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EQUIVALENT DIELECTRIC CONSTANT OF PERIODIC

MEDIA

The behavior of electromagnetic waves can be controlled by controlling the constitutive
parameters of the medium in which EM waves propagate. This can be accomplished
to some extent by mixing different materials with different pemittivities, permeabilities,
and conductivities as shown in the previous chapter. It was shown that the effective
permittivity of a composite medium is not only a function of the premittivities of the
compounds and their volume fraction, but also a function of mixing particles geometry
and orientation and arragement. So far we have assumed particles are randomly posi-
tioned with respect to each other. The other extreme is a perfect crystalline, or periodic,
particle arrangement which will be studied in this chapter.

To demonstrate the effects of periodic arrangement we attempt to simulate a periodic
corrugated dielectric layer by a homogeneous anisotropic layer. Figure 1 shows the
geometry of a corrugated surface over a layered medium. If we let the top (y = t) and
the bottom (y = 0) interfaces approach, respectively, +∞ and −∞, a medium of periodic
slabs as shown in Fig. 2 will be created. Thus the periodic dielectric corrugation can
be viewed as a layer of a medium composed of homogeneous dielectric slabs of identical
material which are equally spaced. Ignoring the effect of discontinuities, the problem is
reduced to that of finding the equivalent dielectric tensor of the periodic slab medium.

Figure 1: Geometry of the corrugated surface.
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Figure 2: An array of infinite dielectric slabs.

Depending on the polarization of the fields and the boundary conditions imposed, a
variety of different modes can be supported by this structure. Modeling of grooved-
dielectric surfaces with anisotropic homogeneous media was first studied, to our knowl-
edge, by Morita and Cohen [3]. They analyzed this problem by simulating the periodic
slab medium using a partially-filled waveguide, then by solving the appropriate transce-
dental equation the propagation constant in the corrugation was obtained. These results
are used in many problems such as matching dielectric lens surfaces [3] and designing
broadband radomes [1,4].

Since the interest is in the modes that are excited by an incident plane wave, simulating
the array by a partially-filled waveguide, which forces the tangential electric field to be
zero at the waveguide walls, may not be appropriate. Here we impose a condition that
supports the modes which would be excited by a plane wave incident on the structure.
This approach will provide a formula for the elements of the equivalent dielectric tensor
which is different from that reported by Morita and Cohen. The validity of this technique
is verified in Section 4 by a numerical solution of corrugated surfaces.

1 Plane Waves in Homogeneous Anisotropic Media

In this section the behavior of plane waves in anistropic media is studied in order to
establish the necessary knowledge for designing artificial dielectrics. Let us consider a
source-free homogeneous medium in which the electromagnetic field quantities satisfy

∇× E = iωB (1)

∇× H = −iωD (2)
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∇ · D = 0 (3)

∇ · B = 0 (4)

In such media, plane wave solutions of the form eik·r represent the homogeneous solution
of the wave equation. According to (1) - (4), the field components of the plane wave
must satisfy

k × E = ωB (5)

k × H = −ωD (6)

k · B = 0 (7)

k · D = 0 (8)

A direct result of the above equations is that the k vector is always perpendicular to B
and D independent of the constitutive parameters of the medium. Equations (5) and
(6) also indicate that B and D are, respectively, perpendicular to E and H. For an
anisotropic medium with a constitutive relation

D =
=
ǫ E,

it is quite obvious that E may not be perpendicular to k. This implies that, for such
media, the direction of power flow, obtained from the Poynting vector (E×H), may not
be parallel to k.

