EECS 206F01;: EXAM #2
Solutions

What follows are restatements of each exam question, the correct answers, strategies for working
each of the problems, and partial credit guidelines. Please look over this material carefully to
make sure that you received the credit you deserve for the work you have shown.

Regrading procedure

After you' ve read through the partial credit guidelines for a given problem, if you believe you
should have received more points than given, please write up your petition along with your rea-
soning and hand the petition along with your original examto either Prof. Neuhoff or Wakefield.

Please remember that the amount of partial credit given for each problem differs according to the
problem and the nature of the mistakes. You may believe that more partial credit should have
been given for the work you have shown, but if we indicate no more than 5 points for a particular
body of work, you will receive no more than 5 points, regardless of your petition.

Also, please remember that some answers received NO partial credit, no matter how much work
was performed. Thisreflects the fact that some of the incorrect answers were wrong on funda-
mental grounds, rather than particular aspects of the problem. A petition requesting that work
shown in support of afundamental error will be rejected automatically.

Y ou have until the 11/30/01 to submit your petitions for regrade in writing.



Problem 1. The discrete-time signals for
€,(t) = cos(2p200t) s,() = cos(2p4000t)
are
a identical for asampling frequency f, = 3800 Hz.
b. identical for at least one sampling frequency f_ such that 1300 <f_ <1800
c. identical for asampling frequency f, = 4000
d. more than one of the aboveis correct
e. none of the above s correct

Correct answer : d. Both a) and b) are correct.

Solution: Given a sampling frequency of f, the sampled forms of <,(t) and s,(t) are

200ng 4000ng
s,[n] = cosgé—pf—ng s,[n] = cosgaJ:f—ng
S S

One condition for the two sampled signalsto be identical is that their discrete frequencies are the
same up to an integer, i.e.,

2p 200 2pk = 2p 4000
fS fS
where k isinteger. Solving for f , we have

_ 3800

fg ”

Therefore, a) is correct under the condition that k = 1. In addition, c) isincorrect, and it would
appear that the next two sampling frequencies (1900 and 1266.6...) indicate that b) is also incor-
rect.

However, a second condition for the two sampled signals (and therefore, the source of the second
correct answer) isto recall that cosines are even functions, so that the two sampled signals will
also beidentical if

26200, o) - _2£4000
S S

Solving for f_, we have

(= 4200

S
k
so that 1400 Hz (k = 3) isavalid sampling frequency. Accordingly, b) is also correct.



Partial Credit Scoring.

Up to 5 points were given for complete solutions for a) and b), alone. For c) and €), up to three
points were given for problem set-up and development.

Problem 2. Given the signal
) = (1 +0.5cos(2f 10t)) cos(2f 4000t)

Suppose we multiply s(t) by cos(2p4000t) and filter the continuous-time result with an
ideal lowpass filter. Given that the lowpass filter removes all frequencies above 3000 Hz,
what isthe smallest sampling frequency for which aliasing will not occur when sampling

the output of the lowpass filter? (Hint: (cosa)? = 0.5(1+ cos(2a)) .)

a 6000 Hz

b. 8020 Hz

¢. 16020 Hz This solution is incorrect! To prevent

d. 10 Hz aliasing we must use a sampling frequency
that is more than twice the maximum

e 20Hz frequency.

Correct answer : e

Solution: Perform the multiplication as indicated in the problem, using the hint, to obtain

9(t) cos(2£4000t) = 0.5(1 + 0.5cos(2p 10t) )(1 + cos(2r 8000t))
= 0.5(1+ 0.5cos(2p10t)) +
0.5(1 + 0.5c0s(2p10t) ) cos(2p 10t) cos(2p8000t)

The frequencies of the first two terms on the rhs are 0 and 10 Hz. Based on the amplitude modul a-
tion materials found in Section 3.2.3 for the text, the frequencies of the last term of the rhs are
7990, 8000, and 8010 Hz. Therefore, the output of the lowpass filter of this signal has frequencies
at 0 and 10 Hz. Twice this frequency (20 Hz) prevents aliasing.

Partial Credit Scoring.

