EECS 206 Solutions to Exam 3 August 9, 2002

Instructions:

e Answer on this questionnaire

e Print your name

e Sign the pledge below

e Closed book and notes

e Three 8 1/2 x 11 sheets of paper allowed

e Calculators allowed

e Read the questions carefully.

e Problems 1 to 7 are multiple-choice. Each has 7 points. No partial credit will be given.

e In Problems 8 and 10, partial credit will be given. You must show your derivations/calculations to get full
credit.

Name:
UMID:

PLEDGE: I have neither given nor received any aid on this exam, nor have I concealed any violations
of the Honor Code.

SIGNATURE:

DO NOT TURN THIS PAGE OVER UNTIL TOLD TO DO SO!
Good Luck!



Mark your answers for Problems (1)—(7)

Subtotal

(10)
Total




(1) A linear time-invariant system has the following signal relationship:
T T T T
z[n] cos(2n+3) y[n) 8cos(2n 3)

Then, the input signal x[n] = cos (gn + 2—”) will cause the system to produce

3
(a) 4cos(Fn—2r)
(b) 2cos(En+ 2F)
(c) 4cos(Zn)
(d) 2cos (En)
(e) None of the above
Answer: (d)

For a sinusoidal input z[n] = Acos(@n + ¢) to an LTI system with H(w), the output
yln] = A|H(@)|cos (On + ¢ + LH(@)).

From the problem statement

T 27
Y920
H(D)=22(-2T)
Therefore 5 5 5
i ™ ™ Y Y e
I[n] = COS (§n+§) t—>y[n] —2COS (§n+?7?) —2COS (571,)

(2) An LTI filter with the following pole-zero diagram has the largest magnitude of the frequency response function
H(®) at © equal to

(a) 0

(b) 7/3

(c) /2

(d) 2n/3

() =
Answer: (b)

A peak occurs at the angle of poles with a larger magnitude of the frequency response function for a pole closer
to the unit circle.



(3) For the following continuous-time signal
2 cos (2100t + g) — 3sin (27400t — E) + 4 cos (27800t — 5)

which of the following sampling frequencies (in samples per second) does not result in aliasing?

(a) 100
(b) 200
(¢) 300
(d) 900
(e) 1,800

Answer: (e)

The sampling frequency must exceed double the maximum frequency of the signal for no aliasing. Therefore,
the sampling frequency must exceed 2 x 800 = 1,600 samples/sec.

(4) The overall impulse response h[n] of the following two cascaded LTI filters

where hi[n] = d[n] + 26[n — 1] and Ha(z) =1 — 2272, is

(a)  d[n] —4d[n — 2]

(b)  d[n] + 26[n — 1] — 2d[n — 2]

(c) [n] — 20[n — 2] —25[n—2]

(d) 2d[n] +d[n—1] —4d[n — 2] — 20[n — 3]
(e)  d[n]+ 20[n — 1] — 2§[n — 2] — 46[n — 3]

Answer: (e)

The time-domain approach:
hn] = hq[n] * han] = (8[n] + 28[n — 1]) = (6[n] — 28[n — 2])
= d[n] + 26[n — 1] — 26[n — 2] — 40[n — 3].
The z-domain approach:
H(z)=H(2)Hz(2) = (1+227") - (1 —227?)
=1+21—2272 4273
hlz] = d[n] + 26[n — 1] — 26[n — 2] — 46[n — 3].
(5) The input-output relationship of an LTT filter is given as follows:
y[n] = x[n] + 2z[n — 1].
A real periodic signal z[n] with period 3 is applied to the filter. If the 3-point DFT of this signal is
X0 =0, X[1]=3V3, X[2]=—jV3,

then the output y[n] for n =0,1,2 is



(a) 3cos(mn/4)

(b) 3sin(mn/4)

(¢) 6cos(2mn/3)

(d) 6sin(2mn/3)

(e) None of the above
Answer: (c)

For a periodic signal z[n] with period N,

N-1
y[n] _ Y[k]ejQﬂ—kn/N,
k=0
where
2k
Y[k = X[k]H(%), k=0,... N—1
We note that NV = 3 and that
2k Conk
H(T) = H(Z) |z:exp(j2;rk) =1+ 6_3%
2,k =0,
= —j\/§, k la
V3, k=2
Then
0,k=0,
Y[k]X[k]H(%) =4 3, k=1,
N
3, k=2
Therefore,

N-1
gl = Y VIRl
k=0

=3 ej2ﬂ'"/3 +3. €j4ﬂ'n/3
=3. ej27rn/3 +3. 6]'471'?1/37271'71
=3. ej27rn/3 +3. e—j27rn/3 _ 6COS(27T7’L/3),

The z-transform of
z[n] = a™u[n] + (—a)"uln]

)
) 2/(1—a*27?)
) 2271/(1—a%272)
) 2/(1-az71)?

(e) None of the above
Answer: (b)

1 1
C1—az! * 1+az"t
_ l+az ' +1—az!
C (I—az V) (14az"?)
_ 2
1 —a2272




(7) The inverse z-transform of

14271
W(z) = 1—352714 1272
(a)  wln] =6-(=%)"uln] +8- (—3)"un]
(b) wln] = 6+ (4)"uln] +8 - (5)"ulnl.
(© wln] =6+ (F)raln] -5 (Dyrulnl
(@ wlo] =9+ (Fyraln] +5- (3yrulnl
(e) wln]=9-(3)"u[n] —8-(3)"uln].
Answer: (e)
14271
W(z) = 1-— %z—l + %2—2
_ 14271
- (1-— %2*1)(1 — %2*1)
_ A n B
(1—2z71)  (1—1iz71)
where
_ (1 — 1271 _ 14271 _
AiW( )(1 9 ) ’z_1=2 (1_ %2—1) ’z_1=2 9’
1 _ 14271 _
B=W(z)(1 - gz ) |z*1:3_ (1— %Z—l) |z*1—3 —8.

