EECS206F01 Exam 3 12/17/01 Version

EECS 206F01: EXAM #3 - 12/17/01

Solutions

What follows are restatements of each exam question, the correct answers, strategies for working each of the
problems, and partial credit guidelines. Please ook over this material carefully to make sure that you received
the credit you deserve for the work you have shown.

Regrading procedure

After you' ve read through the partial credit guidelines for a given problem, if you believe you should have
received more points than given, please write up your petition along with your reasoning and hand the petition
along with your original examto either Prof. Neuhoff or Wakefield.

Please remember that the amount of partial credit given for each problem differs according to the problem and
the nature of the mistakes. You may believe that more partial credit should have been given for the work you
have shown, but if weindicate no more than 5 points for a particular body of work, you will receive no more than
5 points, regardless of your petition.

Also, please remember that some answers received NO partial credit, no matter how much work was performed.
Thisreflects the fact that some of the incorrect answers were wrong on fundamental grounds, rather than particu-
lar aspects of the problem. A petition requesting that work shown in support of afundamental error will be
rejected automatically.

You have until the 1/18/02 to submit your petitionsfor regradein writing.

Please note: in the case of Exam 3, an initial triage will be performed on your petition. If your regrade
would not change your letter grade, the petition will not be evaluated further. If your regrade would
change your letter grade, it will be considered further.



EECS206 FO1 Exam 3 Solutions 12/17/01 Version

1. Let x[n] = cosgzn%n@ y[n] = x[2n], and w[n] = x[2n+1]. Then
a. y[n] and w[n] have the same frequency, which is twice that of x[n]. True

X[n] has frequency %
y[n] = x[2n] = cos@n%Zn@ which has frequency %

w[n] = x[2n+1] = cos@n%(Znﬂ)@: cos@n%nﬂn%@ which also has frequency %

b. y[n] and w[n] have different frequencies. False

c. y[n] and w[n] have the same frequency and the same phase. False

d. y[n] and w[n] have different amplitudes False

e. None of the above False

Partial Credit:

+5 for finding correct formulas for y[n] and w[n]

up to 7 points if the approach is correct and wrong answer is due to a numerical error.
2.  Given ared-vaued periodic signa x[n] with period 42, let X[k] be the 50 pt DFTof

xX[1],x[2],....Xx[50]. If

X[g] = 05d%2
then

a. the amplitude of X[42] =-0.5 False.
Amplitude is never negative. Moreover, recall that X[N-k] = X*[k] for any k.
Here, N =50. And Thisimplies X[42] = X[50-8] = X*[8].
Therefore, [X[42]] = |X*[8]] = [X[8]] =0.5.

b. the angle of X[42] is -0.2 True

Since X[42] = X[50-8] = X*[8], angleof X[42] = - angle of X[8] = -0.2
c. theangleof X[34] is -0.2 False

We have no information about X[34]

d. a50-pt DFT can't exist because the period of the signal is42 False
Asdiscussed in class and lab, it is perfectly acceptable and often useful to apply the N-
point DFT to an arbitrary set of N numbers.

e. None of the aboveistrue False

Partial Credit:
up to +5 if you answered c. and gave a plausible explanation for why
+4 ptsif you wrote X[N-k] = X*[K]

+2 if you didn't get any of the above partia credit but wrote the DFT synthesis or analysis
formulas or both.
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. _Hz,n:OOrn:muItipIeofB
3. Thesignd x[n] = [0, n # multiple of 3

difference equation

is the input to afilter described by the

1
ylnl = 5yln-1] +x[n]
The 6-point DFT of the output is
1k
a. YK = 2D oo 5

= True
T ’

3 1- %e" 3K

b. Y[K] = 2 11'”k’ k=0,.,5 False
1-§e'J§

1

c. Y[K = 1 o =0,..,5 False
1—2613

d. Y[K] =% 1_2n , k=0,..,5 False

15K

1-26 3

e Y[K] = %ﬁ k=0,..5 False
1-§e'?

Solution: This problem is similar to Problem 8 of Exam 2. Note that since x[n] is periodic
we need to use the DFT approach rather than the z=transform approach. The key fact is

2
YIK] = X[K] H(E®)
VAN
where X[K] isthe 6-point DFT of x[n], H(z) isthe system function, and H(ejm) isthe
frequency response of the system.

5 -'zlﬁ( _-ijo _'gfkg ;
X[K] = % zox[n] el oT6K0 L 1 ra 76 sinceonly x[Q]
n=

1
= X0l exl3 e andx[3] arenot zero

1 1. -k 1
:62+626 :é(l+(-l)5

From the difference equation we see, Y(2) = % z'JY(z) + X(2).

Yz _ 1
X2 ~ 1_%2-1

1
1 .j2n
1-§eJ 3K

.2TC
Therefore, H(z) = and  H(E6) =

2T
Substituting the expressionsfor X[k] and H(eJ 6T[k) yields a.

