmay presenta major burden. A
systemsuchasHOL will ensurethe soundnessof proofswhich it produces,but this
is usefulonly if the axiomatisationof Z introducesno inconsistency. Moreover, the
transformationfrom Z into analternative semanticframework mustbetrusted(or the
chosensemanticmodelshown consistentwith that of the Standard). In the areaof
schemas,asdiscussedin Section2.2.2,thiscanbeparticularlyproblematic.Finally, the
majority of suchframeworkswill requireconsiderablework if supportfor Z syntax—
anduserinteractionusingthesamenotation—isto bearranged.

3.1.1 zedB

zedB (NeilsonandPrasad,1992)wasanearlyattemptto supportproof in Z usingthe
B-Tool. BecauseB’s settheoryandlogic is essentiallyidenticalto Z’s, themanipula-
tion of Z expressionsusingB is very profitable.B doesnot supporttheschemanota-
tion, however, so sometricks wereemployed to permit the simplificationof schema
expressions.Thesoundnessof thesewasnever fully explored.

B hasnow becomemuchlessgeneral-purpose,sothis is nota viablefutureimple-
mentationroute.

10The term ‘syntacticembedding’is the author’s invention. Notice that it is at the oppositeendof the
spectrumfrom asyntactictransformation, whichgenerallyaccomplishesashallow embedding.
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3.1.2 Z/EVES

EVESis arelatively highly automatedproof tool (comparedto theotherproofsystems
describedhere)for predicatecalculusand(untyped)settheory. TheZ/EVES system
(Saaltink,1997)translatesZ specificationsinto thecorelanguageof EVES,andsup-
portstheproductionof proofsaboutthosespecifications.Theresultsof theapplication
of proof steps(typically largesteps,dueto the high degreeof automation)aretrans-
formedbackinto theZ notation.

As indicatedabove,considerableeffort hasbeenput into checking(in anautomated
mannerwherever possible)that partial functionsareappliedwithin their domains—
with theperhapssurprisingresultthatverymany specificationscheckedusingthetool
have failed.

An earlierpaperon Z/EVES(Saaltink,1992)explainssomeof thedifficultiesen-
counteredin translatingexpressionsinvolving schemasandbindingsinto theuntyped
baselanguageof EVES,asonewouldexpectfrom theaccountabove.No full solution
is presentedthere,but onehassincebeendiscoveredsoZ/EVESnow coversvirtually
the whole of Z. As with many of the systemsdescribedhere,Z/EVES displayspoor
performancewhen the numberof variablesin a schemabecomeslarge (which may
happensurprisinglyeasily, dueto Z’sstructuringschemes).

3.1.3 Z-in-Isabelle

KraanandBaumann(1995)have produceda ‘deepsemanticembedding’of Z thelo-
gical framework Isabelle.They haveproduceda deductivesystembasedon thatin the
Z Standard(v1.0) usingIsabelle’s simplelogical theoryLkzasa basis(sinceLkz is a
sequentcalculusin thesamestyleasthatof ¦ ). Theobjectlanguage(Z) is represen-
ted in Isabelleusingsimply typedlambdacalculus.This providesautomatedsupport
for productandpower types(thoughnot bindings)soall deductionsareautomatically
type-correct.Quantifiersandotherbindingconstructs(suchassetcomprehension)are
expressedusing lambda-abstraction.The predicate

� L �¡[§�¨�
is representedas�_�E© L � L �P[ª�«���

. Using this style, Isabellehidesmuchof the detail involved
in proof; usualsideconditionsaboutvariablecaptureareautomaticallyrespected(in-
deed,rulesarenot permittedto have side-conditions),andalpha-conversionis auto-
maticwherenecessary.

