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A reviseddeductivesystemfor Z

Andrew Martin
�

SoftwareVerificationResearchCentre
TheUniversityof Queensland

Abstract

We presenta deductive systemfor Z. The first part of this report describes
thebackgroundto thepresentation,andseeksto clarify somecommonmisunder-
standings.Thegreaterpartof thereportis takenupwith aproposedrevisionof the
sectionof theZ Standardwhich describesa deductive system.
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1 Intr oduction

Thistechnicalreportpresentsavariantof thedeductivesystemdescribedin version1.2
(theCommitteeDraft) of theZ Standard(Nicholls1995).In mostregardsit represents
only a small variationon thepreviousversion. It hastried to cover all thecomments
andissuesraised.

Whilst largely dealingwith the particularrequirementsof Z standardisation,this
work mayalsoberelevant to otherprojectsconsideringmachineassistancefor Z rea-
soning. In particular, a dedicatedproof tool for the Cogito (Traynor, Hazel,Kearney,
�
Author’s address(from April ’98): Departmentof ElectronicsandComputerScience,University of

Southampton,SouthamptonSO171BJ,UK. apm@ecs.soton.ac.uk
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Martin,Nickson,& Wildman1997)specificationlanguageSumis underconsideration,
andthis deductive system,with additionalconstructsto supportmodularity, might be
usefulthere.

Thedocumentis structuredasfollows. Thenext sectionintroducestheconceptof
adedicateddeductivesystemfor Z, andexplainswhy it mightbeuseful.Thefollowing
sectionoutlinessomeof theproblemswith theversionpresentedin thecurrentversion
of theStandard,andexplainshow they areaddressedhere.Anothersectionaddresses
reasoningwith schemas,andhow this is coveredin thesystempresentedhere.Follow-
ing this,a sectiondescribeshow thesoundnessof thesystemmight bepresented.

The deductive systemitself is conjoinedasan annex, following very largely the
form it might take in theStandard.

Notation Thedeductivesystemis presentedusingthecurrentversionof theabstract
syntax(Nicholls1997).

2 Deductionsin Z

The introductionto the annex explainsthe rationalefor constructinga deductive sys-
tem for Z. Many have proposedapproachesto constructingreasoningenvironments
for Z (Martin 1997);somemoresuccessfullythanothers.Whilst Z is superficiallya
typedversionof elementarydiscretemathematicalideas,supportingits full rangeof
expression,andin particularschemas,is somewhatproblematic.

In essence,therearetwo approacheswhich maybefollowed. Oneis to find ways
to expressZ usingmorefamiliar constructsfrom logic andsettheory; the otheris to
describea reasoningsystemin which all deductionsstaywithin theZ language.The
latteris theapproachusedhere.

In takingthis approach,we ensurethatall thetermsarisingin theproof arepartof
Z. In particular, they arewell-formedwith respectto Z’sgrammar, andwell-typedness
is preservedby theinferencerules.Theinferencerulespresentedarethusintendedto
beaxiomatic:it shouldnot benecessaryto decomposeany Z terms,or to stepoutside
the standardgrammarin orderto accomplisha proof. A lengthyaccountof proof in
this styleis publishedasa tutorialon proof in StandardZ (Brien & Martin 1995).

This propertyis akin to completeness,but we do not expecta logic for Z to be
completein the usualsense.The soundnessof the axiomsmay be verified usingthe
semanticspresentedin the standard. Indeed,one reasonfor the particularstyle of
presentationusedthereis to facilitaterelatively easyproof of suchproperties.

3 Objections raisedagainstprevious versions

A numberof objectionsmayberaisedagainstthepresentationof a deductive system
for Z in theCommitteeDraft of theStandard(Nicholls1995).Somecamethroughthe
formalballot procedure,a very few otherscamefrom differentsouces.

Thereareanumberof typosin thatpresentation,somemissingprovisos,anda few
incompleterules. Someruleswereincorrectlymarked asreversible. Somenotation
wasinconsistentwith the restof theStandard.Thedeductive systemwasintendedto
be presentedusingthe abstractsyntax,but did not adhereto it tightly. The scopeof
provisoson variouscalculationalparts(for � ,

�
, andsubstitution)wasunclear. Most

of thoseinfelicitiesshouldberectifiedhere.
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Thepresentationof ‘provisos-as-judgements’is flawed.If the‘tree-squashing’the-
oremis invoked,thecontext in whicheachprovisois to beevaluatedis lost. In thenew
presentation,thecontext for eachproviso is madeexplicit.

Thedeductive systemtakesa particularview with respectto non-denotingterms.
In this regard, it is a valid interpretationof the standardsemantics,which hasbeen
constructedto allow severaldifferentinterpretations.This wasnot madeclear, andso
thepresentationhasbeencalledunsoundbecauseit identifiedtheoremswhich cannot
bededucedfrom thesemantics.(For example,for any expressione, thetheorem� e �
e is provablein thedeductivesystem.)

4 Reasoningwith schemas

Givenourconcernto stayentirelywithin theZ languageandusethisdeductivesystem
to proveall usefultheorems,thenumberandscopeof therulesfor theschemacalculus
mayseemto beundulylimited. In fact,no furtherrulesareneeded.

