Homework Set 6 Solutions EECS 401 revised 3/6/00
changes marked with ***

1. 3.51, p. 180 (Hint: use symmetry where possible.)

The possible values of Y are -3.5d, - 2.5d, -1.5d, -.5d, .5d, 1.5d, 2.5d, 3.5d. So Y is a discrete
random variable. To find the pmf of Y, we need to find the probability of every possible value of Y

(@ The pmfof Y is:

_ .« _ '3d<1 -alx| 4o — 1 -3ad
py(-3.5d) = P(eo< X <-3d) = [fx(x)dx = | 5e dx = 5 €

by symmetry py(3.5d) = py(-3.5d) = %e’sad
-2d -2d
py(-2.5d) = py(2.5d) = P(-3d< X < -2d) = 3[fx(x) dx = I %e‘“'x' dx = %(e‘zad-e"*ad)
-3d -3d

_ _ _ d _ d‘l -alx| 4o — 1, -ad -2ad)
py(-1.5d) = py(1.5d) = P(-2d< X < -d) = 2[dfx(x) dx = z[d 5e dx = > (e“"-e

_ _ _ 0 _ Og alx] 4o — 1 -ad
py(--5d) = py(.5d) = P(-ds X < 0) = [fx(x) dx = | 5e dx = > (-7
d d

and finally py(y) = 0 for all other values of y

(b) P(XI>4d)= 27 fx() dx = [ 56 dy= g4ad

2. 3.53, p. 180
X, the random variable representing the grades, is Gaussian with mean m and standard deviation

(x-m)2
. T 552
Its pdfis () =—~ e 20
vV 2no
Let Y = aX+b. We wish to choose a and b sothat Y is Gaussian with mean m' and standard
deviation o'.

Solution 1: k(y) = Pr(Y<y) = Pr(aX+ky) = pr(xgy%ab) = &(y%ab)_

_d _d y-b, _ d d yb_ ., yb1l
fy(y) = @FY(Y) = @FX(? = dx FX(X)L=(y-b)/a dy a ~ fX(? a
((y-b)la - m¢
— 1 ) 262 1
V2no a
_(y—am-bE
- 1 2d0?
V 2mao

We recognize the above as a Gaussian density with mean am+b and standard deviation a

. . o' a'
Equation m'=am+b and'=ac yieldsa=—, b=m'-am= m'-—m
o o



Solution 2: m' = E[Y] = E[aX+b] = a E[X] + b by linearity of expectation
= am+b
©)2 = var(Y) = E (Y-E[Y]f = E (aX+b - (@ E[X] + ¥ = E(a(X-E[X]))?
& E (X-E[X])2 by linearity of expectation
= @02

Solving for a and b yields,azg, b=m @ m
o]

(6)
. 3.56, p. 180

P=RX where X is Gaussian with () = _ 1 oxPee?
V2na?
First we find the cdf:

for y=0, M(y) = P(Ry) = P(R¥<y) = P(HFyR< X <VyR)
= K(VyR) - Fx(-VyR)

andfor y<O0, Bly) = 0

Then we take the derivative of the cdf to obtain the pdf:

for y =0,
fp(y) = %FP(Y) = fx(VyR) (1/2) (y/RY2 (1/R) - (-VyIR) (-1/2) (y/RYY2 (1/R)
_ 1 1 1 y 1
= — (f / fx (-Vy/ =— 2 -5
2VyR (x(V—y R) + ix(-Vy/R)) 2VyrR V2nd? eXF{ R 2g2
- 1 Yy
V2mo2yR expl 202R}

and for y<0, fp(y) =0

. 3.57 a, p.180 (Assume X is a continuous random variable. Express your answers in terms of the cdf

and/or pdf of X.)
| a
I /fl> §
-a a
| -a

(@ cdf: for y<-a, KR(y) = P(¥<y) = Q
for -a<y<a Fy(y) = P(¥<y) = P(g(Xky) = P(Xy) = Fx(y)

for y>a, F(y) =P(Ysy) =1

9(x)




pdf: for y<-a or y>a, ¥(y) =0
for -a <y=<a, fy(y) =d£y Fy(y) = P(Xs-a) o(y+a) + fx(y) + P(X=a) o(y-a)
= Fx(-a) o(y+a) + fx(y) + (1-Fx(a)+P(X=a)) d(y-a)
*** removed solution to part (c) since it was not assigned.
5. 3.65, p. 181
This problem is about a discrete random variable with outcomes {1,2, ..., n} and pmf
) :%, i in{1,2,...n)
ED , otherwise

The mean

[EnY

n. , n. 1.
E[X] = i:zll px (i) = :zll nTn .:zll =

n
Note that an easy way to derive the fact tiyat = (n+1)/2 is that
i=1

2 E i=1+2+...+n)+(n+nl+..+1) = (n+l) + (n+l) + ... + (h+1) = n(n+l)
i=1

To compute the variance we use: var(X) = #XE[X])?2
So we need to find

E[X?] = éliz px(i) = i=§1i2r11 =1 i§1i2 = L n(m)en+d) _ (n+1){Zn+1)
Then ,
varx) = (@D (2 21

6. 3.75 (a), p. 182
The net reward is & bX - nd, where X is a binomial random variable with pmf

n = a—
px(x) = ng) 20 x=0,1, ..., n
, else

The expected net reward is
E[aX2+DbX-nd] = aE[X] +bE[X]-nd
From Table 3.1, E[X] =n/2 and var(X) = n/4.

*** Therefore, E[X] = var(X) + (E[X]? = n/4 + @/4 . Finally,

2
= E[aX2+bX-nd] = agy+a'y;+bs -nd



7. 3.79, p. 182

., Xx =1, ...,n
X is a discrete random variable with pmg(p) = @
, else
_ _ _ n+1
E[Y] = E[K+LX] = K+ LE[X] = K+L-—5~ from Problem 3

2

var(Y) = L2var(X) from Problem 1

n2-1

= L2 12 from Problem 3

*** the following solution was omitted.

8. A man aiming at a target receives 10 points if his shot is within 1 inch of the target, 5 points ifitis
between 1 and 3 inches from the target, and 3 points if it is between 3 and 5 inches from the target. Find
the expected number of points scored if the distance from shot to the target is uniformly distributed
between 0 and 10.

Let X be arandom variable representing the distance of the shot from the target. Let Y = the number of
points received. Then X is a continuous random variable with pdf
/10, 0<x <10
() :%O , elsewhere

and Y = g(X), where
10, 0<x<1
5, 1<x<3
90 =03 "3<x<5
0, x>5
Y is a discrete random variable so we need to find its pmf:
pr(10) = P(O<X<L) =75,  pr(5) = P(L<X<3) =
2 1
py(3) = P(B3<X<3) =715 Pr(0) = 1-pr(10)-pr(5)-pv(3) = 5
py(y) = 0, for othery's
Then the expected number of points is the expected value of Y:

E[Y] = Z y py(y) = 10X%+5X%+3X%+ OX% = 1?3
y

9. The "game show problem" is due with the next assignment.