For a), the scoring differed according to the argument presented. (i) Up to 4 points were given for
carrying out the multiplication, lowpass filtering, but applying the sampling theorem to the cutoff
frequency of the lowpassfilter, rather than properly seeing that the lowest frequency in the signal
was 10 Hz. (ii). Up to 10 points were given for carrying out the multiplication, lowpass filtering,
and identification of the lowest frequency, and then interpretting the sampling theorem as a strict
inequality.

For b), up to 2 points were given for realizing that the highest frequency in §(t) was 4010 and
applying the sampling theorem.

For ¢), up to 2 points were given for carrying out the multiplication, realizing the highest fre-
guency was 8010, and applying the sampling theorem.


Jeff Fessler
This solution is incorrect!  To prevent aliasing we must use a sampling frequency that is more than twice the maximum frequency.


For d), up to 4 points were given for carrying out the multiplication, properly handling the low-
pass filtering operation, but not correctly applying the sampling theorem.

Problem 3. Suppose you are using a D-to-C converter to create a continuous-time signal, y(t) ,
from adiscrete-timesignal, y[n], according to

¥

ytt) = & yInlp(t—nTy

n=-¥
Inorder that yn Ty = y[n] forall n

a. the D-to-C converter must be ideal

b. it must be the case that p(t) = O forall [t| 3 T
C. it must bethe casethat p(0) = 1

d. more than one of the above is correct

e. none of the aboveis correct

Correct answer : c
Solution:
Options @) and b) can be rejected, and with it, option d, using the following argument:

According to the textbook, sinc interpolation (option @) yields the continuous-time signal y(t)
fromits samples. Therefore, y T,) = y[n] . However, zero-order hold interpolation (option b)
asoyieldsyq T,) = y[n]. Since both of these methods yield the same result, neither is neces-
sary.

Consider option c). GivenynT)) = y[n],thenyT)-y[n] = 0 s0

¥
a yIlmlp(mT,—nT)-y[n]
m= —¥

yoT,) —y[n]

¥
o

y[nl(p(0) -1) + g y[mlp((m-n)Ty

m = —¥

m?tn

=0

Since this must hold for any signal y(t) , both expressions on the rhs must be zero. Thus, it must
be the case that

p(0) =1
Inaddition, pT,) = 0 for n* 0.



Partial Credit Scoring.

a), b), and d). Up to 5 points of credit were given for identifying the ideal D-to-C converter as a
sinc function, providing examples of other D-to-C converters that were discussed in the textbook,
or developing the conditions showing c) to be correct. No credit was given for €).

Problem 4.

Correct answer : e

Solution:

a. Not time invariant. See textbook on “time-flip” systems (p. 140).
b. Not linear, since cos(a+ b) ! cos(a) + cos(b)

c. Not linear, because of the constant “4”.

Partial Credit Scoring.

Up to two points were given for establishing various properties of @) and b). Up to three points
were given for establishing the properties of c), including the fact that it was nonlinear.



Suppose the response of a certain linear time-invariant system to the unit step sequence
uln] is

y[n] =23[n] + J[n-1]
where d[n] denotestheunitimpulseand u[n] =0,n<0; un=1,n=0.
The impulse response of this system is
a h[n] =2 3[n]
b.  h[n]=23[n] +39[n-1] + d[n-2]
C. h[n] =2 3[n] - 8[n-1] + d[n-2] - J[n-3] + J[n-4] + ...
d. h[n] = 28[n] - §[n-1] - d[n-2] correct answer
e None of the above

Solution 1: Noticethat d[n] = u[n] - u[n-1]. Since u[n] - y[n], linearity and time
invariance implies

o[n] - h[n]=y[n]-y[n-1] = 29[n] +23[n-1] - 28[n-1] - 8[n-2] = 23[n] - d[n-2]
Solution 2: Work forward from each h[n] to find y[n]. Use the fact that
o[n-K] = x[n] = x[n-k] whichimplies d[n-k] » h[n] = h[n-m]

a h[n] =29[n] O y[n] =2 u[n] whichisnot thegiven y[n]
b. h[n] =29[n] + 33[n-1] +J[n-2] O y[n] =2u[n] + 3vu[n-1] +u[n-2] = n=1

c.  hnl=23[n] - 3[n-1] + 3[n-2] - 3[n-3] + B[n-4] + ...

