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A Set-Theoretic Model for Real-Time

Specification and Reasoning

C. J. Fidge 1I.J. Hayes A.P. Martin A. K. Wabenhorst

Abstract.

Timed-trace formalisms have emerged as a powerful method for specifying
and reasoning about concurrent real-time systems. We present a simple vari-
ant which builds methodically on set theory, and is thus suitable for use by
programmers with little formal methods experience.

1 Introduction

Following an intensive period of research, formal methods for modelling real-
time systems are now starting to mature. One of the most successful approaches
has been to model real-time systems via time-varying functions—this accords
with the way dynamic behaviour of time-dependent processes is modelled in the
physical sciences. Prominent examples include the Duration Calculus [20], the
Temporal Agent Model [15], and the timed refinement calculus [9]. Despite many
superficial differences, these languages offer similar capabilities and collectively
form part of the family of ‘timed trace’ formalisms.

Our overall goal is to address the dual challenge of making formal methods
accessible to practising computer programmers, and of devising practical tools
to support the application of formal methods in software engineering. Although
successful in their own right, the timed-trace formalisms are intimidating for
programmers who have little formal methods experience. Furthermore, they re-
quire unconventional reasoning methods, so it is not immediately clear how to
upgrade existing tools to support them.

In this paper we present a timed-trace formalism that builds methodically
on set theory. It borrows the best features of the above-named formalisms, yet
introduces as few new operators as possible. The approach is compatible with
the popular Z specification notation [17] so that programmers already familiar
with Z will be able to learn it quickly, and so that tools that support Z-like lan-
guages can be upgraded to support the notation. (The timed-trace formalisms
already do have Z-based definitions [4,5,1] and the Duration Calculus’s reason-
ing methods have been implemented in a theorem prover [16], but the outcomes
are discouragingly complex.)

The timed-trace formalisms each consist of two parts, a mathematical no-
tation for specifying and reasoning about requirements on timed traces [6, 5],



and a refinement formalism for structuring specifications and developing designs
and programs [8,15]. Here we consider the former only. Section 2 defines our
notation, Section 3 summarises some of its laws, and Section 4 presents a small
example.

2 A Mathematical Notation for Timed-Trace Predicates

In earlier work, Millerchip, Mahony and Hayes [11] defined a simple set-theoretic
notation for concisely expressing properties of time intervals and used it to un-
dertake a substantial case study. Duddy et al. then expanded this definition
with operators for accessing interval endpoints [5]. Elsewhere, the Duration Cal-
culus [6], Temporal Agent Model [15], and their predecessors [12], showed how a
‘chop’ (concatenate) operator can form the basis of an effective real-time mod-
elling and reasoning capability. Here we build on these previous methods by com-
bining Millerchip et al.’sinterval and concatenation definitions with a simple way
to access interval endpoints. We use Z-like mathematical notation throughout.

2.1 Time

Let the absolute time domain T be continuous, as modelled by the real num-
bers R [7,20]. (We assume the availability of real numbers in Z [19].)

Definition 1 (Time)
T ==R
O

A common alternative is to use the non-negative reals Ry, with time 0 taken
to be the moment at which we start observing the system [13]. The definitions
below work equally well with this type.

Another alternative is to assume a discrete time, represented by the integers
or natural numbers. This is often suggested for digital systems [6]. However
we note that such systems are merely a special case. They can be modelled as
continuous systems, with a real-valued time domain, in which values change only
at whole multiples of some sampling period [3].

2.2 Time Intervals

Time intervals are represented as the set of all times between some infimum a
and supremum 2z [11].

Definition 2 (Time intervals) The lefi-open, right-closed interval between
values a (exclusive) and z (inclusive), both of type T, is defined as
(a...z] =={t:T|a<t<Lz}.

Similarly for left and right-open (a ... z), left and righi-closed [a ... 2], and left-
closed, righi-open [a ... z) endpoint brackets.
O



This is consistent with mathematical tradition for real intervals. (The ‘..." sep-

arator for defining sets of reals is reminiscent of Z’s ‘..” operator which defines
sets of integers.)