Thepapercitedexplainshow this approachnecessitatestheexpansionof schema
referencesat the outset; this is donein a preprocessingstep. As we have seen,to
do this entailsstrongassumptionsaboutthe namespacesusedin the specification.
Clearly, it alsoresultsin very long formulae,andthushasa high impacton efficiency.
The formerproblemis mitigatedby Isabelle’s prettyprinter—theconcretesyntaxfor
the expandedschemais retainedas simply its name. Preprocessingis also usedto
eliminatea potentialproblemarisingfrom theuseof schemasasbothpredicatesand
expressions.Approximately, variablesarisingin schemasaspredicatesshouldbefree;
thosein schemaexpressionsshouldbebound.Boundvariablesarenotappropriatebe-
causein Z thenamesmatter: lambda-boundvariablesareanonymous,makingschema
calculusoperationsimpossible.TheZ-in-Isabellesolutionis to replaceall occurrences
of schemasasexpressions

K
with

e K � { K g , beforereplacingtheseinstancesof
K

by
theirdefinitions.

By making thesesimplifications,Z-in-Isabelleis able to provide a useful proof
environmentfor a largeclassof reasoningproblemsin Z.
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3.1.4 Z in Isabelle/HOL

An indicationof thegreatgeneralityof Isabelleis thata secondencodingof Z in Isa-
belle hasbeenproducedby Kolyang,Santen,andWolff (1996),andthis haslittle in
commonwith Z-in-Isabelle. This encodingis built usingIsabelle’s HOL theory. Its
chiefcontribution is to provideanencodingwhichstill allowsschemasto bemodelled
aslogical entities(in fact, aspredicates).It is claimedthat this is donein a manner
which ‘essentiallyconformswith latestdraft of theZ standard’.Theencodingis nev-
erthelessdescribedas‘shallow’ becausenotall aspectsof Z semanticsarerepresented
in logical terms—Z’sdistinctivetreatmentof namesis not representedin thelogic; the
parserkeepstrackof these,andschemacomponentvariablesareessentiallyanonym-
ous(i.e. schemaequivalenceis preservedonly up to alpha-conversion).

Schemasare denotedby characteristicfunctions. A schemais representedas a
predicateovera tupleof variables.A schemaandits representationareshown below.

K
L ��:�B�	¬
�3�	¬m­ª¬
� L �®�

consts S:: "int <=> int * int * int => bool".
def S == SB f.SB x.SB0 y.[x: ¯ & y: ° &

f: ° >--> ° | P x f y ]

The termSB is definedso that it behaveslike a quantifier, andis suppressedby
the pretty-printer;that is, a schemais denotedby a lambda-abstraction.The parser
keepstrack of schemasignaturesinternally, so that the referenceto schema

K
in a

context maybereplacedby anapplication
K L , where L representsthosevariablesof

thesurroundingcontext which areto be identifiedwith thosedeclaredin
K

. Observe
that at this level (hiddenfrom the user)the identifiersin the schema’s signatureare
sortedlexicographically, to facilitatematching.

This representationpermitsuserreasoningaboutschemas—stayingat the level of
the schemacalculus,say—withoutexpandingthe schemadefinitions. In this way,
Kolyanget al. achieve similar resultsto thosepresentedin the logic of theStandard.
Again, largeschemaspresentperformanceproblems.

3.1.5 JigsaWv1

Jigsa¦ v1 (Martin, 1993)usesthe2OBJlogical framework to implementaproof tool
basedon ¦ (WoodcockandBrien,1992).In sofaras ¦ is sound,11 thisis asuccessful
attemptto provide a proof tool faithful to the Z standard. However, the overheads
involvedin supportingthecontext-sensitive notionsof freevariablesandsubstitution
using2OBJ(which wasitself a very experimentaltool) renderedtheresultingsystem
cripplingly inefficient.

3.1.6 Cogito

Cogito(Nicksonet al.,1996)offersanintegratedmethodologyandtool-setfor Z-style
developmentsfrom specificationthroughto executablecode(in Ada, at present).A
variantof Z, calledSumis usedasthe specificationnotation,andthe accompanying
proof tool is calledErgo.

