Lectures on Spectra of Discrete-Time Signals

Principal questions to be addressed:
* What, in ageneral sensg, is the "spectrum™ of a discrete-time signal?

» How does one assess the spectrum of a discrete-time signal?

Outline of Coverage of the Spectra of Discrete-Time Signal
. Introduction to the spectrum of discrete-time signals

. Periodicity of discrete-time sinusoids and complex exponentials

. The spectrum of a signal that is a sum of sinusoids

. The spectrum of a periodic signal via the discrete Fourier transform

m O O W >»

. The spectra of segments of signals and of aperiodic signals

m

The relationship between the spectrum of a continuous-time signal and that of its
samples

G. Bandwidth

Notes:

» Aswith continuous-time spectra, discrete-time spectra plays two important roles:

- Anaysisand design: The spectrais atheoretical tool that enables one to
understand, analyze, and design signals and systems.

- System component: The computation and manipulation of spectrais a component of
many important systems.

» Presumably, the motivation for spectrum was well established in the discussion of
continuous-time signal and doesn't need much further discussion here.

* It isimportant to stress the similarity of the spectral concept for discrete-time signals
to that for continuous-time signals.

Text Material

These lecture notes are intended to serve as text material for this section of the course.
Though there is some discussion in Chapter 9 about the spectrum of discrete-time signals.
However, it is not required or recommended reading, it does not give a general
introduction to the concept of spectrum and introduces the DFT via a frequency-bank
approach, which is very different than the Chapter 3 approach to Fourier series and to
our approach to the DFT. Moreover, the DFT formulas in Chapter 9 differ by a scale
factor from those that we use here and in the laboratory assignments.
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Lectures on Spectra of Discrete-Time Signals

These lectures introduce the concept for spectra of discrete-time signals with an-as-
similar-as-possi bl e-to-continuous-time-spectra approach.

A. Rough definition of spectrum and motivation for studying spectrum
A.l. Introduction to the concept of " spectrum"?
This introduction parallels the introduction to spectrum for continuous-time signals
Definition:
Roughly speaking, the "spectrum” of a discrete-time signal indicates how the signal
may be thought of as being composed of discrete-time complex exponentials. (Note
that for brevity we have jumped right to complex exponentials, rather than first

indicating that we are interested in how signals are composed of sinusoids and
subsequently splitting each sinusoid into two complex exponentials.)

The spectrum describes the frequencies, amplitudes and phases of the discrete-time
complex exponentials that combine to create the signal.

Theindividual complex exponentials that sum to give the signal are called "complex
exponential components”.

Alternatively, the spectrum describes distribution of amplitude and phase vs.
frequency of the complex exponential components.

Pairs of exponentials sum to form sinusoids.
Sinusoidal and complex exponential components are also called "spectra
components”.

Plotting the spectra

We like to plot and visualize spectra. We plot lines at the frequencies of the
exponential components. The height of the line is the magnitude of the component.
We label the line with the complex amplitude of the component, e.g. with 26>

Alternatively, sometimes we make two line plots, one showing the magnitudes of
the components and the other showing the phases. These are called the "magnitude
spectrum” and "phase spectrum”, respectively.
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A.2. Why are we interested in the spectra of discrete-time signals?

We are interested in the spectra of discrete-time signals for all the reasons that we are
interested in the spectra of continuous-time signals. Presumably this doesn't require
further discussion. However, the importance of spectrawill be implicitly emphasized
by the continued discussion and by continued examples of its application.

A.3. How does one assess the spectrum of a given signal?

As with continuous-time signals ...
» Thereisno single answer, i.e. there is no universal spectral concept in wide use.

» The answer/answers do not fit into one course. We begin to address this
guestion in EECS 206. The answer continues in EECS 306 and beyond.

*  We use different methods to assess the spectrum of different types of signals.

Specifically, in this section of the course, we will discuss

The spectrum of a sum of sinusoids (with support (-c0,00))

The spectrum of a periodic signal (with support (-e0,)) via the discrete-time
Fourier series, which will be called the "Discrete Fourier Transform” (DFT).

The spectrum of a segment of a signal viathe DFT, which leads to:
» The spectrum of an aperiodic* signal with finite support

» The spectrum of an aperiodic signal with infinite support viathe DFT
applied to successive segments

The relationship of the spectrum of a continuous-time signal to the spectrum
of its samples

« Wewon't discuss

- The spectrum of a signal with infinite support and finite energy via the
discrete-time Fourier transform (which is not the same as the DFT). This
may be discussed in EECS 306.

L'Aperiodic' means not periodic.
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B. Periodicity of discrete-time sinusoids and complex exponentials

Before discussing discrete-time spectra, we need to discuss a couple of issues related to
the periodicity of discrete-time sinusoids and complex exponentials. There are afew
wrinkles in discrete time that do not happen in continuous time.

B.1 Discrete-time sinusoids
The general discrete-time sinusoid is A cos (&n + @)

e Aistheamplitude. A=0

@ isthe phase. Aswith continuous-time signals, phase ¢ and phase @+21 are
"equivalent" in the sensethat A cos (&n + @) = A cos (©n + @ + 2m) foral n.

« & isthefrequency. Itsunits are radians per sample. One could also write the
sinusoid as A cos (fn + @), where f isfrequency in cycles per sample.

Each increment in time n increases &n by & radians
« Itisgeneraly assumed that &= 0.
»  We will soon see that in discrete-time, some sinusoids are not periodic, and there
are "equivalent" frequencies.
Periodicity of discrete-time sinusoids

Fact B1: A cos (&n+ ¢) is periodic when and only when & is 2mttimes arational
number, i.e. 21T times the ratio of two integers.

If the rational number is reduced so that the numerator and denominator have no
common factors except 1, then the fundamental period is the denominator of the
rational number.

In contrast, recall that for continuous-time signals, every sinusoid is periodic, and
the fundamental period is simply the reciprocal of the frequency in Hz.

Derivation: Recall the definition of periodicity:
X[n] is"periodic with period N" if
X[n+N] =x[n] foral n (n isaninteger)
The "fundamental period" Ng isthe smallest such period.