Intervals defined in this way are all finite. In the literature, infinite intervals
are often introduced by leaving one argument blank, or using the infinity symbol.
For instance, the open interval from a¢ onwards may be written (a, ) or (a,c0),
meaning {f : T | ¢ < t}. We could define equivalent notations here, but do
not need to because the sets of time intervals defined below allow unbounded
properties to be expressed via unbounded unions of finite intervals.

2.3 All Time Intervals

The set I of all (finite) time intervals is defined as all non-empty sets of times
constructable using the above interval brackets [5].

Definition 3 (All time intervals)

I =={a,2:T|a<ze(a..z)}U
{a,2:T|a<ze[a..2)}U
{a,z:T|a<ze(a..z]
{a,2:T|agzeo[a..z]}

The empty set is not a meaningful time interval. The shortest possible inter-
val is a single point, denoted by a closed interval with identical endpoints. For
instance, [7...7] = {7} is a single-point interval with duration zero. Note that
(7...7) is not a valid interval, since it denotes the empty set.

2.4 Timed Traces

The central feature of the timed-trace formalisms is their use of functions from
the time domain to model the dynamic behaviour of observable system proper-

ties [7,13,15].

Definition 4 (Timed traces) FEach variable v in a system, which may take on
values from some type V, 1s modelled as a total function from the time domain
to V:

v:T— V.

As shown in Figure 1, range type V has a significant impact on the shape
of the graph defined by such a trace. If V is the real numbers, as is usually the
case when modelling properties of the physical environment, the graph of » may
be a smooth curve. If V is a discrete type, as is usually the case when modelling
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Fig. 1. Timed-trace graphs for continuous (left) and discrete (right) range types.

properties of digital hardware devices or computer program variables, the graph
of v will exhibit a stepped pattern.

We have assumed that all timed traces are fotal functions. Earlier, Duddy
et al. went to considerable lengths to accommodate partial functions, so that
times when the observed variable does not have any well-defined value could
be modelled by omitting such times from the domain [5,7]. Here we instead
represent times when a variable is ill-defined through underspecification of the
range at that time. This is slightly weaker than Duddy et al.’s approach, since
a partial function can capture the notion that sampling » when it is ill-defined
may return a value outside type V. Nevertheless, this capability can be simulated
when using total functions by adding a distinguished ‘not-in-type’ value L to V.
Similarly, the Duration Calculus uses a ‘defined almost everywhere’ assumption
which allows for a countable number of points of undefinedness in any observation
interval [20]. Again we use a simpler approach and just assume that variables
are defined everywhere.

For example, given a continuous type Celsius == R, and a discrete type
Switch ::= On | Off , the temperature of a room may be declared as

temp : T — Celsius
and the state of an air-conditioner as

aircond : T — Switch .

2.5 Avoiding References to Time

An important feature of the Duration and timed refinement calculi is their provi-
sion for lifting predicates on timed traces [4,5]. This mechanism makes it possible
to elide most explicit references to the time domain when accessing timed-trace
variables, thus supporting concise specifications. For example, given a Celsius-
valued constant TooHot, we may wish to write

TooHot < temp



to express the notion that the temperature is uncomfortably warm, even though
temp is not a number, but a function. The lifting mechanisms account for this
by creating overloaded versions of boolean and arithmetic operators to act on
functions, as well as single values. Unfortunately, the general definitions of these
lifting procedures are quite complex [4,5]. Therefore, we instead use the simple
substitution-based approach advocated by Millerchip et al [11].

Definition 5 (Time instantiation) Let P be an ezpression containing free
occurrences of timed-trace variables v, and t be a value of type T. Then we
define instantiation of expression P at ttme t as

P@t == P[i(1)/7],

where P[0(1)/7] is expression P with any free occurrence ‘v’ of a timed-trace
variable from ¥, which is not dereferenced, replaced by ‘v(t)’. Appropriate re-
naming may be needed if t occurs bound in P.

