Lecturezl

e Be able to calculate the output of a linear system (convolution) when the
Input is a specified function of time (or frequency).

Goals:

e Be able to work in both time domain and frequency domain.

e Be able to determine the noise variance out of a linear system.
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Filtering, Convolution,
Correation and Noise

In most receivers in a digital communication system the received signal is
filtered before a decision is made as to the data bit that is transmitted. The
purpose of filtering is to remove as much of the noise as possible without
removing any of the signal.

X(t) y(t)

— > h(t) SEEEE
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4 N\
Convolution I

Mathematically, filtering is the convolution of the input signal to the filter and
the impulse response of the filter. That is, if the input to the filter is the signal
X(t) and the impulse response of the filter is h(t) the output of the filter y(t) is
given by

yt) = /_o:ox(t—a)h(a)du
_ /_ooh(t—a)x(a)du

The above mathematical operation on x(t) and h(t) is called convolution of h
with X.
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4 N

The convolution operation is best understood graphically. Consider the output
of the convolution at time t =t;. First the function h(a) is flipped right to left
to yield h(—a).

Y
Y

Second the function h(—a) is shifted to the right by t; seconds
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Third the flipped, shifted function h is correlated with the input x.

y(t)
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h(to—a)

X(a)
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For example if x(t) and h(t) are rectangular pulses of amplitude A and
duration T beginning att = 0.

X(t) =h(t) = Apr (t) =
X(t)
A

A 0<t<T
0, otherwise.

T

then the output of the filter is a triangular pulse of duration 2T.

-
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Rectangular PuIseI
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Properties of Linear Systems'

e If the output of a linear system is y1(t) when x4(t) is the input and the
output of is y2(t) when x2(t) is the input then the output due to

a1Xp(t) +azxa(t) is agys(t) +o2y2(t)

e If the output of a linear system is y(t) when x(t) is the input then the
output due to x(t — 1) isy(t — 1)

N /
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/ Threerectangular puIsesI \
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Other Input'
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Other Output'

Output of Filter




Total Input' \

Input to Filter
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Frequency Domain Analysis'

Signals and filtering can also be described in the frequency domain. The
frequency content of a signal is obtained via the Fourier Transform.

X(f) = /_o:ox(t)e_jznftdt.

Convolution in the time domain corresponds to multiplication in the frequency
domain and thus

y(t) =x(t)xh(t) < Y(f) =H(f)X(f).

One useful relation between the frequency domain and time domain is
Parseval’s Theorem

/_le(t)xg(t)dt - /o:oxl(f)xg‘(f)df.

N /
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As a special case

/_OO |x(t>|2dt=/_°° X(f)[2d T,
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X. 1. Rectangular Filtering of Rectangular Pulses

/E

Motivation: This is the simplest form of modulation. A single data bit is
transmitted by sending either a positive pulse to represent a 0 or a negative
pulse of duration T to represent a 1. The receiver decides which bit was
transmitted by filtering the received signal with a filter matched to the
transmitted signal and sampling the filter output.

X(t) = pr(t).
h(t) = pr(t).
[, 0<t<T
h) xx() =At(t) =4 2-HT, T<t<2T

K \ 0, otherwise /

11-19

<

—~
—

N
I




Tsinc(fT)e I™MT =T
(F7) Ttf T

Tsinc(fT)e I™MT =T
(1) Tif T

H(f)X(f)=T?sinc?(fT)e 12MT,

sin(tf T) o~ T

sin(ttf T) o—imiT
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Ex. 2. Raised Cosine Filtering of Raised Cosine Pulfl

B o sin(m(1—o)t/T)+4at/T cos(Ti(1+a)t/T)
X(t) =h(t) = M1 — (4ot /T) /T '
( VT, 0<|f|< L2
X(f)=H(f)=q /T—sin( (f - £)/a)], L <|f|< e
\ 0, otherwise.
t _sin(mt/T) cos(amt/T)
YW =" 1402?72
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T, 0<|fl<H
Y(f)=q ZA-sin(rm(|f|-5)/a)], H*<[f[ <
\ 0, otherwise.