Let us apply the definition to see when a discrete-time sinusoid is periodic.
Specifically we want to know when thereisan N such that

A cos (O(N+N) + @) = A cos(dn+ @) foraln
Since A cos (O(n+N) + @) = A cos (On+ON + @), we see that
A cos (O(n+N) + @) = A cos (&n + @),
when and only when
ON = integer x 2,
or equivalently, when and only when
&= irLacg x 210
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In other words, & must be a rational number times 2t

Let us now find the fundamental period of A cos(én + @). If the sinusoid is
periodic, then (b=2n% for someintegers K and L. Inthis case, the sinusoid is
periodic with period N=L or 2L or 3L or ..., because for any such value of N,
ON = Zn% N isamultiple of 2t

What is the smallest period? If we elimnate any common factorsof K and L, we
can write & = 211% , Where K' and L' have no common factors except 1. By
the same argument as before, A cos (&n + @) is periodic with period L'. Thisis
the smallest possible period, so it is the fundamental period.

Examples:

(@ Acos (ZH% n) is periodic with frequency % and fundamental period 2
(b) A cos (ZH%n) is periodic with frequency g and fundamental period 5

Notice that (b) has higher frequency, but a longer fundamental period al
This could not happen with continuous-time signals.

(c) Acos (ZHgn) is periodic with frequency % and fundamental period 5.

Notice that (b) and (c) have different frequencies, but the same fundamental period.
This could not happen with continuous-time signals.

(d) A cos(2n) isnot periodic because & = 2 isnot arational multiple of 21
(e) A cos(1.6rm) is periodic with fundamental period 5, because
O =167 = 2nm(0.8) = 21'[% = rational multiple of 2t

fundamental period = 5

Equivalent Frequencies
Recall that phase ¢ and phase @+21t are "equivalent” in the sense that
A cos (&n + @) = A cos (On + @+2m) forall n

Aswe now demonstrate, in the case of discrete-time sinusoids, there are also equivalent
frequencies.

Fact B2: Frequency & and frequency &+21m are "equivalent” in the sense that
A cos (&n + @) = A cos ((d+2m)n + @) for al n

Derivation: For any n,
A cos ((O+2m)n + @) = A cos (Bdn + 2rm + @) = A cos (&dn + @)

This is another phenomena that is different for discrete time than for continuous time.
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B.2 Complex exponentials

: . g jcpé'&n
The general discrete-time complex exponential is Ae
* A istheamplitude. A =0,

» (@ isthephase. Phase ¢ and phase @+21t are equivalent in the sense that
- orom)
Ad®dtn = 2 @2 dbn
+ & isthefrequency. Itsunits are radians per sample. One could also write the

exponentia as Aej(pejfn , Where f isfrequency in cycles per sample.

Wealow & to be positive or negative. Thisis because we like to think of a
cosine as being the sum of complex exponentials with positive and negative
frequencies.

A cos (On + @) = %e](pej&n +%e_J(pe'j&n

Periodicity of discrete-time exponentials

Below, we list the periodicity properties of discrete-time exponentials. They are the

same as discussed prevously for discrete-time sinusoids.

. N\

Fact B3: Aej(pémn is periodic when and only when & is 2mtimes a rational
number, i.e. 21t times the ratio of two integers.

If &=2T[%, where K and L have no common factor, then the fundamental
period is L.
Fact B4: Frequency & and frequency +2m are equivalent in the sense that
. AN - N\
A2 _ p JOden

Derivation: Thisis because
LN Y PN
AdPIEHIIN _ p JOgand2m _ 5 JOJOn

Discussion:

What do we make of the surprising fact that frequency & and frequency &+2m are
equivalent? We conclude that when we consider discrete-time sinusoids or complex
exponentials, we can restrict frequencies to an interval of width 2

» Sometimes people restrict attention to [-1t,11.
» Sometimes people restrict attention to [0,217.
» WEell do abit of both.
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C. The spectrum of a finite sum of discrete-time sinusoids

Our discussion of how to assess a spectrum parallels the discussion for continuous-time
sinusoids. We begin by considering signals that are finite sums of sinsusoids.

However, because of the possibility of equivalent frequencies, there are a couple of key
differences in how discrete-time and continuous-time spectra are assessed.

C.1. Example

Let us start with an example of a signal that is afinite sum of sinusoids:
X[n] = 2cos(%nn+.1) - 4cos(%nn+.1) + 2cos(%nn+.1) + 2cos(%nn+.l)

Following the approach for continuous-time sepctra, we first decompose x[n] into a
sum of complex exponentials:

j i j i3 : 3 . 5
X[n] = J(D dom 5 Jm Jum (D) g J(D) Jom
- il - i3 i a3 K 5
4 10D it 5 G im0 gm (D) g

It would now seem natural to identify the spectrum as the set of complex amplitude and
frequency pairs:

{(e'j('l),-%n),( -j(.1) 3n) (26 -j(.1+ Tr), i ), (e -j(-1) % ),
(6,1(1)12 ), (2ej(l+"),4 ), (el(l),2 ), (eJ(l) )}

and to draw the spectrum as shown below:

2l (1410 od(1+)
gl gl el d(D d(D d(D)
I I 1 I I I I » @ rad/sample
_5m 3n 8n.n I 3n 3n 5n
2 2 1 2 24 2 2

However, some of these exponentials have equivalent frequencies, causing the above
plot to be misleading. Specificaly,

+ frequencies —%n, %n, gn are equivalent because they differ by 2m or a
multiple of 21T

. 5 1_3 .
» frequencies 31 -5T, 3T areequivalent for the same reason

Therefore, we combine all exponentials with equivalent frequencies (using phasor
addition) into a single exponential component. In doing so, we get to choose which of
the equivalent frequencies the resulting exponential component will have. There are
two possible conventions:

» Two-sided spectra: In this case, the exponential components have frequenciesin
the interval (-Tt1.

» One-sided spectra: In this case, the exponential components have frequenciesin
the interval [0,2m).

Choosing between these two conventions is mainly a matter of taste.