O

In effect, this is a context-sensitive generalisation of the standard notion of syn-
tactic substitution, relying on knowledge of which identifiers have been declared
as timed traces. Care must be taken to recognise implicit dereferencing of timed-
trace variables via, for example, relational image brackets, domain restriction and
exclusion operators, integration and differentiation operators, and so on.

For example,

(TooHot < temp) @ 3 = TooHot < temp(3).

On the right, temp has been explicitly dereferenced by 3 because it was declared
as a timed trace, but not dereferenced. Non-timed-trace constant TooHot is
unchanged.

This special form of substitution is the only operator we introduce that differs
substantially from the 7 specification language.

2.6 Sets of Time Intervals

We can now introduce our principal specification modelling tool, brackets for
defining the set of all time intervals during which some predicate is (everywhere)
true [11]. We also use the opportunity to introduce notations for features of the
intervals themselves, specifically their infimum «, supremum w, and duration §.
For instance, given a positive T-valued constant TooLong, we may wish to write

TooHot < temp A TooLong < 6

to express the notion that the temperature has been too high for too long a
period.
Sets of time intervals are expressed by special brackets as follows.



Definition 6 (Sets of time intervals) Given a predicate P, containing free
occurrences of timed-trace variables v, we define all left-open, right-closed inter-
vals during which P is true as

(P =={a,w,6 T, P:T|a<wAb=w—-—-aAdP=(a.w]A
(Vr:dePQr)ed}.

Similarly for left and righi-open ( PJ, left-closed, right-open [P), and, with the
condition o < w, left and right-closed [ P] brackets.
]

In other words, these brackets return all intervals @ with infimum «, supremem w,
and duration é during which predicate P is true at every time 7 in the interval.
If P does not hold over any such interval the empty set is returned.

The time-instantiation operator @ is used in Definition 6 so that P may
contain non-dereferenced occurrences of timed-trace variables. Furthermore, our
definition allows times «, w and é to appear free in P—they are bound to
the infimum, supremum and length of the interval, respectively. A similar, but
considerably more complicated, capability i1s achieved in the Duration and timed
refinement calculi by lifting terms with respect to intervals, rather than times,
and allowing functions on the interval domain to appear in P [5,4]. The é
notation is not fundamental, however the need to refer to the duration of an
interval occurs so frequently that it is worth including this redundancy. In the
Duration Calculus the much-used length operator £ serves the same role [13].

(Potentially, predicate P could also directly refer to the interval @ itself, or
even to the ‘current time’ 7, since the predicate appears within the scope of these
two declarations. This ability is rarely needed, however, so we shall assume that
@ and 7 do not appear in P below.)

For example,

¢ TooHot < temp A TooLong < 69
={a,w:T|a<wA(V7:(a..w)e TooHot < temp(r) A
TooLong Sw—a) e (.. .w)}

defines the set of all open intervals during which the temperature is too high for
too long.

In use, the brackets defined above appear similar to the [P] brackets used
by the Duration Calculus [20]. However, [P] denotes not a set of intervals, but
a formula which must be interpreted in the context of a particular interval [6].
Also, we have a slightly stronger notion of equivalence. In the Duration Cal-
culus [P] = [Q] tells us that properties P and @ hold for the same duration
within each fixed interval, whereas in our notation (P) = (@) says that P
and @ are both true everywhere on the same (open) intervals. We allow values
to be observed at all points, and make a distinction between open and closed
endpoints. The Duration Calculus’s ‘almost everywhere’ assumption means that
values may not be observable on some points, and, because it is concerned only
with comparing interval lengths, the Duration Calculus treats endpoint closure
as unimportant.



2.7 Unspecified Endpoints

So far we have made endpoints explicit, since this is consistent with mathemati-
cal convention for describing intervals. In writing specifications, however, which
may involve a degree of deliberate underspecification, we sometimes do not care
whether endpoints are open or closed. Interval set brackets that allow for either
an open or closed endpoint are defined trivially.

Definition 7 (Unspecified endpoints) Given a predicate P, the set of all
right-open intervals during which P 1s true is defined as

EPy ==fPyuUPy.
Similarly for sets of right-closed [f P4, left-open ¢ PY, and left-closed [ P intervals.

