LectureSI

e Be able to generate signals and noise in time and frequency domain in
Matlab

Goals
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Consider a signal x(t) with Fourier Transform X(f). Suppose X(f) is zero for
| f| > fmax. Then according to the sampling theorem we can represent x(t) by
samples at rate 2 fax. In addition assume that x(t) is causal so that x(t) = 0
for t < 0. The Fourier transform of x(t) is given by

X(f) = /_o:o x(t)e 17 gt

= / x(t)e™ 12 g
0

Notice that X(—f) = X*(f). Similarly

X(t) = /_O;X(f)ejznftdf

frmax

_ / X (f)ei2mtg

-

/ Simulation and FFT Stuff' \

- y
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/Now we can approximate these integrals with finite sums. For the purpose of\
being able to use an FFT (Fast Fourier Transform) algorithm in MATLAB we let

1
AfAL = —.
N

Since At = 1/(2 fax), AT = 2fmax/N. That is we are dividing the interval of
the frequency response from — fiax t0 fmax INto N discrete frequencies. Then
for |f| < frax

N—1 _
X(f) ~ Y x(at)e A
=0
N—1
Xm= X(MAf) =

| =
N—1 |
= Aty x(1ate MmN,
=0
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Thus the above expression for Xq,, is valid for 0 < |m| < N/2. Notice that
X_m= Xn_m- In MATLAB the operation FFT takes an input vector (indexed
from 1 to N) and produces an output vector (indexed from 1 to N). The
Input-output relation is

N
Xm=Y xe ZmDI-UN m=1, N
=1

The input should correspond to the samples starting at time O up to time

(N — 1)At. Notice that in order to get the correct magnitude of the frequency
response we must multiply what MATLAB produces by At. The output samples
from 1 to N/2+ 1 (when normalized appropriately) correspond to the
frequency response X(0),X(Af),...,X(NAf/2) = X(fyax). The samples from
N /2 + 2 to N correspond to the frequency response from

X(—fmax +AT),..X(—AT). The order can be reversed into the logical order
with the MATLAB command fftshift.

/
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/ | nver se FFTI \

To perform an inverse FFT in MATLAB the spectrum should be rearranged so
that the zero frequency shift corresponds to frequency sample 1, the maximum
positive frequency (fmax = N/2AT) corresponds to sample N/2 + 1, the
maximum negative frequency (—N/2 + 1)Af corresponds to sample N /2 + 2
and the sample N corresponds to frequency —Af.

x(t) = /_fmaXX(f)ejZ"“df

frmax
N/2 |
X(t) A~ X(mAf)el2mMATtAf
m=—N/2+1
N/2 N—1

Q

S X(mAf)eZMIAf+ 5 X((m—N)Af)eZmNATAT
m=0

m=N/2+1 /
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4 v:

R

x(at) ~  § X(mah)ePmMNaf+ § X((m=N)Af)eFmNNAS
m=0 m=N/2+1
Now if we let
 _ X(mAf) m=0,1,...,N/2
X((Mm—N)Af) m=N/2+1,...,.N—1
then we get
N-1
x(1At) A~ ZMeJZT‘”"/NAf
m=0
1 1 N—-1

Q

Z xmeJZ"m'/'\'] |=0,1,....N—1.

The MATLAB command ifft computes the expression

-

=5 Z Xmel2m-DU-D/N =1 N
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4 N

The time response goes from 0 to (N — 1)At = (N — 1) /2 fijax corresponds to
the samples x(0),...,X((N—1) /(2 fypax)). If X(—1f) = X*(f) then it is easy to
show the the resulting signal after taking the ifft approximation will be real (as
It should). However, because of numerical errors in computation typically
when the inverse FFT is taken the imaginary part does not come out to be zero
exactly. In this case we usually take just the real part of the answer.

N /

V-7



-

()

IX(H] (dB)

15

1_,

0.5

0

-0.5
0

-100
-10

‘Example: Rectangular Pulse fax =8, N = 128'
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‘Example: Rectangular Pulse fax = 16, N = 128'
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‘Example: Rectangular Pulse fax =32, N = 128'
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xample: Rectangular Pulse fpax =32, N = 102
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/Example Rectangular Pulse fiax = 64,N = 8192\
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/ \Simulating Noise' \

In a computer simulation of a communication system we represent a
continuous time signal with samples according to the sampling theorem. A
signal can be represented if the highest frequency content is less than half the
sampling rate. Thus if fs represents the sampling rate the simulation
bandwidth is fs/2. If we consider white Gaussian noise the noise has equal
power at all frequencies up to the simulation bandwidth. Thus the power
spectral density of the noise in the simulation is

Si(f)=Np/2, —fs/2 < f < /2

The noise samples (with this finite bandwidth) have variance

fs/2 fs/2
2 = / Sh(f)df:/ MO (£ No frm
—fs/2 —fs/2 2

N /
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Example: Noise frax =

64, N = 8192

50

n(t)
=

=50

-100
0

20

10

N(f)
o
! T

|
=
o
T

-200 -100 0 100
frequency

200

300

N

o

o
T

N

o

o
T

40

60

V-14



Example:

Noise frax = 128, N = 8192
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Example: Noise frax = 256, N = 8192

100 T T T T T T T T T

T
_100 | | | | | | | | |
0 1 2 3 4 5 6 7 8 9 10
time
20 T T T T T
10+ -
zZ o T
_10 - —]
_ 0 | | | | |
-300 -200 -100 0 100 200 300
frequency
600 T T T T T
400 - : e : IR S IR : e : R S
200 : S : IEREREER o IR : R : RN o
0 ___——IA-I__
-60 -40 -20 0 20 40 60

V-16



