L_ecture 6 I

e Determine the optimal threshold, filter, signals for a binary
communications problem

Goals:
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/ ‘ Minimum Average Error Probability'

Problem: Find the optimum filter, threshold and signals to minimize the
average error probability.

t=T
So(t) >y dec s
h(t) L’ <ydec s
s1(t) Z(T)
n(t)
Peo = P{error|s transmitted } .
Pe1 = P{error|s; transmitted} .
k T = Probability sy transmitted.

~
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/ Ty = Probability s; transmitted. \

(lh+T1 =1).

The average probability of error is

I:_)e = PeoTo + Pe1Th. (1)
Let
S(T) = / h(T —1)so(T)dt < output due to s alone,
S(T) = / h(T —1)s1(T1)dT < output due to s; alone,

Since we assume that the receiver will decide sy if the output of the filter is
larger than a threshold and s; If it is smaller, we need to assume that

So(T) > Su(T).

-

Peo = P{Z(T) < y|so transmitted} .

/
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/h‘ So is transmitted then Z(T) takes the form \
Z(T)=%(T)+n
where 1 is a Gaussian random variable with mean 0 and variance 03
(0)0) N (00)
02 =— [ Rt)dt=— [ [H(f)df.
2 J - A
Thus

Peo = P{%(T)+n <y}
= P{n<y—-%(T)}

_ Q<§0(T)—V>. )

ON

Po.1 = P{Z(T) > y|s: transmitted}
= P{&(T)+n > y|s: transmitted}

K = P{n>y-5(T)} /
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_ 0 (V— §1(T)> | (3)

ON

Substituting (2) and (3) into (1) yields

Pe(Y, N(t),0,51) = THQ (é"m ‘V) +mmQ (V_ §1(T)) . (4)

ON ON

The problem is to minimize the error probability over all choices of y, h(t) and
So(t)asl(t)'

N /
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4 Step 1: Minimize P over yI h

Facts used:

© 1 _u2/2
X) = ——e du,
Q) = [ =
_eX/2
V2m

Method: Set the derivative of P with respect to y equal to 0.

dPe —exp{— ( )/2}( 1)

ay ~° Vo on

QA =

—exp{— ( ) /2} (G ) Ly

+T14 _2_’_[

N /
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S(T) -y

)2/2} = T exp{— (

N B(T)+78(T) (5)

Special Case: If Ty = 19 = 1/2 then
S(T) +&(T)

- T Y
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/VVhat is P, for the optimal threshold? \

. . onlnm | S(T)+&(T)
_eMm-&m G m
B 2 S(T)—-%(T) m
S(T) — Yopt _ S(T) —%(T) B ON In 141 (6)
ON 20'|\| §0(T) —§1(T) Tl'o.
Definition:
(t0.00) 2 [ fogte
st(t) 2 so(T—t)—sy(T—t)
ST -&T) = [ hos(T-1-s(T-1)d
_ /_ 0:0 h(t)sr (1)dt = (h, s7)




ﬁ hus from (6) \

S(T) —Yopt  (hysr) ON ,.Th
- _ In—. (7)
ON ZO'N (h,ST) o
Similarly
Yopt —S1(T)  (h,sr) ON ,.Th
= + In—. 8
ON ZO'N (h,ST) o ( )
Remember that
04 = % h?(t)dt (9)
N 00
= 2P (nE= [ .
hST)
Let A & (h, (10)
= |[hi[ {[sr]
Isrl? = [ lsolT =)~ su(T ~ 1)

/_ng(T—t)—2so(T—t)sl(T—t)+§(T—t)dt Yy

-
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- [ $0-2as)+ [ S

= Eo+E1— 2rE.