Sets of intervals where neither endpoint is specified are defined as

EP] ==€PHyUEPJUEPUEP).

In practice, specific endpoint brackets are typically used for properties which
are fixed in absolute time—in such situations knowing whether the endpoint is
included or not can be significant. Unspecified endpoint brackets are usually used
for relating system properties where the particular times at which they occur
is unimportant. The style of specification promoted by the Duration Calculus
also reminds us that endpoint closure is irrelevant for properties dependent on
interval lengths only.

2.8 Operators on Sets of Intervals

Since properties are expressed as sets of time intervals, conventional set opera-
tors can be used for manipulating them. However, an extra, frequently-needed
capability is an operator for connecting intervals end-to-end, in order to sup-
port reasoning about sequences of behaviours [12,20, 15]. (In interval logics this
concept is called “chop” because it divides a temporal property into two subin-
tervals [12].)

Definition 8 (Concatenation) Concatenation of elemenis from two sets of
wntervals X and Y is defined via the binary operator ‘3’:
XY =={2:X;9y:Y; z2:I|z=zUyA
(Vi1 :z; ta:yety <tg)ez}.

0

In other words, an interval z from the left-hand set can be joined to an interval y
from the right-hand set, to form a new interval z, if z occurs strictly before y,
and the two intervals meet ezactly, with no overlap or gap [5]. Allowing a point
of overlap [12] would prevent us from using this operator to mark those times



when a predicate changes between true and false. Alternatively, allowing an
undefined point between the intervals [11] would be inconsistent with our use of
total functions. Importantly, whenever two intervals are joined in this way, the
supremum of the left-hand interval equals the infimum of the right-hand one.

For example, a requirement that the air-conditioner is on at the end of any
open interval where the temperature has been excessive for too long can be
expressed by the following predicate.

¢ TooHot < temp A TooLong < 69 C ¢true) 5 faircond = Ony

Notice the use of unspecified brackets so that we are not troubled by the end-
points used by the concatenation operator to join the intervals. Either an open-
closed or closed-open concatenation is allowed. In this way concatenation can be
made insensitive to endpoints. (Since the ‘aircond = On’ interval is open on the
right, it must have a non-zero duration, regardless of its left-hand endpoint.)

Many other useful operators for manipulating intervals could be defined,
but are not fundamental. For instance, a prominent feature of the timed refine-
ment calculus, missing from our notation, is the concept of mazimal interval
covers [11,5]. There ‘4Py’ is used to define those intervals which are maximal
on the left with respect to P. That is, they begin at the moment P first be-
came true, and thus cannot be extended any further left. However we observe
that specifications relying on this operator can always be equivalently expressed
using concatenation, albeit more verbosely, using the ‘6= PJ;¢PJ’ approach fre-
quently found in Duration Calculus specifications to mark moments when some
property changes from false to true or vice versa [20].

3 Laws

In this section we present a selection of laws applicable to reasoning about the
above specification notation. Of course, we inherit all the usual properties of set
theory [2] for reasoning about both time intervals and sets of intervals. Below
we introduce laws for reasoning about interval brackets and the concatenation
operator. In doing so, we adapt some of the well-established laws defined for
interval logic and the Duration Calculus [14, 6].

3.1 Properties of Sets of Time Intervals

The following laws show how logical expressions relate to interval set brackets.
Let P, @ and R be predicates containing (possibly non-dereferenced) occurrences
of timed-trace variables ». Unless otherwise stated, they may also contain free
occurrences of «, w and 6.

The first law tells us how predicates and sets of intervals are related.

Law 1 (Monotonicity) If, for all a, w, § and 7 of type T, where 6 = w — «
and o < 7 < w, 1t s the case that

P@r=Qar,



then

EPIcEQ]-
O

From Law 1 and properties of the subset operator we can derive many other
useful laws. For instance, if it is always the case that P @ 7 < @ @ 7 then
we may conclude fPY = [QJ. Also, thanks to the transitivity of the subset
relation [2, p. 22], we gain an especially useful property. If [ PY C [Q]J, then for
a predicate P’, stronger than P, we can conclude [P’y C [Q]. Similarly, for a
predicate @', weaker than @), we can conclude fPJ C [FQ'J.