The fact that k is perpendicular to the plane formed by B and D can be used to define a
coordinate system that facilitates simpler analysis of fields behavior. We use the (ĥ, v̂, k̂)
coordinate system where k̂ is a unit vector parallel to k and

ĥ =
k̂ × ẑ

|k̂ × ẑ|
v̂ = k̂ × ĥ

Denoting

k̂ = sin θ cos φx̂ + sin θ sin φŷ + cos θẑ (9)

then:

ĥ = sin φx̂ − cos φŷ (10)
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and

v̂ = cos θ cos φx̂ + cos θ sin φŷ − sin θẑ (11)

It can easily be shown that the representation of a vector (Ak) in (ĥ, v̂, k̂) coordinate
system in terms of its representation in the (x̂, ŷ, ẑ) coordinate system (A) is given by:

Ak =
=

T A

where
=

T is the rotation matrix given by

=

T=







sin φ − cos φ 0
cos θ cos φ cos θ sin φ − sin θ
sin θ cos φ sin θ sin φ cos θ





 (12)

Conversely the representation of the vector in the (x̂, ŷ, ẑ) coordinate system in terms
of its representation in (ĥ, v̂, k̂) coordinate is given by

A =
=

T
−1

Ak (13)

where
=

T
−1

is simply the transpose of
=

T since
=

T is a unitary matrix. In general an
anistropic medium is characterized by

D =
=
ǫ E , B =

=
µ H

which can also be represented by

E =
=
γ D , H =

=
ν B (14)

where
=
γ=

=
ǫ
−1

and
=
ν=

=
µ
−1

. Expressing E and D in terms of their components in (ĥ, v̂, k̂)
system we have

Ek =
=

T E =
=

T
=
γ D =

=

T
=
γ

=

T
−1

Dk

Thus

=
γk=

=

T
=
γ

=

T
−1

(15)

In a similar manner it can be shown that
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=
νk=

=

T
=
ν

=

T
−1

(16)

From (7) and (8) the third components of B and D in the k-coordinate system are zero,
i.e., Bk = Dk = 0. From (5) we have

Bv =
k

ω
Eh (17)

Bh = −k

ω
Ev (18)

Similarly from (6) we get

Dv = −k

ω
Hh (19)

Dh =
k

ω
Hv (20)

But







Eh

Ev

Ek





 =









γ
(11)
k γ

(12)
k

γ
(21)
k γ

(22)
k

γ
(31)
k γ

(32)
k









[

Dh

Dv

]

(21)







Hh

Hv

Hk






=









ν
(11)
k ν

(12)
k

ν
(21)
k ν

(22)
k

ν
(31)
k ν

(32)
k









[

Bh

Bv

]

(22)

Using (17) and (18) in (21) we get

[

Bh

Bv

]

=
k

ω

[

−γ
(21)
k −γ

(22)
k

γ
(11)
k γ

(12)
k

] [

Dh

Dv

]

(23)

and similarly from (19), (20), and (22) we have

[

Dh

Dv

]

=
k

ω

[

ν
(21)
k ν

(22)
k

−ν
(11)
k −ν

(12)
k

] [

Bh

Bv

]

(24)

Substituting (23) in (24) and requiring a non-trivial solution we must have
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det

{

=

I −k2

ω2

[

ν
(21)
k ν

(22)
k

−ν
(11)
k −ν

(12)
k

] [

−γ
(21)
k −γ

(22)
k

γ
(11)
k γ

(12)
k

]}

= 0 (25)

which constitutes the dispersion relation for the homogeneous medium. For example,

when the medium is isotropic,
=
γ= 1

ǫ

=

I ;
=
ν= 1

µ

=

I, (25) becomes

det

{

=

I − k2

ω2µǫ

[

0 1
−1 0

] [

0 −1
1 0

]}

= 0

or equivalently

k2 = ω2µǫ (26)

as expected. Another simple example is a uniaxial medium. Consider a uniaxial medium
whose optical axis is parallel to the z axis and its permittivity tensor is represented by

=
ǫ=







ǫ 0 0
0 ǫ 0
0 0 ǫz





 (27)

Also assume that the permeability of the medium is a scalar represented by µ. In the

k-system the impermittivity tensor (
=
γk) is given by (15), hence

=
γk=









1
ǫ

0 0

0 cos2 θ
ǫ

+ sin2 θ
ǫz

(ǫ+ǫz) sin θ cos θ

ǫǫz

0 (ǫ−ǫz) sin θ cos θ

ǫǫz

sin2 θ
ǫ

+ cos2 θ
ǫz









(28)

