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Abstract

We presenta deductve systemfor Z. The first part of this reportdescribes
the backgroundo the presentationandseekso clarify somecommonmisunder
standingsThegreatempartof thereportis takenup with aproposedevision of the
sectionof theZ Standardvhich describes deductve system.
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Intr oduction

Thistechnicakeportpresentsvariantof the deductie systendescribedn versionl.2
(the CommitteeDraft) of theZ StandardNicholls 1995).1n mostregardsit represents
only a smallvariationon the previous version. It hastried to cover all the comments
andissuegaised.

Whilst largely dealingwith the particularrequirement®f Z standardisationthis
work may alsoberelevantto otherprojectsconsideringmachineassistancéor Z rea-
soning. In particular a dedicatedoroof tool for the Cogito (Traynor Hazel,Kearng,
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Martin, Nickson,& Wildman1997)specificatiolanguageSumis underconsideration,
andthis deductve systemwith additionalconstructdo supportmodularity might be
usefulthere.

Thedocumenis structuredasfollows. The next sectionintroduceghe conceptof
adedicatedleductie systenfor Z, andexplainswhy it mightbeuseful. Thefollowing
sectionoutlinessomeof the problemswith theversionpresentedh the currentversion
of the Standardandexplainshow they areaddressetiere. Anothersectionaddresses
reasoningvith schemasandhow thisis coveredin the systempresentedhere.Follow-
ing this, a sectiondescribeshow the soundnessf the systemmight be presented.

The deductve systemitself is conjoinedas an anne, following very largely the
form it mighttake in the Standard.

Notation Thedeductve systemis presentedisingthe currentversionof the abstract
syntax(Nicholls 1997).

Deductionsin Z

The introductionto the anne explainsthe rationalefor constructinga deductve sys-
temfor Z. Many have proposedapproachego constructingreasoningervironments
for Z (Martin 1997); somemore successfullythanothers. Whilst Z is superficiallya
typedversionof elementarydiscretemathematicaldeas,supportingits full rangeof
expressionandin particularschemasis somevhatproblematic.

In essencetherearetwo approachesvhich maybefollowed. Oneis to find ways
to expressZ usingmorefamiliar constructdrom logic andsettheory;the otheris to
describea reasoningsystemin which all deductionsstaywithin the Z language.The
latteris theapproactusedhere.

In takingthis approachyve ensurethatall thetermsarisingin the proof arepartof
Z. In particulat they arewell-formedwith respecto Z's grammayandwell-typedness
is preseredby theinferencerules. Theinferencerulespresentedirethusintendedto
be axiomatic:it shouldnot be necessaryo decomposary Z terms,or to stepoutside
the standardgrammarin orderto accomplisha proof. A lengthyaccountof proofin
this styleis publishedasatutorial on proofin StandardZ (Brien & Martin 1995).

This propertyis akin to completenesshut we do not expecta logic for Z to be
completein the usualsense.The soundnessf the axiomsmay be verified usingthe
semanticgpresentedn the standard. Indeed,one reasonfor the particular style of
presentatiomsedthereis to facilitaterelatively easyproof of suchproperties.

Objections raised againstprevious versions

A numberof objectionsmay be raisedagainstthe presentatiorof a deductve system
for Z in the CommitteeDraft of the StandardNicholls 1995). Somecamethroughthe
formal ballot procedurea very few otherscamefrom differentsouces.

Thereareanumberof typosin thatpresentationsomemissingprovisos,andafew
incompleterules. Someruleswereincorrectly marked asreversible. Somenotation
wasinconsistentith the restof the Standard.The deductve systemwasintendedto
be presentedisingthe abstractsyntax,but did not adhereto it tightly. The scopeof
provisoson variouscalculationalparts(for «, ¢, andsubstitution)wasunclear Most
of thoseinfelicities shouldberectifiedhere.



Thepresentatiomnf ‘provisos-as-judgementss flawed. If the‘tree-squashingthe-
oremis invoked,thecontext in which eachprovisois to beevaluateds lost. In thenew
presentationthe context for eachprovisois madeexplicit.

The deductve systemtakesa particularview with respecto non-denotingerms.
In this regard, it is a valid interpretationof the standardsemanticswhich hasbeen
constructedo allow severaldifferentinterpretationsThis wasnot madeclear andso
the presentatiomasbeencalledunsoundbecauset identifiedtheoremswvhich cannot
be deducedrom the semantics(For example,for ary expressiorg, thetheorent- e =
eis provablein thedeductve system.)