The parameter a is called the roll-off factor and is between 0 and 1. The
(absolute) bandwidth isW = (1+ a)/2T. Notice that the output is zero at
multiples of T exceptatt = 0.

N /

11-23




-

X(t)

h(t)

x(6)*h(t)

y(t)

Time Domain

time

time

0 2 4
time

Y ()=XHOH()

Frequency Domain

-0.5 0 0.5
frequency

-0.5 0 0.5
frequency

-0.5 0 0.5
frequency
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/‘ Ex. 3: Gaussian Filtering of a Rectangular Pulsel\

x(t) = pr(t)
) = ——ep({~t/(207)
o is related to the 3dB bandwidth B by
0% = %
yt) = ®( )~ o( )
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In the frequency domain
X(f) = Tsinc(fT)e I™T
H(f) = exp{-2mfc?f?}
Y(f) = X(f)H(f).

This is a noncausal filter. In practice a delay must be added to make the filter
iImplementable.
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Example 4. Spread-spectrum signals'

In this example the basic pulse shape has much larger bandwidth. The pulse
shape consists of a sequence of shorter pulses (called chips). The filter is the
time reverse (and delayed) version of the pulse. Notice that the output lasts for
2T seconds and is zero at time 0 and time 2T . Notice also that the output is a
piecewise linear function of time.

Motivation: As in the first example a transmitter can send a 0 by sending the
T second waveform shown below and send a 1 by sending the same waveform
but with opposite polarity. The receiver filters the signal (to remove
out-of-band noise). The filter is matched to the transmitted signal (with a time
reversal). The receiver decides 0 is sent if the filter output at time T is larger
than 0. Otherwise the receiver decides 1.

N /
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‘ Multiuser System I

Now consider two users which have different basic signal waveforms.
Consider a filter matched to the basic signal of the first user. The output due to
the signal of the first user alone is shown as is the output due the second user
alone. If these users both transmitted simultaneously then the output would be

the sum of the two outputs.

N /
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In the next figure we expand the filter output to show more detail. From this it
IS evident that the output due to the interference is also simply a piecewise
linear function.
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If we just assume that the filter is sampled at time T and that the filter is causal

h(t) =0, t <0 then
t
y(t) = / h(t — o)x(a)da
If the filter has finite response, say for T seconds then

y(t) = /LT h(t — o)x(a)da

The desired signal is the output sampled at time T.

y(T) = /OTh(T—O()X(O()dG

This can be implemented with a correlator as shown below

-

~
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Figure 14: Correlator Structure
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ﬁ\ a digital communication system it is usual for the received filter to be \
matched to the transmitted signal. In this case, if s(t) is the transmitted signal
and is of duration T beginning at 0, we sample the filter output at time T and
h(t) =s(T —t). This is called the matched filter. The filter output is

y(t):/_o;h(t—a)s(a)da — tiTh(t—a)s(a)du
_ /tiTs(T—(t—O())s(O()dO(
— /tiTs(a—(t—T))s(a)du

(This is the autocorrelation of the signal s(t)). The desired signal is the output
sampled at time T.

y(T):/OTh(T—O()S(O()dG = /()Ts(a)s(a)du

N /

11-37







6\ a spread-spectrum system the signal has the form

N—-1

s(t) = %allb(t— ITe)

=
so the impulse response of the matched filter has the following form

N-—-1

h(t)=s(T—t)= 5 a(T —t—IT)

=0

where N is the number of “chips” per bit, 1/T; is the chip rate, and NT; =T is
the data bit duration or the inverse data rate. In this case the implementation of
the matched filter can be simplified as follows. Let s(t) be the filter input then

yt) = /_o;h(t — a)s(a)da

o N-1

= / Z (T —t+a—IT)s(a)da
—®° =1

N /

11-39




-

Now it is clear that

-

N-1 oo
= I; a /_OOL|J(T—1Z+G—|TC)S(G)C|G.

Let x(t) be the output of a filter with impulse response (T, —t) then

X(t) = /_qu(TC —t+a)s(a)da.

