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VECTOR QUANTIZATION (VQ)

Introduction
Consider an arbitrary fixed-rate lossy source code that operates independently on
blocks (vectors) of  k  real-valued samples:  k samples into encoder,  L bits out

encoder decoder
Y1...Yk

bits
X1...Xk

samples reproductions
Z1...ZL

• source coder  =  encoder + decoder
• encoder and decoder are described by functions called encoding rule and decoding

rule, respectively
• the sets of all possible encoder outputs and all possible decoder outputs play

important roles
• the partition induced on space of k-dimensional input vectors plays an important role
• a lossy source code that operates independently on fixed-length blocks, producing

fixed-length blocks of bits is called a
fixed-rate (memoryless) vector quantizer  (VQ)

• fixed-rate VQ is a very general paradigm that includes many lossy source codes as
special cases, e.g. fixed-rate transform coding.  Since it is quite generable and also
analyzable, it provides an excellent framework for studying lossy source codes.

• JPEG has variable, not fixed, rate.  Except for the encoding of dc coefficients, it
operates independently on bocks of 64 pixels. (It's a variable-rate VQ with memory.)
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encoder decoder
Y1...Yk

bits
X1...Xk

samples reproductions
Z1...ZL

KEY CHARACTERISTICS  (high-level, input-output)

Dimension:  k

Encoding rule:   e:  Rk
  → {0,1}L 

Z1…ZL = e(X1…Xk),

ZL+1…Z2L = e(Xk+1…X2k),

Z2L+1…Z3L = e(X2k+1…X3k), ...

Binary codebook:

Cb = {e(x):  x ∈  Rk
 } =  {c1, c2, …, cM}

where   ci = (ci1, ci2, …, ciL)

 =  ith binary codeword

Size of code:  M

Decoding rule  d:  Cb → Rk
 

Y1…Yk = d(Z1…ZL),

Yk+1…Y2k = d(ZL+1…Z2L),

Y2k+1…Y3k = d(Z2L+1…Z3L), ...

(Quantization) Codebook:

C =  {d(c1),d(c2), ..., d(cM)}

=  {w1, w2,…,wM}

where  wi = (wi1,…,wik) = ith codevector
(code/reproduction, vector/point)

Quantization rule:  Q: Rk
  → Rk

 

Q(x) = d(e(x)) = reproduction produced
by decoder for x

(Quantizing) Partition:  S = {S1,S2,…,SM}

where   Si  =  {x ∈  Rk
  :  e(x) = ci}

   =  {x ∈  Rk
  :  Q(x) = wi}

   =  ith (quantizing) cell

(A partition of Rk
  is  a collection of disjoint

subsets of  Rk
  whose union is Rk

 .  The
elements of the collection are called cells.)
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f t
he

 p
oi

nt
s 

th
at

 a
re

 c
lo

se
st

 to
  w

i  
as

 w
el

l
to

 s
om

e 
ot

he
r 

po
in

t, 
th

at
 is

 o
f t

he
 s

ub
se

t

{x
 : 

||x
-w

i||
 =

 ||
x-

w
j||

  s
om

e 
 j,

  a
nd

 ||
x-

w
i||

 ≤
 ||

x-
w

j||
  f

or
 a

ll 
 j}

A
ll 

 T
i's

  h
av

e 
pr

ob
ab

ili
ty

 z
er

o.

•
O

rd
in

ar
ily

, w
e 

w
on

't 
fu

ss
 a

bo
ut

 th
e 

se
ts

 o
f p

ro
ba

bi
lit

y 
ze

ro
 a

nd
 th

e 
as

si
gn

m
en

t o
f

po
in

ts
 th

at
 a

re
 e

qu
id

is
ta

nt
 b

et
w

ee
n 

co
de

ve
ct

or
s 

an
d 

si
m

pl
y 

sa
y 

th
at

 "
th

e 
op

tim
al

pa
rt

iti
on

 o
r 

th
e 

V
or

on
oi

 p
ar

tit
io

n 
is

"
S

i =
 {

x 
: |

|x
-w

i||
 <

 ||
x-

w
j||

,  
fo

r 
al

l j
 ≠

 i}
or

S
i =

 {
x 

: |
|x

-w
i||

 ≤
 ||

x-
w

j||
,  

fo
r 

al
l j

 ≠
 i}

.

•
T

o 
fin

d 
V

or
on

oi
 p

ar
tit

io
n,

 d
ra

w
 p

er
pe

nd
ic

ul
ar

 b
is

ec
to

rs
 b

et
w

ee
n 

ea
ch

 p
ai

r 
of

co
de

ve
ct

or
s.

