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Decomposition of Signal and NoiseI

Given a set of signals sp(t), ..., su—1(t) there exists a set of orthonormal

Lecture 7 signals @o(t), ea(t), ..., y_1(t) with N < M such that

N-1
S (t) = zosi,m(pm(t)

Goals:

e Signals as Vectors, Noise as Vectors ]
For any complete orthonormal set of signals @o(t), @1(t),... we can represent a

e Optimum Detection in AWGN noise process as random variables and deterministic orthonormal functions

n(t) = ionmmnm
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Decomposition of Signal and NoiseI
Go(t)
S0 Consider a communication system that transmits one of M signals.
\X/ so(t),...,Sw—1(t) in additive white Gaussian noise. s Then given s;(t) was
(Pll(t) transmitted the received signal is
Serial 2 () . (t) = s+n)
S si(t) <
—_— to : <+>—> = ngo(s,m‘i‘ Nm) Om(t)
Parallel °
Define rm = § m+ Nm. Then
() () = 3 )
m=0

_ e /N Y,
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We can determine the (random) variable rp, by

—_— / ()@t (t)dt
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Apr (t)
—Apr(t)

=
~~
— —
~— ~—
I

Let@(t) = ﬁexp{jzm fot} pr(t) where fo=1/T. Then

() = VEg(t)
sit) = —VEgo(t)

"W = )

() = iormcpmm
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Decomposition of Noise'

i i i i i i i i i
o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time

I'm -

= [(s®+nO)gvat

= Sm+Mm

Note that we can recover completely r(t) if we know the coefficients
rm,m=0,1,.... So the optimal decision based on observing ro,r1,... is also
the optimal decision based on observing r(t). Given signal s;(t) is transmitted
we can determine the probability density of ry, as follows. First, ry is
Gaussian since it is the result of integrating Gaussian noise. Second the mean
of rm is s,m and the variance is No/2. So the probability density of rp,
conditioned on signal i transmitted (event H;) is

Pi(rm) = frm|Hi(rm)
(rm— S,m)2

1
\_ = Ve a2 )
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4 N

Next note that rp, is independent of ry, for m= n. Thus

k
fl’o7l’1,...,l’k‘Hi (XOaX].aXZa'-'7Xk) = I_l fl’m‘Hi (Xm)
m=0

k
[] pi(xm)

m=0
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4 MZ_:[;P{d ide Hy |H: true}
= eclae M, itrue

M-1
= Z) [1 — P{decide H;|H; true}]
i=

M-1  M-1

= 'Z)Tﬁ_ Z}/Rpi(f)mdf
" M-1 N

= 1- ;/R' pi(r)mdr .

The decision rule that minimizes average probability of error assigns r to R; if

pi(r)T = oM Pj (r)my. Let p(r) be an arbitrary density function that is
J —

nonzero everywhere pi(r) is nonzero then an equivalent decision rule is to
assignr to R if

TE

K W = Ogﬁngal\al(—l an' /
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pi(r) pi(r)
P

/ M-ary Detection Problem I \

Consider the problem of deciding which of M hypothesis is true based on
observing a random variable (vector) r. The performance criteria we consider
is the average error probability. That is the probability of deciding anything
except hypothesis Hj when hypothesis Hj is true.

The underlying model is that there is a conditional probability density (mass)
function of the observation r given each hypothesis H;. There are disjoint
decision regions Ry, Ry, ...,Rv_1. When r € Ry, the receiver decides Hy,.

M-1 M-1
EP]= Y Peit = P{don’t decide H;|H;}T
M-1 M-1

= ZOP{re U RIHi}m

K i |=0,I#£i /
VII-10
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Thus for M hypotheses the decision rule that minimizes average error
probability is to choose i so that p;(r)mg > p;(r)m, V j#i. Let

_ pi(n)

pi(r)
wherei=0,1,...,M—1, j=0,1,...,M — 1. Then the optimal decision rule
is:

i7j

Choose i if A | > % forall j #1.

We will usually assume 15 = ﬁ Vi. (If not we should do source encoding to
reduce the entropy (rate)). For this case the optimal decision rule is

Chooseiif  Ajj>1V j#i.