 If we choose the two-sided convention, then the spectrum of x[n] is
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{(2 j(.1+1) 311) (2,996 (033 1 Lo, (29991(033) 1 . (261(1+n) 3 )}

J0033) _ i)

where, for example, 2.99 + ej('1)+ej('l). This spectrum is

plotted below

299610053 5 gge(033)
(1+n)| | 2¢ (1410

| » @ rad/isample

T[3TI

Alternatively, the magnitude and phase spectra are shown below.

magnitude spectra phase spectra
2.99 2.99

4

3m .1
@ rad/sample TII 4 F ‘
-.033

— )

= O rad/sample

i
)

I
Lt

o)
N e

Lk
g1

ISE
N=

-3.24

» If we choose the one-sided convention, then the spectrum of Xx[n] is
{ (299" 3y, 2" 3, (267 Sy, (29061 % 3, }

as plotted below:

2.99/(0%3) 3 ggerl(033)

& rad/sample

g
A
N

T
z

Alternatively, the magnitude and phase spectra are shown below:

magnitude spectra phase spectra
2.99 2.99

w rad/sample & rad/sample

C.2. Spectrum of a general sum of discrete-time sinusoids

More generally, consider a signal of the form

N
x[n] = Ag+ zlAk cos(Okn+@x)
K

Ao + A1cos(@in+@1) + Azcos(zn+@p) + ... + AN cos(ONt+ON)
where N, Ag, A1, ®1, @1, ..., AN, ON, N are parameters that specify x[n].

We now rewrite this in several ways. First, using Euler's formula, we rewrite x[n] as

x[n] = Xo + kglRe@Q( eja\*”@
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where
Xk = Ak ejqk
is the phasor corresponding to Ak cos(@kn+@). (Xk is acomplex number.)

Second, using the inverse Euler formula, we rewrite this
N A X* A 0O
x[n] = Xo + zﬁ%e"*"” + 5 eI
K=
which can also be written as

N W\
A%
X = 5 Bké
2
where Bo = Xo = Ao

>, k=1

Bk = %{
X ks-1

Finally, we combine terms with equivalent frequencies, to obtain
N’ ej(’x\kn
X[n] = Ok
n
where N'< N and where each & isbetween -1t and 1. Note that a-k:u;, [o-k]
= |ak|, and angle(a-k) = -angle(a).

* The two-sided spectrum is, then,

{ (@ndn), s (@-1.6:0), (@00), (@10, - (@nOn)}
= { (@N-ON), - (@100, (@0,0), (@1B1), ., (ANLON)}
» The one-sided spectrum is
{ (@0.0), @1.b1), .. (@NON), (@-N2THONY), ) (1,270 1) }
= { (@00, (@1.00), ... [@n-ON), (N 2TEON), ..., (@ 1,2m01) }

As with continuous-time spectra,

» The spectrum, i.e. one of these lists, is considered to be a simpler more compact
representation of the signal x[n], i.e. just afew numbers.

» The "spectrum" is often called the "frequency-domain representation™ of the
signal. Incontrast, x[n] is called the "time-domain representation” of the
signal.

N\
* Theterm ok X" iscalled the "complex exponential component" or "spectral
component” of x[n] at frequency (.

» To obtain a useful visualization, we often plot the spectrum. That is, for each K,
we draw a "spectral line" at frequency Gk with height equal to |ak|, and we
label the line with the value of ak, whichisin general is complex.
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» Alternatively, we sometimes separate the spectrum into magnitude and phase
parts. For example, the two-sided versions of these are shown below.

- Magnitude spectrum
{ (ta-nt ), s (-2l 0), (0l 0), (aeh), o (anl.On)}
= { (tanl ), - (a2l O.2), (0l0), (areha), -, (anel,ON) }
- Phase spectrum
{ @ngle(an) &), ..., (angle(a-1) 1), (angle(ao).0), (angle(an) &), ..
(angle(an)On) }
= { (angle(an) On), .., (-anglean),B.1), (angle(ao),0),

(angle(a1) &), ..., (angle(any),On) }

And we might draw separate plots of magnitude and phase. That is, for each K,
the magnitude plot has aline of height |ak| at frequency Ok, and the phase
plot has aline of height angle(ak) at frequency .

» Often, but certainly not aways, we are more interested in the magnitude
spectrum than the phase spectrum.

Example: Given that the spectrum of the signal x[n] is shown below, find x[n].
Plot of spectrum here.

Pick off and sum the exponential components. Simplify so asto write x[n] asa
sum of sinusoids in standard form.

Plot x[n].
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D.

The spectrum of a periodic discrete-time signal

Recall that from the Fourier series theorem we learned that the spectrum of a periodic
continuous-time signal with period T is concentrated at frequencies that are multiples
of /T, and that the Fourier series analysis formula determines the specific
component at each of these frequencies. In this section we learn of an analogous
theorem that indicates that the spectrum of a periodic discrete-time signal with period
N isconcentrated at frequencies that are multiples of 1/N and that provides an
analysis formula for determining the specific component at each of these frequencies.

D.1 The DFT Theorem
The spectrum of a discrete-time periodic signal derives from the following theorem.

The Discrete-Fourier Transform (DFT) Theorem
(aka The Discrete-Time Fourier Series Theorem)

A periodic signal x[n] with period N can be written asasum of N complex
exponentials with frequencies 0, ZWH 22Wn, .y (N-1) ZWT[ Specifically, there are N

DFT coefficients X[0], X[1], ..., X[N-1] such that
N-1 jzl[kn
X[n] = 20 X[k] e N (the synthesis formula)
K=

The DFT coefficients are determined from the signal x[n] via

N-1 j%"kn

XK =5 > e

(the analysis formula)

Notes:

1. We will derive this theorem later. Unlike the Fourier Series Theorem, its
derivation is well within the scope of this class.

2T
2. Theterm X[K] gn' appearing in the synthesis formulais the complex exponential
component (equivalently, the spectral component) of x[n] at frequency 2%1 K.

3. Thetheorem says that ANY periodic signal can be represented as the sum of at most
N complex exponential components with frequencies coming from the set

2, 2m 2
{O, N 2N e (N-D)

This means that the spectrum of a periodic signal with period N is concentrated at
these frequencies or a subset thereof.

4. The synthesis formulais very much like the synthesis formula for the Fourier series
of a continuous-time periodic signal, except that only a finite number of
frequencies/exponential components are used. This stems from the fact that for
discrete-time complex exponentials, every frequency outside therange 0 to 21 is
equivalent to some frequency within the range 0 to 21t

5. For periodic signals, it is natural then to use the following as the definition of the
spectrum:
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{ x1010), (12D, (xX[20.23, .... (X[N-11,(N-1) 29}

Therefore, finding the spectrum of a periodic discrete-time signal involves finding
its period and finding the X[k]'s.