  T
he

se
 a

re
 (

k-
1)

-d
im

en
'l 

hy
pe

rp
la

ne
s,

 e
ac

h 
di

vi
di

ng
  R

k    
in

to
 tw

o 
ha

lf
sp

ac
es

.  
T

he
 V

or
on

oi
 r

eg
io

n 
 S

i  
is

 th
e 

in
te

rs
ec

tio
n 

of
 th

e 
ha

lfs
pa

ce
s 

co
nt

ai
ni

ng
  w

i.
•

V
or

on
oi

 c
el

ls
 a

re
 c

on
ve

x 
po

ly
he

dr
a.
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2-

D
im

en
si

on
al

 E
xa

m
pl

e:

•
E

xe
rc

is
e:

  S
ho

w
 th

at
 if

 th
re

e 
po

in
ts

 a
re

 n
ot

 c
ol

in
ea

r,
 th

ei
r 

th
re

e 
pe

rp
en

di
cu

la
r

bi
se

ct
or

s 
m

ee
t a

 p
oi

nt
.
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P
ro

p
er

ty
 2

: 
 G

iv
en

 a
 p

ar
tit

io
n 

S
 =

 {
S

1, 
…

,S
M
} 

an
d 

so
ur

ce
 d

en
si

ty
  f

X
(x

),
  t

he
co

de
ve

ct
or

s 
th

at
 m

in
im

iz
e 

M
S

E
 a

re
 th

e 
"c

en
tr

oi
ds

"

w
i  

= 
 E

[X
|X

∈
S

i] 
 =

  ⌡⌠  

  x
 f X

(x
|X

∈
S

i) 
dx

  ,
  i

 =
 1

,..
.,M

   
   

 (
**

)

w
he

re

f X
(x

|X
∈

S
i) 

  =
   

 

f X
(x

)
P

r(
X

∈
S

i), 
  

 x
 ∈

 S
i

0
 ,

  
  

  
e

ls
e

In
te

rp
re

ta
tio

n/
D

er
iv

at
io

n:
T

he
 r

ol
e 

of
 th

e 
de

co
de

r 
is

 to
 m

ak
e 

th
e 

be
st

 e
st

im
at

e 
of

 th
e 

so
ur

ce
 o

ut
pu

t  
X

, g
iv

en
 it

s
in

pu
t, 

w
hi

ch
 is

, e
ffe

ct
iv

el
y,

 k
no

w
le

dg
e 

of
 th

e 
ce

ll 
in

 w
hi

ch
  X

  l
ie

s.
W

he
n 

th
e 

de
co

de
r 

is
 to

ld
 th

at
  X

  l
ie

s 
in

 c
el

l  
S

i, 
 it

s 
ou

tp
ut

, n
am

el
y 

 w
i, 

 s
ho

ul
d 

be
 th

e
m

in
im

um
 M

S
E

 e
st

im
at

e 
of

 X
  g

iv
en

 th
is

 k
no

w
le

dg
e,

 i.
e.

  w
i =

 E
[X

|X
∈

S
i].

  A
ny

 o
th

er
ch

oi
ce

 le
ad

s 
to

 la
rg

er
 M

S
E

.  
(R

ec
al

l t
ha

t  
E

||X
-c

||2    
is

 m
in

im
iz

ed
 b

y 
 c

 =
 E

 X
.)

If 
th

is
 is

 n
ot

 a
lre

ad
y 

cl
ea

r,
 it

 c
an

 b
e 

se
en

 fr
om

 th
e 

fo
llo

w
in

g:

  D
= 

 ∑ i=
1M
 P

r(
X

∈
S

i) 
 ⌡⌠ S
i  (

x-
w

i)2   
f X

(x
)

P
r(

X
∈

S
i) d

x 
  =

  
∑ i=

1M
  

P
r(

X
∈

S
i) 

 ⌡⌠  

  (
x-

w
i)2   f

X
(x

|X
∈

S
i) 

dx

 =
  

∑ i=
1M
  

P
r(

X
∈

S
i) 

E
[(

X
-w

i)2  |X
∈

S
i]

T
he

 s
um

 is
 m

in
im

iz
ed

 b
y 

m
in

im
iz

in
g 

ea
ch

 te
rm

, i
.e

. b
y 

ch
oo

si
ng

  w
i  

= 
 E

[X
|X

∈
S

i].