Reasoningwith schemas

Givenour concernto stayentirelywithin the Z languageandusethis deductve system
to proveall usefultheoremsthenumberandscopeof therulesfor theschemaalculus
may seento be undulylimited. In fact,no furtherrulesareneeded.

The key to this obsenationis the useof bindings(i.e. membersof schemaypes)
as substituiondn this deductve system. Insteadof substitutionbeinga metalogical
notion, it is actually definedwithin the logic. Sincesubstitutionis highly context-
sensitve, thisturnsout to be very appropriate.

A statemensuchas

bes
canbetransformedsubjectto certainwell-formednesgonditions)into the predicate
boS

andtherulesof substitutionusedto simplify the predicatesothatno schemacalculus
operatorgemain.This hasbeentheapproacteversinceW (Woodcock& Brien 1992)
demonstratethatbindingscanbe usedfor substitution.

The standardnow replacesschemapredicatesoy membershipstatements. The
predicate

S
is replacecby
ASe S

This presents problem,becausé meanghatb @ Sis notwell-formed.
The simplestsolutionis to make an extensionto the abstractsyntaxin the logic,
sayingthatSis a shorthandor 6S € S, andthenalsogiving axiomsforb @ S.

Conclusion

This presentatioroffers the presentbestattemptat a deductive systemwhich stays
within StandardZ. It is intendedfor consideratiorior inclusionin the next Committee
Draft of theZ Standard®anel.

We have notaddressetheissueof soundneskere.An outline proof of soundness
is includedin (Brien 1998). Therelationalpresentatiorof the Z Standards semantics
is intendedto make sucha proof relatively simple. We would expectto publisha
soundnesproofto coincidewith publicationof the Standard.
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Al

A deductive systemfor Z

Intr oduction

The definition of the Z notationdefinesa way in which ary specificationwrittenin Z
canbetranslatednto thelanguageof settheory This definesjndirectly, alogic for Z:
a specificatiorentailsa predicatewhenthe translationof the specificationentailsthe
translatiorof thepredicate Thepurposeof thisinformativeann& isto giveanexample
of adeductve systentor Z thatis moredirectthansuchadoubletranslationrschemelt
is, further, adeductve systenfor Z in whichthelanguagausedfor deductionis closely
relatedto Z. The purposeof suchadeductve systenmshouldbe clearto anyonethathas
written or attemptedto understandh specification. Reasoningabouta specification
written in Z is much easierfor humanto do without suchindirect translations.The
value of the following deductie systemis that ary deductive systemfor a notation
suchasZ mustanswersuchquestionsas'what arethe side conditionswhich should
constrainspecificinferencelaws’ andthesequestionshave beenansweredn detalil.
It is to be stressedhat the following inferencesystemis intendedto be for human
consumptiontheissuesandconcerngaisedin the caseof mechanicatheorenprovers
arein somerespectslifferent. Thereis no presumptiorthattheinferencesystemwhich
follows addressethoseissuesandconcerns.

Z usershavelong beenwriting conjecturegor assertionsin theirdocumentsn the
form

F PRED
or
S PRED

(whereSis someschema).In this anne, we take theseto be elliptical forms of the
generalZ assertionThegeneraform of anassertiorin the Z notationwill be

SPEC |- PRED

It meansthat PRED holdsin every ervironmentwhich satisfiesSPEC, thatis every
ervironmentrelatedto theemptyervironmentviathemeaningof SPEC. Thetheorems
of Z arethememberof thesetof all suchpredicates— thesemanticof Z definesthe
setof all suchtheorems.

Sucha conjectureis not given a semanticdefinition sinceit is not part of whata
specificationrmeans.Rather a conjectureis a formal statementnadeaboutthe spec-
ification: the combinationof this specificationand the conjecturedpredicateshould
appeaamongthetheorem®f Z. Conjecturesrethereforenormative statementsade
by a specifierabouta specification.

An inferencesystemfor Z may definean alternatve methodfor generatinga set
of suchassertions.As such,it mustsatisfy the requiremeniof soundnessnd could
satisfythe propertyof completenessThe following inferencesystemis notintended
to be complete. This is largely for technicalreasonsof no interestto the userof Z.
The semanticof Z translatesZ into a variantof settheoryin which certainaxioms
hold, regardles®of whetherthey areconsequences thespecificatiorbeingtranslated.
As a consequencédhe semanticf Z will be morerestrictive thanthe following in-
ferencesystemleaving the inferencesystemincompletein waysthatwill be entirely
irrelevantto the practitioner To reiterate this inferencesystemis not intendedto be



(necessarilyjheinferencesystenfor Z, ratheroneagainstwhich othersystemgsuch
asanequationaleasoningramework) mightbe provensound.