Thekey to this observationis theuseof bindings(i.e. membersof schematypes)
assubstituionsin this deductive system. Insteadof substitutionbeinga metalogical
notion, it is actually definedwithin the logic. Sincesubstitutionis highly context-
sensitive, this turnsout to beveryappropriate.

A statementsuchas

b � S

canbetransformed(subjectto certainwell-formednessconditions)into thepredicate

b � S

andtherulesof substitutionusedto simplify thepredicatesothatno schemacalculus
operatorsremain.Thishasbeentheapproacheversince� (Woodcock& Brien1992)
demonstratedthatbindingscanbeusedfor substitution.

The standardnow replacesschemapredicatesby membershipstatements.The
predicate

S

is replacedby
	
S � S

Thispresentsa problem,becauseit meansthatb � S is not well-formed.
The simplestsolutionis to make an extensionto the abstractsyntaxin the logic,

sayingthatS is a shorthandfor
	
S � S, andthenalsogiving axiomsfor b � S.

5 Conclusion

This presentationoffers the presentbestattemptat a deductive systemwhich stays
within StandardZ. It is intendedfor considerationfor inclusionin thenext Committee
Draft of theZ StandardsPanel.

We havenot addressedtheissueof soundnesshere.An outlineproof of soundness
is includedin (Brien 1998).Therelationalpresentationof theZ Standard’s semantics
is intendedto make sucha proof relatively simple. We would expect to publish a
soundnessproof to coincidewith publicationof theStandard.
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A A deductive systemfor Z

A.1 Intr oduction

Thedefinitionof theZ notationdefinesa way in which any specificationwritten in Z
canbetranslatedinto thelanguageof settheory. This defines,indirectly, a logic for Z:
a specificationentailsa predicatewhenthe translationof the specificationentailsthe
translationof thepredicate.Thepurposeof thisinformativeannex is to giveanexample
of adeductivesystemfor Z thatis moredirectthansuchadoubletranslationscheme.It
is, further, adeductivesystemfor Z in whichthelanguageusedfor deductionis closely
relatedto Z. Thepurposeof suchadeductivesystemshouldbeclearto anyonethathas
written or attemptedto understanda specification. Reasoningabouta specification
written in Z is mucheasierfor humanto do without suchindirect translations.The
valueof the following deductive systemis that any deductive systemfor a notation
suchasZ mustanswersuchquestionsas’what arethe sideconditionswhich should
constrainspecificinferencelaws’ and thesequestionshave beenansweredin detail.
It is to be stressedthat the following inferencesystemis intendedto be for human
consumption:theissuesandconcernsraisedin thecaseof mechanicaltheoremprovers
arein somerespectsdifferent.Thereis nopresumptionthattheinferencesystemwhich
followsaddressesthoseissuesandconcerns.

Z usershavelongbeenwriting conjectures(or assertions)in theirdocumentsin the
form

� PRED

or

S � PRED

(whereS is someschema).In this annex, we take theseto be elliptical forms of the
generalZ assertion.Thegeneralform of anassertionin theZ notationwill be

SPEC � PRED

It meansthatPRED holdsin every environmentwhich satisfiesSPEC, that is every
environmentrelatedto theemptyenvironmentvia themeaningof SPEC. Thetheorems
of Z arethemembersof thesetof all suchpredicates— thesemanticsof Z definesthe
setof all suchtheorems.

Sucha conjectureis not given a semanticdefinition sinceit is not part of what a
specificationmeans.Rather, a conjectureis a formal statementmadeaboutthe spec-
ification: the combinationof this specificationand the conjecturedpredicateshould
appearamongthetheoremsof Z. Conjecturesarethereforenormativestatementsmade
by aspecifieraboutaspecification.

An inferencesystemfor Z may definean alternative methodfor generatinga set
of suchassertions.As such,it mustsatisfy the requirementof soundnessandcould
satisfythe propertyof completeness.The following inferencesystemis not intended
to be complete. This is largely for technicalreasonsof no interestto the userof Z.
The semanticsof Z translatesZ into a variantof set theory in which certainaxioms
hold,regardlessof whetherthey areconsequencesof thespecificationbeingtranslated.
As a consequence,the semanticsof Z will be morerestrictive thanthe following in-
ferencesystemleaving the inferencesystemincompletein waysthat will be entirely
irrelevant to the practitioner. To reiterate,this inferencesystemis not intendedto be
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(necessarily)the inferencesystemfor Z, ratheroneagainstwhich othersystems(such
asanequationalreasoningframework) mightbeprovensound.

To expressthis inferencesystem,we requiresomeadditionalmetalanguage.This
is presentedin thefollowing section.Thereafter, we give inferenceruleswhich cover
reasoningaboutof every termof theabstractsyntax.

A.2 Symbolsusedin the deductive system

In adheringstrictly to theabstractsyntax,someof the inferenceruleswill look rather
peculiar, and/orunlikeZ.

Naming Conventions Z phrasesarewrittenin acanonicalform,with pre-determined
lettersstandingfor elementsof Z, aslistedin thefollowing table.