11 ± turnsout to placeheavy restrictionson thenamingof variables,andsois not verypractical.
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Ergo is a generictheorem-prover, but Cogitois its biggestuser, andhasthusinflu-
encedthedesignof boththecoretool andits libraries.Sumis modelledusingErgo’s
Zermelo-Fraenkel theoryof sets. The modellingfollows the semanticsof the stand-
ard,asmentionedin Section2.2.2. Therefore,whena Sumspecificationis translated
into Ergo, the environmentin which eachpredicateis to be evaluatedis madeexpli-
cit. Schemasarecharacteristicfunctions,returning‘

6EDF
��
’ if theenvironmentcontains

a situationof theschema,and‘
�7GJH 5 � ’ otherwise.Theresultingpredicateslook rather

forbidding,but advancedtacticssimplify theminto morerecognisableforms.
This approachhaselementsin commonwith the approachof Z in Isabelle/HOL

(Section3.1.4) in the useof characteristicfunctionsto modelschemas,but herethe
namesareusedwithin the logical theoryto matchschemacomponentsto thecurrent
environment,whereasin Isabelle/HOLthiswork is accomplishedentirelyin theparser.

Theresultis apotentiallyfaithful modelof thecontext-sensitiveschemasemantics
presentedabove, thoughin a ratherimpenetrableform. Bindingsarenot supported,
andsoschemasastypesarenot allowed,thoughit would bea straightforwardtaskto
addthis facility within theexistingmodel.

3.1.7 Z/HOL

A paperby BowenandGordon(1994), (1995)describesasimple‘ “shallow” semantic
embedding’of Z in theHOL system.This approachmakesno specialconcessionsto
Z’s unusualuseof names,thoughit offers limited supportfor bindingsas tuplesof
name-valuepairs. The paperservesasa gooddescriptionof the issuessurrounding
semanticembeddings(in HOL, in particular).

Thepaperoffersthefollowing shibbolethasameansof distinguishingshallow and
deepembeddings:only in thelatterwill thepropertyof commutativity of schemacon-
junctionbeprovable.In ashallow embeddingtheschemaconjunctionwill beconverted
into somethingelse(logical conjunction,typically), renderingthe questionmeaning-
less.

3.1.8 ProofPower

In contrast,ProofPoweris quiteadeepembeddingof Z in HOL, completewith extens-
ive supportfor reasoningaboutZ specifications.Early paperson ProofPower include
thoseby Arthan(1991)andJones(1992);recentinformationis to be foundon a web
site(Arthan,1997). In ProofPowerZ, bindingsareaccuratelymodelledaslogical ob-
jects,andthetypesystemis extendedto supportthisuse.

BowenandGordon(1994)remark,however that this encodingis still insufficient
to beableto prove thecommutativity of schemaconjunction.This is largely because
thereis no way to write a postulateabout‘all schemas’;the modellinghassufficient
depth.They furtherremarkthatthereis nosinglesemanticfunctiondefinedin thelogic
thatmapsZ syntaxinto its meaning.

ProofPower is committedto compliancewith the emerging Z standard,thoughit
doesnotappearthataformalresultaboutthefaithfulnessof its logic with respectto the
Standard’ssemanticsis expected.Of all thetoolsdescribedin this paper, ProofPower
is probablythemostmature.
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3.1.9 PVSand Z

As partof theProCosproject,EngelandSkakkebæk(1994)describetheapplicationof
thePVSsystemto Z specifications(particularlythosein a timedvariantof Z, for use
with thedurationcalculus).We might call this a ‘super-shallow’ embedding,sinceit
actuallyentailsa translationfrom Z into thespecificationlanguageof PVS.All proofs
arecarriedout in PVS,with nospecialreferenceto theZ specificationsfrom whichthe
termsoriginate.

In this case,the mappingfrom Z schemasto PVS theoriesis describedasbeing
quitestraightforward;thereis a close,thoughnot perfectmatchbetweenthetwo. The
languageof Z expressionsis agreaterchallenge,however, asPVSis basedona theory
of total functions,in contrastto Z’s settheoryandpartial functions.A faithful model
of Z functionsin PVSis presented,but asa consequence,theresultingPVStermsare
rathercomplicated,andcannotutilise muchof thepower of theautomationprovided
in PVSfor specificationswritten in its own nativestyle.PVSandZ remainantithetical
in theirapproaches.