To expressthis inferencesystem we requiresomeadditionalmetalanguageThis
is presentedn the following section. Thereafterwe give inferenceruleswhich cover
reasoningaboutof every termof the abstracsyntax.

A.2 Symbolsusedin the deductive system

In adheringstrictly to the abstractsyntax,someof the inferenceruleswill look rather
peculiar and/orunlike Z.

Naming Conventions Z phrasesrewrittenin acanonicaform, with pre-determined
lettersstandingfor elementof Z, aslistedin thefollowing table.

Tablel: Namingcorventions

Symbol(s) | Description | Abstractsyntacticcatayory

X, Y names NAME
q decoration
i number

b,e f,su,v | expressions | EXP

P,Q.R predicates | PRED

ST schemas EXP

II paragraph PAR

r specification| PAR... PAR

In addition,it will sometimede necessaryo referdirectly to the namesof Z vari-
ables(asnamesnot Z values).For example,the provisoson certainruleswill require
X #y, by which we meanthat x andy aredistinctidentifiers; we malke no assertion
abouttheirrespectrevalues.In this casewe shallencloseghenamesn quoteswriting
for theabove'x # 'y'. We useusey (decoratedsnecessaryfo denotesetsof quoted
identifiers.

Extra Symbols This deductie systemusesa numberof symbolsnot found else-
wherein theStandardThey arelistedin Table2, andexplainedin thefollowing pages.

The extra symbolsdivide into two groups. Substituionsymbolsare a minor ex-
tensionto the Z language(or possiblysomesyntacticsugar);the other symbolsare
metalogicalandareusedin describingthe logical system.In the sequal the substitu-
tion symbolswill beassumedo be partof the Z notation. The turnstilesymbol (F) is
givena meaningwhich extendsits usein signallinga conjecturein the Z syntax. (if
conjecturesrein thelanguagehis week)



Table2:

ExtraSymbolsusedin deductie system

Symbol(s)

Name

Syntax

Description

@

Predicatesubstitution

EXPR® PRED

The binding on the left is usedas a substitutioninto
thepredicateontheright. SeeSectionA.2.5.

® Expressiorsubstitution| EXPRe EXPR | The binding on the left is usedasa substitutioninto
theexpressiorontheright. SeeSectionA.2.5.

F Sgeuent SPECH PRED | The fundamentajudgementof the deductve system.
Expressegheconjecturghatthepredicateon theright
canbe provedin thecontext of thespecificatioronthe
left. SeeSectionA.2.1.

Sequents . .
— Inferencerule Seq ent Saysthat the sequentsabove the line are sufficient to
q provethesequenbelow theline. SeeSectionA.2.2
) Sequent .
— Reversiblerule Inferencerule which saysthat the sequentabove the
Sequent line is sufficient to prove the sequentoelaw the line,
andviceversa SeeSectionA.2.2.

«@ Alphabet aEXPR Alphabetof expressioni.e. thesetof variablegdefined
by thatexpression SeeSectionA.2.3.

10) Freevariables PEXPR The set of variablesappearingin the given expres-
sionwhich arenot boundin thatexpression.SeeSec-
tion A.2.4.

) Freevariables ®PRED The set of variablesappearingin the given predi-

catewhich arenot boundin that predicate. SeeSec-
tion A.2.4.

A.2.1 Sequent

The deductve systemis presentedisinga languageof sequentsThe antecedenfleft
handsideof theturnstile)is aflat specification(list of Z paragraphs)the consequent

isaZ predicate.

Sequente=1I;---II, FP

A sequents true if theervironmentsdefinedby the specificatiorsatisfythe predicate.

{ SPEC} C { PRED]}

The deductie systemdefineswhich sequentsnay be deducedrom which other se-

quents.

Theintentionis thata sequenmay appealin a Z specificationashascustomarily
beenthe case. Any explicit antecedentsre addedto the specificationto provide a




scopein which the consequenis to be proved. Therefore,in the ruleswhich follow,
the mathematicatoolkit is, for example,implicitly presentn the antecedensof every
sequent.