N
ot

e:
  T

he
 c

en
tr

oi
d 

of
 a

 c
on

ve
x 

ce
ll 

is
 c

on
ta

in
ed

 in
 th

e 
ce

ll.
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C
o

ro
lla

ry
:  

G
iv

en
 a

 s
iz

e 
 M

  a
nd

 a
 s

ou
rc

e 
de

ns
ity

  f
X
(x

),
  t

he
 b

es
t V

Q
 (

i.e
. t

he
 o

ne
w

ith
 s

m
al

le
st

 M
S

E
) 

sa
tis

fie
s 

( *
) 

an
d 

( *
*)

, w
hi

ch
 a

re
 c

al
le

d 
th

e 
"o

pt
im

al
ity

 p
ro

pe
rt

ie
s"

or
 "

op
tim

al
ity

 c
rit

er
ia

".

N
o

te
s:

•
T

he
re

 m
ay

 b
e 

m
or

e 
th

an
 o

ne
 o

pt
im

al
 q

ua
nt

iz
er

.

•
E

ve
n 

w
he

n 
th

er
e 

is
 o

nl
y 

on
e 

op
tim

al
 q

ua
nt

iz
er

 th
er

e 
m

ay
 b

e 
m

or
e 

th
an

 o
ne

qu
an

tiz
er

 th
at

 s
at

is
fie

s 
th

e 
op

tim
al

ity
 c

rit
er

ia
, i

n 
w

hi
ch

 c
as

e 
th

e 
be

st
 q

ua
nt

iz
er

 is
on

e 
of

 th
em

.

E
xa

m
pl

e:
  k

 =
2,

 M
=4

, (
X

1,
X

2)
  i

s 
IID

 G
au

ss
ia

n.
  A

ll 
of

 th
e 

fo
llo

w
in

g 
sa

tis
fy

 o
pt

im
al

ity
cr

ite
ria

.

  
   

 
   

 
   

  

W
hi

ch
 is

 b
es

t?
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F
ac

t:
  A

 q
ua

nt
iz

er
 is

 lo
ca

lly
 o

pt
im

al
 if

f i
t s

at
is

fie
s 

( *
) 

an
d 

( *
*)

D
ef

n
:  

A
 V

Q
 is

 lo
ca

lly
 o

pt
im

al
 if

 a
ll 

su
ffi

ci
en

tly
 s

m
al

l p
er

tu
rb

at
io

ns
 in

cr
ea

se
 o

r 
m

ai
nt

ai
n

di
st

or
tio

n.

W
ha

t i
s 

m
ea

nt
 b

y 
 "

su
ffi

ci
en

tly
 s

m
al

l p
er

tu
rb

at
io

n"
?

R
ep

la
ce

 a
 c

od
ev

ec
to

r 
 w

i  
by

  w
i +

 ε
 z

 fo
r 

an
 a

rb
itr

ar
y 

ve
ct

or
 z

  a
nd

 s
om

e 
sc

al
ar

  ε
.  

If
th

e 
V

Q
 is

 lo
ca

lly
 o

pt
im

al
, t

he
n 

fo
r 

an
y 

 z
  t

he
re

 is
 a

n 
 ε

o  
su

ch
 th

at
 fo

r 
al

l  
ε 

≤ 
ε o

,  
th

e
pe

rt
ur

be
d 

V
Q

 h
as

 th
e 

sa
m

e 
or

 la
rg

er
 d

is
to

rt
io

n 
as

 th
e 

or
ig

in
al

 V
Q

.  
A

ny
 n

um
be

r 
of

co
de

ve
ct

or
s 

ca
n 

be
 p

er
tu

rb
ed

.

W
ha

t a
bo

ut
 "

su
ffi

ci
en

tly
 s

m
al

l p
er

tu
rb

at
io

ns
" 

of
 th

e 
pa

rt
iti

on
?

Im
ag

in
e 

m
ov

in
g 

or
 s

tr
et

ch
in

g 
so

m
e 

bo
un

da
ry

 o
f s

om
e 

ce
ll 

by
 a

n 
am

ou
nt

"p
ro

po
rt

io
na

l" 
to

 ε
.  

T
he

n 
th

er
e 

m
us

t e
xi

st
 s

om
e 

ε o
  s

uc
h 

th
at

 fo
r 

al
l  

ε 
≤ 

ε o
, t

he
pe

rt
ur

be
d 

V
Q

 h
as

 th
e 

sa
m

e 
or

 la
rg

er
 d

is
to

rt
io

n.
  A

 V
Q

 is
 lo

ca
lly

 o
pt

im
al

 if
 fo

r 
al

l
po

ss
ib

le
 p

er
tu

rb
at

io
ns

 (
of

 a
ny

 n
um

be
r 

of
 c

od
ev

ec
to

rs
 a

nd
 a

ny
 n

um
be

r 
of

 w
ay

s 
of

ch
an

gi
ng

 b
ou

nd
ar

ie
s)

, t
he

re
 is

 a
n 

ε o
 s

uc
h 

th
at

 fo
r 

al
l ε

 ≤
 ε

o, 
 th

e 
pe

rt
ur

be
d 

V
Q

 h
as

th
e 

sa
m

e 
or

 la
rg

e 
di

st
or

tio
n.