\ /
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/ — . \ / Example 1: Additive White Gaussian Noise' \
Decision Reglonsl

Consider three signals in additive white Gaussian noise. For additive white
Gaussian noise K(s,t) = %é(t —s). Let {¢i(t)}{>, be any complete
orthonormal set on [0, T]. Consider the case of 3 signals. Find the decision
rule to minimize average error probability. First expand the noise using
orthonormal set of functions and random variables.

00

n(t) = _;niq’i(t)

where E[nj] = 0 and Var[nj] = No/2 and {n;j}2, is an independent identically
distributed (i.i.d.) sequence of random variables with Gaussian density

functions.
Let
K / K Sot) = ¢o(t) +2¢a(t) /
VII-13 Vii-14
/ si(t) = 2¢o(t) +Pa(t) \ 6ensity function for the noise alone. The noise density function for L + 1 \
) = dolt)—201(t) variables is
N
Ngte that the energy of each of the three signals is the sfalme, |_.e. p(L)(r) _ ( ) eXp{_—Ng z r%}
fo S(t)dt = ||s||? = 5. Then we have a three hypothesis testing problem. 21No/2 273 o
@ The the optimal decision rule is equivalent to

Ho:r(t) = so(t)+n(t) = (soi+n)oi(t) pi(r) pi(r)
= ; T — |

| - Decide H; if o(r) mje\xr[J o(r) .
H]_ : r(t) == S]_(t) + n(t) = ._E (Sl,i + ni)q)i(t) AS Usual assume 'n" — l/M Then

00

Hyir(t) = s(t)+n) =S (s +m)oi(t) L\ Lie ezl 2
i; IR gz ) PP g (Zim0a (i = %0)"+ Zia i}
The decision rule to minimize the average error probability is given as follows L)y L
ge errorprobebiliy 1s g Pr) (Joes) ool shor+3ka)
Decide H; if tpi(r) = maxy p;(r) : 2z
First let ider the first L+ 1 variables and lize each side by th - eXp{_N_o[%(ri_so’i)z_riz]}
Klrs et us consider the firs variables and normalize each side by the / K i=0.1 /
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1
= exp{+-——[2r1+4r,—5]}.
No

Now since the above doesn’t depend on L we can let L — oo and the result is
the same, i.e.

Similarly
K;;I-((rr)) — exp{+Nio [4r0 +2r; — 5]}
) ~ oot g ro—4r-sl)

~
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/ Decision Regions'

B
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Likelihood Ratio for Real Signals in AWGN

Assume two signals in Gaussian noise.

Ho : r(t)=s(t)+n(t)
Hi @ r(t)=si(t)+n(t)

Goal: Find decision rule to minimize the average error probability.

Let n(t) autocorrelation function R((s,t) = %6@ —s) We assume that n(t) is a
zero mean white Gaussian noise random process.

\ /
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/ Karhunen-Loeve Expansion I \

By Karhunen-Loeve expansion

00

= nmbit)
m=0
where n; are Gaussian random variables with mean 0 variance % and
E[nmnk] =0, m# k. Thus ny, and ng are independent. Since
{dm(t);m=0,1,...} is a complete orthonormal set and we assume s;(t) has
finite energy we have

00 N—-1
Sj (t) = ZO Sj,m¢m(t) = ZO Sj,mq)m(t)-

This last equality is because we only need a finite (N < M) orthonormal
Qvaveforms to represent a set of M signals. Equivalently s;j = 0 fori > N. /
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L
- exp{—— > (1o — 2rmSjm+ S i — T8+ 2 mSm — S

m=0
1 & 2
If we take the limit as L — oo we get

A(r(D) = exp{—l\llo(Eo—E1+2(r,s| —s,-)]}.

A,-,|<r<t)>=exp{—NiO[<s,-,s,->—(a,s)+2<r,a)—2<r,sj>]}. y
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ﬂhus \

oo}

Hiir®) = (St im)om(t)

m=0
'm=Sjm+NMm, mM=0,1,2 ..