Obsenethattheinterpretatiorof the antecedenin theserulesdoesnot requirethe
‘no redefinition’ principle which normally appliesto Z paragraphs.This style of se-
guent(with asinglepredicateon asthe consequent)s oftenassociatedvith intuition-
istic logics. Theaccounthereis classicalasdemonstratetdy (Hall & Martin 1997).

A.2.2 Rules

The deductve systemconsistsof a numberof rulesfor manipulatingsequentsinfer-
enceruleswill bewritten asinstaceof Rule

Rule—— Premises

= — Name (Proviso)
Conclusion

Thepremisesarea (possiblyempty)list of sequents:
Premises== Sequent. . Sequent

Theconclusionis alwaysa singlesequent;
Conclusion== Sequent

The Proviso is a decidableconditionon the free variablesof the expressionsand
predicatesn therule. If the centralrule is doubled thisindicatesthatthe rule canbe
appliedin bothdirections—thats, therule:

I'Q
'-P

denotesdothof thefollowing inferencerules

I'-Q I"+P
S — and
kP r+Q

Therule namesareintendedo besystematicdescriptve,andshort. For thelogical
operatorsthis meansthat the nameAndl denotesand introduction’, whilst Andgr
denotesand eliminationon theright-handterm’.

A ruleis soundif wheneverit is appliedto valid premissesa valid conclusionre-
sults. Thisis definedin thesemanticdy sayingthatthe setof ervironmentssupporting
thepremissess a subsebf thosesupportingthe conclusion.Therule

S Sn
Seq

N(C)

is soundif andonly if

C = {S}n...0{Sa]} < {Seq}

Provisos The provisoson the inferenceruleseither determinethe permittedvalues
for indexesusedin therules, or constrainthe interactionof free andboundvariables
in someway. The latter are expressedusingthe meta-functionsy and ¢, definedin
SectionsA.2.3andA.2.4. Furthermorewe use3Sto denotethatsubsebf aSwhose
membersappearshereinin bothprimedandunprimedforms.



A2.3

A2.4

A.2.5

Alphabets

A Z schemadeclaresa collectionof variablesand may include predicatesover those
(andother)variables.The alphabetof a schemas the setconsistingof thosevariable
namesandfor aschemds, is denotethS.

For example,(usingthe concretesyntaxfor easeof reading,hereandin otherex-
amples):

axy:X; 2:N|x£yAzeCl ={X,y,'Z} .

Onewayto computehealphabetf anexpressioris by referencdo thetypesystem
of Z. This approachis explainedin SectionA.3. More generally obsenre that the
calculationof alphabetss dependentiponthecontext in whichtheexpressiorappears.

FreeVariables

Thefreevariablesof anexpressioror predicatearethosewhich maybecapturedf it is
placedin thecontext of a particulardefinition(typically, aquantifier).We usegeto de-
notethefreevariablesof expressiore, and®P to denotethefreevariablesof predicate
P. Obsene thatthedefinitionsof thesemaydiffer from classicakexpectations.

Note,in particular thatin the context of aschemalefinitonS== [x: N | x € C],
we have
¢S={'S}
¢x:N|xeCl={C}
PS={'S,'x'}

?x:N|xeCl={x,C} .

As with alphabetsthe computatiorof free variablesis dependentiponthe context in
which the predicateor expressionappears.Rulesfor the calculationof free variables
aregivenat SectionA.4.

Substitution

In mary logics, substitutionis a metalogicalnotion. Theway namesandvariablesare
handledin Z allows us to definesubstitutionwithin Z. A bindingis usedto describe
a substitution. Becausehe effect of substitutioninto schemasisedasexpressionss
differentfrom that of substitutioninto schemasisedas predicatesseparatesymbols
areusedas an aid to the readey thoughthe correctinterpretationis invariably clear
from the context.

Thepredicateb ® P is trueif andonly if thepredicateP is truein the ervironment
enrichedby the bindingb.

{{boP] =dom({l,[b]5<)5 () > {P])

The expressionbeoe denotesan expressionequalto x in the ervironmentenrichedby
thebindingb.

[bee] = (1, [b]so)s(®)5e]

Thesenotationsmayalso(apparentlype definedusingrewrite rules:



A.2.6

A.3

boP == (3{b} e P)
boe =5 (u{b} e €) .

Substitutionamay generallybe distributed throughthe structureof terms(always
having regardto the context, for the calculationof free variables.etc.). The tablesat
SectionA.5 give simplificationruleswhich maybe usedfor this purpose.