Substituting (28) into (25) we get

det

{

=

I − k2

ω2µ

[

0 1
−1 0

] [

0 − cos2 θ
ǫ

− sin2 θ
ǫz

1
ǫ

0

]}

= 0 (29)

or

det











1 − k2

ω2µǫ
0

0 1 − k2

ω2µ

(

cos2 θ
ǫ

+ sin2 θ
ǫz

)











= 0

In terms of field quantities we require the nontrivial solution of





1 − k2

ω2µǫ
0

0 1 − k2

ω2µ

(

cos2 θ
ǫ

+ sin2 θ
ǫz

)





[

Dh

Dv

]

= 0 (30)

6



Three distinct conditions can be considered:

1. Dh 6= 0 Dv = 0 which implies: k2 = ω2µǫ

2. Dh = 0 Dv 6= 0 which implies: k2
(

cos2 θ
ǫ

+ sin2 θ
ǫz

)

= ω2µ

3. Dh 6= 0 Dv 6= 0 which implies: k2 − ω2µǫ = k2
(

cos2 θ
ǫ

+ sin2 θ
ǫz

)

− ω2 µ = 0

Case 1 represents a linearly polarized wave with D being perpendicular to the optical
axis and the direction of propagation. For this wave the wave number is k = ω

√
µǫ and

other field components can be obtained from (17) - (24).

B =
k

ωǫ
Dhv̂

E =
1

ǫ
Dhĥ

H =
ω

k
Dhv̂

Optical Axis

z

D, E

B, H
k̂

Figure 3: Field directions of an ordinary plane wave in a uniaxial medium.

This represents an ordinary plane wave with phase velocity Up = 1√
µǫ

and field impedance

|E|
|H| =

√

µ/ǫ. This field in literature is referred to as an “ordinary wave.” Let us now
consider case 2 where Dh = 0 and the electric displacement is in the plane of the optical
axis and propagation direction. This wave has a phase velocity

Up =
ω

k
=

√

√

√

√

cos2 θ

µǫ
+

sin2 θ

µǫz

(31)
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which is direction dependent. The other field components are given by

B = −k

ω

(

cos2 θ

ǫ
+

sin2 θ

ǫz

)

Dv ĥ (32)

E =

[(

cos2 θ

ǫ
+

sin2 θ

ǫz

)

v̂ +
(ǫ − ǫz)

ǫǫz

sin θ cos θk̂

]

Dv

H = − k

ωµ

(

cos2 θ

ǫ
+

sin2 θ

ǫz

)

Dvĥ

(32) indicates that E is not parallel to D and has a component along the direction of
propagation. This wave is referred to as an “extraordinary wave.”

Optical Axis

z

D

B, H

k̂E

Figure 4: Field directions of an extraordinary wave in a uniaxial medium.

Case 3 where Dh 6= 0 and Dv 6= 0 must have

k2 − ω2µǫ = k2 − ω2µ
cos2 θ

ǫ
+ sin2 θ

ǫz

= 0

which can happen only when θ = 0 (propagation along the optical axis). Only when
θ = 0 can a polarization other than linear polarization be possible.

In general in a uniaxial medium two linearly polarized waves with different phase veloci-
ties can propagate. The medium is sometimes referred to as birefringent. The wave that
enters such medium decomposes into an ordinary wave and an extraordinary wave and
each experience a different phase shift as they propagate through the medium. These
waves recombine as they exit the medium and thus the output may have a completely
different polarization from the input field. For example for a field propagating along x̂
we may write
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D = Doe
i ω

Uo
p

x
+ Dee

i ω
Ue

p
x

where Uo
P = 1√

µǫ
and Ue

p = 1√
µǫz

. If Do = De, then for a distance d such that

ωd [
√

µǫ −√
µǫz] =

(2n + 1)π

2

The output field is circularly polarized. A slab of such thickness is called a quarter-wave
plate.

2 Reflection Coefficient of a Uniaxial Layered Medium

Consider a multilayer dielectric half-space as shown in Fig. 5. Suppose each dielectric
layer is uniaxial and the optical axes of all the layers are parallel to the x axis. Further
assume that a plane wave whose plane of incidence is parallel to the x-y plane is illumi-
nating the stratified medium from above at an angle φ0. The interface of the nth and
the (n + 1)th layers is located at y = dn.

