Addendum to DPCM and Transform Coding L ectures:

This addendum demonstrates the relationship between the determinants of covariance matrices
of awidesense stationary random process and the n-step prediction M SE, which we have used
in our discussions of transform coding, DPCM and vector quantization.

Fact: If X isawide-sense stationary, zero-mean random process, then
|K(n+1)| = Mp, |K(n)|

where My, denotes the mean-squared error of the best linear predictor for Xj from
Xi-1,..,Xj-n, K(n) and K(n+1) denote, respectively, the covariance matrices of X1,...,Xn
and X1,...,Xn+1 With determinantle(n)l and |K(n+1)|, respectively.

Proof: We will use some standard facts regarding determinants and Cramer's rule for solving
systems of linear equations.

A. We begin by finding an expression for |K(n+l)|.

Let rj = E[XpnXn+] and r= [r1,r2,...,rn]t. (Notethat rg=var(X).) Interms of the rj's,
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We now expand the determinant of KD along the first row of the matrix:
+1
K™D = ro|La]-ro |t + 2 |La] o + D)t |Lne]
n :
= 10 [+ 3 rifLisal (D) M

where Li is K( )W|ththef|rst row and ith column removed (Lj iscaled aminor olf
) and whereit iseasy to seethat |L1|= [K | " | (Li iscalled aminor of KO ))

B. Wenow find an expression for Mp, |K( )l that can be compared to the expression (1)
just found for |K(n+1) |
Recall that in the DPCM notes it was shown that

Mn = ro-tt KM ©
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Letting
s=[s1s2s = K
the expression for M, becomes
Mn =ro-1ts
Cramer'srule for solving the equation §K(n)= r, for s= [sl,sz,...,sn]t gives

_ Bl
S = |K(n)| , 1=1,...n

where Bj is K(n) with itsith column replaced by r. Therefore the second term one the
right side of (2) becomes

(KT = ot = |K%”)| 2,1 Bl

and plugging the above into (2) we find
n
Mn |K(n)| =g |K(n)|- ieri |Bi|. ©)

C. We now show that expressions (1) and (3) for |K(n+1)| and Mnp |K(n)| are equal to one
another. To do s0, it suffices show that

Bl = JLiet|D), =10

To do so, observe that by its definition, the first column of Lj+1 is r and the remaining
columns are the columns of K" except that the ith column of K Vs omitted, i.e.

Lisn=t, KOE i=1..n,

where Ri(”) is K™ with itsith column removed. We now observe that moving the first
columnof Lj+1 totheright (i-1) places creates the matrix Bj. Since moving acolumnto
the right one place multiplies the determinant by -1, we have

Bi| = |Listfd"™ = - |LisgfcD), =L,

which isjust what we needed to show, and which completes the proof.
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