This notationof substitutioris a slightgeneralisatiomf the‘let’ notation,in thatin
placeof anexplicit declararatiorof theboundvariable,it permitsanarbitrarybinding.
Thusthe expressionletx == e e sis equivalentto | x == e |os, but bee cannotbe
expresseaimply usinglet.

Decoration

The distribution of decorationghroughexpressionswill be coveredelsavherein the
Standard.

Alphabets

Alphabetsmaybe computedusingtypeinference.
If ehasaschemaype,aeis availabledirectly:
P-esPX(iy:7T1,...in: ™)
F'Fae={1,...,"In'}
For e of ary othertype,thealphabebf eis empty
I'est
Trae—{}

An alternatve formulationis to usethe computedypesof expressionsputting

T# PE(...)

ale) = alesr)

A.4 FreeVariables

Freevariablesetsmaybe computedusinginference.For example:
L' ®P =1 ' ®Q =1

TFO(PAQ) =13 Va = 91U

' dtrue = o
'k ¢S=1 I'AXSENDF ®P = 5 I'aS=1;3
I ®(VSeP) =1y

However, for compactnesanostof theseruleswill be presentedn tabluarform:
seeTable3 for predicatemndTable4 for expressions.

thy =1 U (2 \ ¥3)

10



Table3: Freevariablecalculationdor predicates

Conclusion Premisses Condition
I'-®(ees) =1 ll:tf;g:if 1 =P Uts
Phde=v)=vi | fo” 1 = s Uty
'k ®(=P) =1 ' ®P =1, 1 = 1o
I+ dtrue = &
I'+ ofalse= @
TEEPAQ =1 | 1| g0 Y1 = 2 Uy
'+ ¢S=1
I'H®(VYSeP)=1, | I'SENDF ®P =, Yy =11 U (Y2 \ ¥3)
I'aS=1;3
' ¢S=1
- ®(3,SeP) =14 | I'SENDF ®P =1, P =11 U (P2 \ ¥3)
I'FaS= ’(/Jg
FI—(I’X:’L/}l Fl—ax:ngl—fbx:ng ¢1=’(/)2U’(/J3

A.5 Substitution

Theequivalencesn thefirst columnof Table5 aresoundin the context of the provisos
andpremissesén the second.This is equivalentto sayingthatthe following tablemay
bereadasa presentatiomf inferencerules. For eachrule, thefirst columndenotedhe
conclusionandthesecondthe premiss.

In addition,we have simplerewrite rulesfor substitutionsvhich do notrequireary
context:

R
e= (x==elox
(x==e)ox=se

11



Table4: Freevariablecalculationsor expressions

Conclusion Premisses Condition

I'Eo(x) ={x}

T+ ¢(x[e]) = ¢ [k ¢e =1, 1 ={"X} U,
FF¢(81):’¢1

LHo{en,...,e} =1 : Y=11U...Upn
T F ¢(en) = ¢n
I'F ¢S= 1)y

TH¢{See} =1 It ge=1; Y1 =2 U (3 \ 1)
Tk aS=1yy

LFo(Ps) =1 LFo(s) =17
Fl_gb(el):’(/}l

Fl_d)(el’“"en):w Y=Y U...Utn
I'F ¢(en) = tn
L'Eé(s1) =11

FEo(s x - x) =9 : Y=t U...Utp
F'_(ﬁ(SW) :'l/Jn

L'k ¢(ei)=v¢ Lk ¢(e) =1
I'F p(er) =y

PE¢(xi==¢€,....%n==6 ) =17 : V=11 U...Uy
F'_(ﬁ(en):wn

I+ ¢(0S) =4 [F®S=1

F|—¢(b.x) = Fl—gb(b) =

Il @) = et b= Uty
' ¢pS= 1

[Fo(uSee) =1 ' ge=1s3 Y1 =12 U (Y3 \ Ya)
F"QS:’(/J4

[k ¢b =1
I'= ¢(boe) = 4 CAXDENDFE ge =13 | 91 =12 U (¥3 \ a)
Fl—ab:’l/)4

12




Conclusion Premisses Proviso
Lk ox:g =19 Lk o(s1) =9
LFox==9 =1 L' é(s) =9
' ¢pS= 1
['F¢[S|P] =1 I'E®P =13 | ¢1 =12 U (3 \ Ya)
F"QS:’(/J4
L'Eo(=9) =1 I'E¢S=4
PEOSAT) = Fbasul [ =vaUv
[ ¢(preS) =1 LEo(S =19
LEo(S\[xi,...,%]) =9 '-¢S=4
LFo(vSeT) =ty Fbasul [d=vaUw
Ho(E,SeT) =0 A ROy
CEo(SX/Yy, - % /Yo]) =0 | TE¢S=19
PEO(S5T) = A ROy
DEo(Sh) =4 I'E¢S=4

