Lecture9.

Goals

.

e Be able to determine bandwidth efficiency and energy efficiency of
orthogonal signals.

e Be able to demodulate orthogonal signals without phase reference.

e Be able to synthesize different types of orthogonal signals.
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\Orthogonal Signals'

A setof signals {@(t) :0<t<T,0<i<M—1} are said to be orthogonal
(over the interval [0, T]) if

[ awea=o0 %

In most cases the signals will have the same energy and it is convenient to
normalize the signals to unit energy. A set of signals
{@(t):0<t<T,1<i<M} are said to be orthonormal (over the interval
0, T)) if

1, 1=.

/ Tcn(t)cpj<t>dt{ s

~
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The set of orthogonal signals can be described by

t) = VEg(t)

sit) = VE@(t)

1) = VE@()
sw-1(t) = VEou-1(t)

Below we describe a number of different orthonormal signal sets. The signal
sets will all be described at some intermediate frequency fg but are typically
modulated up to the carrier frequency f..

N /
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General Modulator

Select

one of

M = 2K
unit energy
signals

v/ 2E cos(2m( fc — fo)t)

/
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General Coherent Demodulator

—> @o(T —1)

> @ (T —1)

v/2cos(2m( fe — fo)t)

-

ot (p|\/|_;|_(T—t)

Choose
Largest
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@n(T —1t) is the impulse response of the m-th matched filter. The output of
these filters (assuming that the i;-th orthogonal signal is transmitted is) given

by

Nm, m# |
IT) =
nllT) { VE+nNm, m=i

where {nm,m=0,1,2,....M — 1} is a sequence of independent, identically
distributed Gaussian random variables with mean zero and variance Ng/2.

-

/
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/ Error Probability' \

To determine the probability of error we need to determine the probability that
the filter output corresponding to the signal present is smaller than one of the
other filter outputs.
Peo = P{Xo<max(Xy,...,Xm—_1)|Sotrans}
Pe,O = 1-— P{Xl < Xg, Xo < Xg, X3 < X0, ..o, X1 < Xo|sotrans}
— 1-P{n1<VE+no,n2< VE+Nno+..Nu-1 < VE +no}

— 1—/_°° OM-L(V/E 4 X) s (X)dU

00 2
— 1_/ ¢M_1(‘/E+X)\/1W6Xp{_l)\(l_o}dx
—_00 0

M—-1 /@ 2E
_ M- / D(u— (/) oM-2(uye ¥/ 2du
V21T J - No
there ®(u) is the distribution function of a zero mean, variance 1, Gaussian/
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@ndom variable given by \

u
P(u) = %T/_oo e/24x.

The last step in the derivation is obtained by using the integration by parts
formula. The symbol error probability can be upper bounded as

e

1, = <InM
5 0
Pes < ¢ exp{—( NEO—\/InI\/I) }, InM < & <4InM
| exp{— (5, —INM)}, g > 4InM.

Normally a communication engineer is more concerned with the energy
transmitted per bit rather than the energy transmitted per signal, E. If we let
E, be the energy transmitted per bit then these are related as follows

_E
~ log,M°
&hus the bound on the symbol error probability can be expressed in terms of/

Ep

IX-9



-

the energy transmitted per bit as

Pe,s < <

/

1, ﬁ—gglnz

—log, M &—\/lzz In2 < Eo < 41n2
exp, 00> N n , In2< g <4l

E E
\ expz{—logzM(z—l\?o—an)}, e = 4In2

where exp,{x} denotes 2*. Note that as M — oo, P — O if E—g >1n2 =

-1.59dB.

-
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So far we have examined the symbol error probability for orthogonal signals.
Usually the number of such signals is a power of 2, e.g. 4, 8, 16, 32, .... If so
then each transmission of a signal is carrying k = log, M bits of information.
In this case a communication engineer is usually interested in the bit error
probability as opposed to the symbol error probability. Assume signal O is
transmitted corresponding to the data bits being (000...00). If an error occurs
and the demodulator chooses one of the incorrect signals than each of the
Incorrect signals has the same probability. Thus the signal corresponding to
data bits being (000...01) has the same probability as an error to a signal
corresponding to data bits (111...11). If signal 0 is transmitted then there will
be M/2 other signals that will cause a bit error in any particular bit. Thus

M k-1
P = P =
P oM—1) *° T 2k—1

N /
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@gure 44: Symbol Error Probability for Coherent Demodulatioy

of Orthogonal Signals
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@gure 45: Bit Error Probability for Coherent Demodulation CV
Orthogonal Signals X-13




\Orthogonal Signal Sets'

Below we define several different orthogonal signal sets. We will define the
bandwidth of a signal set as the minimum difference in carrier frequencies
between two such signal sets so that any signal from one set is orthogonal to
any signal from the other set.