Therefore, wn] =9 (3)"u[n] — 8- (3)"u[n].
(8) (16 points) Consider the following block diagram of the cascaded LTI filters, where

Hi(z)=14z"%

(a) Find the overall system function H(z).



We note that Ha(z) = W'

14271
1+ 0.812—2
22 +z
22 +0.81°

H(z) = Hi(2)Ha(2) =

(b) Plot the pole-zero diagram of H(z).

1+t
14081272

. 224z
224081

B z(z+1)

© (24+0.95)(z — 0.99)

H(z) = Hi(z)Ha(2)

So H(z) has zeros at 0 and —1 and poles at +0.9j.

z-plane

(9) (25 points) The following continuous-time signal is to be sampled, filtered and (ideally) reconstructed.
2(t) = 10 + 4 cos (2w100t) + 2 cos (2200t + 7).

Let the sampling frequency fs = 800 samples/sec and z[n] = z(nTs) = z(n/fs) and the LTI filter is described
by the following difference equation.

yln] = z[n] — z[n — 1] + z[n — 2] — z[n — 3.

x(t) z[n] ylnl y(t)
— > Sampling LTT filtering Interpolation ——

fs = 800 samples/s

(a) Plot the double-sided spectrum of x(t) as a function of f Hz.



We note that, using the inverse Euler formula,
2(t) = 10 + 4 cos (2r100t) + 2 cos (27200t + 7)
I2m100¢ | o—j2m100t I (27100t+3) 4 o—j(2r100t47)
+
2 2
=10+ 2ej27r100t + 2€j27r(—100)t 4 ej%€j2ﬂ200t + e—j%ejQﬂ'(—QOO)t.

=10+14

10

efjﬂ'/Q 2 2 ejTr/Q

e 1 R, .

—200 —100 0 100 200

f Hz
(b) Find H(z) and plot the pole-zero diagram.
From the difference equation
H(z)=1—zt 4272273
_ 22—2242z-1
="
CZ2E-1)+(z-1)  (z-1DEP+1) (z-D(z+4)(z—J)
N 23 N 23 N 23 '

(¢) Find and simplify y[n| for z[n] that is generated from sampling z(t).
From the problem statement

2[n] = 10 4 4 cos (2r100n,/800) + 2 cos (27200n,/800 + g)
=10 + 4 cos (mn/4) + 2 cos (mn/4 + 2)7
which is a sum of sinusoids. Then

y[n] = H(0) - 10 + H(m/4) - 4cos (mn/4) + H(m/2) - 2 cos (mn/4 + g),



where

H(0) = H(ejo) 0 due to the zero at z =1,
Jm/2

H(w/2) = H(e’™?) =0 due to the zero at z = eI™/2,
- z—1)(z+7)(z—J
H(’ﬂ'/4) _ H(e] /4) ( )( ZS )( ) ’z:ejﬂ“
~ 0.765/1.963 - 1.848/1.178 - 0.765/(—0.392)

1/(37/4)
= 1.082/0.392.

Therefore,
y[n] =0-10 4 1.082 - 4cos (mn/4 + 0.392) + 0 - 2 cos (7n/4 + g)
= 4.328 cos (7n/4 + 0.392).

R
A

el d

z-plane

(d) Find the reconstruction y(t) from y[n] using the ideal interpolation.

We note that the frequency & = 7 of y[n] less than 7. Then from ideal interpolation

T 7r
y[n] = 4.328 cos (Zn +0.392) = y(t) = 4.328cos (Zfs nT, +0.392)

t

= 4.328 cos (T fut +0.392)
— 4.328 cos (2100t 4 0.392).

(e) Plot the double-sided spectrum of y(t) as a function of f Hz.

21646770392 2.164¢70-392

I I X

—100 0 100 f Hz

(10) (20 points) You are asked to design a second-order IIR filter whose system function H(z) is of the form of

z+1
(z —rei?)(z —rei9)’

H(z) =



The designed filter must meet the following three constraints:

(i) It must be stable.
(ii) [H(w)| has a peak at @ = %.
(iii) [H(0)] = 43

42

(a) Find the values for r and 6. (There are two possible values for . Choose the one that gives a higher peak.)
Since a peak must be at @ = %, it must be that § = Z. And the stability condition dictates that » < 1 (all
the poles must reside inside of the unit circle centered at the origin.) With this information, the pole-zero
diagram will look like the following.

&
A
z-plane
- x
Now at © =0
. 1+1
H(0)| = |H(e’)| = |H(1)| = _ _
[HO) = 1) = [HO)| = 57 759
B 2
o 1 —2rcos(§) +r?
2 100

1—r+7r2 427

from which we have

2-42
2 2
— 1=——=0.84 — 0.16 = 0.
re—r4+ 100 84 = r* —r+
Solutions to the above quadratic equation are

1+v/1-4-0.16 1+£0.6

T = =
2 2

Since the peak gets higher for a pole that is closer to the unit circle. The choice is r = 0.8.

= 0.8 or 0.2.

(b) Find the resulting input/output difference equation .
From the previous part
z+1 _ 274272
(z—0.8¢75)(z —0.8e775) 1—0.8271+0.64272’

H(z) =

from which we get
y[n] = 0.8y[n — 1] — 0.64y[n — 2] + z[n — 1] + x[n — 2].

I WISH EACH OF YOU A REWARDING SUMMER!
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