13




Table5: PredicateSubstitutions

Conclusion Premiss Proviso
F'{x==x)oPsP
I't+(x=—e)oPsP I+ oP =24 ‘X & 1
'(y==e)o((x==y)oP)e (x==e)oP | TAXx==eEND | 'y &
- OP =1
I'H{y==u)o((x==e)oP)s TFou=1 X £Y AKX g
(x=={(y==ulee)o({y==u)oP)
FF{xi==¢6,.. % 1==6_1,% =& )oP< 't ¢en =1 Y%y . X} =2
(x1===¢é,..% 1==e 1 )0 ((Xxn=e )OP)
FE{x==u)o (e =) ((x==u)ee)=e | ['Foe=1 X )
F'F{x==u)o(ees) e ({x==u)ee)€s L'k gs=1 ‘X &
'F{x==u)o(ees)eec(|x==u)es 'k ge=1 ‘X &
I'-botrue < true
F'Fbeo-P&s - (boP)
F'Ebeo(PAQ) < (bOP)A(beQ)
F'F({x==e)oVYXx:sePoVx:(x==e)ecseP
FF{x==e)oIdy:sePs Ik ge=1 YV EXANY €Y
Jy: (x==-¢e)ose (x==e) P
'F{x==e)®3I; x:seP& I x:(x==e)eseP
'F{x==e)o3dy:seP& It ge=1 YV EXANY €Y

Jyy:(x==e)ose (x==e)OP

14




Table6: ExpressiorSubstitutions

Conclusion Premisses Proviso

'Fe=(x==xoe

The = (x==¢ )oe L g =1 X EY

' ({y==e)o{x==y)ou)=(x==-eloeu I' AXx == eEND Y &

Fou=1

PE{y=—u) e ([x==e)ss) & rgu=y K AY AKX
(x=={y==u)oe) o ((y==u)os)

FHE{xg==¢€,...% 1==6€1_-1,% =€ Jou < 'k ¢en =9 PvN{'x... %'} =92
(x1===en,... % 1==6€ 1) O (({ X =& )ou)

'+ box = X I'Fab=14 X g

I' F bex]y] = x[bey] '-ab=1 ‘X &

'k be{ey,...,en} = {boey,...,boes}

I'F be{Se e} = {boSe boe}

I'FbePs=P bes
'k bo((ery...,en)) = ,boen)
T'Fbe(si x -+ x &) =bos; x -+ X bes,
'k be(ei) = (boe).i

'k b0<| X; ==¢6q,..
<‘ X] == b@el, ..

(b@@l, AN

X ==6n|) =
.:Xn::b@enb

T'F bedS = 0beS

I'befS=Db
'k bl'@b.X = (blob)x
T F bo(f &) = (bof)(bee)

I'Fbe(uSee) =puboSe bee

I AX{b} ENDF aS = 1
T'F ¢b =,
' AX{b} END - ge = 15

TLFab=q
Tk aS= s
Fl—ab:wl
F"OéS:’(ﬁQ

I AX{b} ENDF aS = 1
Tk b=,
I AX{b} END I ge = 15

PYiNYa =S NP1 NY3 =2

PY1NYs =2
Y1 =12

PYiNYe =T ANP1NY3 =2
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Conclusion Premisses Proviso
I'Fbe[x: g = [x: bes
'k be[x == € = [x == bo€]
. T'Fab=
PFTFbe[S|P]=[beS|boe P Fl—aS:z; Y1iNYy =02
I'kab= ¢1
F'—b“[S| P] :[bOS| P] F"‘bP:’(/JQ 1/}1ﬂ1/)2§7/)3
I'aS= ’(ﬂg

'+ beo[-S = [-beY

I'Fba[SAT] = [boS A beT]

I' F be preS = pre(beS)
T'FbeS\[X1,...,%] = (beS)\[X1,. .., X
Ik be[VSeT] = [VheSe boT]
I'Fbo[3, Se T = [3,boSe boT]

T F bo (S0 /Ys, - - Yo/ Yol] = oSk /...

