EECS 401 Midterm 2 Solutions April 8, 1998

Exam Statistics:
Average = 71/110, High Score = 100.
Grade Ranges: A =110t090, B =90t0 68, C =68 to 44.

14 A's, 35B's, 19C's, 7D's, 1E
1. Give abrief precise definition or formula for each of the following. (No explanationis
needed.)
(5] (a) A continuous random variable.

A random variable X iscontinuousif P(X =x) =0for al x. Equivalently arandom
variable is continuousiif its cumulative distirbution function is continuous everywhere.

(5] (b) Adiscreterandomvariable

A randomvarigble X isdiscreteif thereexistsadiscreteset A (finite or countably infinite)
such that P(XI A) = 1. Equivaently, arandom variable is discreteif its cdf consists only
of jumps and "flats".

(5] (c) Thejoint cdf (cumulative distribution function) for randomvariables X and Y.
Fxy(X,y) = P(XEX, YEY)
(5] (d) Independence of two discrete random variables X and Y.

Discrete random variables X and Y are independent if any of the following equivalent
conditions hold: (Y ou only need to state one.)

Pxy(Xy) = px(x) py(y) foralxy
Fxy(x,y) = Fx(x) Fy(y) foral xy
PXT A, YT B)=P(XT A, YI B) foralevents A and B

px|y(ylx) = px(x) foral xy

Pyix(ylx) = py(y) foral xy
Fxjy(ylx) = Fx(x) forall xy
Fyix(ylx) = Fy(y) foral xy
(5] (e) The Gaussian densityvvithweanSand variance 5.
X-3)2
fx(x) = - exp| - ( )}
2.

18] (&) For each of the three cdf's shown below, state the type of the random variableto
which it corresponds, and find the probability that the outcome of the random variableis
greater or equal to 3 and lessthan 5.

Note: P(3£ X <5) = P(X£E5) - P(X=5) - P(X£3) + P(X=3)
(i) mixed, P(B3£ X <5) =.2 (Note P(X=1)=.2>0)
(if) continuous, P(3£X <5) =0

(iii) mixed, P(B3£X <5)=.4



(7 (b) Find the expected value of the random variable whose cdf isgivenin (ii).

The density of thisrandom variableis

| 3. 0EXED y
()= -2 . BEXES andso E[X] = ofx(X)dx = 3.4
t 0 , esewhere ¥

(iii)

3. Arandomvariable X isuniformly distributed on theinterval [-3,3]. Let Y= g(X),

1

where g(x) = e'".
9(x) = exp{-[x[}
fx(X) —
1/6
| | > X .
| | | | | =
-3 3 -3 Iny -Iny 3

5] (@) What kind of randomvariableis Y?

continuous, because eachvalueof Y has zero probability, because it is caused by just
two values of X, each of which has zero probability

(100  (b) Find the pdf (probability density function) of Y.
We find the cdf and then differentiate. Wefirst noticethat Y canrangefrom e3 to 1.

For y1 [e31],
Fy(y) = P(YEy) =P(-Iny £XE 3) + P(-3 £ X £ Iny)
3 Iny
= ofxdx + ofx()dx, where () =g, BEXES3
-Iny _

TaHny) +gny+3) =Y +1

For y<e3, Fy(y)=0 and for y>1, Fy(y) = 1.

Differentiation Fy(y) gives fy(y) = |



(5]

(5]

(7]

(8]

(c) Find theprobability that Y3 1/2.
1 1

1 1 1 1 In 2
Approach1: P(Y335) = ofy(y)dy = oa.dy = 3(Iny) = —5 =.23
2 =3 By Y = s0mlz =7
1 1 1, _Ini2 1 In 2
Approach 2: P(Y?3 é) = P(In§£X£-In§): ofx(x)dx = é(-ln 12-1In JJZ):T
In 1/2
(d) Find the expected value of Y.
¥ 1
1 1
Approach1: E[Y] = Qy fy(y)dy = gy S—ydy = 3 (1-e3) = .32
- .
¥ 3 1 13
Approach2:  E[Y] = E[g(X)] = 009(x) fx(x) dx = (‘)e-lxlé dx = 25 gedx
¥ -3 0

- L)l = L aed)

uppose X and Y arejointly continuous random variables with joint pdf

| Xe‘(X‘W) , x30 ,y30
fxv(Xy) = 1 _
1 0 , otherwise

Note: (xe’dx = -e*(x+1)

(@ Are X and Y independent? YES

To check independence, it is sufficient to find the marginal densities fx(x) and fy(y) and

seeif fxy(xy) = fx(x) fy(y).
¥ ¥
xe* geYdy = xe¥, x3 0

¥
fx() = ofxv(xy) dy = oX e ™) gy

0 0
¥ ¥ . ¥ ¥
fr(y) = ofxv(xy) dx = ox €V dx = e¥ oxe™dy = ¥ (-(x+1) )[§
-¥ 0 0
=e¥, y30

fx(x) fy(y) = xe*e¥Y, x3 0, y3 0, whichisthesameas fxy(X,y)

(b) Find P(X>3, Y>4).

Since X and Y areindependent,
¥ ¥
P(X>3, Y>4) = P(X>3) P(Y>4) = ofx(x) dx ofy(y) dy
3 4

¥ ¥
:?X e dx Pe'y dy = (-0c+1) e-X)légé' (-e'y)lj

= 4e36*=4¢e’ = .00365

Note: P(X>3,Y>4) 1 1-P(X£3, Y£4) (draw the pictureto seethis)



5. Arandomvariable X isexponentially distributed with expected value 10. Let Y bea
random variable whose conditional pdf given X=X is

L W0 gy
fyxyX) = | 10 Y
fo

, else
[15]  (a) Find theconditional pdf of X given Y=y.
By Bayes rulefor conditional densities: fxy(xly) = YXY/RIIx()

fy(y)
Since X isexponentialy distributed with expected value 10: fx(x) = 1—10 e'XllO, x3 0.
¥
Tofind fy(y) weuse fy(y) = $f x(X) fyx(y[x) dx
_ 1 _x10 (x y)/10 _ 1 _-y/10
) fyixyh) = 15 €90 e =10€ . OExEy
So
y
fy(y) = 0 % ey/10 dx = ﬁ) yey/10

Substituting into Bayes rule gives:

Logyo
100
fxjy(xly) = — vio =y OEXEy
100

(5] (b) Find the conditional expected value of X given Y=1y.

N Yy 1 1x2 y
E[X]Y=y] = o fxjy(xly) dx = ox y &= 97 =

[110 pointstotal]