For generality, Law 1 used unspecified endpoint brackets. In this, and other
laws below, we also implicitly assume specialisations for specific endpoints via
set difference [2, p. 23]. For instance, if [ PY C [fQJ then we may also conclude
¢PJ C £QJ, by subtracting all left-closed intervals from both sides, and so on.

We can identify two extreme cases of interval specification.

Law 2 (True and false)
Etrue} =1
kfalse) = @
]

Thus we can express the notion that some property P is true in any interval by
stating [ PJ = I. We also observe that if a property is true everywhere it is false
nowhere: [P} =1¢& [~ P) = o.

Further laws show how other logic and set operators relate. For instance,
conjunction and intersection interact in an obvious way.

Law 3 (And)
fPINEQI=EkF A Q)
a
From Law 3 and the definition of subset [2, p. 21], we gain another useful prop-
erty. If fP A Q) C [RJ, then we may conclude [P A @) C fQ A RJ, thus

allowing predicates on the left to be used on the right.
The relationship between disjunction and union is weaker, however.

Law 4 (Or)

fEPIVEQIC PV Q)



To see the cause of the asymmetry consider a situation where P is true through-
out interval [1 ... 10], but at no other times, and @ is similarly true everywhere
in [5...15] only. In this case, interval [3...14] is a member of the right-hand side
of Law 4 but not the left, so we cannot strengthen the inequality.

Another asymmetric relationship holds between negation and set difference.

Law 5 (Not)
f-PICTINER]
0

To illustrate the asymmetry consider the situation where P is false at all times
except time 1. In this case, interval (0 ...2) is a member of the right-hand side
above, but not the left.

3.2 Properties of Concatenation

The following laws show how concatenation interacts with other set operators.
Let S, T, U and V be sets of time intervals, i.e., elements of type P, where P
denotes powerset.

From Definition 8 we can derive the following fundamental laws [14, p. 41].

Law 6 (Concatenation monotonicity) If
SCS and TCT',
then
S;TCS T
O
Law 7 (Concatenation associativity)

(S3T); U=S3(T;U)

Definition 8 also tells us that the empty set of intervals acts as the zero of
the concatenation operator. It thus serves the same role as formula ‘false’ in the
Duration Calculus [14, p. 41].

Law 8 (Concatenation zero)

Sy @=2;5=0

Concatenation distributes over union [14, p. 41].

10



Law 9 (Concatenate union)
(SUT); U=(S:U)u(T50U)
S;(TUU)=(S;T)U(S5U)

The equivalent law for intersection is weaker, however.
Law 10 (Concatenate intersection)
(SNT); UC(S:U)N(T5 )
S;(TNU)C(S:T)N(S5T)
a

Ravn suggests the following example to illustrate the asymmetry [14, p. 42]:

(6 = 13N €6 < 19) 5 Ftruey 2 (€6 = 19 3 ftrue)) N (€6 < 19 5 ftruey) .

We can easily find intervals to satisfy the right-hand side. However, because
£ =1)NE6 < 13 = @, due to the contradictory requirements on the duration,
the left-hand side is empty.

A symmetric law for distributing concatenation over intersection can be pro-
vided for intervals of fixed length, however [14, pp. 41-2].

Law 11 (Concatenate fixed intersection) If r is a non-negative value of
type T, then

(Snfp=r)) ;s T)N((UNES=19)s V)=(SNUNES=r)):(TNV)
and
(S5(UNE =) N(T5(VAEs=rd) = (SN T);(UN VA= rd).

Similarly in the first case with the [-) brackets replaced by [, and in the second

case with the (- brackets replaced by [-).
[m]

The restriction on é serves to fix the lengths of the intervals so that the two
concatenations on the left occur at the same time. A specific endpoint is needed
where the concatenations occur to ensure that the two pairs of intervals are
joined with the same open-closed or closed-open combination.