Table1: Namingconventions

Symbol(s) Description Abstractsyntacticcategory

x
 y names NAME

q decoration

i number

b
 e
 f 
 s
 u
 v expressions EXP

P
 Q
 R predicates PRED

S
 T schemas EXP
�

paragraph PAR
�

specification PAR 
�
�
 PAR

In addition,it will sometimesbenecessaryto referdirectly to thenamesof Z vari-
ables(asnames,not Z values).For example,theprovisoson certainruleswill require
x �� y, by which we meanthat x andy aredistinct identifiers;we make no assertion
abouttheir respectivevalues.In thiscase,weshallenclosethenamesin quotes,writing
for theabove‘x’ �� ‘y’ . Weuseuse� (decoratedasnecessary)to denotesetsof quoted
identifiers.

Extra Symbols This deductive systemusesa numberof symbolsnot found else-
wherein theStandard.They arelistedin Table2, andexplainedin thefollowing pages.

The extra symbolsdivide into two groups. Substituionsymbolsarea minor ex-
tensionto the Z language(or possiblysomesyntacticsugar);the othersymbolsare
metalogicalandareusedin describingthe logical system.In thesequal,thesubstitu-
tion symbolswill beassumedto bepartof theZ notation.Theturnstilesymbol( � ) is
givena meaningwhich extendsits usein signallinga conjecturein the Z syntax. (if
conjecturesarein thelanguagethis week)
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Table2: ExtraSymbolsusedin deductivesystem

Symbol(s) Name Syntax Description

� Predicatesubstitution EXPR � PRED The binding on the left is usedasa substitutioninto
thepredicateon theright. SeeSectionA.2.5.

� Expressionsubstitution EXPR� EXPR The binding on the left is usedasa substitutioninto
theexpressionon theright. SeeSectionA.2.5.

� Sqeuent SPEC � PRED The fundamentaljudgementof the deductive system.
Expressestheconjecturethatthepredicateontheright
canbeprovedin thecontext of thespecificationonthe
left. SeeSectionA.2.1.

Inferencerule
Sequents
Sequent

Saysthat the sequentsabove the line aresufficient to
provethesequentbelow theline. SeeSectionA.2.2

Reversiblerule
Sequent

Sequent
Inferencerule which saysthat the sequentabove the
line is sufficient to prove the sequentbelow the line,
andviceversa. SeeSectionA.2.2.

� Alphabet � EXPR Alphabetof expression,i.e. thesetof variablesdefined
by thatexpression.SeeSectionA.2.3.

�
Freevariables

�
EXPR The set of variablesappearingin the given expres-

sionwhich arenot boundin thatexpression.SeeSec-
tion A.2.4.

�
Freevariables

�
PRED The set of variablesappearingin the given predi-

catewhich arenot boundin that predicate.SeeSec-
tion A.2.4.

A.2.1 Sequent

Thedeductive systemis presentedusinga languageof sequents.Theantecedent(left
handsideof the turnstile)is a flat specification(list of Z paragraphs);theconsequent
is a Z predicate.

Sequent��� ����������� n � P

A sequentis true if theenvironmentsdefinedby thespecificationsatisfythepredicate.
���

SPEC� �! �"� PRED � �
The deductive systemdefineswhich sequentsmay be deducedfrom which otherse-
quents.

Theintentionis thata sequentmayappearin a Z specification,ashascustomarily
beenthe case. Any explicit antecedentsare addedto the specificationto provide a
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scopein which the consequentis to be proved. Therefore,in the ruleswhich follow,
themathematicaltoolkit is, for example,implicitly presentin theantecedentof every
sequent.

Observethattheinterpretationof theantecedentin theserulesdoesnot requirethe
‘no redefinition’ principle which normally appliesto Z paragraphs.This style of se-
quent(with asinglepredicateon astheconsequent),is oftenassociatedwith intuition-
istic logics.Theaccounthereis classical,asdemonstratedby (Hall & Martin 1997).

A.2.2 Rules

Thedeductive systemconsistsof a numberof rulesfor manipulatingsequents.Infer-
enceruleswill bewrittenasinstacesof Rule:

Rule ��� Premises
Conclusion

Name # Proviso$
Thepremisesarea (possiblyempty)list of sequents:

Premises��� Sequent
�
�
 Sequent

Theconclusionis alwaysasinglesequent:

Conclusion��� Sequent

The Proviso is a decidableconditionon the free variablesof the expressionsand
predicatesin therule. If thecentralrule is doubled,this indicatesthat therule canbe
appliedin bothdirections—thatis, therule:

� � Q
�&% � P

denotesbothof thefollowing inferencerules
� � Q�&% � P

and
�'% � P� � Q

Therulenamesareintendedto besystematic,descriptive,andshort.For thelogical
operators,this meansthat the nameAndI denotes‘and introduction’, whilst AndEr
denotes‘and eliminationon theright-handterm’.

A rule is soundif whenever it is appliedto valid premisses,a valid conclusionre-
sults.This is definedin thesemanticsby sayingthatthesetof environmentssupporting
thepremissesis asubsetof thosesupportingtheconclusion.Therule

S
� 
�
�
 Sm

Seq
N # C $

is soundif andonly if

C ( �"�
S
� � �*)+
�
�
,) �"� Sm � �! �"� Seq� �

Provisos The provisoson the inferenceruleseitherdeterminethe permittedvalues
for indexesusedin the rules,or constrainthe interactionof free andboundvariables
in someway. The latter areexpressedusingthe meta-functions� and

�
, definedin

SectionsA.2.3 andA.2.4. Furthermore,we use- S to denotethatsubsetof � Swhose
membersappearsthereinin bothprimedandunprimedforms.
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A.2.3 Alphabets

A Z schemadeclaresa collectionof variablesandmay includepredicatesover those
(andother)variables.Thealphabetof a schemais thesetconsistingof thosevariable
names, andfor aschemaS, is denoted� S.

