EECS 651 Scalar Quantization Winter 2007

Nonuniform scalar quantizer

References. Sayood Chap. 9, Gersho and Gray, Chap.'s5 and 6.

Thebasicidea: For anonuniform source density, put smaller cellsand levels
where the density islarger, thereby making the quantization erro smaller on the
average,

Example: for source
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Implementation: (think of M aslarge (e.g. 216)) when thinking of
complexity

1. Bruteforce:
Encoding by thresholding: Compare x to ty, ty, ..., just aswith USQ.
Complexity: M-1 comparisons, M-1 units of storage
Decoding by table lookup: Just aswith USQ,

Store wo,...,wpm-1 intable. Given ¢, decoder uses | to addresstable
and to output d(g) =w

Complexity: 0 ops/sample and M unitsof storage
2. Encoding by tree-structured thresholding:

Just as with USQ), successively compare x to test thresholds associated
with the nodes of abinary tree. Show example.

Complexity: logoM comparisons/sample. storageof M-1 test
thresholds.
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3. Companding:
encoder = compressor + uniform thresholds,
decoder = uniform levels + expander

The following shows the quantization rule Q.

X 1 z=c(X) I_,—l"_
<] o

y =Q(X)
=c(2)

N

compressor uniform scalar expander
C: (-,) {0,1] Quanizer

montonic increasing

Thresholds: 1 = ¢™'(y), i = 1,...M-1;
a1
Levels: YVi=C (m-m), 1=1,...M

One can implement any nonuniform quantizer with acompander.
Conversdly, any compander is the implementation of some quantizer.

Complexity: that of USQ + compressor and expander functions
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Examples:
A-law
[ | Alx| Xmax
=1+InASgn(X)’ XI<"A
0= H 1+In(Ax)/
+In(A|x|/x
Jina - T ).
Show picture:

European PCM standard: A =87.56

M-law

In(1+ulx|/x
C(X) —_ Xmax ( Inl.(l:||.'|!|.l)maX)

North American PCM standard: =255
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Thingsto do

1. Design quantizersto minimize MSE for given M and pdf
2. Find approximate expression for MSE of a quantizer.

3. Find OPTA function, dg(R).

4. Find approximate expression for OPTA function.

Quantizer Design to minimize M SE

Given fx(x) and M, choose tj's and wij's to minimize MSE
1. Iterative approach.

2. Asymptotic approach.

Key Properties of Optimal Quantizers
Iterative design will be based on these.
1. For agiven set of levels y1,...,ym, the thresholds that minimize MSE) are
midway between levels, i.e.
= AP =g M- )

2: For agiven set of thresholds ty, ...,tpm-1 and source density fx(x), the
levels that minmize M SE are the centroids

yi = E[Xti-1<X<t] = [ x ix(X[ti-1<X<t) du, i = 1,...,M o
where
fx(X) | |
Pr(tig<x<t)y G1X<t

fx (X[ti-a<X<tj) =
0, dse
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| nter pretation/derivation of (1):

The encoder controls the decoder, and so given X, the best thing isfor the
encoder to make the decoder produce the closest level to x. In other words, to
minimize distortion for each x, we choose the thresholds so that Q(x) isthe
level closest to x. Sincethisminimizes (x-Q(x))2 for each X, it minimizes
the distortion:

D = }o(x-Q(x))2 f(x) dx

It also implies the thresholds are halfway between the levels.

Can aso derive (1) by equating derivative of distortion to zero, but why use a
powerful mathematical tool when a smple observation suffices?

Exceptionto therule: If the density is zero midway between two levels, then
threshold can be anywherein the interva containing the midpoint where the
density is zero.
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| nter pretation/derivation of (2): decoder is MM SE estimator.

Recall estimation theory: If you must estimate the value of X based on having
observed the occurrence of an event A, and if you want to choose the estimate
QA of X tominimize

E[(X-Xa)2IA].
Then you should choose §<\A = E[X|A].

(Recall: E(X-c)2 isminimized by c=EX.)

Now,

D = 2E[(X-Q(X))2|ti_1<x<ti] Pr(ti.;<X<t;) (law of total expect'n)

= zE[(X'Yi)2|ti-1<X<ti] Pr(tj-1<X<t))

We minimize the sum by minimizing each term, which is done by choosing

yi = E[X[ti-1<X<t]
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Corollary to 1 and 2:

Givenasize M and asourcedensity fx(x), the best scalar quantizer (i.e. the
one with smallest MSE) satisfies (*) and (**). Consequently, 1 and 2 are
called optimality properties.