Other useful properties of concatenation also rely on the lengths of intervals.
An interval can be composed of two subintervals, provided that it does not have
zero duration [14, p. 45].

Law 12 (Concatenate property) If o, w and § do not occur free in P, then
EPAO<8)=FEPY;EPY.

11



In specialisations of this law where the intervals on the left have open endpoints,
and hence non-zero duration, we can omit the condition on § and just state
¢Py = ¢PJ; [PJ, and so on. Law 12 restricts the appearance of a, w and 6
in predicate P because, in general, the same time-dependent predicate cannot
appear on both sides of the concatenation operator. For instance, it is clear that
k6 = 6] is not equal to 6 = 6] ; 6 = 6].

A variant of Law 12 shows how concatenation relates to duration [14, p. 44].

Law 13 (Concatenate duration) If o, w and § do not occur free in P, and
r and s are non-negative values of type T, where r > 0 or s > 0, then

KP/\(S:T—}-SX:KP/\é:Tﬂ;KP/\é:sﬂ.

4 Example

As a concrete example we present a proof that a specified property is achieved
via a periodic design. This is a common situation in embedded real-time devices
that repeatedly sample some value, process it, and output the result.

4.1 Specifications

Consider the specification of a speedometer. Its input consists of a voltage v,
proportional to the velocity of the vehicle, produced by an axle-mounted sensor.
The required output i1s an estimate s of the vehicle’s speed. We assume the
system 1s calibrated so that a satisfactory value for s is calculated easily by
multiplying v by some constant M.

| MRy [Multiplier for estimating speed from voltage]

We consider the value of output s to be acceptable if it differs from » * M by no
more than some error F.

| B:Ry [Acceptable error magnitude]

To describe the times when speed s has an acceptable value, we introduce an
auxiliary, {0, 1}-valued ‘good-speed’ function g, which equals 1 only when speed
s is within the acceptable range. Let D denote the set of differentiable real-to-real
functions, i.e., continuous functions with graphs for which a unique tangent exists
at all points [18, pp. 32-3]. Let S be the set of integrable real-to-real functions,
e.g., those that exhibit bounded piecewise continuity [18, p. 182]. Boundedness
means that there is some finite constant greater than the magnitude of the
function at all points. Piecewise continuity requires that any interval can be
partitioned into a finite sequence of nonoverlapping open subintervals over each
of which the function is continuous. For some number ¢ and non-negative number
bylet atbh =={c:R|la—b<c<<a+b}

12



— InputOuiput

v:D [Input voltage]
s:T—TR [Output speed]
g:SN(T— {0,1}) [Auxiliary good-speed function]

fbg=1lesevsM+E)=1I

In other words, in all time intervals, g equals 1 if and only if speed s stays within
the acceptable error bounds.

Since it would be unreasonable to expect the system to produce acceptable
values at all times, we merely require that in any observation interval of length
at least I, that there will be acceptable outputs for some proportion P of the
time.

I:m [Minimum observation interval]
P:R [Acceptable proportion of good output times]
0<1I

0<P<1

The system is required to produce good outputs only after starting time 0, to
allow for initialisation activities. The overall requirement is then expressed as
follows. Let f:f denote the integral of function f between times a and b [18,
p. 174].

—_ SpeedOk
InputOutput

eoga/\lgéageé*lﬂgf:g;

This exploits the fact that in intervals where function ¢ is everywhere equal 1,
the integral of ¢ also equals the duration of the interval. The Duration Calculus
makes extensive use of this property by making all predicates {0, 1}-valued, so
that integrals and durations are interchangeable [20].

To make a solution to this requirement feasible we need an assumption about
the maximum acceleration of the vehicle, and hence worst-case rate of change of
the voltage v. The magnitude of the voltage’s rate of change is assumed to be
no greater than some constant R.

| R:R4 [Worst-case voltage rate of change]

The following assumption states that this is true in any interval after starting
time 0. Let f' denote the derivative of function f [18, p. 33]. (This notation
should not be confused with the priming convention used when expressing state-
machine models in Z.)

