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22) Which integers are divisible by 5 but leave aremainder of 1 when divided
by 3?

2 points
By the Chinese remainder theorem, the integers 10+15n are divisible by 5
and congruent to 1 modulo 3. Note that to use the Chinese Remainder
Theorem, we must ched first that the numbers m; and m, are relatively
prime. In this case they are, so we can apply the theorem.

26) Find the non-negative integer a lessthan 28 represented by ead of the
following pairs, where eab pair represents (a mod 4, a mod 7)

4 points
e (22

First method

By the Chinese remainder theorem, we can seethat the number a = 2.

Note that to use the Chinese Remainder Theorem, we must ched first
that the numbers m; and m, are relatively prime. In this case they are,

so we can apply the theorem.

Seoond method

This gives us

a=4n+2 (1)
a=7m+2 {2)
From (1) and (2) we get
an +2 = 7mt2
Om/in=4/7 )

Now looking at (1) and (2), one solution is m=0 and n=0.
Now looking at (3), one of the solutions could be m = 4 and n=7.
But weneed a <28 => 4n+2<28and 7m+2 <28
=>n<4and m< 3. This contradicts what we got from (3).
Hencem =0 and n=0.
Oa=2 .(from (1) and (2))

h) (35



30)

10 points

36)

10 points

First method

By the Chinese remainder theorem, we can seethat the number a =
19. Note that to use the Chinese Remainder Theorem, we must check
first that the numbers m; and m, are relatively prime. In this case they
are, so we can apply the theorem.

Second method

This gives us

a=4n+3 (1)
a=7m+5 (2
From (1) and (2) we get
an +3 = 7m+5

On=(7m+2)/4 (3

Weneed a<28 => 4n+3<28and 7/m+5 <28
On<6andms< 3

By trial and error, we get n =4, and m= 2
0a=19

Show that if a and b are positive integers, then
(2%-1) mod (2°-1) = 22™odb. g

Looks like there ae anumber of ways of doing this. One solution is the
following.
Casel)
a <b. Inthiscaseit istrivial. Soamod b = a Also 21 < 2°-1, s0 2%-1 mod
2b_1 — 2a_1 — 2amod b-l.
Case?2)
a=b. Sonow a can bewrittenasa =nb+r wheren> 1 and
0<r<b. First let us prove that when a =n*b, 2>-1 mod 2° - 1 =0, that is 2°
- 1 dvides numbers of the form 2™-1. Using the fad that (x-1) is a factor of
(x™-1), (n= 1) we get thisresult, but nbmod b=0and 2 - 1= 0. So when a
=nb, 221 mod 2°- 1=22M*"_ 1 Call thisresult (1)
Whena =nb+r (0<r <b), (notethat r = amod b)
21 mod 2*—1=(2"™*"-1) mod (2° - 1)
=(2"2 -2 +2-1) mod (2°—~1) [Adding 0=2"- 2
=((2™-1).2"+ (2" = 1)) mod (2° — 1)
=(2"-1) mod (2° - 1) Using result (1)]
— 2r_1: 2amodb_1.

So in al cases, the identity holds. Hence proved.
Encrypt the message ATTACK using the RSA system with n=4359and e

= 13 trandating ead letter into integers and grouping together pairs of
integers as done in example 10.

(AT) (TA) (CK) iswritten as 0019 1900 0210T o encrypt we must compute
0019°= 2299(mod 2537, 1900 = 1317(mod 2537 and 021G° = 2117
(mod 2537). The encrypted message is 2299 1317 2117.
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2 points
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6 points

Show that the system of congruences x = 2(mod 6) and x = 3 (mod 9) has
no solutions.

x = 3(mod 9) => x = 3 +9t for some integer t. So, 3|x.

On the other hand, x = 2(mod 6) => x = 2+6s = 2+ 3(2s) for some integer s.
hencex mod 3= 2 which contradicts the cnclusion obtained above that
3[x.

Therefore, there is no solution of the given system of congruences.
Another way you can do thisis using the next problem. So in case you
proved the next problem before you dd this, then since gcd(6,9) = 3 does
not divide 2-3 = -1, this g/stem of congruences has no solution.

Show that the system of congruences x = a; (mod m,) and X = & (mod my)
has a solution if and only if gcd(my, my) | & —&.

)

Let d = gcd(my, my). The fad that the system of linea congruences has a
solution meansthat [x = g +Myy = & +Mpz. Thus & - & = MyZ - Myy.
Sinced |[my and d |mp, d [(Myz - myy). Thusd | (a; - &).

)

Let d = gcd(my, my). By the hypothesis, d | (&, - &).

By the ‘sm+tn’ theorem, we know there ae 2 integers sand t such that sm;
+tm, = d.

Thus (a; - &) = d*k = (s + thp)*k. Rearanging terms in this equation, we
get & + (-s*k)my = & + (t*k)m,. Thus there is a number x such that x = a;
(mod my) and x = & (mod my). This means that the system of linea
congruences has a solution.

Hence proved.