- - Ep+E
= (%0,%1)/E, E= OJZF =

Combining (7), (8), (9), (10), and (11)

-

S(T) — Yopt

ON

Isrll> = 2E(L 1) = [|st|| = /2E(L 1), (11)
(h,sr) 2lhl
= — In
No | (h,st) 1o
(h,sr) V2E(1 No [[hf[ fisrl}, Tt
Hh|| Istll  v/2No AE(1—r) (h,sr) Tro'

/
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4 N

Let A = S0 Then

— bl fIst 1l
S(T) — Yopt 1
— Ao —B=
ON a B)\’
E(1—
o = ( r), B= No In1Tl
No AE(1—r1) 1O
Similarly
yopt_§l(T) 1
= A —.
ON G_I_B)\

N /
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A =

M

ouing &M +&(T)
o = S —a(m T 2
f’e<v0pt,h<t),sO<t>,sl<t)>:noq(m—g)+n1cg(m+§).
(hasT>
[hl| [|sr]|
B E(1—r) B No T
- \/ No B_\/4E(1—r)|nrro
_ EO;El f = (s0,51)/E

‘Summary of Step 1: I

VI-12



/ ‘Step 2:' \

Find the optimal filter h(t) to minimize the average probability of error

Method: First show that P is an decreasing function of A by showing the
derivative is negative. Then find the h that maximizes A (thus minimizing P).

F_)e(haSO;Sl) — F_)e(Vopta h,SO,S]_)
= THQ( (a)\ — 5) +mQ (a)\ - 5) :

0P “(an-By2p 1 ( B)] [ o822 1 ( B
o= T |—e @ a-+ +1h a—
o\ "Ol Nz V2T

_ _T[O:<G+)\[32)exp{ %(GZAZ—ZGBJrﬁz/)‘Z)}: \/%[
. - :(0‘—;\—[32) exp{—% (a2A2+2aB+BZ/?\Z)}: \/%[ -
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[

1, e GB“

_e—1/2(0(27\2+[32/7\2) [ T (a ﬂﬁz +O‘_)\_Bz

1 a2

V2m

o (20).

)
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Since a >0, 3¢ < 0so that P. is minimized by maximizing A.

(h,ST>

A= .
IRl lisr|

From Schwartz’s inequality
—[[h[ fIsr]l < (h,sr) < [|h]| [|st .
Thus —1 < A <1 with equality if h=st. Choose A =1
(h=sr =5(T —t) —s1(T —t)). For optimal threshold and optimal filter
F_)e(yopta hOp'EaSOa Sl) — T[OQ(G o B) + T[lQ(a + B)

h(t) = so(T —t) —s1(T —1t) is called the matched filter because it is matched
to the signals.

1

1 TU
Yopt (Nopt; S0, S1) = E(EO —E1) + 5No|n 1

- "0 /

dPe \
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For the optimal filter the output due to signal alone are
&(T)=Ey—rE
§1(T) = I'E =

If T, = Ty then I5€:Q(0():Q< %;”)

-
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/ ‘Step 3:' \

Find the optimal signals sp(t) and s;(t) to minimize the average probability of
error.

Method: P. depends on the signal only through E and r.

It is obvious that we could just increase the energy to infinity and get error
probability 0. Instead we will fix E and vary the signals to vary r. Again we
show that P is an increasing function of r and then choose the signals to
minimizerr.

Pe = mQ(a—pB)+mQ(a+p).

B EL-r) _ No ™
*= \/ No ’B_\/4E(1—r)|nrro'

-
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dPs
dr

oa
or

=

=

E 1
N 2

dPs

or

() <o

— >0

dr

From Schwartz’s inequality

-

- (ss)

_e_(a2+[32)/2 -T[Oe (a_a — %) _|_T[1e B (aa

or

_e_(a2+[32)/2 -, /Tfoﬂlzg—(:] .

—lIsoll [[sa

E =

E

(a-B)*/2 90 9P _ e (a+B)?/2 34
— + 1T
v or  or 1T 2n or

op
or

GB
ar

)

g

~
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/vvith equality iIf s = —Ks;, K > 0. For 59 = —Kg;
v EoE1

r = —
Eo+E1
2

> 1

Two signals so(t) and s1(t) are said to be antipodal if
So(t) = —s1(1).

