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ro

pe
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s 

of
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or
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ac
to

r,
  β

k
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) 
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  Y

 =
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X
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,  

w
he

re
  A

  i
s 

a 
no

ns
in

gu
la

r 
sq

ua
re

 m
at

rix
, t

he
n

β Y
,k

  =
  σ2 X σ2 Y

 |A
|2/

k
 

 β
X

,k

N
ot

e 
th

at
  β

  i
s 

no
t a

ffe
ct

ed
 b

y 
 b
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e 
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) 
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A

|-1  
 f X
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,k
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 d
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X
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 d
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 |A
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 
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  f X
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k+
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A

| d
x
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  x
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  y
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|A
| d

x
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 1 σ2 Y

 |A
|2/

k
 

  
 
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  f X
(x

)k/
k+

2
 

 d
x

(k
+

2)
/k

= 
  

1 σ2 Y

 |A
|2/

k
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2 X
 β

X
,k
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(2
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  Y
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  a
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he

n 
 β

Y
,k
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X
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 . 
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s 
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s 
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k 
 d
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 d
ia

go
na

l
m

at
rix

 w
ith

  a
's

  o
n 

th
e 

di
ag

on
al

 a
nd
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  σ
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.
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  Y

 =
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nd
  A

  i
s 

a 
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×k
 o

rth
og

on
al

 m
at

rix
  (

i.e
.  

A
-1  

 =
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t  )
,  

th
en

   
β Y

,k
 =

 β
X

,k
 .

It 
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ou
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 b
e 

in
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ve
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 th
e 

op
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 fo
r 

Y
  i

s 
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m
e 
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r 
 X
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ca
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e 
on

e 
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n 
ro
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d 
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sl
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pt

im
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Q
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Q
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sa

m
e 
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m
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 Y
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d
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.

D
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iv
at

io
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n 
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og
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at
rix

  |
|A

x|
|  

= 
 ||

x|
|  

fo
r 

al
l  

x.
  T
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re

fo
re

,

σ2 Y
  =

  1 k E
||Y

-E
Y

||2   
=

  
1 k E

||A
(X

-E
X

)|
|2    

=
  1 k  E

||X
-E

X
||2    

=
  σ

2 X

N
ex

t  
|A

| =
 ∏ i=

1k
 λ

i  
= 

1,
  w
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re

  t
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  λ
i's

  a
re

 th
e 
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ge

nv
al

ue
s,

  w
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ch
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ll 
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ve
 m
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ni

tu
de

on
e,

 b
ec
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se

  A
x 
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λx
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m

pl
ie
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| =

 ||
A
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|| 
 ⇒
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.

(4
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 d
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 d
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 
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,i
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2 iσ
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 
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(5
)

If 
 X

1,
…

,X
k 

 a
re

 in
de

pe
nd

en
t, 

th
en

β k
  =

  
1 σ2 X

  ∏ i=
1k
  

 
∫  

  f i
(x

)k/
(k

+
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)
 

 d
x

(k
+

2)
/k

D
er

iv
at

io
n:

 β
X
,k

  =
  

1 σ2 X

   
 

∫  

  f 1
(x

1
)k/

k+
2

 
…

f k
(x

k)
k/

k+
2

 
 d

x
(k

+
2)

/k

 =
  

1 σ2 X

   
 

∫  

  f 1
(x

1
)k/

k+
2
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∫  

  f k
(x

k)
k/

k+
2

 
dx

k
(k
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 =
  

1 σ2 X

  ∏ i=
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 
 
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(6
)

X
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…
,X

k 
 in

de
pe

nd
en

t a
nd
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en

tic
al

  (
IID

) 
w

ith
 v

ar
ia

nc
e 

 σ
2  

 

β X
,k

  =
  

1 σ2  
    

 
∫  

  f 1
(x

)k/
k+
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dx
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2

(6
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…

,X
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nd

  Y
1,

…
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k 
  h
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e 

th
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m

e 
m
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l d
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, b
ut
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…
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(T
hi

s 
ill

us
tr

at
es

 h
ow

 d
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 m
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S
up

po
se

  X
1,

...
,X

k 
 a

re
 G

au
ss

ia
n

(a
)

In
de

pe
nd

en
t c

as
e

β X
,k

  =
  2

π 
(k+

2 k
)(

k+
2)

/2
   

 
∏ i=

1k
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2 i  
1/

k

σ2 X

D
er

iv
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  F
ro

m
 (

5)

β X
,k

  =
  

1 σ2 X

  ∏ i=
1k
  

 

 
 ⌡⌠  

   

 
1 √2
π

σ2 i

 e
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 
 

-
 

x2 2σ
2 i
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(k
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x
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2)
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2πσ
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+
2 k

e
xp

{-
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2σ
2 i 

k
+

2 k
}k/

(k
+

2
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 d
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 

 
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∞
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 c
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 b
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e 

K
ar

hu
ne

n-
Lo

ev
e 

tr
an

sf
or

m
, i
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 b
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 d
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∞
 =

 2
 e

2    
= 

14
.8

   
 a

s 
 k

 →
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at
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 p
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 c
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 d
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 d
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at
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.
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 d
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+
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pr
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 c
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 c
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at
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 d
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T
ha

t i
s,

 w
e 

se
ek

 th
e 

"u
lti

m
at

e"
 V

Q
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P
T

A
 fu
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tio
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)
= 
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f

V
Q
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 o
r l

es
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Q
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f k
  δ

(k
,R

)

E
qu
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 c
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 ∈
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