N /
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‘A. Time-orthogonal I

{ \/@sin(zmot), <t<(i+1)T/M

0, elsewhere
M
0,1 M, fo=n_—
) ) ) 0 2T
(n+1)M  nM
W = -
| 2T ZT]
M
2T

IX-15



/ ‘B. Time-orthogonal quadraturephase' \

vt) = {\@S‘”(Z’Tfoﬂa A <t<2(+1)T/M

0, elsewhere

2M T . T
@i1(t) = \/;COS(ZMOW Al <t<2(i+1)§
0 elsewhere

M y
| - | Vel lo= Mo
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C. Frequency-orthogonal I

2E i
= —sin|21( fo + — <t<T
\/ = sin[211( o+2_|_t)], 0<t<

nM
= 0.1,...M—=1. fo=—.
Y/ Y Y 9 O 2-|—

(n+1)M nM]
2T 2T
M

2T

wo= |
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/ ‘D. Frequency-orthogonal quadraturephase' \

@mi(t) = \/Z—Esin[ZH(foJrL),t] 0<t<T
T T
2E i
Wir1(t) = ?COS[Zﬂ(fo-I-f)t], 0<t<T
o™
07 o1

~ (h+1)M  nM
W= 2T 2T]

M

2T
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/ \E. Hadamar d-Walsh Construction' \

The last construction of orthogonal signals is done via the Hadamard Matrix.
The Hadamard matrix is an N by N matrix with components either +1 or -1
such that every pair of distinct rows are orthogonal. We show how to construct
a Hadamard when the number of signals is a power of 2 (which is often the
case).

Begin with a two by two matrix

Ha =

Then use the recursion

H2I —

K +Ho0-1y  —Hyu-y | /
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Now it is easy to check that distinct rows in these matrices are orthogonal. The
I-th modulated signal is then obtained by using a single (arbitrary) waveform
N times in nonoverlapping time intervals and multiplying by the | —th
repetition of the waveform by the jth component of the i-th row of the matrix.

Example (M = 4):
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Example (M = 8):

Hg =

IX-21



+1
+1
+1
+1
+1
+1
+1
+1

| X-22



PrGL A
YOt

1A
» T78 T/431/8 T/251 /831 /471/8 T t
@ (t)
1A
@(t)
1A
4 4 4 4 Tb-
S T 3T/E ] st [ Ti/E ]t
@r(t)
14 -
» T/4 31 /4 g

Figure 46:. Hadamard-Walsh Orthogonal Signals

~

/

|X-23



-

Processing of of Hadamard Generated Orthogonal Signals

Wo = (Xo+ X1+ Xo+Xg+Xg+ X5+ Xs+ X7)
Wi = (Xo—Xi+Xo—X3+Xq— X5+ X6 — X7)
Wo = (Xo+X1—Xo—X3+Xa+Xs5—Xe—X7)
W = (Xo—Xp—Xo+ X3+ Xg— X5 — X5+ X7)
Wy = (Xo+Xi+Xo+X3—Xq—Xs—Xe— X7)
Ws = (Xo—Xi+Xo—Xg—Xa+Xs— X6+ X7)
We = (Xo+Xp—Xo—X3—Xq4—Xs+Xe+X7)
W, = (Xo—Xe—Xo+ X3 — X4+ X5+ X5 — X7)

~
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Figure 47 Fast Processing for Hadamard Signals
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Bandwidth of Orthogonal Signals'

If we define bandwidth of M signals as minimum frequency separation
between two such signal sets such that any signal from one signal set is
orthogonal to every signal from a frequency adjacent signal set then for all of

these examples of M signals the bandwidth is

M
W=_— =M=2WT!
2T

Thus there are 2WT orthogonal signals in bandwidth W and time duration T.

N /
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/ ‘ Capacity I \

e M-ary PSK
e M-ary Orthogonal