Optimal signals are antipodal.

r=-1 = a= 2E
— =\ Ny
N

B— )/ 2n 2

8E 1O

-

with equality if Eg = E1. (Arithmetic mean > Geometric mean).
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If Ty =1 =1/2 then
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/ ‘Aside: Schwartz’s inequality: I \

For any a

|f —ag||*>0
| f]|*—2a(f,g) +a?[|g||* >0

Since the polynomial in a Is never negative there must be either no zeros or a
double zero. Thus the discrimanant must be not be positive.

4(f,9)% =4I| °llglI® < 0
=l lall < (f,9) <[If][ /gl

Equality occurs when f(x) = Kg(x). If K is positive the inequality on the right
side becomes equality and if K is negative the inequality on the right side

Qecomes equality. This is Schwartz’s inequality. /
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Aside: Arithmetic mean > Geometric mean: I

Let ag and a; be real nonnegative numbers.

(ap—a1)? > 0 with equaltiy if ag = ay.

— 2apay + a2

S &

+ 2apay + a2
(80 +a1)°

dp + ai
dp+ a1
2

AV AVARN AVARN \V4

1V

0

4apay
4apay
2+/apa1

vapar with equaltiy if ag = a3.

~
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Summary'

>y dec s
<ydec s




-

Step 1. Optimize with respect to .

1o, (a)\— E) +mQ (a)\Jr E) .

Baly, (1), So(t),su(t)) = TfoQ(

F—)e(yopta ha 0, Sl)

A A
o E(l—r) . No JL41 o (h,ST)
“ = \/ No B‘\/4E<1—r>'”rro’ A Tl el
sr(t) = s(T-—t)—s1(T—1).
 S(T)+&(T) ox ™
Yopt = > +§0(T)—N§1(T) Iano.

Step 2: Optimize with respect to h(t).

K F_)e(Vopta Nopt;S0,S1) = TOQ(a+B)+mQ(a+p). /
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4 _

_ E(1—r) . No T
= \/ No B\/4E(1—r)|nrro'

hopt (t) = ( t) —s1(T —t), the matched filter.
1
Yopt ‘h:hopt = (Eo — E1) + = 5 No In %

Step 3: Optimize with respect to sp and s;.

F_)e(yopta Nopt; So.0pt; Sopt) = T[OQ 0+ B> +mQ (O( B)
R / 2E / No
a = No 8 |n =
() = —si(t
Nopt (1) | so=so.opt = ZSo(T —1).

K $1=S1,0pt
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Yopt ‘ h=Nhopt,S0,0pt :S1,0pt

N[ -

(No) In —.
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/ SPECIAL CASE \

mH = m=1/2
Pe = 1/2Q(§O(T) >+1/2Q<V él(T))
ON ON
Step 1: Optimize with respect to y
P = Q(ah),
E(1-r) (h,sr)
— A\ =
0 \/ No NE]
E _ E0‘|‘El — (%0,51) /E
Eo:/sg thl_/ﬁ
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/ S(T) +%(T) \

Yopt = 5

Step 2: Optimize with respect to h(t)

- E(1—r
Po = Q). a=/ 0D
0
hopt = So(T —t) —s1(T —t) matched filter
Yopt = 1/2(Eop—Ey)

Step 3: Optimize with respect to sp(t) and sy (t).
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ho pt

= 2%(T—1), Yo =0.
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éxample:

L So(t)

Baseband signals

Assume Sp(t) transmitted

/_ 0:0 hit—T)so(T) = /_ 0; 2Apr (t —T)Apr (T)dr

-

S(t) = Apr(t)
s(t) = —Apr(t)

hopt (t) = 2Apr (1)

= ZAZ/_Oo pr(t—1)pr(T)dT

t
= 2A2/ pr(1)dt
T
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The output due to signal alone:

-
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2A°T T

f—I-V

The output due to noise is a Gaussian random variable with mean zero and

variance

Let To be the sampling time. Since the signal out is a maximum when To =T

1
0% = ENOT(4A2) = 2A%NoT

@d the noise variance does not depend on the sample time the optimum /
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glmpling timeisTo=T.