Figure 5: Plane wave reflection from a stratified uniaxial dielectric half-space.

The dielectric tensor of the nth layer is defined by D
n

=
=
ǫn E

n
and is assumed to be of

the following form

=

ǫn = ǫ0







ǫxn 0 0
0 ǫn 0
0 0 ǫn





 (33)

and its permeability is that of free space (µn = µ0). In this situation two plane waves
are generated in the dielectric slabs: one ordinary and one extraordinary. For the

9



ordinary wave the electric field and the electric displacement are parallel and both are
perpendicular to the principal plane (the plane parallel to the optical axis and the
direction of propagation) [2], hence the magnetic field has a component in the x-direction
(see Fig. 5). For the extraordinary wave, however, the electric displacement and the
magnetic field lie in the principal plane and the y-z plane respectively which force the
electric field to be parallel to the x-axis. Therefore the ordinary or the extraordinary
waves can be generated, respectively, by a magnetic or an electric Hertz vector potential
having only an x component. For ordinary waves D

n
= ǫ0ǫnE

n
and the magnetic Hertz

potential (Π
n

m = Πn
o x̂) must satisfy the wave equation, i.e.

∇2Πn
o + k2

0ǫnΠn
o = 0 (34)

The electric and magnetic fields in terms of the magnetic Hertz potential where there is
no variation with respect to z are given by

E
n

o = −ik0Z0
∂Πn

o

∂y
ẑ (35)

H
n

o = −∂2Πn
o

∂y2
x̂ +

∂2Πn
o

∂x∂y
ŷ (36)

The electric and magnetic fields associated with the extraordinary wave, as discussed
earlier, can be derived from an electric Hertz vector potential, i.e.

H
n

e = −ik0Y0∇× Π
n

e

which implies

E
n

e = k2
0Π

n

e + ∇Φn (37)

where Φn is an arbitrary scalar function. Using (33) the electric displacement in the nth
layer is represented by

D
n

e = ǫ0[(ǫxn − ǫn)En
exx̂ + ǫnE

n

e ] (38)

Inserting (37) into (38) and noting that

D
n

e = ∇∇ · Πn

e −∇2Π
n

e

we get

∇2Π
n

e + ǫxnk2
0Π

n

e + (ǫxn − ǫn)
∂Φn

∂x
x̂ + ∇

(

ǫnΦn −∇ · Πn

e

)

= 0 (39)

So far no condition has been imposed on the scalar function Φn. To simplify the differ-
ential equation (39) let ∇ · Π

n

e = ǫnΦn be the gauge condition. Therefore the electric
Hertz vector potential must satisfy

∇2Πn
e + ǫxnk2

0Π
n
e +

ǫxn − ǫn

ǫn

∂2Πn
e

∂x2
= 0 (40)
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In the special case where ∂/∂z = 0 the magnetic and electric fields of the extraordinary
waves can be obtained from

H
n

e = ik0Z0
∂Πn

e

∂y
ẑ (41)

E
n

e = (k2
0Π

n
e +

1

ǫn

∂2Πn
e

∂x2
)x̂ +

1

ǫn

∂2Πn
e

∂x∂y
ŷ (42)

The solution of the differential equations (34) and (40) subject to plane wave incidence
can be represented by ei(kn

oxx±kn
oyy) and ei(kn

exx±kn
eyy) respectively and upon substitution

of these solutions in the corresponding differential equations the following dispersion
relationships are obtained

(kn
ox)

2 + (kn
oy)

2 = ǫnk
2
0 (43)

1

ǫn

(kn
ex)

2 +
1

ǫxn

(kn
ey)

2 = k2
0 (44)

Imposing the phase matching condition, i.e. kn
ox = kn

ex = k0 sin φ0, the dispersion rela-
tions simplify to

kn
oy = k0

√

ǫn − sin φ0, kn
ey = k0

√

ǫxn

ǫn

√

ǫn − sin2 φ0

The Hertz vector potentials in the nth layer can be written as

Πn
o =

[

An
i e

−ikn
oyy + An

r e
ikn

oyy
]

eik0 sinφ0x (45)

Πn
e =

[

Bn
i e−ikn

eyy + Bn
r eikn

eyy
]

eik0 sinφ0x (46)

In (45)-(46) the subscripts i and r in the coefficients denote the propagation in the
negative and positive y direction respectively.