S
ke

tc
h 

of
 P

ro
of

 o
f F

ac
t: 

 L
oc

al
 o

pt
 ⇒

 (
*)

 a
nd

 (
**

):
  I

f a
 q

ua
nt

iz
er

 d
oe

s 
no

t s
at

is
fy

 (
*)

 a
nd

( *
*)

, t
he

n 
it 

ca
n 

be
 im

pr
ov

ed
 b

y 
sm

al
l p

er
tu

rb
at

io
ns

, s
o 

it 
is

 n
ot

 a
 lo

ca
l o

pt
im

al
.  

T
he

co
nt

ra
po

si
tiv

e 
of

 th
is

 is
:  

 L
oc

al
 o

pt
 ⇒

 (
*)

 a
nd

 (
**

).

( *
) 

an
d 

( *
*)

 ⇒
 lo

ca
l o

pt
:  

If 
a 

qu
an

tiz
er

 s
at

is
fie

s 
( *

) 
an

d 
( *

*)
, t

he
n 

it 
is

 lo
ca

lly
 o

pt
im

al
be

ca
us

e 
an

y 
sm

al
l p

er
tu

rb
at

io
n 

w
ill

 c
au

se
 it

 n
ot

 to
 s

at
is

fy
 th

e 
( *

) 
an

d 
( *

*)
, a

nd
 in

 e
ith

er
ca

se
 th

e 
M

S
E

 w
ill

 in
cr

ea
se

.
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B
R

U
T

E
 F

O
R

C
E

 IM
P

LE
M

E
N

T
A

T
IO

N
 O

F
 "

U
N

S
T

R
U

C
T

U
R

E
D

" 
V

Q

F
ul

l-S
ea

rc
h 

E
nc

od
in

g

S
to

re
 th

e 
co

de
bo

ok
  C

 =
 {

w
1,

…
,w

M
}.

1.
  G

iv
en

  x
  c

om
pu

te
  |

|x
-w

i||
2   
fo

r 
ea

ch
  

i

2.
  F

in
d 

th
e 

 i 
 th

at
 m

in
im

iz
es

  |
|x

-w
i||

2    
an

d 
se

nd
  c

i

T
hi

s 
m

et
ho

d 
en

co
de

s 
us

es
 th

e 
V

or
on

oi
 p

ar
tit

io
n 

S
  f

or
  C

.
C

 c
an

 b
e 

an
y 

co
de

bo
ok

 w
ha

ts
oe

ve
r.

T
ab

le
-L

oo
ku

p 
D

ec
od

in
g

S
to

re
 th

e 
co

de
bo

ok
  C

 =
 {

w
1,

…
,w

M
}.

W
he

n 
th

e 
de

co
de

r 
is

 g
iv

en
  Z

 =
 c

i, 
 it

 o
ut

pu
ts

  Y
 =

 w
i  

as
 th

e 
re

pr
od

uc
tio

n 
of

  X
.

T
hi

s 
is

 th
e 

ba
si

c 
fo

rm
 o

f u
ns

tr
uc

tu
re

d 
V

Q
.  

W
he

n 
pe

op
le

 s
pe

ak
 o

f o
rd

in
ar

y 
V

Q
, t

hi
s

is
 o

fte
n 

w
ha

t t
he

y 
m

ea
n.
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C
O

M
P

LE
X

IT
Y

 O
F

 U
N

S
T

R
U

C
T

U
R

E
D

 V
Q

st
o

ra
g

e:
  c

od
eb

oo
k 

m
us

t b
e 

st
or

ed
 a

t e
nc

od
er

 a
nd

 d
ec

od
er

 s
to

ra
ge

op
s/

sa
m

pl
e

en
co

de
r:

M
kb

   
 

3M

de
co

de
r:

M
kb

0

b 
= 

no
. o

f b
its

/c
om

po
ne

nt
  ≅

  R
 +

 3
 to

 5
  i

s 
us

ua
lly

 s
uf

fic
ie

nt
,

en
co

di
ng

 o
pe

ra
tio

ns
:

M
 d

is
ta

nc
e 

sq
ua

re
d'

s,
 e

ac
h 

re
qu

iri
ng

  k
  s

ub
tr

ac
ts

,
k 

 s
qu

ar
in

gs
,  

(k
-1

) 
ad

ds
,  

M
-1

  c
om

pa
ris

on
s

T
h

e 
"c

u
rs

e 
o

f 
d

im
en

si
o

n
al

it
y"

S
in

ce
  M

=2
kR  

, b
ot

h 
st

or
ag

e 
an

d 
co

m
pu

ta
tio

n 
in

cr
ea

se
s 

ex
po

ne
nt

ia
lly

 w
ith

 k
  a

nd
  R

.