Define

where rp, is Gaussian with mean s;j y, variance No/2.

i) = ﬁexp{—Nioam—sj,mf}
L L L
pi() = [ Pilrn) = |j|0<¢NTn>—1exp{—Nio _0<rm—sj,m>2}
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or equivalently

Ar(D) = exp{—,jo[||s,-||2—|a|2+2<r,a—sj>1}
_ exp{—,jon|r—sj||2—|r—s||21}

The optimum decision rule for additive white Gaussian noise is then to choose
iif

12 — ; Ty
s =" =, _min_ lIsj —rll"

\ /
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Demodulator'

@(t)
é ST ()go(t)dt 2
()
t) oy (1) dt |—L
"® N D0 Find s with
(] (]
° ) smallest
(] (]
|Ir —si[|?
On-1(t)
Aé)— Ir(t) o1 (t)dt =L

VII-25

signals and find the largest such correlation. If the signals are all of duration
T, i.e. zero outside the interval [0, T] then this is also equivalent to filtering the
received signal with a filter with impulse response s;(T —t), sampling the
output of the filter at time T and choosing the largest.

VII-27

/ Example: M equal energy signals' \

Now consider the optimum receiver for M-ary equally likely signals and the
associated error probability. Assume the M signals are equienergy signals and
equiprobable. The decision rule derived previously for AWGN in this case
simplifies to

Decide H; if |[s —r||°= min |[sj—r]/%.

s —r|F=_min s
Now since the M signals are equienergy we can write this as
lIsj —rl1? = lIsjl|>— 2(sj,r) + IrI*.

The first term above is constant for each j as is the last term. Thus finding the
minimum is equivalent to finding the maximum of

(Sj’r)'

Qhus the receiver should compute the inner product between the M different /
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Demodulator (Equal Energy Case) I
So(t)
1 Oso(t)at — L2
Sl‘(lt)
(r,s1)
0 Ol Find s with
— (] [ J
° ° largest
[ [
(r,s)
SMll(t)
—>®-> T s 2(Odt )
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Notes about Optimum Receiver in AWGN I

Consider the case of equally likely signals (T = ... = Tiy_1 = 1/M).

The optimum receiver first maps the received signal into a N dimensional
vector. (r(t) —r).

The decision region is determined by the perpendicular bisectors of the
signal points.

Then the receiver finds which signal is closest (in Euclidean distance) to
the received vector. (Find i for whichr e R)).

/
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Orthonormal Basis Functions' \

o(t) @u(t)

T/3 T t 2T/3 T t

2T/3 Tt
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So(t) s2(t)

T73 2'Ij/3 T t TY3 2'Ij/3 T t
s (t) ss(t)

Ty3 21/3 T t T{/3 2T7/3 T t
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Signal Vectors I

S = (+1,+1,+1)
s = (-1,41,-1)
$ = (+1,-1,-1)
s = (—1,-1,41)
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Optimum Receiver 1'

VII1-33

Po(t)
é ST ()go(t)dt —2
@u(t)
) f{\ — o finds i
X r(t t)dt
- [1Oe0 smallest
®(t) Ir —si[|?
é ST (t)@a(t)dt |2
Optimum Receiver 3'
t=T,2T,3T| _
r(t) p—s K Find s with
largest
Y(t)
(r,s)
;
fo=Y(T) = r(t)(po(t)dt:/o ()t
2T
h=Y(@T) — r(t)(pl(t)dt:/T F(t)dt
3T
r,=Y(3T) = r(t)(pz(t)dt:/ZT ()t
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So(t)

o8

JT(t)so(t)dt

Optimum Receiver 2'

(r.s)

%]
=
"N

—
~—

—

©

Jrt)sy(t)dt

(r.s)

©

Jr(t)s(t)dt

(rs)

Find 5 with

largest

/’g\’—)
—
~—

D)

Jr(t)ss(t)dt

(r.s3)

(r,s)

!
—
N
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First calculated Xg, X1, X2, X3 as follows
XO =
X1 =
Xo =

X3 =

+ro+ri1+rp

= —To+ri—rz

= +Hrg—r1—r2

—fo—Tr1-+r2

+ro
rh+ro

r—ro

Simplified Calculation'
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Then

) = Xo+X
) = XatXs
) = Xo—X
) = X—X3

Thus the calculation requires only 6 additions/subtractions.

N
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