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Dyadic Green’s Function for Stratified
Mediar

Layered dielectric media is encountered in many electromagnetic problems such as analy-
sis of multi-layered substrate /superstrate microwave circuits and printed antennas as well
as modeling the terrain with a dielectric stratified medium. In this section a procedure
for evaluating the dyadic Green’s function for a multi-layered (with planar interfaces)
medium with arbitrary positions of the source and observation points is outlined. Also
formal expressions for the dyadic Green’s function in terms of continuous spectrum of
plane waves are derived.

In order to evaluate the Green’s function, the behavior of electromagnetic plane waves
in layered media should be characterized first. In the following section reflection and
transmission of plane waves by a multi-layered medium is discussed.

1 Plane Waves in Layered Media

Consider a stratified medium with planar interfaces parallel to the x-y plane of a coor-
dinate system. Suppose the parameters of the nth layer are denoted by pu,, and ¢, and
its boundary with the (n + 1)th layer is at z = —d,. It is also assumed that the top
(region 0) and bottom (region N + 1) layers are semi-infinite (see Figure 1).

Without loss of generality let us assume that a plane wave is illuminating the interface
from above whose direction of propagation is given by

]%i = i (kOacaAj - kazZA/) (1)

ko
where kg = w,/Ho€y. Similar to waveguide problems the field quantities can be decom-
posed into transverse electric (TE) and transverse magnetic (TM) waves.? For TM waves
all field quantities can be expressed in terms of axial component of the electric field (E,)
and for TE waves they can be expressed in terms of the axial component of the magnetic
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Figure 1: A stratified medium.

field (H.). Because of the symmetry of the problem a% of all field components are zero.

It is also assumed that the dependency on z in the nth layer is of eT¥n==,

For TE waves, H,. can be obtained from the solution to Helmhotz’s equation

82
<@ + (k2 - ki)) H,.=0

where k, = w./lin€,. Other field quantities in terms of H,, are given by
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(3)
(4)

TE and TM waves are dual of each other under the standard duality relationship £ —
H H — —F, and = €. Hence, once the field quantities for a TE incidence is obtained,
the results for a TM excitation can be obtained using the duality relationships. For the

incident TE wave

Hi — H(]@_ikozzeikowx
z

(5)



The phase matching condition mandates that the z-dependency of all field quantities be
the same as that of the incident wave.

The total field quantity in region n, excluding its dependency on z, is given by

H,. = Aneiknzz + Bne_iknzz (6)

where A,, and B, represent the coefficients of the wave components propagating in
positive and negative z directions respectively. In the zeroth region it is recognized that

By, = H (7)
Ay = R™H, (8)

where RTF is the total magnetic field reflection coefficient for TE (horizontally polarized)
waves. Since the most bottom region ( (N 4 1)th region) is semi-infinite there would be
no upward traveling wave, i.e.,

AN+1 - 0 (9)
Byy = T'PH, (10)

where TTE is the total transmission coefficient.

Evaluating H, and E, from (3) and (4) and then enforcing the continuity of tangential
electric and magnetic fields at the interface between the nth and (n + 1)th region (at
z = —d,) we get

na [Ape et — B ebnetn | = k) [Ag e Fosnst - B eiboensdn] (1)

Hn [Ane_ik’”d” + Bneikmdn} = H(n+1) {An+16_ik(”+”zd” + Bn+16ik(n+1)2dn} (12)

There are N + 2 regions and therefore the number of unknowns are 2N + 2 (By and
An.1 are known). On the other hand there are N + 1 boundaries and 2N + 2 equations
for the 2N + 2 unknowns. A simple procedure to solve for the unknowns is as follows:

. TE : : ANy1 _ An
1. Find R"* by recursively relating v = 0 to 3% ete.

2. Once Ay is found relate A, 1, B,11 to A,, B, to find all coefficients.



Solving (11), (12) for A, and B, results in

, 1 o Kint1)z , ,
Ane_m"zd" = 5 l'u/;_l + (k+1) ] {An+16_lk(n+l)zd" +7’Z(€+1)Bn+161k(n+1)zd"} (13)
B, etiknzdn 1 Hn+1 k(n+1)z TE A —tk(nt1)zdn 4 B tk(nt1)zdn
n€ — 9 [ + L {Tn(n—i-l) n+1€ + n+1€ } (14)
where
T’TE . ,U/n—i-lknz - ,U/nk(n—l—l)z
n(n+1) —

,Un—l—lknz + Mnk(n—i-l)z

is the Fresnel reflection coefficient for a horizontally polarized wave. Taking the ratio of
(13) and (14), we obtain

Ant1 —2ik 1 1)2dna1) | 020K ma1)z (dnt1—dn) TE
A o~ 2iknzdn _ |:Bn+1e R K + Tuint) (15)
B Ant1 =21 1)2d (1 2ik(n11)z(dnt1—dn) . TE
n Bt e (n+1)z%(n+1) | p2¥¥(n+1) rn(n—i—l) +1