Partial Credit:
.21
+3 for writing Y[K] = X[K] H(€'6") where X and H are identified
1 Yz _ 1

. or +2 for H(z) = =11
l_%e-jgk X(Z) 1-52

2T
+3 for finding H(e ") =

+3 for finding X[K] :%(1+(-1)‘3 or +1 for defintion of X[K]

+7 if you answered d and worked out the answer correctly except that you used N = 3 instead
of N=6
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4.  Thesigna
T T
X[n] :5cos(Zn+ 1) +4cos(6 n+3
isthe input to an FIR filter with coefficients

{bi} = {1, v2,1}.
The output of the filter is

a y[n] = 362c0(; n+131) +127cos(gn-52) +176 False
b. y[n] = 362c0s(; n+L31) +176 False

c. yln] = 127 cos(g n-52) +176 True
d.  y[n] = x[n] H&) False
e More than one of the above False
Solution: This problem is like Problem 7 of Exam 2.
The approach to this problem is to find the frequency response H() of the FIR filter and then
to use linearity of the FIR filter and the fact that if the input is A cos(@n+¢), then the output is
AJH(®)| cos(@dn+e+angle(H(D)) . Specifically, for the given input x[n], the output is
TU TU
yInl = 5H()l cos(3 n + 1+ angle(H(z)) + 4 IH(g)| cos(g n + angle(H(g) + 3 [H(O)]
A A
- -j2
The frequency responseis H(®) =1 v2e' +e . Thus,
LU LU j0.52
HQ) =1-v2e?+62=20, H@E) =1-v2e0+e3=318¢e" -, HO)=1-72+1=.586
Therefore,

y[n] = 5x0 cos(g n+1)+4x.318 cos(g n-0.52) + 3x0.586
= 1.27 cos(g n -0.52) + 1.76

Notice that once you discover that H(g) =0, you could immediately see that the answer does

not have a component at frequency 2 , Which éliminates answers a. and b.

Very Important Note: As mentioned in the solution to Exam 2, y[n] = x[n] H(®) holds
when and only when x[n] is a complex exponential. Since x[n] in this problem is not a
complex exponential, d. isincorrect.

Partial Credit:
+ 6 if you answer e and correctly show c istrue and also claim d is true.

+ 3 for writing input = A cos((n+@) O output = AJH(®)| cos(é+e+angle(H(0))
+5 for computing H(z), H(0), [H(@)| and angle(H(g))
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5. Asigna x[n] istheinput to afilter with frequency response
AN VAN
HQ) = 2- 130, 14

Such filtering has the effect of performing sliding-correlation with what signal? (Neither the
filtering nor the correlation involves mean subtraction.)

a p[n] = 29[n] - &[n-2] + 23[n-3]
b. p[n] = &[n] - 8[n-2] + 29[n-3]
c. p[n] = 8[n] - d[n-1] + 28[n-4] correct answer
d. p[n] = 29[n] - &[n-3] + J[n-4]
e none of the above
Solution: To do sliding correlation of signal x[n] with pulse
p[n] = p[0] 3[n] + p[1] 3[n-1] + ... + p[M] 3[n-M]
we use an IR filter with impulse response
h[n] = p[M-n] = p[M] &[n] + p[M-1] d[n-1] + ... + p[0] J[n-M]
Conversely, afilter with impulse response
h[n] = h[0] 3[n] + h[1] d[n-1] + ... + h[M] 3[n-M]
performs sliding correlation with the pulse
p[n] =h[M-m] = h[M] §[n] + h[M-1] d[n-2] + ... + h[0] d[n-M]
In this problem, from H({) we seethat
h[n] = 23[n] - §[n-3] + J[n-4] .
From thiswe seethat M =4, and
p[n] = d[nN] - d[n-1] + 23[n-4]
Partial Credit:
+2 for finding h[n]
+3 for h[n] = p[M-n]
+2 for finding M =4



EECS206F01 Exam 3 12/17/01 Version

6. Which of the following pole/zero plots and magnitude spectra areinconsistent?
1
t 3
g os / \ °
> B x 22
a g 0¥ \? X g)
g £1
g-05
1 0 . . .
1 0 1 0 2 4 6
Real Part freq [radians]
. 4
S 05 23
> 2
b. g 0 52
g :
g-05 \%\J 1
-1 0
1 0 1 0 2 4 6
Real Part freq [radians]
1
= 3
S 05 / \B\ 2
> 2 22
c g 0 2 IS
g-05
1 0 . . .
1 0 1 0o 2 4 6
Real Part freq [radians]

d. More than one of the above
€. None of the above

Answer:e
Solution:
Option a) has a pole near the frequency ¢, where there is an increase in the spectrum. The conjugate pole pair

lies closer to the origin and afrequency of 0. Therefore, we should expect a small increase in the magnitude spec-
trum that is observed near 0.