Notice that the above defines a one-sided spectrum. We could a so define a two-
sided spectrum. However, as demonstrated later, the two-sided spectrum is
somewhat messier.

There is no need to combine exponential components with equivalent frequencies, as
we did previously when finding the spectrum of afinite sum of sinusoids. In
essence, the DFT analysis formula has already done this for us.

7. To aid the understanding of the synthesis and analysis formulas, it is often useful to
view them in long form:

Synthesis formula:
21T 21T

2 21 i2(N-1
X = X[0] + X[2 N "o x[2 N2+ xqnegg VD
Analysis formula

0 i2M TALR) j2T'K(N-1)0
X[Kk] = %%([0] +x[A] €N x[2] €N+ L+ x[N-1] €N N5

An elementary example of computing these formulasis given in Section D.2.

8. The frequency ZWH is called the "fundamental” or "first harmonic" frequency. The
frequency kzj is called the "kth-harmonic" frequency. Likewise, the component
at frequency Wn is called the "fundamenta™ or "first harmonic” component. The
frequency kZWT[ is called the "kth-harmonic" component.

9. The anaysis formula may be viewed as operating on a periodic signal x[n]
(actudly, just x[Q],....x[N-1]) and producing N DFT coefficients X[0],...,X[N-1].
This operation is considered to be a "transform™ of the signal x[n] into the set of
coefficients X[0],...,X[N-1]. Thisiswhy "transform" appears in the name
"Discrete Fourier Transform". In a similar manner, the synthesis formula may be
viewed as operating on Fourier coefficients X[0Q],...,X[N-1] and producing a signal
x[n]. This operation is considered to be an "inverse transform".

10. Itiscustomary to use X[k] asashorthand for X[0],...,.X[N-1]. Thus, aswith
X[n], there are two possible meanings for the notation "X[k]": it could mean the
kth coefficient, or it could mean the entire set of N coefficients.

11. The term "Discrete-Fourier Transform" (DFT) commonly refers both to the
process of applying the analysis formula and to the coefficients X[Kk] that result
from this process. For example, people often say "X[K] isthe DFT of x[n]".

12. The process of applying the analysis formulato x[n] is often called
"finding/taking the DFT of x[n]" or, even, "DFT'ing x[n]". Similarly, the process
of synthesizing x[n] from the DFT coefficients X[k] is often called
"finding/taking the inverse DFT of X[Kk]", or "inverse DFT'ing X[Kk]".

13. Itistraditional to use X[k] to denotethe DFT of x[n], X1[k] to denotethe DFT
of xa[n], Y[K] to denotethe DFT of y[n], and so on.
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14. For thecasethat N isapower of 2, eg. N = 2r: there is fast algorithm for
computing the DFT, called the "Fast Fourier Transform” (FFT). This algorithm
has enabled the widespread use of the DFT in the analysis, design and
implementation of signals and systems.

15. Since the summand in the analysis formula s periodic with period N, the limits
of the summation could be replaced with any interval of length N.

16. If asignal has period N, thenit aso has period 2N and 3N and so on. Thus,
when applying DFT analysis, we have a choice asto N. Often, but certainly not
aways, we choose N to equal the fundamental period. When we want to explicitly
specify the value of N used, we will say "the N-point DFT". Asdiscussed in
Section D.4, changing N to 2N has no actual effect on the spectrum.

17. If instead of a one-sided spectrum we are interested in a two-sided spectrum, then
it follows from the theorem that the two-sided spectrum of a periodic signal with
period N isconcentrated at frequencies

N . 2 on 2m . 2 N 21 .

CH+n A ., 25 Ao, AT 28T DA when N isever?
N-1) 2 2n 2m . 2 2 .

¢ > )WT[, ey =2 Wn Lo, Nn, 22 N ...,( > Wn when N isodd

The two-sided spectrum isthen

{ (x50, 5+ 3D, . (XIN-11,-3), (X[01,0), (X[1.3D), .... (X315 2}

when N iseven

{ S, 3D, (xN-12,3D, (101.0), (XT3, - (XI315 30}

when N isodd

The messiness of the two-sided spectrum is probably why the DFT is defined so as
to directly give a one-sided spectrum. From now on, we will mostly use the one-
sided spectrum.

18. The DFT Theorem applies to complex signals, as well asto real signals.

19. Observe that according to the analysis formula, coefficient X[K] is computed by
correlating x[n] with dn Ak and normalized by /N, which is the energy of one
period of the exponential.

Suggested reading. The discussion of "signal components" at the end of Section
[11B of "Introduction to Signals’ by DLN. In the terminology of that discussion

.21

2m
Tn
X[k]eJN is the component of x[n] that islike eJN :

X[K] measures the similarity of x[n] tothe exponential.

2The decision to have frequencies extending from (—%+1)2WT[ to N 2r , rather than from % ZWT[

N 2
2N to (2—1)N , isarbitrary,

and not auniveral convention.
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20. The reader is encouraged review the discussion of Fourier series for continuous-
time signals and observe the similarities with the DFT for discrete-time periodic
signals. The principal differences are

t isreplaced by n
T isreplaced by N
The DFT synthesis formulahasonly N terms.

The DFT analysis formula uses a sum rather than an integra
D.2 Examples
Example 1. Let us find the spectrum of the periodic signal with period 4 and
X[0] =1, x[1] =1,X[2] =0, X[3] =

Since the signal has period 4 we may choose N = 4. Then from the DFT analysis
formula we have

2T 21T
X0 = 20401+ x(11 44 7% 4 xq21 d 4 2 4 xg3 44
= 2(1+1+0+40) = 3
i T2 o S 13
X(1 = S0qo]+x(1 d4 Pl axz 4 PPz d e
= farderov0) = fanp) = P

2T 21 . 21T
=-2x1 =-2%x2 =-2%3
X[2] = 5 (x[0] +X[1] €4 +x[2] €47 +x[3 47
= 2@+ +0+0) = 5 (1) =

J

21 .21
X[3] = 3(x[0] +x[1] €4 iz da T exa )