_ VoltageRate
v:D

F0 < af C R < RY

13
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Fig. 2. Behaviour of periodic speedometer.

We now propose a solution to the above requirement in the form of a periodic
behaviour, with period 7' and relative deadline D.

T:T [Period]
D:T [Deadline relative to start of period]
I 0<D<T

As shown in Figure 2, the intention is that the system will start processing
voltage v after the start of each period, producing a new value for speed s
by the deadline. In every period there is therefore an initial open interval of
duration D during which input v will be sampled, and the value of output s
may be ill-defined. In the remainder of the period, output s must equal M times
the sampled value of ». Thus, in the n P period, speed s will be well-defined for
at least the closed interval from time n* T+ D to (n + 1) * T Let f(|S]) be the
image of set S through function f.

__ Speedometer
InputOutput

{n:Ne[nxT+D. .. (n+1)xT]}Clts/M € v((a— D ...)]]

The set on the left consists of all closed intervals during which s should be well
defined. It can be expressed equivalently without the set-comprehension brackets
as[3n :Nea=n*xT+ D A é= T— D]. On the right, acceptable values
of s in such intervals are defined, relative to values of ». Notice that interval
(o — D ... ), used to define the times when v may be sampled, lies ouiside the
interval defined by the enclosing [-] brackets. Such expressive power is one of the
advantages of making the current infimum and supremum explicitly accessible.

4.2 Proof

Our task now is to show that the design expressed by Speedometer satisfies
requirement SpeedOk in the presence of assumption VoltageRate [13]. In other
words, we must prove that

(Speedometer A VoltageRate) = SpeedOk .

14



As a first step we use the concatenation operator to extend the speedometer
property to cover an entire period, not just the part after the deadline. To do
this we prefix an open interval of duration D.

Speedometer
= ‘by Law 6’
tb=Dy;{n :NenxT+D..(n+1)*T]}
C 5= Dysks/M € of(a—D...a))]
& ‘by Definition 8’
{n Ne(n*xT..(n+1)%T]}
C (6= Dy;Es/M € vl(a— D ..)) M

Next, we wish to determine how the input voltage v behaves during a period.
To do so, we firstly observe that

{n:Ne(nxT..(n+1)+xT]}C(6=1T1, (2)
which tells us the length of each period, and
{n:Ne(nxT..(n+1)xT]} C[0< o], (3)

which tells us the earliest starting time of each period. The second of these can
be combined with the overall assumption to determine how » may change in a
period.

(3) A VoltageRate
= ‘by transitivity of subset and set difference’
{n:Ne(n*xT..(n+1)xT]} C{'|<R] 4)

This known rate-of-change can then be partitioned into the two subintervals of
interest in each period.

{n:Ne(nxT..(n+1)*T]}
C ‘by (2) and (4) and absorption [10, p. 71]°
('] < RINGS = T

= ‘by Law 3’
(o] < RAG=T]
= ‘by Law 13’
(V| < RA6=DY;El| SRAS=T— D] (5)
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For each subinterval of each period, we now know how voltage v behaves, and how
speed s is defined in terms of v. These two pieces of information are combined
as follows.

{n:Ne(n+xT..(n+1)%T]}
C ‘by (1) and (5) and absorption’
((6=Dysks/M € v((a—D ...a))J) N
(/| < RAS=DYsl]/| < RA6= T — D)
= ‘by Law 3’
((6=Dysks/M € v((a—D ...a))) N
(€' < Ry s = D) s Ev'[ < RAS=T - D)
= ‘by Law 11’
(€[o'| S Ry Nes = DI)
(Es/M ev((e—D...a))JNEY | K RAE=T - DY)

= ‘by Law 3’
o[ < RAS=Dy;
fs/Mev(|(a—D..a))AJ'|<RANS=T— D] (6)

We then use the behaviour of voltage v, and the known durations, to de-
termine how stale the value of s may be. Firstly we express the rate of change
as a property relative to the point where the concatenation occurs. Notice the
use of expressions in which v occurs in both dereferenced and non-dereferenced
instances.