This is a recurrence relation which can be used to find Ag/ By starting from Ayy1/Byy+1 = 0.
In order to solve for T7¥ and the rest of the coefficients, we rearrange (11) and (12) to
get A,,1 and B, in terms of A, and B,. In matrix notation we have

An+l€—ik(n+1)zdn+l _TE Ane_iknzdn
[ Bn+leik(n+1)zdn+1 :V(n+1)n Bnez‘kmdn (16)
-TE . o
where V(,14y, is referred to as the forward propagation matrix given by
TE 1/ k e~ Ktz (dnti=dn) rg(fiﬂ) ek(n+1)z(dny1—dn)
v [
(n+1)z  Mn+1 —Tg(%“) ek, (dns1—dn)  pik(ni1)z(dns1—dn)

Knowing Ay and By, (16) can be used to find A, and B, (n € {1,---, N + 1}).

For TM polarized waves, the duality relations can be used to find the desired quantities.

2 Dyadic Green’s Function For a Multi-layer Media

Let us consider a multi-layer medium similar to the one shown in Figure 1. As discussed
before if the electric dyadic Green’s function for such media can be defined, then the
electric field anywhere in the medium can be obtained from
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This dyadic Green’s function satisfies the following continuity conditions:

i ji()x G (7T = ik G (77) =0 (19)
lim (7)) x |Vx G (7,7 ] Vx E(Fﬂ’)} =0

where r is a point at the interface between the i¢th and jth boundary.

The starting point to derive an expression for G (7,7) is the Fourier transform of the

=fs
free-space dyadic Green’s function (G (7,7 )) It was found that

zk(y(F—F/)ko_ 2>

goo ) e I R [ekan)etkos) + (ko:)h(ko)]
m,ofof & [e(—ko.)e(— o) + h(—koo)h(—ho.)] R0 T dk, 2 < 2

88§

To designate the location of the source and observation points, we use two subscripts for
the dyadic Green’s function. The first one denotes the layer where the observation point

is and the second one denotes the layer where the source point is. For example é‘nq (7, 7)
is the expression for the dyadic Green’s function when the source and observation points
are, respectively in the ¢th and nth layers.

Suppose the source is in the zeroth region and we are interested in characterizing the
expressions for the dyadic Green’s function in the nth layer.

First consider an observation point in region 0 with z < 2. Plane waves of the
form ( é(—ko,) - 76_”{0'?/) é(—ko,)e®oT are illuminating the multi-layer medium from
above. The field in —dy < z < 2’ region is the sum of the incident and reflected waves of
the form ( é(—ko,) - Je~iKoT ) RTE¢(ky.)eho™ . Therefore the expression for the dyadic

Green’s functlon is region —dy < z < 2’ is given by

GOO (T 7“) 87?2 // k‘o RTE (ka) ikoT + 6( ka) iKo- r} é(_k,oz)e—i?g.ﬁ (20)
+ [RTMh(ko2)e™ T + h(—ko.)e ™ 07| h(—ko.)e 0T} diy

The plane waves in the nth region can be decomposed into upward- and downward-
traveling waves with unknown coefficients that can be characterized using the continuity



conditions of the dyadic Green’s function. The expression for the dyadic Green’s function
with the source point in the zeroth region and the observation point in the nth region
is given by

<

+oo
/ i 1 A ikn T A iKnT| A —iKoT
Goo (17) = 2 // a{[Anen(km)ekn t Buba(—kne)e 7| (ks )e FOT(21)

— ~

+ {Oniln(knz)elknr+Dnhn(_knz) iKn- r} iL( kOZ)e_iFO'F/} dk’J_

In the lowest layer ((IV + 1)th) there is no upward-traveling wave and therefore

G(N—',—l T T 871’2 // T €N+1(—]{?(N+1)Z)6F(N“ Te ( ka) —iKo 7 (22)
Oz

FTTM iy (ki) e Te(— ko, )e R0 T Y dky

At the interface between the nth and (n+1)th regions (2 = —d,,), the boundary condition

for the dyadic Green’s function mandates that f1,5X G= fini15X G . But £ x en(Lkn,) =
Z X épy1(Eky,) and 2 X hn(iknz) i’z’;ze(:lzknz) which can be used in conjunction with
the boundary condition given in (19) to generate the following two equations:

o (Ape et 4 Betretn) =y (ApggeFosnst 4 B ety (23)

knz
/"Ln k

. . kn1 . .
[Cne—zknzdn . Dnezkmdn} - kfn+ )2 {Cn+16—zk(n+l)zdn . Dn+1€zk(n+1)zd(}24)

n (n+1)

The boundary condition also mandates the continuity 2z X (Vx CZJ) Noting that V x