For example,(usingtheconcretesyntaxfor easeof reading,hereandin otherex-
amples):

� � x
 y . X / z .1032 x �� y 4 z � C�5� � ‘x’ 
 ‘y’ 
 ‘z’ �6

Onewaytocomputethealphabetof anexpressionis by referenceto thetypesystem

of Z. This approachis explainedin SectionA.3. More generally, observe that the
calculationof alphabetsis dependentuponthecontext in whichtheexpressionappears.

A.2.4 FreeVariables

Thefreevariablesof anexpressionor predicatearethosewhichmaybecapturedif it is
placedin thecontext of aparticulardefinition(typically, aquantifier).Weuse

�
e to de-

notethefreevariablesof expressione, and
�

P to denotethefreevariablesof predicate
P. Observethatthedefinitionsof thesemaydiffer from classicalexpectations.

Note,in particular, thatin thecontext of a schemadefinitionS �!� � x .7082 x � C� ,
we have

�
S � � ‘S’ �� �
x .1032 x � C�5� � ‘C’ ��
S � � ‘S’ 
 ‘x’ �� �
x .1032 x � C�9� � ‘x’ 
 ‘C’ �:


As with alphabets,thecomputationof freevariablesis dependentuponthecontext in
which thepredicateor expressionappears.Rulesfor the calculationof freevariables
aregivenat SectionA.4.

A.2.5 Substitution

In many logics,substitutionis a metalogicalnotion. Theway namesandvariablesare
handledin Z allows us to definesubstitutionwithin Z. A binding is usedto describe
a substitution.Becausethe effect of substitutioninto schemasusedasexpressionsis
differentfrom that of substitutioninto schemasusedaspredicates,separatesymbols
areusedasan aid to the reader, thoughthe correctinterpretationis invariably clear
from thecontext.

Thepredicateb � P is trueif andonly if thepredicateP is truein theenvironment
enrichedby thebindingb.

���
b � P � �;� dom#�< I 
 � � b � �>=?�@BAC=?�#�D;$5E �"� P � �1$

The expressionb� e denotesan expressionequalto x in the environmentenrichedby
thebindingb.

� �
b� e � �9�3< I 
 � � b � �>=?�@BAF=?&#�D;$C=? � � e � �

Thesenotationsmayalso(apparently)bedefinedusingrewrite rules:
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b � P
R��(G#IH � b �KJ P $

b� e R��(G#�L � b�MJ e$+

Substitutionsmay generallybe distributedthroughthe structureof terms(always

having regardto the context, for the calculationof freevariables,etc.). The tablesat
SectionA.5 givesimplificationruleswhichmaybeusedfor this purpose.

Thisnotationof substitutionis aslightgeneralisationof the‘ let’ notation,in thatin
placeof anexplicit declararationof theboundvariable,it permitsanarbitrarybinding.
Thustheexpressionlet x �!� e J s is equivalentto < 2 x �!� e 2 A � s, but b� e cannotbe
expressedsimply usinglet.

A.2.6 Decoration

The distribution of decorationsthroughexpressionswill be coveredelsewherein the
Standard.

A.3 Alphabets

Alphabetsmaybecomputedusingtypeinference.
If ehasaschematype, � e is availabledirectly:� � e NN&O+P # i � .�Q � 
�
�
�
 in .�Q n $� � � e � � ‘ i � ’ 
�
�
�
R
 ‘ in’ �

For eof any othertype,thealphabetof e is empty.� � e NN Q� � � e � � � Q6�� O+P #�
�
�
�$
An alternative formulationis to usethecomputedtypesof expressions,putting
� # e$S� � # e NN Q9$
� # e NN O+P # i � .�Q � 
�
�
�
 in .�Q n $S� � ‘ i � ’ 
�
�
�
�
 ‘ in’ �� # e NN P # i � .�Q � 
�
�
�
 in .TQ n $U� � ‘ i � ’ 
�
�
�
�
 ‘ in’ �� # e NNWV Q9$W�

� �� # e NN OYX Q9$S�
� �� # e NN O V Q9$W�
� �� # e NN O!O Q9$S�
� �� # e NN X Q9$W�

� �

A.4 FreeVariables

Freevariablesetsmaybecomputedusinginference.For example:� � � P �Z� � � � � Q �[�W\� � � # P 4 Q $S�Z�W] �W]^�[� �S_ �S\

� � � true �8`
� � � S �Z� � �

AXSEND � � P �Z�W\ � � � S �a�W]� � � #"b S J P $S�[�Wc �Wc^�a� �S_ #d�W\*e5�W]7$
However, for compactness,mostof theseruleswill be presentedin tabluarform:

seeTable3 for predicatesandTable4 for expressions.

