
EECS 206, Final Exam Solutions and Statistics  4/26/02

Average Score = 72.7 ,  Standard Deviation = 20.6,  High Score = 101.

Average Scores for each problem:

1 2 3 4 5 6 7 8 9 10 11 EC
2.5/5 2.7/5 4.6/5 4.0/5 2.8/5 4.3/5 4.8/5 13.8/17 8.8/15 12.3/16 11.1/17 .8/1

Grade Ranges:   A = 100-85 (70 A's),  B =  84-67  (58 B's),  C =  66-46 (46 C's),  D = 45- (25 D's)

Note:  Problem solutions are not consecutive.

1 . Answer:  (b)

E(x+y) = ∫
 

 
 (x(t)+y(t))

2
 dt  ∫

 

 
 (x(t)

2
 +2x(t)y(t) + y(t)

2
 ) dt  =  E(x) + 2 C(x,y) + E(y).

Since  E(x+y) = 5,  E(x) = 1, and E(y) = 2,  we have 2C(x,y) = 2  and  C(x,y) = 1.

3 . Answer:  (a)

x2[n] = 4 cos(
π
3 n - 

2π
3 )  = 4 cos(

π
3 (n-1) - 

π
3)  =  

4
7 x1[n-1]

Therefore, by linearity and time-invariance,

y2[n]  =  
4
7 y1[n-1]  =  

4
7 √ 3 cos(

π
3 (n-1))  =   

4
7 √ 3 cos(

ππππ
3  n-

ππππ
3 )

7 . Answer:  (e)

By direct convolution.

8 . (17 points)  The continuous-time signal

x(t) = 4 cos(2π(2)t) + 6 cos(2π(3)t) + 2 cos(2π(11)t)

is sampled at rate  fs = 10 samples per second creating the discrete-time signal  x[n].

(a)  (5)  Find and plot the magnitude spectrum of  x(t).

With frequency measured in hz, the plot shows spectral lines with the heights given below at the
frequencies given below:

2 @ -11     3 @ -3     2 @ -2     2 @ 2     3 @ 3     2 @ 11

Alternatively, with frequency measured in radians/sec, the plot shows spectral lines with the heights
given below at the frequencies given below:

2 @ -22π     3 @ -6     2 @ -4π     2 @ 4π     3 @ 6π     2 @ 22π

(b)  (4)  Find an expression for  x[n]

x[n]  =  x(nTs)  =  x(
n
10)  = 4 cos 4π 

n
10 + 6 cos 6π 

n
10 + 2 cos 22π 

n
10

= 4 cos 
2π
5  n + 6 cos 

3π
5  n + 2 cos 

11π
5  n

= 4 cos 
2 ππππ
5  n + 6 cos 

3 ππππ
5  n + 2 cos 

ππππ
5  n     since 

11π
5  - 2π = 

π
5



(c)  (8)  Find and plot the magnitude spectrum of  x[n]  for  ω̂  between  π  and  -π.
The plot shows lines with the heights given below at the frequencies given below:

3 @ -
3 ππππ
5      2 @ -

2 ππππ
5      1 @ -

ππππ
5      1 @ 

ππππ
5      2 @ 

2 ππππ
5       3 @ 

3 ππππ
5

Note that the cosine   cos(2π(11)t)  has the same samples as  cos(2πt).  Thus the spectral ine at
frequency  π/5  is due to aliasing.

9. (15 points)   Consider the filter described by the difference equation

y[n] = 2 x[n] + 2 x[n-1]

A periodic input signal  x[n]  with period 4 is applied to this system, resulting in output  y[n].
The 4-point DFT of  y[n]  is:

Y[0] = 0 Y[1] = √ 2 e
-jπ/4
 Y[2] = 0 Y[3] = √ 2 e

jπ/4
 

Find an expression for the input  x[n].

Answer:    x[n]  =  cos(
ππππ
2  n)

Approach 1:  The filter has frequency response  H(ω̂)  =  2 + 2 e
-jω̂
 

 .

We know  Y[k]  =  X[k] H(
2π
4 k).  Therefore,   X[k]  =  

Y[k]

H(
2π
4 k)

  . We find

X[0] = 0,  X[1] = 
1
2,  X[2] = 0,  X[3] = 

1
2 .

Taking the inverse DFT of  X[k], or using the DFT synthesis formula gives

x[n]  =  
1
2 e

j2π
4

 n

 
  + 

1
2 e

j2π
4

 3n

 
  =  

1
2 e

jπ
2

 n

 
  + 

1
2 e

-jπ
2

 n

 
  =  cos 

π
2 n

Approach 2:  Taking the inverse DFT of  Y[k], or using the DFT synthesis formula gives

y[n]  =   √ 2 e
-jπ/4
  e

j
π
2n

 
 + e-j

π
2n

 
 √ 2 e

jπ/4
   =  √ 2 (e

j(
π
2n-π/4)

 
 + e-j(

π
2n-π/4)

 
)

=  2√ 2 cos ( 
π
2 n - 

π
4 )

          =  2 |Y[1]| cos(2π
4 1n + angle(Y[1]))  =  2√ 2 cos ( 

π
2 n - 

π
4 )

Now, since the output is a cosine with frequency  π/2,  we conclude that the input is a cosine with

frequency  π/2.  Suppose the input is  x[n] A cos ( 
π
2 n + φ) .  Then we know

 x[n]  → y[n]  =  |H(
π
2)| A cos(π2 n + φ + angle(H(

π
2)))

Since    H(
π
2) = 2 + 2 e

-jπ/2
 =  2-2j  = 2√ 2 e

-jπ/4
  ,  we have   |H(

π
2)| =  2√ 2  and angle angle(H(

π
2)) = -

π
4 .

Therefore,  y[n] =  2√ 2 A cos(π2 n + φ - 
π
4)  .

Since also  y[n] = 2√ 2 cos ( 
π
2 n - 

π
4 )

we see that  A = 1  and  φ = 0.  Hence,  x[n] =  cos(
ππππ
2  n)