Also relevant, sinceit dealswith B’s abstractmachinenotation,which is closely
relatedto Z, is work by Pratten(1995)onusingPVSin placeof theB tool.

3.1.10 Z in LEGO/TypeTheory

Maharaj(1994)describesa carefulstudyof how to encodetheschemacalculususing
the unifying theoryof dependenttypes(UTT), as implementedin the LEGO proof-
checker. Variouspossiblerepresentationsareexplored,takingaccountof someof the
issuesraisedin Section2.2.2.Theuseof schemasto definetypesis explicitly excluded,
and sinceUTT employs an intuitionistic logic (whereasZ is generallytaken to be
classical),the encodingnecessarilycoversonly a restrictedpart of Z. Earlier work
(1990)describes‘implementing’Z usingLEGO.

3.2 SpecialImplementations

Clearly, the alternative to usinga logical framework or general-purposeproof tool is
to constructonefrom scratch. In doing so, onecanavoid all interfaceproblems,by
arrangingfor tool interfacesto permit real Z specificationsto be read,written, and
manipulated.Moreover, in this way it is possibleto side-stepproblemsof soundness
by implementingpreciselya publishedaccountof a logic for Z, suchas the one in
theZ standard.12 Theimplementationis ableto provide full supportfor bindingsand
schemasasfirst-classobjects,andto evaluateaccuratelyZ’s context-sensitive notions
of boundandfreevariables.

Thechiefdrawbackof thisapproachis theinherentlysmallbaseof theories,tactics,
anduserexperienceon which to draw. A longer implementationtime is also to be
expected,of course,andpotentiallypoorerperformanceof thefinishedproduct(though
Jigsa¦ 1, implementedwith 2OBJ,wasbetweentwo andthreeordersof magnitude
slowerthanJigsa¦ 2, implementeddirectly in Haskell).

12Asnoproofof thesoundnessof thatsystemis offered,thequestionof whetheror notthisis wiseis moot.
Moreover, assoonastheimplementorchoosesto change/enhancethepublishedaccount,a new problemof
soundnessarises.
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3.2.1 JigsaWv2

A secondversionof Jigsa¦ hasbeenconstructed,implementeddirectly in Haskell.
Someof its featuresaredescribedin (BrienandMartin,1995),asit hasbeendeveloped
with the specificaim of supportingpreciselythe logic describedin the Z Standard.
Becausethe Z Standardhasyet to stabilise,the tool is not yet in a generally-usable
state.

3.2.2 Zola (Balzac)

Zola (a commercialversionof the tool developedasBalzac(Harwood,1991;Ashoo,
1992)) is basedonacustom-designedlogic, closelyrelatedto ¦ .

Thetool representsa considerablenumberof man-yearsof effort, andso is relat-
ively mature.It hasbeendevelopedin closeco-operationwith theStandardsactivity,
andmaybeexpectedto conformwith theZ Standard.

3.2.3 CADi
¬

The CADi
¬

tool developmenthasgonethrougha numberof stages.Early versions
supportedtype-checkingandtypesettingof Z specifications(Jordan,McDermid,and
Toyn, 1991;Toyn andMcDermid,1995).More recently, CADi

¬
hasbegunto support

proof (Toyn, 1996).Thetool hasahighly visualuserinterface,andis basedon ¦ . An
adhoc implementationof substitutionis used,but conformance(or convergence)with
theStandardis claimed.A tactic languagesimilar to thatusedin Jigsa¦ is available
for writing proofprocedures.

4 Concluding Remarks

This paperhassurveyedsomeof thefeaturesof Z which make theprovision of proof
tool supportaninterestingtask.It hasalsoconsideredtheapproacheswhichhavebeen
takento datein meetingthatchallenge.

Thekey featureof Z which complicatestool supportis its useof names,andthe
consequentialcomplexity of thesemanticsof Z schemas.This hasa wide impactbe-
causeit meansthat substitutionin Z is not readily implementedusing the replace-
ment/rewriting toolswhichcomewith mostproof frameworks.

