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1 TheField Equations

Electromagnetism, as the structure of the word implies, deals with certain lalgstp
with interrelated electric and magnetic fields. Electromagnetic phenomenaseeth
only when the two field quantities are time-varying. The time-varying electricaangt
netic fields interactions phenomena were discovered by Michael Fa(aday—1867)
and James Clerk Maxwell (1831-1879). Faraday’s significant disgowas based on
experimentation and Maxwell's was based on mathematical deduction. Farexren-
sive experimental work was motivated by the belief that every causeftaa bas its
converse. That s, if electricity can produce a magnetic field, the phermmscovered
by Oersted, then a magnetic field should be able to produce an electric field.

The fundamental laws of electricity and magnetism are encapsulated by édfaxw
equations®

D e R
VxH=J+ aa—t Modified Ampere’s law (1)
VxE= —%—]? Faraday’s law (2)
V-D=py Gauss’ law of electricity 3)
V-B=0 Gauss’ law of magnetism 4

where

H(r,t) magnetic field intensity A/m

E(r,t) electric field intensity Vim
D(r,t) electric flux density C/rh
B(r,t) magnetic flux density W/

pv(r,t) volumetric charge density C/m

r is the position vector for an ordinary point in the medium. Here “ordinarytpogfers
to a point where in its neighborhood the physical properties of the mediaracetin-
uous. In other words, the small medium arounid considered to be “homogeneous.
If the variations of the physical properties of a medium is abrupt the véetdrquanti-
ties may also vary sharply. That is, the transition of field vectors acrosdace where
change in material properties is abrupt may be discontinuous. The ndtilmese dis-
continuities will be investigated in detail later.

Equations (1) and (2) in addition to tHeaw of Conservation of Charges are the
necessary and sufficient set of equations for determining the fieldigesn

The phenomena of electricity and magnetism are explained by the predestagm
and moving charges. Basically charges are considered the sourtecttbmagnetic
fields without which the field quantitie¥( H, D, B) cannot exist.

1James Clerk MaxwellA Treatise on Electricity and Magnetism, Constable and Co., London, 1873.



1.1 ChargeDensity

The quantized nature of charges is well established. A charge quantppas to the
absolute value of the charge of an electron given by

electron charge = —1.6 x 1071 C

However, Maxwell's equations describe large-scale phenomena, i.emahbescopic
element of volume must contain a large number of atoms and molecules. In this cas
charge of a macroscopic particle can assume any real number. Suppaa@ount of
charge contained in volume elemel” is Aq, then the volumetric charge density is
defined as A
. q

p= Al‘1/m_)0 AV ©)
In the strict sense (5) does not define a continuous function of positioa AV can't
approach zero without limit.

1.2 Current Density

From a macroscopic point of view, any ordered motion of charge constitutairrent.
Hence the current can be represented by a vector quantity whoseatiiedhe direction
of motion and its magnitude is proportional to the velocity of the charge. Toal#fia
vector quantity more precisely, current density (distribution), associitthda point in
space is defined. Current density (distribution) is characterized bytarviteld J as
depicted in Fig. 1.

J(r,0)

|J| ~ density of streamlines ,*
=P stream lines of current traced
j’( r, f) by the movement of charges

~ tangent to the stream lines

7

Fig. 1: Stream lines of electric current in a medium, where the intensity of thertu
density is represented by the density of the stream lines the unit vectontdagee
lines indicate the direction of flow.

To better quantify current density let us onsider a differential surfaSewhose unit
normal is denoted by as shown in Fig. 2. Referring to Fig. 2,41 represents the total
current crossing the differential aréaS, thenJ is defined so that

Al =J-AS

It is now obvious that the total current crossing an arbitrary surfacan be computed

from:
I = / J-ds (6)
S
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AS =ASn
Fig. 2: A surface intersecting stream lines of an electric current in a mealiuha
differential surface at a point on the surface for characterizinguheiot density.

1.3 Point Form of Law of Conservation of Charge

The law of conservation of charges states that the net value of chaagddsed system
remains constant. This indicates that if there are a certain number of pesitiveegative
charges in an enclosed surface, nothing can be done to create as aroeunt of any
kind of charges or annihilate only one type of these charges. To makelemges,
charges have to be taken away from or brought into the system.

Now suppose the surfacg is a closed surface. Define as a unit normal to the
surface drawmutward. According to the law of conservation of charges,

d d
I=()J-ds=—-——Q=—— d
#g s=oa YT a0
where( is the total charge enclosed. If the surface is stationary,

#J-ds:///—g?dv (7)
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According to the divergence theorem,

ﬂlds:// V- Jdv 8)
1%

In limit wherev is very small[ [,V -J dv = V- J AV. This gives a definition for
the divergence operation:

A 1
J=1 — () J-d
v Azl;IEOAv# S

/‘Z V-Jdvz/v//—gfdv (9)

Since (9) has to be valid for all arbitrary volumes,

dp
ot
“Law of conservation of charge in the neighborhood of a point,” alsmknas thesqua-
tion of continuity.

Using (8) in (7),

V.J= (10)



1.4 Interdependence of Maxwell’s Equations

Equations (3) and (4) of Maxwell's equations (Gauss’ laarg)not independent.
Noting that
V-VxA=0, VA
from (1)

0
J4+e—=—V.-D= 11
\V +atv 0 (11)

Substituting (10) in (11)

0

which implies(V - D — p) must be a constant. If the field and charge over their history
have vanished over the entire space then the constant must be zero.

VD:p7

which is Gauss’ law of electricity.
Also from (2) taking divergence from both sides

0
ZV.B=
atV 0,

from which again it can be concluded that
V-B=0
In summary, Faraday’'s law, modified Amage’s law, and the equation of continuity
are the sufficient set of equations for characterization of field quantities
15 Integral Form of Maxwell’s Equations

Curl of a vector field quantity whose components and their first derivatiercontinuous
is defined by

. $A-dl
(VoA 2= T

All three components of/ x A can be obtained onceis aligned with the coordinate
unit vectors.

(12)

* Directionsn and differential lengthi? follow the right-hand ruled? along fingers
andn along the right-hand thumb).

Sokes' theorem is a natural extension of the curl definition. For a regular closed
contourC' and any arbitrary surfac& bounded byC' over which the components &
and their first derivative are continuous, Stokes’ theorem states

//VxA-ds—?éoA-dé (13)

S

Taking surface integral from both sides of (1) and applying (13) iteasily be shown

that oD
S
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0D/t has the unit of A/ and is also known as thdisplacement current. If S is

stationary, then
— d
fH-dE:IJr//D‘ds, (14)
c dt
s

where/ is the total conduction current going through a surface defined.by
Equation (14) is more general than (1), which allows for the surfaard contou”'
themselves to be time-varying. In fact (14) is the physical formulation frdmchv(1) is
derived.
In a similar manner the integral form of Faraday’s law can be obtained ayides

by
. d
jqiEmlﬁ——dt//B-ds, (15)
S

which states that the induced voltage around a closed contour is equal iegatve
time rate of change of linking flux.
Taking volume integral from both sides of (3),

/V/ v.de:/V//de:Q

apply the divergence theorem:

# D-ds=Q Gauss’ law

ﬂB-ds:O

which can be interpreted as “flux lines of magnetic flux density are contsiuou

Similarly it can be shown that