Since there is no variation with respect to z, the incident wave can be decomposed into
parallel (H) and perpendicular (E) polarization which would excite extraordinary and
ordinary waves respectively. For E polarization the electric and magnetic fields in each
region can be obtained from (35) and (36) using (45). In region 0, A0

i is proportional to
the incident amplitude, and −A0

r/A
0
i = RE is the total reflection coefficient. In region

N + 1, which is semi-infinite, AN+1
r = 0. Imposing the boundary conditions, which

requires continuity of tangential electric and magnetic fields at each dielectric interface,
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we can relate the field amplitudes in the nth region to those of (n + 1)th region. After
some algebraic manipulation, the following recursive relationship can be obtained

−An
r

An
i

=
(−An+1

r /An+1
i ) + Γn

oe−i2kn+1
oy dn+1

(−An+1
r /An+1

i )Γn
o + e−i2kn+1

oy dn+1

e−i2kn
oydn+1 (47)

where

Γn
o =

√

ǫn − sin2 φ −
√

ǫn+1 − sin2 φ
√

ǫn − sin2 φ +
√

ǫn+1 − sin2 φ

Starting from −AN+1
r /AN+1

i = 0 and using (47) repeatedly RE can be found.

For H polarization incidence the extraordinary waves are excited and using (46) in (41)
and (42) the electric and magnetic fields in each region can be obtained. Following a
similar procedure outlined for the E polarization case an identical recursive formula as
given by (47) can be derived. The only difference is that A is replaced by B, koy by key

and Γn
o becomes Γn

e which is given by

Γn
e =

√
ǫx(n+1)ǫn+1

√

ǫn − sin2 φ −√
ǫxnǫn

√

ǫn+1 − sin2 φ
√

ǫx(n+1)ǫn+1

√

ǫn − sin2 φ +
√

ǫxnǫn

√

ǫn+1 − sin2 φ

3 Equivalent Medium

To proceed with the analysis, suppose that similar dielectric slabs of an infinite array
with thickness d and dielectric constant ǫ are parallel to the y-z plane. Further assume
that the period of the structure is denoted by L. The geometry of the problem is depicted
in Fig. 2. If the x-y plane is the plane of incidence, the solution is independent of z
and therefore the waves can be separated into E- and H-polarized waves. Each period
of the medium can be divided into two regions and, depending on the polarization, the
z component of the electric or magnetic field must satisfy the wave equation, i.e.

(

∂2

∂x2
+

∂2

∂y2
+ ǫk2

0

)

ΨI(x, y) = 0 0 ≤ x ≤ d (48)

(

∂2

∂x2
+

∂2

∂y2
+ k2

0

)

ΨII(x, y) = 0 d ≤ x ≤ L (49)

where Ψ(x, y) = Ez(x, y) or Hz(x, y). Using separation of variables and requiring the
phase matching condition, the solutions of (48) and (49) take the following forms

ΨI(x, y) =
[

AeikI
xx + Be−ikI

xx
]

eikyy (50)

ΨII(x, y) =
[

CeikII
x x + De−ikII

x x
]

eikyy (51)
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where ky is the propagation constant in the periodic medium which must satisfy

(kI
x)

2 + k2
y = ǫk2

0 (52)

(kII
x )2 + k2

y = k2
0 (53)

In an attempt to find the unknown coefficients, we use the condition that the tangential
components of the electric and magnetic fields must be continuous at x = d, which
constitutes two equations. Two more equations can be obtained by applying Floquet’s
theorem for periodic differential equations which requires Ψ(x + L, y) = σΨ(x, y) for
some constant σ. To set an appropriate value for σ, suppose the medium is simulated
as an equivalent homogeneous dielectric. If a plane wave illuminates the half-space of
the equivalent homogeneous medium at an angle φ0, the x dependency would be of the
form eik0 sin φ0x. This dependency suggests that we need to impose a progressive phase
condition, i.e. let σ = eik0 sinφ0L. Therefore the other two equations become