31 o
= F(1+€2+0+40) = 5 (1) = 2™
In summary,
X[0] =3 X[1] = 2™ x[21=0, x[3] = 2&!™

and the spectrum is

{Go. Q™D (2e™3y}

The next four examples give the N-point DFT coefficients of periodic exponentias and
sinsuosids. These can be found by inspection.
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Example 2: An exponential with frequency that is a multiple of 1/N:

i = &N 0 g = %wki;m

X[K] can be computed by inspection, asin Section C.
Example 3: A cosine with frequency that is a multiple of 1/N:

% k=m, N-m

D, else

X[K] can be computed by inspection after decomposing x[n] into complex
exponentials via the inverse Euler formula, asin Section C.

x[n] = cos2my n) 0 X[k] =

Example 4. A sinewith frequency that is a multiple of 1/N:

j, K=m
x[n] =sin@myn) O X[k = El%j, K=N-m
5), else
X[k] can be computed by inspection after decomposing x[n] into complex
exponentials via the inverse Euler formula, asin Section C.

Example 5: A cosine with phase shift and frequency that is a multiple of /N

%em’, k=m
X[n] = cos(2n% n+@) O X[K] = %e-iav, k=N-m
, €lse
X[k] can be computed by inspection after decomposing x[n] into complex
exponentials via the inverse Euler formula, as in Section C.

gL, n=multipleof N 1

: =04 = = -
Example 6: x[n] [, else O X[k] = N k=0,.,N-1

15 x[n]v

£ L O

0.2

=)

(N=8)

3101

Inthiscase, X[K] iscomputed using the DFT analysis formula.

ol—o

June 3, 2002 15 DLN -- spectraof discr-time signals



L, k=0
Example 7. x[n] =1, adl n O X[k]=4

T

Inthiscase, X[K] iscomputed using the DFT analysis formula.

0, -N/2<ns-m-1

Example 8 x[n] is periodic with fundamental period N and x[n] = [L, -m<n<m
, M+1<n<N/2

sin((2m+1){y2) |
S n(&/z) (=21k/N

0 X[K =

50 (N=20,m=1)

50 (N=20,m=3)

2 4 6 8 10 12 14 16 18 20

40 -30 -20 -10 0 10 20 30 40 50 (N=20,m=7)

20

Inthiscase, X[k] iscomputed using the DFT analysis formula.
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Note that for these examples, X[K] isrea valued.
The smooth curve is the "envelope” of the DFT, which dependson N but not m.

It isinteresting to notice that as the number of consecutive 1' increases, the
spectrum becomes more concentrated at low frequencies. Conversely, as the
number of consecutive 1's decreases, the spectrum becomes more spread out in
frequency. Thisis representative of the "rule of the thumb" that generally speaking
signals that are made of short pulses have more high frequency content than signals
made of long pulses.

Example 9: Find the spectrum of the following signal:
X[n] = sawtooth wave
Find a closed form expression for the coefficients.
Examine what happens to the spectrum as the parameters of the signal change.

Notice that for this signal, the spectrum cannot be computed by inspection. We
very much need the analysis formula.

Example 10: Find the spectrum of the following example
x[n] = finite sum of sinusoids.

In this example one computes the spectrum (i.e. the Fourier series coefficients) by
inspection just as we did in Section C.2. The one-to-oneness of the relation between
Fourier coefficients and periodic signals (see Fact D1 in Section D.3 below) means
that the coefficients we obtain by inspection are the Fourier series coefficients.

Example 11: Find the signa corresponding to the following spectrum.

Show a spectrum with finite number of spectral lines. Thisis the same sort of
problem as in the section on finite sums of sinusoids section.
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Example 12: The signal shown below comes from someone speaking the vowel '€’

It is nearly periodic. The magnitudes of its 128-point DFT and its magnitude

spectrum are also shown.

140

0.2 T T T
0.1k ‘ signal ‘ ‘ |
1l ‘M alliln. M\H HH nlll
0 N 1\‘1 H‘\ g \‘ | H I
L I I LT
_02 | | | | | |
0 20 40 60 80 100 120
6 T T " T T
128-point DFT coefficient magnitudes
41 |
i L
0 1| EE TR LI TH PP TOOR A | |11 T i T T
i | | | | dl
0 20 40 60 80 100 120
6 T “ T
magnitude spectrum
41 |
| |
[T TPRTI [ NT I PRI [ [ I IR TR TR ul
ol I | | | | il
0 1 2 3 4 5 6
radians/sample
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D.3 Derivation of the DFT

To demonstrate the validity of the theorem, we will first show that when the
analysis formulafor X[k] is substituted into the synthesis formula, the result is
X[n]. We will then show that when the synthesis formula holds, the analysis formula
is the one and only way to determine the coefficients.

These demonstrations rely on the following fact, which we will derive before
demonstrating the validity of the DFT Theorem. This fact will also be useful at
other times in the course.

Fact D1:

Nz'[l)ejzl\r(k-m)n: AN, k=m
& U0, k#m

Derivation:

Case 1. When k =m, the exponent of each termis 0, making each term equal
1. Hence,

N-1 ;2m,
zoej N (K-m)n _
n=

T (k-m)

Case 2. When k#m, to simplify notation, let z=¢

N

. Now

NL 2y N1

ZoelW Zoz
n= n=

which we recognize as afinite geometric series. Specificaly, it iswell

known that
N-1 N
n_1-z
zZ =
nZD 1z
Using this gives
2, .
1. NN j2n(k-m)
N-1 2% m)n 1-e
zOeN = ) C . Pem) cancelling N's
= H(k-m (k-m
"= 1-N 1-eN
1-1 sincetheexponentin
~—Qon, . =0 thenumeratorisj
1. dniem timesamultiple of 21t
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Derivation of the DFT Theorem:

Substituting the analysis formulafor X[K] into the synthesis formulas gives

N-1 -

" dkn SN
kZO X[k] e N kXO gq Z X[ne N

note that since variable nis
aready,used in the synthesis formula,
n' isused in the analysis formula

Tkn' D jznkn

N-1 i2m o
z X[ ZOeIN (=) rearranging terms
K=

where the next to last equality is dueto Fact 1. Specifically, the rightmost sum
equals 0 when the exponent is not zero, i.e. when n'£n, and equals N when the
exponent is zero, i.e. when n'=n. Therefore, x[n] ismultipled by 0O when
n#n, and by N when n'=n.