'+ bo[SgT] = [beSgbeT]
'+ be[SY] = [(be9)]

s %n/Ynll
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A.6 Logical inferencerules
A.6.1 Structural rules

Assumptionrules

T AX]| PIENDF p ASsumPed

'Foee=1
' AX[x == €| ENDF x =

. AssumDef'xX ¢ 1)

F'ko¢s=1v
T AX[x: s|ENDF x €

< AssumDedtx ¢ 1))

TFaS=1¢1 Tk ¢S=1y
' AXSENDF §S€ S

AssumSt(y; Ny = &)

Paragraph and thinning rules

I'AX]| P A RIENDF Q
I AX]| P] ENDAX[| R END+ Q

PredConj

I AXSENDAX]| P]END Q
' AX[S| PJENDF Q

SthPred

I'hP
Irrp

Thinl

'epP I'Foll = I'IE ®P =4

Thinr (l/)l n ’l/)g = @)

I'IIFP

iILIIEP

I Eal'y =Y

Fll_QH:’l/JQ

g+ oll = 93

TIF¢ly =gy [ 10¥s=2
Shift| o Ny = @

I - P by Ny = 3

A.6.2 Equality and substitution

— Refl
I'Fe=e
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I'AX[|u=€e ENDFv=e
IF'AX[|u=€¢ ENDFv=u

Trans

I AX{b} END} P
TFboP

UseBind

TAX{D}ENDFu=e Thrab=1; TF¢u=1y

TF U —boe EquBind(y1 N ¢ = @)

'Fu=bee THab=vy; TFou=1

2 .
T AX{b} ENDF- u=e EquBind (1 N = @)

A.6.3 Propositional calculus

TP TFQ

Trprg And

TFPAQ

Irp AndEr

PEPAQ
rrg "
rep

rrpvQ O

r'-Q

rrpvo oM

I'FPVQ T'AX|P/ENDFR TI'AX]| Q ENDFR
IR OrE

IAX|PIENDFQ
TFP=Q

pl

rFP THP=Q
TFQ

ImpE

I'+P = false
'--P

NotDef
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——— FalseDef
TI-false= P

T | false

rcp FalseE

I' AX]| - P| END - false
TP

—— TrueDef
I'EP=true

'-P=QAQ=P
'-P<Q

IffDef

A.6.4 Quantifier rules

I'AXSENDF P
I'FVSeP

I'FVSeP 'Fbes
'boP

AllE

'beoP 'bes
I'F3SeP

Existsl

I'+3SeP
I' AXSENDAX|| P| ENDF Q
I'FaS=1
I'E2Q =1
T'FQ

EXiStSE(¢1 Ny = @)

I'-dSePA
VSe(xi==X,.... %5 ==X, ) ©P = S=0S
TFaS={%",.... %'}

TH3,SeP

UnigExists

I'H3,SeP
T'HaS={%....'% '}

I'-3dSePA
VSe(xg==X),....% ==X, ) ©OP = 0S=0S

UnigExists$
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A.6.5 Expressionrules

Sets
IFGENAX[XTENDF { { x==s)cT oy} € Pe
'FaT =Yy
I'E®T =1

GenM 'y AN n =J
TGENAXX|T ENDF- y,g € € enMent(’y’ € 1 A v Nyz = 2)
TGENAX[X|T ENDF yg € €
Tk aT =
Tk &T = ¢
TGENAXXTENDF { (Xx—=s)oT ey} € Pe

GenMem(‘'y' € i1 Ay Ny = @)

'k (Vx:sexet)A(VX:texes)
'k ¢s=y
L't =1,
F'Fs=t

Seted‘X & 11 U )

'-s=t
I'E¢s=n
I'E ¢t =1

FH(Vx:sexet)A(VX:texes)

Seteq(‘'X' & ¥y Uo)

'v=g V...VVv=g

Extmem

Ftve{e,...,en}

I'-3See=u TFge=1; T+ aS=1,
'Fee{Seu}

Setcompy; N e = &)

'ec{Seu} 'k ¢e=1 ' aS=1,
I'3dSee=u

Setcomp(v1 Ny = D)

TFVYXx:texes 'k o¢s=
I'FtePs

Powerset(‘X' ¢ 1)

I'FtePs F'Fe¢s=1,
I'FVYXx:texes

Powerset(‘X ¢ 1)