4.1 The stateof the art

If a generictheorem-proving tool is used,we have seenthata differenceof basiccon-
ceptsmayrendertheresultingsystemsomewhatdistantfrom Z. In somecasesthis is
quitemarked—PVS,for example,usesentirelythewrongparadigm—inothersit is less
immediatelyobvious, but lacking bindingsasfirst-classobjects,or context-sensitive
free variablecalculations,is a significantproblem. By makingshallow embeddings,
suchproblemscanbeavoidedfor largeclassesof specifications,andausefultool con-
structed.However, thetranslationto a hostlogic is necessarilya complicatedstep,re-
quiringmuchof theapparatusof aZ logic itself. Having madethetranslation,theuser
mustreasonin somethingakin to a modeltheoryfor Z, whichhasattendantproblems.
Thesuccessof Z asa specificationnotationcanbeattributedlargely to thestructuring
madepossibleby schemas.If this structuringis lost or obscuredin theproof activity,
proofwill quickly becomedifficult and/orerror-prone.
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Specially-constructedtools arestartingfrom ‘further back’ andstill have a lot of
catching-upto do. They have the potentialto supportZ substitution,schemasand
bindingsata high level, but muchof thebenefitof doingsois yet to berealised.

In bothcases,soundnesswith respectto theStandardsemanticsof Z hasnot been
formally addressed.In this regard, the specially-constructedtools possiblyhave an
advantage,sincethey incorporatea singlelogical systemwhich is amenableto aproof
of soundness.In all but the deepestembeddings,by contrast,someelementsof the
proof of soundnesswill rely on thework of the translator, andsomeon theway that
termsareembeddedin thehostlogic.

This form of soundnessis often termed‘f aithfulness’. Theremay be little doubt
that the host logic is itself sound,but that is not a guaranteethat the transformation
of Z termsinto that systemproducesa sound(faithful) meansof reasoningaboutZ
specifications.

For the time being,thereis a spectrumof options,someof which inspirehigher
confidencein their probablesoundness,someof whichareobviouslysupportingZ (as
distinct from somethingwhich appearssimilar to Z, but in facthasquitedifferentse-
mantics),andsomeof whichareactuallyusefulfor doingindustrially-relevantproofs.

4.2 Future Dir ections

One way to mitigatequestionsaboutsoundness,whilst retainingaccessto existing
proof tools,mightbeto developa framework in whicha well-establishedproof tool is
usedto discoverproofs,andasmall,highly-trustedcustom-built proof-checkeris used
to validatethem.

In any case,it is highly desirableto achievelibrariesof theories,lemmasandtactics
for the Z world. Thereis every reasonto supposethat suchlibrariescould be made
portableacrossvariousproof tools, sincemost work from a commoncollection of
definitionsin theZ mathematicaltoolkit. Spivey’saccountof themathematicaltoolkit
includesa large numberof laws relating the constructsdefinedthere. A library of
suchlaws togetherwith tacticsdescribingtheir proofsshouldbeportableenoughto be
incorporatedinto any proof tool supportingZ.

Reasoningabout schemasis, as we have seen,more problematicthan proving
toolkit properties.SincemostZ specificationswill not usethemostexotic properties
of schemas,however, even thesystemswhich take thegreatestlibertieswith schema
semanticswill often deliver correctresults.Therefore,we might go furtherandcon-
sider proof strategies appropriateto commonZ activities (standardtheoremsabout
specifications,etc.) which could againbe usedin both interactive tools, andtrusted
proof-checkers.

In conclusion,whilst no singleproof tool technologyis a clearwinnerat present,
giventhatwe have generalagreementon thesemanticsof Z andthedefinitionsto be
usedin the mathematicaltoolkit, thereis every reasonto supposethat we shouldbe
ableto extendtheZ mathematicaltoolkit into a proof toolkit. If we canachieve this,
theimplementationtechnologymayeventuallybecomeirrelevant.
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