Finally, we show that if the synthesis formula holds, the coefficients must be
calculated viathe analysis formula. Accordingly, let us assume that the synthesis
formula holds, i.e.

N-1 jzl[kn
= k N
X[n] kZO X[K] e

Let us correlate both sides of this e(iuatlon with eJ N . That is, we multiply

both sides of the above by (é’zﬁn k

iZk'n an n

x[nj e K" = EOX[k] Nk

and sum over values of n
N-1 2nk N-1 N-1

rgox[n] X 20 ZO X[K] e N

' 120 kk)n .
X[K] e N rearranging terms
kZO nZO

2nk n

X[K]

where the last equality is due to Fact 1. Specifically, the rightmost sum equals 0
when the exponent is not zero, i.e. when kzk', and equals N when the exponent
is zero, i.e. when k=k'. Therefore, X[k] ismultipled by O when k#k', and
by N when k=k'. Thislast equality demonstrates that the X[kl must equal
the synthesis formula.
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D.4 Properties of the DFT
This section lists a number of useful properties of the DFT.

Property D1: Thereis aone-to-one relationship between periodic signals with

period N and sets of DFT coefficients. Specifically, for any given signal x[n], the

analysis formula gives the unique set of coefficients from which the synthesis
formulayields x[n]. This means that the DFT coefficients can sometimes by found
by means other than the analysis formula, e.g. inspection. That is, if by some
means you find X[k] such that

N-1 jzl[kn
= k N
x[n] kZO X[kl eN ",

then this X[Kk] is necessarily the DFT that would be computed by the analysis
formula.

Similarly, for any given set of DFT coefficients X[k], the synthesis formula gives

the unique signal x[n] from which the analysis formulayields X[k]. That is, if by

some means you find asignal x[n] such that

g N1 -jzﬁnkn

X[Kk] = ano X[n] e

then signal x[n] isthe oneand only signal having X[K] asits coefficients.

Another statement of the one-to-onenessisthat if x1[n] and xg[n] aredistinct
signals®, each with period N, then for at least one k, X[k] for x1[n] does not
equal X[k] for x2[n].

Property D2: X[0] isthe mean or DC value of x[n}.
Thisis because

N-1 2 N-1
X0 = 3 e N = S ] = moo

Property D3: One can compute the DFT coefficients by summing over any time
interval of length N.

21
1 -j5kn
X[kl =n Y x[nje'N
N &
-1 |
=N x[n] e N

Property D4: Conjugate symmetry (important). When the signal x[n] is real,
X[N-K] = X*[k], foral k

This shows that if one knows X[k] for k< N/2, then one can easily find the
remaining X[K]'s. Notethat X[N-k] isthe spectral component at frequency
NW'k 2m, which is equivalent to frequency -%Zn.

Derivation:

3Here, "distinct” meansthat xq[n] # xo[n] for at least one value of n.
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2n i2"kn

N-1 2m o N-1
X*[K] = % 3 xin el ”% - ,i,nzox*[n] dn

N-1 2m

= % ZO X[n] gn Clon because x*[n] = x[n]
n=
N-1 21 ,

= % Zo X[n] én (N-qn because ern: 1
n=

= X[N-K]

This property does not apply to complex signals.
Property D5: Conjugate pairs of coefficients synthesize a sinusoid (thisis aso
important). When the signa x[n] is real,

iZkn 2T(N-K)n

X[k &N "+ X[N-K] dn = 2|X[k]|cos(2Wnkn+angIe(X[k])

Thus, when looking at a spectrum, one should "see" cosinesin the signal -- one for
each conjugate pair of coefficients.

Derivation:

i2(-k)n

B 2T 21T
k “—(N-k —k
" NI g N g N

X[K] &N "+ X[N-K] €
21T - 21T
< O “hen

= X[K] &N+ [DX[k]e‘N ”5

2T
= 2re(X[K €N ")
= 2 X[K]| cos{ ' kn + angle(X[K])

This property does not apply to complex signals.

Property D6: Linearity: Suppose x[n] and y[n] are periodic with period N and
with X[k] and Y[K] astheir N-point DFTSs, respectively. Then the N-point DFT
of x[n] +y(t) is X[K]+Y[K].

Similarly, if X[k] and Y[K] aresequences of length N, the inverse DFT of X[K]
+ Y[K] isthe sum of the inverse transforms of X[k] and Y[K].

The derivations of these properties are left to a homework problem.
Property D7: Parseval's theorem

For areal or complex signa x[n] that is periodic with period N,

1Nt o
signal power = > [X[n]|
n=0

N-1 i
= X
kZOI [KI|

Recall: The power of aperiodic signa x[n] is
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M N-1
PO = 1im gy 3 bl = § 3 pnll

Derivation:
N-1 2 _ N-1
x[n]| [n] x*[n]
& 2
N-1 N-1 annDEN 1 J T[mnD‘ usingthe
= D> X[k] e DDZ X[m] e » synthesisformula
K=
N-1 N-1 N-1 2nkn ]ZT[mnD combining thetwo
= O X[K] X*[m] e inner sumsinto
=0 k=0 mMm=0 D onedoublesum
N-1 N-1 N-1 j2m - :
— x N mn interchangingthe
= kZO Zzox[klx [m] nzoe , order of the sums
N-1 j2m N, k=m
_ zox[k]X K N, becase 3 e g ntemn Y
= N z'OIX[k]I2
K=

Though useful the remaining properties will not be emphasized in this class.

Property D8: Suppose x[n] is periodic with period N, suppose X[k] isthe
N-point DFT of x[n], and suppose X'[k] isthe 2N-point DFT of x[n]. Then,

EX[KIZ], k=0,24...

XK = @), k—1,1,3,...

This means that the (one-sided) spectrum based on the 2N-point DFT is the same as
the one-sided spectrum based on the N-point DFT. For exampleif N iseven, the
spectrum based on the 2N-point DFT is

{ x1010), (x12250), -... (X[2N-2],(2N-2) 50}

2 2
= {xt010, xm5D, ... xIN-11,08-D 3D}
which is the one-sided spectrum based on the N-point DFT.
The derivation is left to a homework problem.