10



Table3: Freevariablecalculationsfor predicates

Conclusion Premisses Condition

� � � # e � s$S�[� �
� � � e �Z�W\� � � s �a� � � � �Z�W\ _ �W]

� � � # e � v $S�Z� �
� � � e �Z�W\� � � v �Z� � � � �Z�W\ _ �W]

� � � #�f P $S�[� � � � � P �a� \ � � �Z� \
� � � true �g`
� � � false �g`
� � � # P 4 Q $W�a� �

� � � P �[�S\� � � Q �Z� ] � � �Z�W\ _ �W]
� � � #�b S J P $S�[�Wc

� � � S �[� ��
SEND � � P �[�W\� � � S �Z�W]

�WcB�Z� �S_ #��W\*e5�W]7$

� � � #�H � S J P $S�Z�Sc
� � � S �[� ��

SEND � � P �[� \� � � S �Z� ]
�WcB�Z� �S_ #��W\*e5�W]7$

� � � x �Z� � � � � x �Z� \ � � � x �[� ] � � �Z�W\ _ �W]

A.5 Substitution

Theequivalencesin thefirst columnof Table5 aresoundin thecontext of theprovisos
andpremissesin thesecond.This is equivalentto sayingthat thefollowing tablemay
bereadasa presentationof inferencerules.For eachrule, thefirst columndenotesthe
conclusion,andthesecond,thepremiss.

In addition,wehavesimplerewrite rulesfor substitutionswhichdonot requireany
context:

e
R�&(h< 2 x �!� e 2 A � x

< 2 x �!� e 2 A � x
R��( e

11



Table4: Freevariablecalculationsfor expressions

Conclusion Premisses Condition

� � � # x $W� � ‘x’ �
� � � # x � e�i$S�[� � � � � e �[�W\ � � � � ‘x’ � _ �W\

� � � � ej1kml,lml,k en �!�[�
� � � # e� $S�Z� �

...� � � # en $S�Z� n

�n�Z� �W_ 
�
�
 _ � n

� � � � S J e �!�Z� �
� � � S �[�W\� � � e �[�W]� � � S �a�Wc

� � �[�W\ _ #��S]Ke5�Sc7$
� � � #po s$W�[� � � � # s$S�[�

� � � # ej kml,l1l1k en $W�a�
� � � # e� $S�Z� �

...� � � # en $S�Z� n

�n�Z� � _ 
�
�
 _ � n

� � � # s�rqs�����Fq sn $W�a�
� � � # s� $W�[� �

...� � � # sn $W�[� n

�n�Z� �W_ 
�
�
 _ � n

� � � # e
 i $W�[� � � � # e$U�a�

� � � < 2 x � �!� e
� 
�
�
�
R
 xn �!� en 2 AW�Z�

� � � # e� $S�Z� �
...� � � # en $S�Z� n

�n�Z� �W_ 
�
�
 _ � n

� � � # 	 S$S�Z� � � � S �[�
� � � # b
 x $W�[� � � � # b $S�Z�
� � � # f e$W�[�

� � � f �a� �� � � e �a� \ �n�Z� � _ � \
� � � #�L S J e$S�Z�

� � � S �[�W\� � � e �[�W]� � � S �a� c
� � �[�W\ _ #��S]Ke5�Sc7$

� � � # b� e$S�Z� �
� � � b �[� \�

AX bEND � � e �[� ]� � � b �Z� c
� � �[� \ _ #�� ] e5� c $
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Conclusion Premisses Proviso

� � � � x . s�5�a� � � � # s� $S�Z�
� � � � x �!� s�5�[� � � � # s� $S�Z�
� � � � S 2 P�9�[� �

� � � S �Z�W\� � � P �Z� ]� � � S �[� c
� � �a�W\ _ #d�W]*e5�Wc7$

� � � #If S$S�Z� � � � S �Z�
� � � # S 4 T $W�[� �

� � � S �[� \� � � S �[� ] � � �a�W\ _ �W]
� � � # preS$S�[� � � � # S$S�Z�
� � � # Se � x � 
�
�
�
�
 xn�i$W�a� � � � S �Z�
� � � #"b S J T $S�Z� �

� � � S �[�W\� � � S �[�W] � � �a� \ _ � ]
� � � #IH � S J T $S�[�

� � � S �[� \� � � S �[� ] � � �a� \ _ � ]
� � � # S� x �Rt y� 
�
�
�
�
 xn

t
yn�i$S�[� � � � S �Z�

� � � # S Nu T $S�[� �
� � � S �[�W\� � � S �[�W] � � �a�W\ _ �W]

� � � # Sq $S�Z� � � � S �Z�
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Table5: PredicateSubstitutions

Conclusion Premiss Proviso
� �+< 2 x �!� x 2 A�� P v P
� �+< 2 x �!� e 2 A&� P v P

� � � P �a� ‘x’ ��w�
� �+< 2 y �!� e 2 A&�x#I< 2 x �!� y 2 A&� P $Fvy< 2 x �!� e 2 A'� P

�
AX x �!� eEND ‘y’ ��z�
� � P �a�

� �+< 2 y �!� u 2 A&�x#I< 2 x �!� e 2 A&� P $Fv � � � u �a� ‘x’ �� ‘y’ 4 ‘x’ ����
< 2 x �!�{< 2 y �!� u 2 A � e 2 A&�g#�< 2 y �!� u 2 A'� P $