Equivalent form of optimal receiver

» SI(T—T)

> So(T —T1)

Z(t) = /_o:oh(t—T)r(T)dT,
h(t) = so(T —t) —s1(T —1)
= /_oor(T) [So(T—(t—71)) —s(T—(t—71))]dt

Pl

Y

>y dec s
<y dec s
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-

Z(T)

/_oo (0 [S(T+T —t) — sy (T+T —1)] dt

[0l -s)d

If sp(t) and s1(t) are time limited to [0, T| then

fT >y dec s
0 <ydec s

So(t) —sa(t)

ths IS called the “Correlation Receiver.”
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~

Example: Binary Phase Shift Keying (RF signals) I

Acos(wot) pr(t)
—So(t)
(—1)'Acos(aot) pr(t)
Acos(wot +iT7) pr(t)
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-

Assume upT >> 1or wgT =2nm

E = /_o;siz(t)dt =

.
/ AZ cos? (gt )t
0

.
A2/ 1/2+1/2cos(2uxt )dt
0

AZT sin(2wnT
2 20T
AT
2




/ ‘Suboptimal Receivers'

5(t) = (—1)'Acos(wpt) pr(t), woT >> 2nT

r(t dec
) h(t)] Y

n(t) cos(wot)

P, = 1/20 (§0(To)) 11/2Q ( —§1(To))

ON ON
Claim: o2 = Np||h||%/4. The factor of 1/2 is due to multiplying by cos(wpt)
K(power equals 1/2).

/
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Proof:
T /T

o, = E]| A Nn(t) cos(wpt)N(S) cos(wps)dtds|

T T
- / / E[n(t)n(s)] cos(upt) cos(wps)dtds
o Jo

N

VI-39



4 N

provide that T >> 1 or 20T = N1
§(To) = / h(To—1)(—1)'Acos? wyT pr (T)dT

= (-5 / (To—T)[1+cos(2wr)]dt

low pass hlgh freq.

— (To—1
2/ 0

To)
P, — Q<|SGN0 )
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/ ‘Example: Single pole RC fiIterI \

AW
ht) = %e—t/mu(t)

= ae %u(t), a=1/RC
| = / h2(t)dt = / o262t gt
0

—00

a2

K —20

—2at|60 _ E
2
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No o

2(3)

.
/ae a(To=Dy(Ty— 1)dt
0

To
To

0,

To
0

—1<0 (1>Tp)
—1>0 (1< To)

To<0
ae %To—Udr, 0<Tp<T

Jy ae@To-Odr, To>T

0

To < 0
To

+eTo=0| 0 0<Tp<T
+e 0Tl To>T
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(0, To<0
= 3 1_e—0(T0, 0<To<T

| (1-e®M)e T Tp>T

T~

We would like to maximize |$(To)|/03. Since |$(To)| is maximized at
Q) =T and 0§ = %% IS constant the optimal sampling time is To = T. This

/
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@sults In a signal-to-noise ratio of
((T) _(1—eT)%

ON a/2/ e

fla) = V2(1—e%Mal=%/2
f'la) = V2Te % Tal"Y2 _1/2(1—-eTM)al=32 =0
Toae T —1/2(1—e %)

I
o

Let Xx=aT then
xe *—-1/2(1-e %) =0
e *(x+1/2)=1/2

K X+1/2=1/2¢
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4 N

2x=€e'—1

We can numerically solve this to get x=1.256 and so o = +2° RC = .8T.
This yeilds a signal-to-noise ratio of

| A2
NR = £.9025
No

Loss due to suboptimal receiver = 0.89 dB

N /
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