Etan(0 + L, y) = eik0 sin φ0LEtan(0, y) (54)

Htan(0 + L, y) = eik0 sin φ0LHtan(0, y) . (55)

Application of the mentioned boundary conditions for the E polarization gives the fol-
lowing equations

AeikI
xd + Be−ikI

xd = CeikII
x d + De−ikII

x d

kI
x

[

AeikI
xd − Be−ikI

xd
]

= kII
x

[

CeikII
x d − De−ikII

x d
]

A + B =
[

CeikII
x l + De−ikII

x l
]

e−ik0 sinφ0L

kI
x [A − B] = kII

x

[

CeikII
x l − De−ikII

x l
]

e−ik0 sinφ0L

(56)

Since we are interested in the nontrivial solution of the above linear equations the deter-
minant of the coefficient matrix must be set to zero. This condition provides an equation
for kI

x and kII
x and is given by

−( kI
x

kII
x

+ kII
x

kI
x
) sin(kI

xd) sin
(

kII
x (L − d)

)

+ 2 cos(kI
xd) cos

(

kII
x (L − d)

)

=

2 cos(k0 sin φ0L)
(57)

Dispersion relations (52) and (53) give rise to additional equations for kI
x and kII

x ; i.e.,

(kI
x)

2 − (kII
x )2 = k2

0(ǫ − 1) (58)

The transcedental equation (57) together with (58) can be solved simultaneously to find
the propagation constants. It is worth noting that in the limiting case when the periodic
medium approaches a homogeneous one, then kI

x → kII
x and (57) reduces to

cos(kxL) = cos(k0 sin φ0L)

which implies kx = k0 sin φ0, as expected.
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After solving (57) and (58) for kII
x , the propagation constant in the y- direction can be

obtained from

k2
y = k2

0 − (kII
x )2 (59)

It should be pointed out that the solution for kII
x is not unique and therefore this struc-

ture can support many modes corresponding to different values of kII
x . The dominant

mode for this structure corresponds to a value of kII
x such that the imaginary part

of ky is minimum. For the equivalent homogeneous medium with permittivity ǫz, the
propagation constant in the y-direction would be

k2
y = k2

0

(

ǫz − sin2 φ0

)

(60)

Comparing (59) and (60) it can be deduced that

ǫz = sin2 φ0 + 1 −
(

kII
x

k0

)2

(61)

From the symmetry of the problem it is obvious that if the electric field is in the y-
direction the equivalent dielectric would be the same, that is ǫy = ǫz .

Using a similar procedure the following transcedental equation for H polarization can
be obtained

−( ǫkII
x

kI
x

+ kI
x

ǫkII
x

) sin(kI
xd) sin

(

kII
x (L − d)

)

+ 2 cos(kI
xd) cos

(

kII
x (L − d)

)

=

2 cos(k0 sin φ0L)
(62)

As was shown in the previous section the dispersion relationship in this case is:

k2
y = k2

0

ǫx

ǫz

(ǫz − sin2 φ0)

and the equivalent dielectric constant ǫx can be obtained from

ǫx =
ǫz

ǫz − sin2 φ0

[

1 − (
kII

x

k0
)2

]

(63)

where kII
x is the solution of (62) and (58). Since ǫx 6= ǫy = ǫz the equivalent medium is

uniaxial with the optical axis being parallel to the x-axis.

3.1 Low Frequency Approximation

An analytical solution of equations (57) and (62) for kI
x and kII

x cannot be derived,
in general, but using Newton’s or Muller’s method numerical solutions can easily be
obtained. One of the cases where approximate expressions for ǫx and ǫy = ǫz can be
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derived is the low frequency regime where L < 0.2λ0. In this approximation the sine
and cosine functions are replaced with their Taylor series expansion keeping terms up
to the quadratic term. Therefore equations (57) and (62), respectively, reduce to

{

(kI
x)

2d + (kII
x )2(L − d) = (k0 sin φ0)

2L

(kI
x)

2 d
ǫ
+ (kII

x )2(L − d) = (k0 sin φ0)
2 L2

ǫd+(L−d)

(64)

These equations together with (58) can be solved easily to obtain

ǫy = ǫz = 1 + (ǫ − 1)
d

L
(65)

ǫx =
ǫ

ǫ(1 − d/L) + d/L
(66)

Note that when d → L, the elements of the dielectric tensor approach the permittivity
of region I, i.e. ǫx, ǫy, ǫz → ǫ and when d → 0, then ǫx, ǫy, ǫz → 1, as expected. At
low frequencies, as shown by (65) and (66), the equivalent permittivities are neither
functions of frequency (k0) nor functions of incidence angle.