{n:Ne(nxT..(n+1)%T]}
C ‘by (6) and Laws 1 and 6’
ftvevw) £ D*RA6= Dy
Es/M cv((a—D...a)) Av(a) € v+ (T — D) * R]
= ‘by Definition 6’
tv(w—D ..w))Cov(w)x D*xRANE=Dy;
ts/M ev((a—D..a)) Av(a) Ev (T — D) * R] (M)

We then exploit the fact that time w for an interval on the left-hand side of a
concatenation equals time « for the right-hand one.

{n Ne(nxT..(n+1)*T]}
C ‘by (7) and Definition 8 and Laws 1 and 6’
t6=D);ls/M cv(a)£D+xRANv(a) vt (T — D)*R]
C ‘by Laws 1 and 6’
(6=Dy;fs€v+« M+ Tx*RxM] (8)
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0 Y X X4+Y 2%xX 2«X4Y T

Fig. 3. A behaviour of function f consistent with the condition for Lemma 1.

The definition of auxiliary function ¢ can be used to simplify this predicate.

(8) A InputOutput
= ‘by Laws 1 and 6’
{n Ne(nxT...(n+1)xT]}Ct6=D)s3fg =1 (9)

This step introduces proviso T x R * M < E, relating the sampling period and
input rate of change to the acceptable error. A smaller acceptable error will
require a faster sampling rate, or a slower rate of change, as one would expect.

Having proven a property of the system relative to fixed intervals, we need a
way of generalising its applicability. To do this we introduce the following lemma
which uses integration to extend repetitive properties to longer intervals.

Lemma 1. Let f be a non-negative function of type R — Ry. Also let X and
Y be non-negative values of type T, where Y < X, and 7 be a non-negative real

value. If
{n:Ne(nxX . ..(n+1)xX]}C6=Y);}7 < f]
then
OSaAX<HCEB*Zx(X=YV)/(X+ V)< [ A
0

In other words, we initially know that in every period, of duration X, the value of
f is always at least 7, except for an initial ‘undefined’ subinterval of duration Y.
In Figure 3 we can see that f does not enter the shaded areas. From this we wish
to conclude that in any open interval, of duration at least X, the integral of f
will be at least the duration times Z % (X — YV)/(X + Y).

Proof outline Since f equals at least 7 for at least X — Y time units in any
one period, term 7 % (X — Y') represents the least integral of f in a period.
Term X 4 VY is the duration of a worst-case observation interval. This is one
covering two undefined subintervals, but only one defined subinterval. The first
such worst-case interval is [0 ... X + Y]. In longer observation intervals, that
similarly begin and end with whole undefined subintervals, the ratio of defined
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to undefined subintervals improves on this worst case, going from 1/2 to 2/3 to
3/4, and so on.
O

The overall proof is then completed by appealing to the lemma.

(9) = ‘by Lemma 1’
(O<aAT<ECE*(T-D)/(T+D)< [ g)
= ‘by definition’
Speed Ok (10)

The last step introduces provisos 7' I and P < (T = D)/(T + D). The first of
these tells us that the period must be no greater than the minimum observation
interval. The second relates the deadline and period to the proportion of time
during which good values can be observed. As the value of deadline D approaches
the period T, it reduces the possible proportion P of ‘good’ time. Again, this
matches our intuitions, since a larger deadline relative to the period allows output
s to be ill-defined for longer intervals.

Thus, if we satisfy the provisos on the system constants introduced during
steps (9) and (10), we can finally conclude that our proposed design does indeed
satisfy 1ts specification.

5 Conclusion

We have introduced a set-theoretic model for specification and reasoning using
timed traces. It embodies many features found in previous real-time formalisms,
yet requires little specialised mathematical knowledge, so should be amenable
to industrial uptake by programmers with minimal formal methods experience,
and representable in existing formal development tools. The definitions avoid
the usual need for implicit expression lifting with respect to intervals by making
the current interval endpoints explicitly accessible. At the time of writing we
are extending the set of laws with rules for induction, and starting work on a
theorem-prover representation of the model.
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