Property D9: Time shifting: If x[n] has DFT X[Kk], then x'[n] = X[n-ng] has
Fourier coefficients

2

X'[K] = X[K] &'

No
This shows, not surprisingly, that a time shift causes a phase shift of each spectral

component, where the phase shift is proportional to the frequency of the
component. The derivation is left as a homework problem.
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Property D10: Frequency shifting: If x[n] has DFT X[k], then X'[n] = x[n]
2

e]Nnkon has Fourier coefficients
X'[K] = X[k-Kg].

This shows that multiplying asignal by a complex exponential has the effect of
shifting the spectrum of the signal. The derivation is left as homework problem.

Property D11: Time scaling: Thisis not as straightforward as in the continuous-
time case and will not be discussed here, except to indicate that if m isapositive
integer, then x'[n] = x[nm] isa"subsampled" version of x[n] and Xx"[n] = x[n/m]
is not defined for al values of n.

Property D12: Approximation by finite sums? Since the DFT synthesis formulais
finite, there is no need to approximate it by a finite sum, asis often the case for
Fourier series of continuous-time signal.

Property D13: Technicalities? Since the sums in the synthesis and analysis formulas
are finite, no technical conditions are required as are required for the Fourier
series.

June 3, 2002 24 DLN -- spectra of discr-time signals



E. The spectra of segments of a signal
Question: How can we assess the spectrum of asignal that is not periodic?

For example, what if the signal has finite support? Or what if the signal has infinite
support, but is not periodic?

Observation: The DFT analysis formula works only with afinite segment of a signal.
Signals with finite support

We will see that to assess the spectrum of asignal x[n] with finite support [n1,n2],
we can apply the DFT analysis formula directly to the signal in its support interval.
Let us begin by defining x[n] to be aperiodic signal that equals x[n] on the
interval [n1,n2] and simply repeats this behavior on other intervals of the same
length. That is, let N = np-n1+1

xin] = 3 x[n-mN]

m=-o0

;[n] is called the "periodic extension" of x[n]. Itsperiod N isthe support length
of x[n]. Anexampleis given below.

signal with finite support
T T T

.

10 15 20 25 30
J(I T

the periodic extension
0

o R N WA G

o
o

T T T T T T

bl

10 15 20

o P N Wb G

Then taking the N-point DFT of x[n] wefind

~ N-1 jz—nkn
X[n] = Zox[k] eN | (synthesis formula)
K=
where
1 M2~ 2n ]
XKl =n > xne™ (analysis formula)

n=ny

and where we have used the fact that analysis formula can limit its sum to any
interval of length N. Now we note that since

>~<[n] = x[n] when nz1sn<ny,

we aso have
N-1 jz—”kn
x[n] = Zo X[kleN ", npsn<sm (synthesis formula)
K=
and
1 2 -2™kn .
XKl =n > x[n]e'N (analysis formula)

n=ny
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Thus we may view the two formulas above as synthesis and analysis formulas for a
spectral representation of x[n]. The synthesis formula shows that on its support
interval, x[n] can be viewed as the sum of complex exponentials with frequencies
that are multiples of 21UN. The analysis formula shows how to find the spectral
components. It isimportant to note that the synthesis formulayields x[n] only in
the support interval. Outside the support interval it yields X[n], rather than x[n] =
0.

In summary, for a signal with finite support, we take the (one-sided) spectrum to be

{0, <D, ®2.23). .. xIN1N-DFD}
just as we did for periodic signals.

Note: Though we have introduced the DFT as fundamentally applying to periodic
signals and secondarily applying to signals with finite support, some people take the
opposite point of view, which is also valid.

Aperiodic signals with infinite support

A common approach to assessing the spectrum of an aperiodic* signal with infinite
support isto choose an integer N, divide the time axis into segments [O,N-1],
[N,2N-1], [2N,3N-1], etc, and apply the above approach to each segment. This
yields a a sequence of spectra, one for each segment.

Since the signal is not periodic, the data within each segment will be different.
Thus the spectrum will differ from segment to segment. For example, the spectrum
of the signal

x[n] = cos(3.2n)
is shown below for two different segments of length N=128.

0.35

T T T T T

0.25 —

radians/sample

Notice that these two spectra are quite similar. Notice also that even though the
signal is a pure cosine, whose spectrum, according to the discussion of Section C, is

4 Aperiodic’ means "not periodic”.

June 3, 2002 26 DLN -- spectraof discr-time signals



concentrated entirely at frequencies 3.2 and 21:3.2, the spectra above show a
couple of strong components in the vicinity of 3.2 and 2m-3.2, and small
components at all other harmonic frequencies. This may be viewed as being due to
the fact that we are using harmonic frequencies to synthesize a sinusoid whose
frequency is not harmonic. It may aso be viewed as begin due to the fact that these
spectra are actually the spectra of a periodic extension X[n] of x[n]. A more
thorough discussion, which would derive the actual form of the spectra shown
above, is left to future courses.

The fact that we now have two different ways of assessing the spectrum of signals
such as x[n] = cos(3.2n) -- asin Section C and as discussed here -- is somewhat
disconcerting. But thisis reflective of the fact that, as mentioned earlier, the
"spectrum” is a broad concept, like "economy™ or "health", that has no simple,
universal definition.

Spectrograms

Let us also mention that there are aperiodic signals for which it makes very good
sense that the spectrum should differ from segment to segment. For example, the
signal produced by musical instrument can be viewed as having a spectrum that
changes with each note. This and other examples can be found in Section 3.5 of the
text and in the Demos on the CD Rom relating to Chapter 3.

For such signals, it is common practice to apply the DFT in a dliding fashion. That
is, the DFT is applied successively to overlapping intervals [O,N-1], [M,M+N-1],
[2M,N+2M-1], and so on, where M < N. A "spectrogram” is a plot showing the
magnitudes of the DFT coefficients for each interval (usually by representing the
magnitude as a color or graylevel) plotted over the starting time of the interval.

For example a spectrogram of someone speaking the five letters "e", "a", "r", "t",
"h" is shown below®.

SThe colorsin this plot are visible when the pdf file is displayed on a color monitor.
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F. The relationship between the spectrum of a continuous-time signal and
that of its samples.