The low frequency results can also be obtained in a different way by placing the periodic
layer in a parallel plate capacitor. Let us first consider a slice of the medium, consisting
of many layers of the dielectric slabs all parallel with the capacitor plates, in a parallel
plate capacitor with plate spacing D and area A as shown in Fig. 6. Suppose there are
N layers of dielectric in the capacitor. This capacitor may be represented by 2N series
capacitor having capacitances of C1 = ǫ0A/(L − d) and C2 = ǫ0ǫA/d. The equivalent

y

x

.D

o 
o

2N

C1
C2

o

o 
..

Figure 6: A capacitor filled with the periodic layer with dielectric layers parallel to the
capacitor plates and its equivalent circuit.

capacitance is then

C =
1

∑2N
i 1/Ci

=
1

N( 1
C1

+ 1
C2

)
=

ǫ0A

N

ǫ

(L − d)ǫ + d
(67)
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On the other hand the capacitance in terms of the equivalent dielectric constant ǫx is
given by

C =
ǫ0ǫxA

NL
(68)

Comparing (67) with (68), equation (66) is obtained. Now loading the capacitor differ-
ently, that is, putting a slice of the periodic random medium such that dielectric plates
are perpendicular to the capacitor plates (see Fig. 7) a different quantity for the effective
dielectric constant is obtained. The equivalent circuit in this case consists of 2N parallel
capacitors with capacitance of C1 and C2. The equivalent capacitances is given by

C =
2N
∑

i

Ci = N(C1 + C2) =
Nǫ0Z

D
(L − d + ǫd) (69)

and the capacitance in terms of the equivalent dielectric constant ǫy is given by

C =
ǫ0ǫyZNL

D
(70)

where Z is the z-dimension of the capacitor plate. Comparing (69) with (70), equation
(65) is obtained.

y

x

C2C1. . . . .o

Figure 7: A capacitor filled with the periodic layer with dielectric layers perpendicular
to the capacitor plates.

4 Numerical Examples

As mentioned earlier (57) and (62) can be solved using numerical methods. Here we use
Newton’s method to find the zeroes of the functions given by (57) and (62) in which kI

x
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is expressed in terms of kII
x using (58). Before searching for zeroes we note that these

functions are odd functions of kII
x , that is, if κ is a solution so would be −κ and both

would give identical solutions for the equivalent permittivity as given by (61).

To study the behavior of the equivalent dielectric tensor elements, we consider a medium
with ǫ = 4 + i1 and L = λ0/4 . Figures 8 and 9 depict the variation of the real and
imaginary parts of ǫx (H polarization) and ǫy = ǫz (E polarization) versus angle of
incidence for d/L = 0.5 . It is shown that the dependence on incidence angle is very
small and these results are in agreement with (65) and (66) within 10%. The real and
imaginary parts of the equivalent permittivities as a function of d/L for incidence angle
φ0 = 45◦ are shown in Figs. 10 and 11 respectively.

As L/λ0 increases, the propagation loss factors (Im[ky]) of different modes become com-
parable to each other. For example, if L/λ0 = m/2, where m is an integer, there would
be at least two modes with equal propagation loss factor. Figures 12a through 12c show
the location of zeroes of (57) in kII

x -plane for d/L = 0.5, φ0 = 45◦, and four values of
L/λ0.

