EECS 2031 Homework —6 Solutions
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Prove that the square of an even number is an even number using a direct
proof.

Assume that the hypothesis of this implication is true, namely, suppose
that niseven. Then n = 2k, for somek is an integer. It follows that
n® = (2k)?

- 22k2

= 2(2k?). Therefore, n? is even (it is twice an integer value).

Prove that the product of two rational numbersis rational

By definition, any rational number can be written as p/q where p and g are
integersand g # 0. Now, let x and y be the 2 rational numbers. Let x = a/b
andy = c/d, where a, b, c and d are integers.

On multiplying them, we get:

x*y=(ab)* (c/d) = (ac)/(b*d).

Now, if aand c are integers, then a* ¢ is also an integer.
Similarly for b and d. So the product of two rational numbers must be
arational number.

Prove or disprove that 2" +1 is prime for all nonnegative integers n.

This can be disproved by a counter example:

Forn=3,

2"+1=2°+1=8+1=9, and 9 isnot a prime number.

Remember it is easy to disprove something by finding just one counter-
example.



44)

4 points

28)

10 points

Prove or disprove eab of the following statements about the floor and
caling functions

b) [x+y =X+ yfor al red numbersx andy.
This can be disproved by a counter example:

Forx=0.25andy = 3.75
L.H.Sis
X +y [=[0.25+ 3.750= [4.00C]= 4
and RH.Sis
X[+ Ly[= [0.25[+ [B.750]
=0+3
=3
OLHS#RH.S

Do problem 28 on page 183 by a generalization of the proof | did in class
involving prime fadorizaions. Show (as alemma) that a positive number

j isaperfed square if and only if ead of its p-levels, for p a prime number,
is even. (The prime numbers dart at 2.) The p-level of a number j isthe
exponent of p in the prime fadorization of j. Thus the 2-level of 98 = 21.72
is1, and the 7-level is 2.

Problem 28: Show that Vnisirrational if nis a positive integer that is not a
perfed square.

Method 1
Wewill first prove the following Lemma. The lemma isuseful to know
in general.

Show that a pasitivenumber j isa perfed squareif and only if each of its
p-levds, for p a prime number, iseven.

Proof:

Let j be apositive number, we can write j in terms of it’s prime fadors,
j=P2.P,.PC... (Where Py, P, Ps ... are Prime numbers, and a, b, ¢ ...are
some integer numbers)

a) We haveto provethat if a, b, c... are eve numbers, then j isa perfed
square.

Oj = P P,%.Ps%... (where a=2x, b= 2y, c=2z...becaise a b, ¢ ...are even
integers)

0j = (PX.PY.Py)?

Thusj isaperfed square.

b) We haveto provethat if j isa perfed square, then a, b, c...are eva
numbers.

0 j=k?

We can write k ask = P*.P.P5* ... where Py, P,, Ps ... are prime numbers,



and X, y, z ..are some integers)
0=k = (P PP ..) 2 =P PP .. = PAPLPS...
(where a=2x, b =2y, c=2z..)

Thusa b, ¢ ...are even numbers.
Hence proved. (Note that in this proof, we assumed (without proof) that
every integer has a unigue prime factorization.)

Now the proof of “ vh isirrational when nisnot a perfea square.”
Thisis a proof by contradiction.

Assume Vn is rational. Therefore vn = p/q where p and q are integers.
Squaring both sides we get

n = p’df.

0 p2 -n* qz

Since p?is a perfect square, the LHS isa number that hasall even p-
levels (by lemma).

Now look at the RHS. ¢ is a perfect square, so the p-levels of g? are all
even. But nis not a perfect square (by hypothesis) therefore at least one of
its p-levels is even. Since multiplication of n and g° leads to summing the
powers, at least one of the p-levels of the RHSisodd. Thisisa
contradiction.

Therefore vn cannot be rational. ThusVn isirrational.

Method 2 (Without Using the Lemma)
Givenn (> 1) is not a perfect square. Suppose that Vnisrationa i.e
vn = alb, for some positive integers aand b, and that b is the smallest
positive integer denominator for which thisistrue.
Thenb?< n* b? = &,
becausen>1,s00<b<a
Now divide a by b, obtaining quotient g and remainder r, soa=qg*b +r,
withO<r<b.
Now if r = 0, we have a= g*b, and a/b = g, so n = ¢f%, and n is a perfect
square, a contradiction. This means that r cannot be zero, and
so0<r=a-g*b<hb.
Now n* b? = &

n* b’ - g*a*b =& - g*a*b

b*(n*b-g*a) = a (a-q*b)

(n*b-g*a)/(a-gq*b) =ab=+vn

This contradicts the minimality of b, since0 < a- g*b<b. This
contradiction means that no such integers aand b can exist, and
Vnisirrational.



The next two problems refer to the universe of functions from R+ to R+,
where R+ is the set of positive real numbers.

5 points
1)

2)

Provethat for any f and g, that if f= O(g), then g = Q(f).

f = O(g), implies, by definition, [1C, k (both positive constant ) such
that

| FO)I=C | a(x)], for x>k

OVC | f (< |9

OlgX)|>C *| f (X)|, whereC' = 1/Cisa onstant
(I By definition of Big Omega,

9(x) = Q(f () ; i.e; g=Q(f).

Provethat if f=©(g), theng= B(f)

Method 1

f=0(g) O f=0(g) and f = Q(g)

f=0(g) O g=Q(f). (Proved above)

f=Q(g) 0 g=0O(f). (Can provethisas above)
g=Q(f) and g=0O(f)U g=O(/).

Method 2 (Longer becauseit just repeats what was proved above)
f=0(g) implies

f=0(g) and f = Q(g)

Now f = O(g) implies

| fO)I<Clg(x)], for x>k

Olg(x)| > C * | f(x)|, where C’ =1/C is a constant

[0 By definition of Big Omega, g = Q(f) ... (1)

Similarly,

f = Q(g) implies

| f(X)]=C|g(x)]

Olgx)|<C | f(X)], whereC' = 1/Cisa mnstant
0 By definition, g = O(f). (2
From (1) and (2) we car seethat g = O(f).