Option b) has a conjugate pole pair inside the unit circle centered at frequenciesjust alittle larger than 0.75¢ and
aconjugate zero pair close to, if not exactly on, the unit circle centered at frequencies just alittle smaller than
0.75p . Thisis consistent with the null and peak observed between 2 and 3 radians.

Option c) has a conjugate zero pair closeto, if not exactly on, the unit circle centered at frequencies about 0.25¢ .
This is consistent with the null in the spectrum observed in the neighborhood of 0.25¢ .
Partial credit:

Up to 5 points were given if you properly interpreted the pole/zero plots but incorrectly interpreted the range of
frequency as being from O to 2f .
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A few of you misread the word inconsistent, argued that each of the pairs was consistent, and chose ¢). Upto 9
points were awarded for this mistake in reading.

Generally, between 3 and 5 points were awarded for interpretations that missed some of the key features of the
pairs in explaining apparent discrepancies.

7. 1 X@ = 2(1+2z2+0.257°) and Y(2) = 102°X(2), then
a y[n] = Z2(2.5d[n - 2] + 20d[n— 3] + 10d[n — 4])
b. y[n] = 2.5d[n] + 20d[n - 1] + 10d[n - 2]
c.y[n] = 10z 4(d[n] + 2d[n + 1] + 0.25d[n + 2])
d. y[n] = 10d[n] +20d[n + 1] + 2.5d[n + 2]

e. None of the above

Answer: b

Solution: Substituting the specific form of X(z) and expanding, we have that

lOzZX(z)
10z %(1 + 2z + 0.257°)

Y(2

1077 + 207 " + 2.57°
Therefore, y(n) isthe finite-length sequence of delta functions, e.g.,

y(n) = 2.5d(n) + 20d(n-1) + 10d(n- 2)
Partial credit:

Options @) and c¢) are wrong, foundationally! Both represent an impossible mixing of sequences with Z-trans-
forms, which is a bit like mixing water with oil. Sequences eliminate the Z terms, Z-transforms eliminate the n
terms, and there is no in-between. Efforts showing either of these options were given up to 2 points for set up,
and that’siit.

Option d) was given up to 5 points credit, depending on the amount of work that was shown. Basically, this

answer results if you have messed up on ordering the coefficients and/or handling the negative powers of z prop-
erly.

Option €) was given up to 5 points credit for work that attempted to show b) to be wrong, otherwise 2 pointswere
given.

8. Giventhe LTI system H
y[n] = =0.2y[n-1] +0.4y[n-2] - 0.1y[n- 3] +X[n] + 0.25X[n — 2]

with two of its zeros at
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pe2

0.5¢/P? 0.57P 2

which of the following implements H as a cascade of LTI systemswith real coefficients?

a X[n]—1-05P%7t [ |1-05e7P 2t s - L y[N]
1+02z " -04z " +0.1z

b X[n] 4 1+0252% | 1+027'-047%+017° - y[n]

c. X[n] o 1+02527 | 1 - y[N]
1+027-04z72+017°

d. X[n] o 1+o0252% |- L - y[N]
022104z 7°%+0127°

e. None of the above

Answer: c
Solution: Z-transform both sides of the difference equation
y[n] = -=0.2y[n-1] +0.4y[n- 2] — 0.1y[n- 3] +x[n] +0.25x[n - 2]

\ Y(2) = -0.2Z "Y(2) + 0.4Z *Y(2) - 0.1 >Y(2) + X(2) +0.2527°X(2)

and form the system function
_2
H(z) = Y(2) _ 1+0.25z
X@ 14027 -047%+0.127°
We recognize that the system function can be factored as
H@) = (1+ 0.252 %)

1

1+02z°-0.4z°+0.17°
and that the coefficientsin each sub-system are real. Therefore, using the fact that the system functions of cas-
caded systems multiply, c) isthe correct answer.

Partial Credit:

Option a). Up to 7 points were given for showing a) to be the answer but failing to recognize the requirement that
the coefficients of each system block be real.