, N<0

%, n=0

, =1

O y[nl =2u[n] - u[n-1] + u[n-2] - u[n-3] + u[n-4] +...= [ 2, n=2

, =3

, =4

C.

, N<0
d. h[n] =298[n] - §[n-1] - 8[n-2] O y[n] =2u[n] - u[n-1] -u[n-2] = 222
, =2

=29[n]-d[n-1])
which isthe given y[n], sothisis h[n]

Partial Credit: 2 ptsfor writing y[n] = u[n] * h[n], 1 pt. for writing y[n] = d[n] *
x[n]), 5 ptsfor attempting solution 1 or 2 but making serious errors.



Consider the discrete-time system shown below.

storage storage
-1 1
w(n]
® ®

Itsinpulse responseis

a h[n] =59[n] + 5 9[n-2] + 10 J[n-3]

b. h[n] =10 §[n] + 5 d[n-1] + 5 d[n-3] correct answer
C. h[n] =103&[n] -59[n-1] +59[n-2] + 5 J[n-3]

d.  h[n] =59[n] +593[n-1] + 53[n-3]

e none of the above

We recognize the above as the cascade of two filters. The first has coefficients {2, -1,1}
and the second has coefficients {5,5}.

Time domain solution: The overall system has impulse response
h{n] = h1[n] » hp[n] = (..., 0,2,-1,1,0,...)* (..,0,5,/5,0, ...)
=(..,0,10,5,5,0,..) =108[n] + 53[n-1] + 5 3[n-3]
Frequency domain solution:

A A _/\2
Hiw) = 2-¢e/®+el®°

AN

Ha(®) = 5+5€’%

The overall frequency response is
N

HO) = H1(®) Ha) = 2- 619 + 1925 4 5 19

N

. AN ./\2 ./\2 ‘1\)3

10+10e/®. 5610 5102, 510 J
A A

10+5619 45103

+5e

O h[n] =109[n] +59[n-1] + 593[n-3]

Partial credit: 3 ptsfor identifying h1 and hp, 7 ptsfor having right approach but
making simple mistake in execution, 4 pts for determining h[n] by following an impulse
through the system but neglecting the affect of the last storage element, 6 pts for correct
approach but getting hy "backwards'.



The signal
X[n] = l+3cos(§n+ 1)
isthe input to an FIR filter with coefficients

{bk} = {5-1}.
The output of the filter is

a y[n] = 4-12cos(gn+1+g)
-1Y
b. y[n] = 4 -/+ 3V21 cos( g n + 1+ tan (\g) ) correct answer

C. y[n] = 5+15005(gn+1)
d. y[nl = x[n] H&)

e More than one of the above

This problem was not graded because, unfortunately, there was atypo in b, which was
supposed to be the correct answer. The "4 - 3V21 cos..." should have been "4 +
3V21cos...". Asthe problem was actua/l\ ly written, no answer is correct. In particular,
d. isincorrect because y[n] = x[n] H(w) holds only if x[n] is a complex
exponential. Since x[n] in this problem is not a complex exponential, d. is incorrect.

Solution: To compute y[n], we use the general fact that
N N AN N
A cos(won+@) — A |H(wo)| cos(won+@rangle(H(wo))

We observe that the given x[n] isthe sum of two sinusoids with two different
frequencies. We apply the above twice.

The frequency response is
N

HQ) = 5- 6% =5- cos(-®) - j SN(-®) =5- cos(®) +j SN(®)

H(®)] = /25 - 10 cos(®) + cos() + sin2(&) = /26-10 cos(®)

A 1, Sn(@)
angle(H(w)) = tan ( A
5-cos(w)

1. Qo=0: |H(Qo)| = H(0)| = 4, angle(H(to) = 0. Therefore, 1 — 4

A A A -14/3
2. wo =173 |H(wo)| =21, angle(H(wg) = tan (@) . Therefore,

1Y
3cos(gn+1) - 37'21cos(gn+l+tan (g))

_1_
It follows x[n]:1+3cos(gn+1) 5 y[n]:4+3721005(gn+1+tan (g))



A periodic signal x[n] with period 4 istheinput to alinear time-invariant filter with
impulse response

h[n] = 23[n] + d[n-1] (thisisthefilter used in classand Pr. 9 HW 7)
The output y[n] has DFT given by
Y[0] =9, Y[1] =(2))/2, Y[2] =1, Y[3] = (2+))/2
Then x[n] =
a 3 + 3 cos(Tn)
b. 3+ cos(g n) + cos(tm)

T
c. 3+ cos(§ n) + cos(mm) correct answer

d. 3+ cos(g n)

e. Not enough information given to determine x[n].