(eFn7e) = ie*n T, x & and 2 X (k, X &) = kn.é this boundary condition renders the
following equation:

_4knzdn knzdn — —tk n zdn ik n zd’ﬂ
K- [Ane ' — Bye! } = K(nt1) [An+1€ D= — By, g ety } (25)

In a similar manner one can show that 2 x {V X (eiE”"“fL(knz))} = ikp2 x &(kp,)eFnT

which together with the application of continuity of Z x Vx G provides the following
equation:

kn Cne—iknzdn + Dneiknzdn} — k(n+1) |:Cn+1€_ik(n+1)zdn + Dn+16ik(n+1)zdn:| (26)



NOtiIlg that AO = RTE,BO = 1,BN+1 = TTE,CO = RTM,DO = 1, and CN+1 = 0, a
procedure similar to what was outlined before can be followed to find RT®, R™M first
and then A,, B,,C,, and D, coefficients. The ratio of g—:e_m"zd" is given by (15) and

Cnt1 ,—2ik(p11)2d(n 2ik(ni1)s (dnt1—dn) T™
[ Cnt1 ~2ik(n g1y dingn) | pTM 2k g1y (dngi—d,)
Da [Dn+1€ (DD [T gy Y +1

where 7107 | is the Fresnel reflection coefficient for TM waves and is given by

TM €n+1knz - enk(n—i-l)z

r — 28
n(n+1) €n+lknz+€nk(n+l)z ( )

Using (27) and (15), RTF and R™ (i.e., Ay and Cj ) are obtained. Then using for-
ward propagation matrices the coefficients in all layers can be obtained. The forward
propagation matrix for TE waves is given by (16) and for TM waves is defined by

Cn+1€—’ik(n+1)zdn+l - =TM Cne—iknzdn (29)
Dn+16Zk(n+1)zdn+l _V(TL+1)TL Dnezknzdn
where
=TM 1 kK, €nt1 Kne etz (dnr1=dn) —T’Z(]\f_i_l)e_ik(nﬂ)z(dnﬂ—dn)
Viprtn= 57— TM ” P " e
T 2 €n K(ni1): ~Tn(n+1)€ (nt)z(@nr1=dn) ik(ni1)z(dni1—dn)
(30)

Once G (7,7) is characterized, Gon (F,7) can easily be obtained using the symmetry
property of dyadic Green’s functions. Hence, the dyadic Green’s function when the
source is in the nth layer and the observation point is the Oth region is given by:

T

Gon (T,7) = [Eno (7,7) (31)

3 Far Field Expression For Dyadic Green’s Function

In calculation of the electric field generated by a current distribution, being either im-
pressed current in antenna problems or induced current in scattering problems, equation
(18) can be used. In many practical situations the observation point is far from the source
(kor >> 1) which allows for the development of a simplified expression for the calcula-
tion of the electric field. Let us assume the observation point is in the zeroth region of
Figure 1. In this case z > 2’ and therefore



zkor _ _
E 4 —iKo- 7' A —iko-T’
Goo (,7) = = // i {2k [RPe( koo™ o (k)07 |

+h(ko:) [R™Mh(—koz)e ™07 + h(ko.)e ™ [hdky  (32)

since kor >> 1, (32) can be evaluated using the stationary phase approximation. De-
noting the observation point by

T = r[cos ¢ sin 0,2 + sin ¢, sin 0,7 + cos O4Z]

The exponent function is given by

ko-T=r {kxcos@sines + ky sin ¢gsin b + / k3 — k2 — kfjcoses}

Since kor is a large quantity, the integrand is highly oscillatory and its contribution to
the overall integral comes from a region where the variation of the phase is slow. This
stationary phase point can be obtained from the solution

0 -
P (Fo-7) = 0 (33)
0 -
a—ky (ko . ’f’) = 0
and is given by
k3 = kosinfcos ¢ (34)
k:; = kosin#,sin ¢,

ki = kgcosb

According to the stationary phase approximation

271

Vfiufa — fio

// Il,l’z Zf(x1,r2 dl’le'Q ~ A('rlu §)€Zf(wi,rg)

where A(z1,x2) is any smooth function and

82
(%i@xj

fij = f
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In (35), x5 and a3 are the stationary phase points derived from the solution of

of _,, of _

0
0x; ’ Oxs

Using (35), (32) can be approximated by

elk()?“
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{[e(ks)e(—k)RT? + h(k:)h(—ks) RTM] e T
+ (ke k) + h(k)h(k:)] e )

 Aar

(36)

Where RTF and RT™ are the Fresnel reflection coefficient evaluated at the stationary
phase point given by (34). The first term of (36) is the contribution from the layered
medium, and in far field, this contribution appears to be originated from the mirror
image point. However, depending on the polarization, each component of the image

field is modified by the appropriate Fresnel reflection coefficient.