Options b), d), and €). Up to 5 points were given for setting up the problem and beginning to develop a solution.
B(2

In particular, if you reached the proper form for H(z) = A—(—z) , you received up to five points. If you did not reach

this point, you were given up to three points.
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9. Given the impulse response of aL Tl system H
h[n] = 5(0.25")cos(0.2pn)u[n] + 10(0.9")u[n]
where u[n] isthe unit-step function.

a. H(z) has 3 poles and no zeros

b. H(2) = S +_ 10

(1-0.25¢7%%71y(1-025d%%*7 ) (1-0.927)

5(1-0.921) +10

-i0.2p

.H@) = .
°He) (1-0.256"%?7 Y (1-025¢%P7 MY (1- 097

d. More than one of the above is correct
e. None of the aboveis correct

Answer: e

Solution: The key to solving the problem is to recognize that the specific form of the impulse responseis a sum
of impulse response, as found in the course material on the inverse Z transform:

K
h[n] = § Aduln]
k=1
where the p, arethe poles of the system and the A, are the coefficients obtained through partial-fraction expan-
sion. That is,
H(z) = s A
@= 3 -
k=11-pz
In the text and in class, we developed special cases for real and complex-conjugate pair poles. If you recalled
those, you could skip afew of the following steps. If not, we proceed by expanding the cosine
ej0.2pn + e—jO.an

2

cos(0.2pn) =
so that
hin] = g(O.ZSejO'Zp)nu[n] + g(O.ZSe_jO'Zp)nu[n] +10(0.9" u[n]

Converting and simplifying

25 25 10
H(Z) - j0.2p_-1 * —j0.2p_-1 * -1
1-025¢" P77 1-0285e" P77 1-0.92
_ 5(1-Re{ 0.25¢°%"1 777 ,_ 10

(1-0.25¢°%*7 1) (1-025¢7%%7Y) 1-0.97"

At this point, we need go no further. Option b) iswrong, since the numerator of the first term in the summand is
wrong. Option c) is also wrong. The denominator is correct, but when cross-multiplying the equation above, a
different expression obtains for the numerator. Finally, Option a) is also wrong: the numerator is a non-trivial
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polynomial and, therefore, has zeros. Therefore, none of the above optionsis correct and the proper answer to the
problemise).

Partial credit:

Option a) could earn no more than 1 point for the set-up aone. Thisis afoundational error. Y ou should make
sure you understand the correct answer and how zero’ s are truly present.

Options b) and c) were credited up to 5 points for development beyond the initial set-up and first steps of solu-
tion. Within this crediting, up to two points were given for recognizing the poles, and up to three points were
given for working the problem using the proper Z-transform, partial-fraction forms.

10. Giventhat

K L

y[n] = - & ayin-kl+ § bx[n-I]
k=1 =0
o g

wln] = - g cw[h-k]+ g dy[n-I]

>~
[Eny

1=0

then § awln—k] = § bx[n-1] where, for al k and|,
k |

)
)

~
I

= a,* ¢, and b, = b, * d;, wherethe convolved sequencesinclude a, = 1,¢c, = 1

b. a, =a *c and bI bI * dl,where a, and C, do not exist in the convolved sequences

c.a, =c.andb, = Db,

o

Q
=~

|

= a. +c. and by = b, +d,
e.a, = ac, and b, = b,d, wherethe multiplied sequencesinclude a, = 1,¢c, = 1

Answer: a

Solution: The easiest way to work this problemisto pull the terms of the first summation of each right hand side
to the left hand side:

K L

yinl+ § ayln-kl = § bx[n-1]
k=1 I=0
K L

win] + § cwln-k] = § dy[n-1]
k=1 =0

and combining the isolated y[n] and w[n] terms
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K L

a ayln-kK = § bx[n-I]
k=0 =0
5 g
a cwln-K = g dy[n-I]
k=0 =0

where a, = 1,¢, = 1. Taking Z transforms of all four summations, we have that

K L
3 a2 = & b2" X
k=0 =0
K L

a ckzn_kW(z) = a dlzn_IY(z)

k=0 =0
Pulling the Z transforms of the input and output sequences to the left hand side of each equation, we obtain
L

é blzn_I
@ - 1=0 - iz)
X(2) g ok A2
K
k=0
L
a dlzn_I
W@ _ =0 _ D@
Y(2 éK oK C(2
k
k=0

where A(2), B(2), C(z) and D(z) denote the polynomials with coefficients { a,}, { b, },{c.} and {d,} , respec-
tively. From these equations, we find arelationship between W(2 and X(z) asfollows:

W@ = %g}v(a

Y(2) = %(gX(z)

\' W(2QA@R)C(2) = X(2)B(z)D(2

Recognizing that multiplication in the Z domain is the same as convolution in the sequence domain, e.g.,
A@)C(D « a*cy
B2D(? « b*d,

we conclude that the sequence a, isthe convolution a, * ¢, and the sequence b, isthe convolutionb, *d, . Not-

ing the condition, a, = 1,c, = 1, used in developing the solution, we see that option a) is correct.

Partial credit:

Up to two points were given for the initial set-up of the problem in a manner that would lead to some reasonable
form of solution. Beginning to work the solution earned up to one more point. Successfully working through the
Z-transformsto achieve the form B(2) D (z) cA(z)C(2) earned up to atotal of 5 points. Finally, successfully solv-
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ing the problem by showing all the work but failing to handlethe a, = 1,c, = 1 condition earned up to 8
points.