Cartesianproducts
I'Fv=g
Fkv=(ey,....€)

i Tupleequl <i <n)

F'ules A...AUunes

Prodmem

IF'Fues x- -+ x %

F'Fu=(ey,...,&)

Tuplesel
T'Ful=e AN...ANUun=g,
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Labelled products

BindEqu(l <i<n
F|_<|X1::e1""’xn::enl>-xi:a q( >~ > )

F'Fyxi=e A... AUXyp =€,

BindSel

FFy={(xi==6€,....% ==& )

I'kFab=1y 'k gb=1
' AX{b} ENDF x = b.x

2 BindMem(‘X' € ¥1 A 11 N1he = D)

Schemas
F'FeXxi =X A AeXqp=Xn S
ThetaE
IFe=0S etaEqu
I {Xi==X1,...,%==X ) €S TFaS={%"y...," %'} _.
s BindSt
I'FS TFaS={X%"....'%
% "} Bindser
I {Xi==X1,...,%==X ) €S
Description
'k (eu)ef
FEvy:fe(yl=e=(y2=u)
FFQZ/)E:’(/Jl
FF(]SU:wQ L
Fl—u:fe FunCtApp(y ¢1/11U’1/J2)
I'ees

'k({x==e)eP
FAXy:sJENDF (x==y)oP=y=e

DefnDescr
F'Fe=pux:s|P

F'AXx==U ENDFv=e

Usedef(‘X’ & 1)

FAXx==UENDFv=e TFou=1n
F'kFv={x==u)ee

Usedef (‘X' & 1)
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A.6.6 Schemacalculus

FFuex:s1] _.
— B”’]dP]‘Od
I'Fux; €s

I'beSAbOP
'be[S|P

SthemaMem

'Fb®S
Fl—gﬁS:’l/Jl
I'FaS=1s
Fl—ab:ng

i 1 :@/\ =
TS SdBindMem(z/; N o o = 13)

I'bes
Lk ¢S=1
L'k aS= 1,
F"ObeﬂJg

i =N =
T boS SBindMen (¢ N 1s o = 13)

Fl‘b@[b@S]
' ¢b =1
I'Fab=1s
I'FaS=1s;3

TFbes ShBindMem (1 N 1, o = 1h3)

I'Fbes
Fl—gﬁb:’l/Jl
F"Obeng
Tk aS= 13

m SdhBindMer’ ('l[)l N Z/)Q =g A 1ﬁ2 = 2/13)
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A.7 Usingthe deductive system

This deductve systempermitsproofsto be carriedout entirely within the Z notation
(with someadditional syntax, if binding substitutionis to be omitted from the lan-
guage).lt avoidsthe needto mapZ termsinto anunderlyingrepresentation.

Proofsin the deductie systemproceedin the way that is usualfor the sequent
calculus: proofs are developedbadkwards startingfrom the sequentto be proved.
A rule is applied, resultingin fresh sequentsvhich must be proved. This process
continuesuntil thereareno moresequentsequiringproof, in which casethe original
sequents proved.

A completedproof may thusbe representedsa tree, with the proved sequents
the root node,andevery leaf nodecontainingan emptylist of sequents However, if
someof theselists in the leavesarenon-emptythenthe derivationtreeis still useful,
althoughit doesnot represent proof, it represents partial proof—or a proof of a
derivedrule of inference.

Giventhederivationtree
St .- Sm
Seq
we mayuseasaderivedrule:
Sl Sl Sm S"I R(P’PI)

Seq

Thedeductve systemis definedover the abstracsyntaxonly. However, thetrans-
formationrulesfound elsavherein the Standardnay be usedto enrichthe deductve
systemthey mayeitherbeusedasadditionalinferencerules,asbelow, or in thederiva-
tion of derivedinferenceruleswhich mayinvolve termsof the concretesyntaxwhich
arenot presenin theabstracsyntax.

Giventherewrite rule for ary predicates

P=LQ
theinferencerule which replacesoccurencesf P with occurencesf Q is sound.That
is, if A(P) is somesequentontaininginstance®f predicateP, thentheinferencerule
A(P)

A(Q)

is sound.Similar remarksapplyto expressions.

A fuller explanationof the useof the deductve systemmay be foundin the ref-
erence(Brien & Martin 1995). In particular thosenotesshav how the rulesfor the
schemacalculusmaybe derivedfrom thosepresentedere.

O
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