To check the validity and applicability of this technique we compare the reflection coeffi-
cient of a corrugated surface using the moment method [5] with the reflection coefficient
of the equivalent anisotropic medium as derived in Section 4. The geometry of the scat-
tering problem is shown in Fig. 1. We consider a case where L = λ0/4, d = t = λ0/8,
ǫ1 = 4 + i1, and ǫ2 = 15 + i7. The tensor elements for these parameters are found to be
ǫx = 1.65+ i0.12, ǫy = ǫz = 2.6+ i0.58. Figures 13 and 14, respectively, compare the am-
plitude and phase of the reflection coefficients for both E and H polarizations. Excellent
agreement between the results based on the moment method and the equivalent layer is
an indication for the validity of the model. As frequency increases, because of presence
of higher order modes, the discrepancy between the moment method and the equivalent
layer results becomes more evident. Figures 15 and 16 show the reflection coefficient of
a corrugated layer with L/λ0 = 0.4, d = t = 0.2λ, ǫ1 = 4 + i1, and ǫ2 = 15 + i7. In
this case ǫx = 1.81 + i0.2, ǫy = ǫz = 2.77 + i0.78 and the agreement is still very good,
but for L > λ0/2 where more than one Bragg mode exists the model fails to predict the
reflection coefficient accurately.

Success of the equivalent layer in modeling rectangular corrugations can be extended
to arbitrary periodic geometries. By approximating the cross section of the periodic
surface with staggered increments of equal height, the surface can be viewed as a stack
of corrugated layers (see Fig. 17). The height of each layer ∆H must be chosen such that
∆H ≤ λ/10 where λ is the wavelength in the material. Then each corrugated layer can
be modeled by an equivalent anisotropic slab and the reflection coefficient of the resultant
uniaxial layered medium can be obtained. To demonstrate this method consider a wedge-
shape microwave absorber with permittivity ǫ = 2+i0.5, period L = 0.4λ0, wedge height
H = 1.5λ0, and base height D = 1λ0. The number of layers considered here is 30 and
the corresponding reflection coefficients for both E and H polarizations as a function of
incidence angle is depicted in Fig. 18.
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Figure 8: Real part of the equivalent dielectric tensor elements for periodic slab medium
with L = λ0/4, ǫ = 4 + i1, and d/L = 0.5 versus incidence angle; ǫx (H polarization),
ǫy = ǫz (E polarization).
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Figure 9: Imaginary part of the equivalent dielectric tensor elements for periodic slab
medium with L = λ0/4, ǫ = 4 + i1, and d/L = 0.5 versus incidence angle; ǫx (H
polarization), ǫy = ǫz (E polarization).
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Figure 10: Real part of the equivalent dielectric tensor elements for a periodic slab
medium with L = λ0/4, ǫ = 4+ i1, and φ0 = 45◦ versus d/L; ǫx (H polarization), ǫy = ǫz

(E polarization).
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Figure 11: Imaginary part of the equivalent dielectric tensor elements for periodic slab
medium with L = λ0/4, ǫ = 4+ i1, and φ0 = 45◦ versus d/L; ǫx (H polarization), ǫy = ǫz

(E polarization).
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Figure 12: Location of zeros of (A-10)in the kII
x -plane for for the periodic slab medium

with ǫ = 4 + i1, φ0 = 45◦, d/L = 0.5, and (a) L = 0.2λ0, (b) L = 0.5λ0, (c) L = 0.8λ0,
(d) L = 1.4λ0.
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Figure 13: Amplitude of reflection coefficient of a corrugated surface for both E and H
polarizations versus incidence angle; L = 0.25λ0.
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Figure 14: Phase of reflection coefficient of a corrugated surface for both E and H
polarizations versus incidence angle; L = 0.25λ0.
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Figure 15: Amplitude of reflection coefficient of a corrugated surface for both E and H
polarizations versus incidence angle; L = 0.4λ0.
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Figure 16: Phase of reflection coefficient of a corrugated surface for both E and H
polarizations versus incidence angle; L = 0.4λ0.
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Figure 17: Geometry of a wedge-shape microwave absorber and its staircase approxima-
tion.
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Figure 18: Amplitude of reflection coefficient of a wedge-shape microwave absorber for
both E and H polarizations versus incidence angle; L = 0.4λ0, H = 1.5λ0, D = 1λ0, and
ǫ = 2.5 + i0.5.
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