� �+< 2 x � �!� e
� 
�
�
�
 xn | � �!� en | � 
 xn � en 2 A&� P v � � � en �Z� �6) � ‘x � ’ 
�
�
�
 ‘xn’ �!�g`

< 2 x � �!� e
� 
�
�
�
 xn | � �!� en | � 2 A&�g#�< 2 xn � en 2 A�� P $

� �+< 2 x �!� u 2 A&�x# e� � e\ $Fv}#�< 2 x �!� u 2 A � e
� $S� e\ � � � e\ �Z� ‘x’ ��w�

� �+< 2 x �!� u 2 A&�x# e � s$Fv~#I< 2 x �!� u 2 A � e$�� s
� � � s �a� ‘x’ ��w�

� �+< 2 x �!� u 2 A&�x# e � s$Fv e �[< 2 x �!� u 2 A � s
� � � e �[� ‘x’ ��w�

� � b � true v true
� � b �xf P vyfa# b � P $
� � b �g# P 4 Q $Fv~# b � P $�4a# b � Q $
� �+< 2 x �!� e 2 A&��b x . s J P vGb x .�< 2 x �!� e 2 A � s J P
� �+< 2 x �!� e 2 A&�6H y . s J P v � � � e �[� ‘y’ �� ‘x’ 4 ‘y’ ����
H y .�< 2 x �!� e 2 A � s J!< 2 x �!� e 2 A'� P

� �+< 2 x �!� e 2 A&�6H � x . s J P v~H � x .�< 2 x �!� e 2 A � s J P
� �+< 2 x �!� e 2 A&�6H � y . s J P v � � � e �[� ‘y’ �� ‘x’ 4 ‘y’ ����
H � y .�< 2 x �!� e 2 A � s JM< 2 x �!� e 2 A&� P
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Table6: ExpressionSubstitutions

Conclusion Premisses Proviso
� � e �{< 2 x �!� x 2 A � e
� � e

� ��< 2 x �!� e\ 2 A � e
� � � � e

� �[� ‘x’ ��z�
� ��#I< 2 y �!� e 2 A � < 2 x �!� y 2 A � u $S��< 2 x �!� e 2 A � u

�
AX x �!� eEND ‘y’ ��w�
� � u �[�

� ��< 2 y �!� u 2 A&�g#�< 2 x �!� e 2 A � s$Cv � � � u �[� ‘x’ �� ‘y’ 4 ‘x’ ��w�
< 2 x �!�3< 2 y �!� u 2 A � e 2 A&�g#�< 2 y �!� u 2 A � s$

� ��< 2 x � �!� e
� 
�
�
�
 xn | � �!� en | � 
 xn � en 2 A � u v � � � en �a� �x) � ‘x � ’ 
�
�
�
 ‘xn’ �;�x`

< 2 x � �!� e
� 
�
�
�
 xn | � �!� en | � 2 A��x#I< 2 xn � en 2 A � u $

� � b� x � x
� � � b �[� ‘x’ ��z�

� � b� x � y�5� x
�
b� y� � � � b �[� ‘x’ ��z�

� � b� � ej7k,lml,lmk en �;� � b� e� 
�
�
�
�
 b� en �
� � b� � S J e�!� � b� S J b� e�

�
AX
�
b� END � � S �[� �� � � b �a�W\�

AX
�
b� END � � e �Z�W]

� � )B�W\B�g`�4z� � )B�W]^�x`
� � b� o s �8o b� s
� � b� #I# ejmk1l1l1l1k en $I$W�{# b� e

� 
�
�
�
�
 b� en $� � b� # s�Kq������Fq sn $S� b� s�rq������Cq b� sn� � b� # e
 i $S�{# b� e$�
 i
� � b� < 2 x � �!� e

� 
�
�
�
�
 xn �!� en 2 AU�< 2 x � �!� b� e� 
�
�
�
�
 xn �!� b� en 2 A
� � b� 	 S � 	 b� S

� � � b �Z� �� � � S �Z�S\ � � )B� \ �g`
� � b� 	 S � b

� � � b �Z� �� � � S �Z� \ � � �[� \
� � b

� � b
 x ��# b � � b $i
 x
� � b� # f e$S�{# b� f $I# b� e$
� � b� #dL S J e$W�[L b� S J b� e

�
AX
�
b� END � � S �[� �� � � b �a�W\�

AX
�
b� END � � e �Z�W]

� � )B�W\B�g`�4z� � )B�W]^�x`
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Conclusion Premisses Proviso

� � b� � x . s�9� � x . b� s�
� � b� � x �!� e�5� � x �!� b� e�
� � � � b� � S 2 P�5� � b� S 2 b � P�

� � � b �Z� �� � � S �Z� \ � � );� \ �x`
� � b� � S 2 P�9� � b� S 2 P�

� � � b �a� �� � � P �Z� \� � � S �Z� ]
� � );�W\B [�W]

� � b� � f S�9� � f b� S�
� � b� � S 4 T �5� � b� S 4 b� T �
� � b� preS � pre# b� S$
� � b� Se � x � 
�
�
�
R
 xn �5��# b� S$Ie � x � 
�
�
�
R
 xn�� � b� � b S J T�9� � b b� S J b� T�
� � b� � H � S J T�5� � H � b� S J b� T �
� � b� � S� x �Rt y � 
�
�
�
�
 xn

t
yn�d�9� � b� S� x ��t y � 
�
�
�
�
 xn

t
yn���� � b� � S Nu T �5� � b� S Nu b� T�

� � b� � Sq�5� � # b� S$ q�
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A.6 Logical inferencerules