Notes:

* There may be more than one optimal quantizer. Example:

1) — ) —

— F— *—H -3

* Evenif thereisonly one optimal quantizer, there may be more than one
quantizer that satisfies the properties, in which case the best quantizer isone
of them. In other words, the optimality properties are necessary for
optimality, but not sufficient. Example of two quantizers that satisfy the
optimality criteria

m | X e | x

And not all VQ'sthat satisfy (*) and (**) are best.

o If In(fx(x)) isastrictly concave function of X, thenthereisonly one
optimal quantizer, thereis only one quantizer with M levelsthat satisfies
(*) and (**), and thisis the unique best quantizer. Example: if fx is
Gaussian, then In(fx (X)) = - x2/202 + constant, which is strictly concave.

For aLaplacian density In(fx(x)) isnot strictly concave. However, it has
been shown that for this special case, thereisagain nly one quantizer with
M levelsthat satisfies (*) and (**), and thisis the unique best quantizer.

Reference: P.E. Fleischer, " Sufficient conditions for achieving minimum
distortion in aquantizer," |IEEE Int. Conv. Rec, Part |, p. 104, 1964.
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Fact: A quantizer satisfies (*) and (**) iff itisalocal optimum.

Defn: A quantizer islocally optimum if all sufficiently small perturbations
increase or maintain distortion

What do we mean by "sufficently small perturbation"? Consider replacing
the setsof levels {y1,...,ym} and thresholds by the sets
{t1+euq,...,tm-1teum} and {yp1t€zy,....ym+tezm} for somesmall € and
arbitrary sets {us,...,um} and {zi,...,zm}. A quantizer islocaly optimum
iff forany such u and z, thereisan &y suchthat for al €< ¢g, the
perturbed quantizer has the same or larger distortion.

Proof of Fact: Local opt O (*) and (**): If aquantizer does not satisfy
(*) and (**), then it can be improved by small perturbations, soitisnot a
local optimum. Equivalently, the contrapositive saysif it isaloca optimum
then it satisfies (*) and (**).

(*) and (**) O local opt: If aquantizer satisfies (*) and (**), thenitis
locally optimum because any small perturbation will cause it not to satisfy
the (*) and (**) and, consequently, will be aworse quantizer. (thisiskind
of afuzzy argument)
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|terative Design Algorithms

Lloyd-Design Algorithm (1957, 1982)

make an initial choice of quantization levels

use (*) to choose best thresholds for these levels
use (**) to choose best levels for these thresholds
use (*) to choose best thresholds for these levels
€iC.

continue until (*) or (**) makes very little change.

Notes:

Each step decreases or maintains distortion, so distortion of algorithm
Converges.

Workswell in practice

Levelsusually converge. Convergenceto alocal minimum has been proven
under certain conditions.

Thereisalso a Lloyd-Max Algorithm:

J. Max, “Quantizing for minimum distortion,” 1T, 7-12, Mar. 1960.
Lloyd, 1957, 1982.

Optimum quantizers are often called Max or LIoyd-Max quantizers.
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Optimal Scalar Quantizers

The figures on the following pages plot the SNR attained by scalar quantizers
with minimum M SE for agiven rate, whererateis defined by R =1og, M, for
several different source densities.

Also given are tables with the SNR's plotted, as well as those for optimized
uniform scalar quantization.

Also given are plots comparing the SNR's for different densities.
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Gaussian sour ce density

nonuniform scalar qu

Gaussian density

Rae UnifQ OptQ Gan

00O ~NO Ol &~ WN -

4.4

9.25
14.27
19.38
24.57
29.83
35.13
40.34
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9.3
14.62
20.22
26.01
31.89
37.81

0.05
0.35
0.84
1.44
2.06
2.68
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L aplacian sour ce density

rate
Laplacian
Rate Unif Q Opt Q Gain Panter diff
Dite
1 3.01 3.01 0 -0.51 352
2 7.07 754 047 551 2.03
3 11.44 1264 1.2 1153 1.11
4 1596 18.13 2.17 17.55 0.58
5 20.6 23.87 3.27 2357 0.30
6 25.36 29.74 438 2959 0.15
7 30.23 3569 546 3561 0.08
8 35.14
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uniform sour ce density

SNR (dB)

0 : : :
1 2 3 4 5 6 7
rate
Uniform density
Rae UnifQ OptQ Gan
1 6.02 6.02 0
2 12.04 12.04 0
3 18.06 18.06 0
4 24.08 24.08 0
5 30.1 30.1 0
6 36.12 36.12 0
7 4214 4214 0
8 48.17  48.17 0
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nonuniform scalar quantization

SNR (dB)
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uniform scalar quantization

SNR (dB)

February 3, 2007 15