Solution 1: We find the DFT coefficients of the input signa x[n]. The filter has
-jw

frequency response H(w) =2+ eJ . We know the DFT coefficients X[Kk] of the output

are related to the DFT coefficients of the input via Y[K] = H(ZT]T k) X[k]. Therefore,

Xk =K -0 1,23

H(ZT[k)
Applying the above ylelds
Y[O] _ _Y[ _@Zpr_1
X0 =Ho) =373 XU =H{ap = 2 =2
Y[ _1_ _ Y[3 _ @)z _1
XA =fm =17 L XB = HEwy = 24 7~ 2

Applying the DFT synthesis equation, we find

2m N s
xin] = X[0] +X[1] € 4 M +x[21€ 4“4 x[3d 4"

T ; .3
3+;e|2n+e”m+le|7n

nn T 3 T
92" gnce =11 and d2 =672

3+1e'2n+(1) + Ee

T .
3+cos§n + cost™n whichis ¢

Solution 2: We can see from the DFT of y[n] that y[n] has spectral components at

frequencies 0, ZI g %"2 m and 33—3—", andalsothatthef and 3—" really

represent a sinsuoid of frequency 5 C is the only answer that has these three types of

components, so it must be the solution.
Partial Credit: up to 5 pts for formulas such as Y[k] = H(ZTT[ k) X[K],

-l
H((/;\.)) =2+ eJ , and the DFT formula. 7 pts for computing the X[K]'s.



The continuous-time signal
X(t) = 7 cos (10mt)

is the input to the system shown below, which consists of a sampler that samples at fs=
20 samples/sec, a discrete-time filter with coefficients {bk}, and an ideal reconstructor.

® il . [n] ideal ®
»| sampler > filter »| reconstructor [~ »

The output y(t) equalstheinput x(t) =7 cos (10mt) when the filter coefficients are

a {b} ={5, 0, 4}

b. {bk} ={5, 4}

C. {bik} ={3,0, 2}

d. More than one of the above.

e None of the above

Solution: Since the sampling frequency is more than twice the highest frequency in
X(t), it suffices to choose the filter so that y[n] = x[n]. We first an expression for x[n]:

n I A A TT
X[n] =x(nTs) =7 cos(10 Tt35) = 7cos(;n) = 7coswn, wherew =3

Since x[n] isacosinewith frequency 172, y[n] will be acosine with frequency 172. In
particular,

yInl = 7 H@)I cos (3 n + angle(H(2))
Tomake y[n] = x[n], we must have [H@)|=1 and angle(H(3)) = 0. That is, we need
H(g) =1. Let'sfind H(g) for each of the given filters. (It's not enough to check only
H@)!.)

N .
a H®) =5+4€® H@) =5+4€)" = 5-4=1. Thisworks.
N -j(/A\) Th -T2 i i '
b. Hw) =5+4e’”. H(3) = 5+4e = 5-4j#£1. Thisdoesn't work.
j20) jn

c. H®) =3+2¢ HQ = 3+2e’" = 3-2=1. Thisworks.

The answer is d. more than one of the above.

Some people worked the problem in the time domain. For example to check a., they
computed y[n] =5 x[n] - 4 x[n-2] toseeifitis 7 cos(gn) . Though this approach is
possible, it is more difficult, and | don't think anyone did it successfully.

Partial Credit: 3 ptsfor y[n] =x[n] =7 cos(gn) and finding H((i\)) for systems a.,b.,c.

2 ptsfor noting that we must have H(g) =1

6 pts for showing H(g) = 1 for one but not both of filters a. and c.
2 ptsif you answered a. or c. but not both, without adequate explanation.

-1 ptif you wrote y[n] = x[n] H((T))