T
he

 d
im

en
si

on
-r

at
e 

pr
od

uc
t k

R
 is

 th
e 

ke
y.

T
hi

s 
is

 a
 b

ig
 li

m
ita

tio
n.

  G
en

er
al

ly
,

kR
  ≤

 1
0 

or
 1

2.

W
hi

le
 m

od
er

n 
co

m
pu

te
rs

 c
an

 im
pl

em
en

t l
ar

ge
r 

co
de

bo
ok

s,
 it

 tu
rn

s 
ou

t t
ha

t
de

si
gn

in
g 

th
em

 c
an

 b
e 

ex
tr

em
el

y 
di

ffi
cu

lt.

T
he

re
 a

re
 s

om
e 

fa
st

er
 e

nc
od

in
g 

al
go

rit
hm

s,
 b

ut
 n

ot
 h

av
e 

be
en

 p
ro

ve
n 

to
 h

av
e 

le
ss

th
an

 e
xp

on
en

tia
l c

om
pl

ex
ity

.
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T
he

re
 a

re
 a

ls
o:

•
F

as
t s

ea
rc

h 
m

et
ho

ds
 fo

r 
un

st
ru

ct
ur

ed
 V

Q
 c

oe
bo

ok
s.

W
e 

w
ill

 d
is

cu
ss

 s
om

e 
la

te
r.

T
ho

ug
h 

th
ey

 c
an

 b
e 

co
ns

id
er

ab
ly

 s
im

pl
er

, I
'v

e 
ye

t t
o 

se
e 

on
e 

w
ho

se
 c

om
pl

ex
ity

do
es

 n
ot

 in
cr

ea
se

 e
xp

on
en

tia
lly

 w
ith

 d
is

to
rt

io
n-

ra
te

 p
ro

du
ct

.

•
S

tr
uc

tu
re

d 
V

Q
 m

et
ho

ds
e.

g.
 J

P
E

G
W

e 
w

ill
 d

is
cu

ss
 o

th
er

 la
te

r.
T

he
ir 

co
de

bo
ok

s 
an

d/
or

 p
ar

tit
io

ns
 a

re
 s

tr
uc

tu
re

d 
in

 a
 w

ay
 th

at
 p

er
m

its
 fa

st
en

co
di

ng
.

T
he

ir 
pa

rt
iti

on
 m

ig
ht

 n
ot

 b
e 

V
or

on
oi

.
T

he
ir 

co
de

ve
ct

or
s 

m
ig

ht
 n

ot
 b

e 
ce

nt
ro

id
s.

T
he

ir 
pe

rf
or

m
an

ce
 m

ig
ht

 n
ot

 b
e 

as
 g

oo
d 

as
 a

n 
"o

pt
im

al
" 

V
Q

 w
ith

 th
e 

sa
m

e
di

m
en

si
on

 a
nd

 r
at

e,
 b

ut
 th

ei
r 

lo
w

er
 c

om
pl

ex
ity

 m
ig

ht
 p

er
m

it 
a 

la
rg

er
 d

im
en

si
on

an
d 

be
tte

r 
pe

rf
or

m
an

ce
 fo

r 
th

e 
sa

m
e 

co
m

pl
ex

ity
.
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T
he

se
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er
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iv
e 

al
go

rit
hm
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 in
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e 

sp
iri

t o
f L

lo
yd

's
 a

lg
or

ith
m

 fo
r 

sc
al

ar
 q

ua
nt

iz
er

de
si

gn
.  

T
he

y 
se

ek
 a

 lo
ca

lly
 o

pt
im

um
 q

ua
nt

iz
er

 b
y 

al
te

rn
at

in
g 

be
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ee
n 

fin
di

ng
 th

e
be

st
 p

ar
tit

io
n 

fo
r 

th
e 

m
os

t r
ec

en
tly

 fo
un

d 
co

de
bo

ok
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nd
 fi
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in

g 
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e 
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st
 c

od
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r
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