A.6.1 Structural rules

Assumption rules

�
AX
� 2 P� END � P

AssumPred

� � � e �Z��
AX
�
x �!� e� END � x � e

AssumDef# ‘x’ ��w�!$

� � � s �a��
AX
�
x . s� END � x � s

AssumDecl# ‘x’ ��w�!$

� � � S �Z� � � � � S �[� \�
AXSEND � 	 S � S

AssumSch #�� � )B� \ �x`�$

Paragraph and thinning rules
�
AX
� 2 P 4 R� END � Q�

AX
� 2 P� ENDAX � 2 R� END � Q

PredConj

�
AXSENDAX

� 2 P� END � Q�
AX
�
S 2 P� END � Q

SchPred

� � P�*� � P
Thinl

� � P
� � � � �[� � �5� � � P �Z�S\�'� � P

Thinr #�� � );�W\B�8`�$

���I� \ � � P� � � � � \ �a� �� � � � � �Z� \� � � \ � � � �[� ]� � � � � � \ �[� c���I�*� \;� P
Shift

� � )!� ] �g`
� \ )!� c �g`
� � )!� \ �g`

A.6.2 Equality and substitution

� � e � e
Refl

� � u � e� � e � u
Symm
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�
AX
� 2 u � e� END � v � e�

AX
� 2 u � e� END � v � u

Trans

�
AX
�
b� END � P� � b � P

UseBind

�
AX
�
b� END � u � e

� � � b �Z� � � � � u �Z� \� � u � b� e EquBind#�� � )B� \ �x`�$

� � u � b� e � � � b �[� �}� � � u �Z�W\�
AX
�
b� END � u � e

EquBind
% #�� � )B�S\B�8`�$

A.6.3 Propositionalcalculus

� � P
� � Q� � P 4 Q

AndI

� � P 4 Q� � P
AndEr

� � P 4 Q� � Q
AndEl

� � P� � P � Q
OrIr

� � Q� � P � Q
OrIl

� � P � Q
�
AX
� 2 P� END � R

�
AX
� 2 Q� END � R� � R

OrE

�
AX
� 2 P� END � Q� � P ( Q

ImpI

� � P
� � P ( Q� � Q

ImpE

� � P ( false� �+f P
NotDef
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� � false ( P
FalseDef

� � false� � P
FalseE

�
AX
� 2�f P� END � false� � P

NotE

� � P ( true
TrueDef

� � P ( Q 4 Q ( P� � P v Q
IffDef

A.6.4 Quantifier rules

�
AXSEND � P� �^b S J P

AllI

� �;b S J P
� � b � S� � b � P

AllE

� � b � P
� � b � S� ��H S J P

ExistsI

� ��H S J P�
AXSENDAX

� 2 P� END � Q� � � S �[� �� � � Q �Z�W\� � Q
ExistsE#d� � )B�W\B�g`�$

� ��H S J P 4
b S
% J�< 2 x � �!� x

% � 
�
�
�
�
 xn �!� x
%
n 2 A&� P ( 	

S � 	 S%� � � S � � ‘x � ’ 
�
�
�
�
 ‘xn’ �� ��H � S J P
UniqExists

� ��H � S J P� � � S � � ‘x � ’ 
�
�
�
�
 ‘xn’ �� ��H S J P 4
b S
% J�< 2 x � �!� x

% � 
�
�
�
�
 xn �!� x
%
n 2 A&� P ( 	

S � 	 S%
UniqExists

%
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A.6.5 Expressionrules

Sets �
GENAX

�
x� T END � � < 2 x �!� s 2 A � T J y �M��o e� � � T �a� �� � � T �[�W\�
GENAX

�
x� T END � y � s� � e

GenMem# ‘y’ ��� � 4z� � )B�S\B�8`�$
�
GENAX

�
x� T END � y � s� � e� � � T �Z� �� � � T �Z�S\�

GENAX
�
x� T END � � < 2 x �!� s 2 A � T J y �!��o e

GenMem
% # ‘y’ �z� � 4z� � )B�S\B�8`�$

� ��#�b x . s J x � t $S4[#�b x . t J x � s$� � � s �Z� �� � � t �[� \� � s � t
Seteq# ‘x’ ��z� � _ � \ $

� � s � t� � � s �[� �� � � t �Z�S\� ��#"b x . s J x � t $�4[#"b x . t J x � s$ Seteq
% # ‘x’ ��z� �S_ �W\m$

� � v � e
� �s
�
�
>� v � en� � v � � e� 
�
�
�
R
 en � Extmem

� �+H S J e � u
� � � e �[� � � � � S �[�W\� � e � � S J u � Setcomp#�� � )B�S\B�8`�$

� � e � � S J u � � � � e �a� � � � � S �Z�W\� ��H S J e � u
Setcomp

% #�� � );� \ �8`�$
� �;b x . t J x � s

� � � s �Z� �� � t ��o s
Powerset # ‘x’ ��w� � $

� � t ��o s
� � � s �a� �� �;b x . t J x � s

Powerset # ‘x’ ���� � $

Cartesian products� � v � ei� � v �n# e� 
�
�
�
�
 en $i
 i Tupleequ#i�M� i � n $
� � u
���� s