Frequently, we are often interested in the spectrum of some continuous-time signal, but
for practical reasons, we sample the signal and work with the resulting discrete-time
signal. If possible, we would like to be able to deduce the spectrum of the continuous-
time signal from that of the discrete-time signal. In this section, we will show how this
can be done, at least approximately.

For concreteness, consider a periodic continuous-time signal x(t) with period T, and
consider sampling it with sampling interval Ts<< T. Then the resulting discrete-time
signal is

X[n] = x(nTs).

By the Fourier Series Theorem, x(t) may be expressed as a sum of complex
exponential components:

o i 2Tt
Xt) = Y akéT
k==co
where
T 2

Ok = %Jx(t) el T dt

Can we compute or approximate the ak's from the samples of x(t), i.e. from x[n]?
This question is answered by the following.

Fact F1: Let x(t) beaperiodic signal with period T, let x[n] = x(nTs) be the
discrete-time signal formed by sampling x(t) with sampling interval Ts= T/N,
where N >> 1, andlet X[k] denote the N-point DFT® of x[n].

ak O X[Kk] for k<< N
Derivation:

To how how ak's can be approximated, we will use the fact that since Ts<< T,
X(t) varieslittle over most Ts second interval. Thus, it may be approximated
with

X(@) O x(nTs) = x[n], when nTs<t<nTs+ Ts
We will also use the approximation’

e—jo—”knTs _ -i2%n

_i21
el T e N, when nTs<t<nTg+ Tg

With these approximations, we now proceed by rewriting the integral in the
analysis formulaas asum of N integrals over intervals of length Ts seconds,
where N =T/Tg
g N2 s Ts - jon . . _
ok = 7T Zo Jx(t) e’ T dt integrating over short intervals
n=0 nNTg

61t is easy to seethat x[n] is periodic with period N.
"We will shortly discuss the validity of this approximation.
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O # 20 T[x N "d using the above approximations

rearranging terms

1
==
o CJ‘/'H
S
D,
Z
—dq
o
—

2Myn
T 20 X[n] eJ N" Tg computing the integral

using N =T/Ts

1
Z|
>
ik
=,
=
(¢}

X[K] = kth coefficient in N-point DFT of Xx[n]

This fact shows that the kth Fourier coefficient ayk is approximately equal to the kth
DFT coefficient X[K] inan N-point DFT of Xx[n]. This means that the DFT
coefficient X[k] indicates the presencein x(t) of the spectral component

L2
X[kl e'T
at frequency
21 2, 1
Tk = kas = N kKfs

where fs=1/Ts isthe sampling frequency. In other words, the component at
frequency @ = ZWT[k in the discrete-time signal x[n] represents a spectral component
. . . . 2n

in the continuous-time signal x(t) at frequency wk =y kfs.

On the other hand, the fact that oy 0O X[k] seems to contradict the facts that there are
infinitely many ak's, but only finitely many X[k]'s. This apparent paradox is
resolved by noting that the approximation
2t -2k

eJT DeJN n, when nTs<t<nTg+ Tg
isredly only valid when and only when the exponential varies little within each Ts
second interval. Since the exponential is periodic with period T/Kk, this approximation
isvalid when and only when Ts << T/k, or equivalently, when

T
k<<.|.S N

Thus we see that the approximation ok Xk isreally valid, only when k << N.
(Actually, it turns out to be fairly good as long as k < N/2.)

In summary, we have shown how to approximately compute the Fourier series
coefficients from samples. And the computation turns out to be the DFT!

We have also shown that the approximation is valid when k << N = T/Ts. This
indicates that where possible, one should choose the sampling interval Ts to be small
enough in order that the ak's can be well approximated over whatever range of
frequencies are of interest.
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With this approximation for the Fourier series coefficients, one can now use the DFT
coefficients to approximate the (two-sided) spectrum of the continuous-time signal  x(t)
&

{ 0 IKL KA, oo KT, 3019, (IO KTS, (X[, § 19, o (XIK], WK F9}

where K isthelargest value of K for which we believe ak [0X[k]. Note that we
are, in effect, approximating the spectrum as having no components above frequency
K2m/T.

Note that though we know the approximation is valid only for k << N, it is quite
common to use the entire set of DFT coefficients in an approximation for the spectrum
of x(t). Specificaly, itis common to plot the one-sided spectrum

{ x01, 3k f9), (X111, B9, ... (XIN-1, 5T(N-1) 9 }

However, when interpreting such a plot, one needs to recall that such a spectrum is
accurate only for values of k << N. Moreover, when k > N/2, theterm X[k] =
X*[N-K]. Thusif anything, for k > N/2, the spectral line shown at frequency
ZT(N-K) s isindicative of what happens at frequency s kfs - NOT at what happens
at frequency 2W“(N-k) fs.
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Example: The figure below shows a continuous-time signal, its samples, the
magnitudes of its DFT coefficients, the one-sided magnitude spectrum of the discrete-
time signal, and the approximate continuous-time spectrum.
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G. Bandwidth

One of the primary motivations for assessing the spectrum of signal is to find the range
of frequencies occupied by the signal. This range is often called the signal's "band of
spectral occupancy” or, more simply, its "band". The width of the band is called the
"bandwidth". As one example, signals with nonoverlapping spectra do not interfere
with each other. So if we know the band occupied by each of a set of signals, we can
determine if they interfere. As another example, certain communication media, e.g. a
wire, limit propagation to signals with spectral components in a certrain range. If we
know the band occupied by a signal, we can determine if it will propagate.

Most signals of practical interest, such as that shown in the previous section, have
spectral components extending over a broad range of frequencies. We are not really
interested in the entire range of frequencies over which the spectrum is not zero.
Rather we are interested in the range of frequencies over which the spectrum is
"significantly large”. As such, we need a definition of "significant” in order to define
the concepts of "band" and "bandwidth”. There are a number of such definitionsin
use. The definition given below is based on one such definition.

Definition:

The "band of spectral occupancy” or "band" of asignal g[n] isthe smallest interval
of frequencies that includes all frequencies at which the magnitude spectrum is at
least one half as large as the maximum value of the magnitude spectrum.

Example:

For the magnitude spectrum shown below, the band is, approximately, [.075, .225],
and the bandwidth is .15 rad/sample.

5 T T T T

lex‘xm HHLHHL
0.5

1 1.5 2 2.5
radians/sample
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