N—1
Y =3 axt—(N—1-To).
=0

Thus the matched filter can be implemented as a filter matched to the chip
waveform followed by a weighted sum. Since we are interested in the sample
only at time t = mT we only need the samples of the chip matched filter at
multiples of T;. For example at timet = T the output is

N—1
1) = ax(+T)
=0

~

/
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Attimet = mT the output is

N—1
ymT) = > ax((m-1T+(1+1)T)
I=0
mN _
y(mT) = Aj—1-(m—1NX(JTc)
j=(m—=1)N+1

If the spreading sequence is periodic with period N so that ajn = a; then

mN
ymt) =y aax(iTo).
j=(m—=1)N+1

N /
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Multiple Bits'

S(t)

L
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Multiple Bits'
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4 N

\Noise.

All communications systems has some amount of noise. All electrical systems
have random thermal noise due to motion of electrons because the system is
not at absolute zero temperature. This noise Is usually modeled as having
power at all frequencies but in actuality at very high frequencies the power
decreases (in the optical range of frequencies).

The model widely used for thermal noise is that of zero mean white Gaussian
noise. Since only the frequency band of the transmitted signal is of interest the
noise outside this band is not important. For all systems considered here we

model the noise as having equal power at all frequencies. In addition the noise
will have zero mean or average.

N /
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4 N

The power spectral density function of a random signal is the amount of
power in the signal as a function of frequency. The autocorrelation measures
the correlation between the noise at different points in time. For noise like
signals the autocorrelation does not depend on the time but just the time
difference between two samples. In this case (and assuming zero mean) the
process Is called wide-sense stationary.

N /
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Mathematical definitions:

Rn(T) =E[N(E)N(t+1)]

The power spectral density is the Fourier Transform of the autocorrelation
function.

Su(f) = / Ry (T)e~ 12T gt

R (T) = / Su (el Tdr
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/ Example

White Noise ;
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Correated Noise'

- RS E
Rn(T) = /\(T/T){ 0 [>T
Sn(f) = Tsinc?(fT)

~_sin?(1fT)

- (TtfT)2
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4 N
‘Noiseinto linear systems'

Now consider noise at the input to the receiver.

X(t) Y{(t)
> H(f) >

The power spectral density of the output of the filter is determined from the
power spectral density at the input to the filter and the transfer function of the

filter.

Sv (f) =[H(f)*Sx(f)

N /
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The autocorrelation is given by

RY (T) —

where h(t)

-

— h(-t).

EIY ()Y (t+1)]

E| / °°x<t o)h(a)dor /_°°x<t+r—s>h<s>dm

(0]

(t+1—p)]h(a)h(B)dad

_wa (t—y—B)h(Y)h(B)dvdp
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At any particular time the output due to noise alone is a random variable with
a certain density function. The mean of the output is the convolution of the
mean of the input signal with the impulse response of the system. The
variance of the output is

0 = Var]Y (t)] =Ry (0)

| Re(B=yhnh(B)dyep
()P

For the case when the noise is white with power spectral density No/2 the
variance of the output is

= VarlY (t)] = 2 [S,h*(y)dy= "2 /7, [H(f)[?d f

N /
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‘Example: |deal Brickwall FiIterI

~
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(A filter for which the noise variance is 62 but does not have the brickwall
shape is said to have noise bandwidth 6% /(A°Ng) where A is the peak output).

-

g% = A°WNp
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Gaussian Density'




Figure 17: Probability Density of Noise with Different

Variances.
N
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/ Gaussian Density'

If  is a Gaussian distributed random variable with mean p and variance o
then we can calculate various probabilities Involving n. In particular

2
P{n<x} = \/_m —(W—?/20% gy
_ (X |,l)/0' 1 e_WZ/ZdW

—o /2T

X
= Q-

where

e/ 2Gy
" - L=

~
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‘Examplezl
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‘ExampIeBI \
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‘Example4' \

T L

X (T) h(t_ T\ : : : : : m_

conv(x.h)
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‘ExampIeSI \
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