� 4a
�
�
>4 u
 n � sn� � u � s
� q������Cq

sn

Prodmem

� � u �n# e� 
�
�
�
�
 en $� � u
��M� e
� 4a
�
�
>4 u
 n � en

Tuplesel
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Labelled products

� �+< 2 x � �!� e
� 
�
�
�
R
 xn �!� en 2 AI
 xi � ei

BindEqu#i��� i � n $

� � y
 x � � e
� 4a
�
�
>4 u
 xn � en� � y �{< 2 x � �!� e

� 
�
�
�
�
 xn �!� en 2 A BindSel

� � � b �[� � � � � b �Z�W\�
AX
�
b� END � x � b
 x BindMem# ‘x’ �z� � 4z� � );�W\B�8`�$

Schemas
� � e
 x � = x

� 4 ����� 4 e
 xn = xn
� � S� � e =

	
S

ThetaEqu

� �+< 2 x � �!� x
� 
�
�
�
R
 xn �!� xn 2 AW� S

� � � S � � ‘x � ’ 
�
�
�
�
 ‘xn’ �� � S
BindSch

� � S
� � � S � � ‘x � ’ 
�
�
�
�
 ‘xn’ �� ��< 2 x � �!� x

� 
�
�
�
�
 xn �!� xn 2 AS� S
BindSch

%

Description
� ��# e
 u$�� f� �^b y . f J;# y
"�M� e$�(g# y
 �w� u $� � � e �a� �� � � u �Z�W\� � u � f e

FunctApp# ‘y’ ��z� � _ � \ $

� � e � s� ��< 2 x �!� e 2 A&� P�
AX
�
y . s� END ��< 2 x �!� y 2 A&� P ( y � e� � e �[L x . s 2 P DefnDescr

� � v �{< 2 x �!� u 2 A � e
� � � u �a� ��

AX
�
x �!� u� END � v � e

Usedef# ‘x’ ��w� � $

�
AX
�
x �!� u� END � v � e

� � � u �Z� �� � v ��< 2 x �!� u 2 A � e Usedef
% # ‘x’ ��w� � $

21



A.6.6 Schemacalculus

� � u � � x � . s� �� � u
 x � � s
� BindProd

� � b � S 4 b � P� � b � � S 2 P� SchemaMem

� � b � S� � � S �a� �� � � S �Z� \� � � b �Z�W]� � b � S
SchBindMem#�� � )B� \ �g`�4w� \ �Z� ] $

� � b � S� � � S �a� �� � � S �Z�W\� � � b �Z�W]� � b � S
SchBindMem

% % #�� � );�W\B�8`�4z�W\B�[�W]7$

� � b � � b� S�� � � b �[� �� � � b �Z� \� � � S �[� ]� � b � S
SchBindMem

% #�� � )B� \ �8`�4�� \ �Z� ] $

� � b � S� � � b �[� �� � � b �Z�W\� � � S �Z�W]� � b � � b� S� SchBindMem
% % % #"� � )B� \ �g`�4z� \ �a� ] $
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A.7 Using the deductive system

This deductive systempermitsproofsto be carriedout entirelywithin the Z notation
(with someadditionalsyntax, if binding substitutionis to be omitted from the lan-
guage).It avoidstheneedto mapZ termsinto anunderlyingrepresentation.

Proofsin the deductive systemproceedin the way that is usualfor the sequent
calculus: proofs are developedbackwards, starting from the sequentto be proved.
A rule is applied, resulting in fresh sequentswhich must be proved. This process
continuesuntil thereareno moresequentsrequiringproof, in which casetheoriginal
sequentis proved.

A completedproof may thusbe representedasa tree,with the provedsequentas
the root node,andevery leaf nodecontainingan emptylist of sequents.However, if
someof theselists in the leavesarenon-empty, thenthederivationtreeis still useful,
althoughit doesnot representa proof, it representsa partial proof—or a proof of a
derivedrule of inference.

Giventhederivationtree

S
� 
�
�


Si
� 
�
�
 Sim

Si
Ri # Pi $ 
�
�
 Sn

Seq
R# P $

we mayuseasaderivedrule:

S
� 
�
�
 Si

� 
�
�
 Sim 
�
�
 Sn

Seq
R
% # P
 Pi $

Thedeductivesystemis definedover theabstractsyntaxonly. However, thetrans-
formationrulesfoundelsewherein theStandardmaybeusedto enrichthe deductive
system:they mayeitherbeusedasadditionalinferencerules,asbelow, or in thederiva-
tion of derivedinferenceruleswhich may involve termsof theconcretesyntaxwhich
arenot presentin theabstractsyntax.

Giventherewrite rule for any predicates

P
R��( Q

theinferencerulewhich replacesoccurencesof P with occurencesof Q is sound.That
is, if ��# P $ is somesequentcontaininginstancesof predicateP, thentheinferencerule

��# P $
��# Q $

is sound.Similar remarksapplyto expressions.
A fuller explanationof the useof the deductive systemmay be found in the ref-

erence(Brien & Martin 1995). In particular, thosenotesshow how the rulesfor the
schemacalculusmaybederivedfrom thosepresentedhere.

�
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