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Electromagnetic Scattering By Random
Rough Surfaces

The problem of electromagnetic scattering from random rough surfaces has been the sub-
ject of intense investigation over the past several decades for its applications in a number
of important remote sensing problems. With the advent of the polarimetric synthetic
aperture radar (SAR), radar remote sensing has attained significant prominence in the
past decade. SAR systems are capable of producing the backscatter map of the terrain
with high resolution from an airborne or space-borne platform. Radar remote sensing of
soil moisture is one example for which the knowledge of electromagnetic wave interaction
with rough surfaces is needed. Soil moisture, and its temporal and spatial variations are
influential parameters in both climatic and hydrologic models. Soil dielectric constant at
microwave frequencies exhibits a strong dependence on the soil’s moisture content. At
L-band, for example, the real part of the dielectric constant ranges from 3 for dry soil to
about 25 for saturated soil. This variation can result in a change on the order of 10 dB
in the magnitude of the radar backscatter coefficient [1]. Another such example is radar
remote sensing of ocean surfaces. The interest in radar remote sensing of ocean stems
from the fact that the upper ocean has a large influence on global weather and climate
processes through its role in the exchange of matter (aerosols and gases) momentum and
energy with atmosphere [2]. From the electromagnetics point of view, remote sensing
of rough surfaces can be modeled as an inverse scattering problem, where the dielectric
constant and surface roughness statistics are to be determined from a set of backscatter
measurements.

The problem of wave scattering from random rough surfaces has been the subject of
ongoing research over the past several decades. Generally speaking, the available elec-
tromagnetic scattering models can be categorized into three major groups: (1) analytical,
(2) empirical, and (3) numerical. The analytical scattering solutions for rough surfaces
can be obtained in approximate forms and under certain limiting conditions which allow
the required mathematical simplifications. There are two classical approaches available
for this problem, 1) a high frequency method known as Kirchhoff approach [7], and 2) a
low frequency method knows as the small perturbation method [3, 4]. The high and low
frequency in this context refer to the relative dimensions of the statistical parameters of
the surface roughness profile to the wavelength of the incident wave. For example when
the root-mean-squared (rms) of the surface height profile and the surface correlation
length are much smaller than the wavelength the small perturbation method can be
used, whereas in the other extreme when the rms height and correlation length are large
compared to the wavelength the Kirchhoff approach is appropriate.

In the small perturbation method (SPM) the surface fields are expanded in terms of a
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power series in the small roughness parameter and then, using either the Rayleigh hy-
pothesis or the extended boundary condition [5], the expansion coefficients are obtained
recursively. The scattering formulations based on SPM exist for dielectric and perfectly
conducting rough surfaces. For these surfaces, only first-order expressions for the co-
polarized and second-order expressions for the cross-polarized backscattering coefficients
are reported [6]. On the other hand, if the irregularities of the surface have relatively
small slopes and large radii of curvature, the Kirchhoff approximation (KA) can be used
[7]. In this approach, the surface fields at a given point are approximated by those
of the local tangent plane. In the past two decades, many attempts have been made
to extend the validity region of SPM and KA. Among these, the phase perturbation
method (PPM) [8] and the unified perturbation expansion (UPE) [9] for extending the
low-frequency techniques, and the integral equation method (IEM) [10] for extending
the high-frequency techniques, can be mentioned. In the PPM, the perturbation solu-
tion is obtained by expanding the phase of the field instead of the field itself, whereas in
the UPE method, the solution is obtained by expanding the field in terms of a parame-
ter (momentum transfer) that remains small over a region larger than the perturbation
parameter used in SPM. Scattering formulation based on PPM and UPM are reported
only for one-dimensional rough surfaces. The scattering solution based on IE method
is obtained by inserting the KA into the surface field integral equation. This method is
significant in that it reduces to the SPM solution, thereby seemingly bridging the gap
between the low- and high-frequency solutions [11].

In this chapter we confine our attention to the classical approaches, and present fully
polarimetric solutions for dielectric surfaces at high and low frequencies.

1 Kirchhoff Approximation

In the Kirchhoff approach the unknown surface fields are approximated by the physical
optics currents assuming that the surface at each point is locally flat (tangent plane
approximation). This approximation is valid for surfaces with large radii of curvature at
every point on the surface. For perfectly conducting surfaces the Kirchhoff diffraction
integrals can be evaluated much easier than those for dielectric surfaces. The excess
complexity of the Kirchhoff approach for dielectric surfaces stems from the fact that the
reflection coefficients locally are complex functions of the incidence angle whereas for a
perfectly conducting surface the TE and TM reflection coefficients are respectively −1
and +1 independent of the local incident angle. To overcome this difficulty, further sim-
plifications are made for evaluating the diffraction integral assuming either the surface
slope is small with a very high probability or using the stationary phase approximation
which only accounts for the contribution from certain points on the surface known as
the specular points. The solution with the small slope approximation is referred to as
the physical optics approximation (P.O.) and the solution using the stationary phase ap-
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proximation is known as the geometrical optics approximation (G.O.). The result based
on GO approximation is frequency independent as it is proportional to the probability
of the occurrence of the surface slopes for which the reflected or transmitted rays are
parallel to the observation direction.

Consider two homogeneous dielectric media whose interface is described in the global
coordinate system by a function z = f(x, y). Let us denote the permittivity and perme-
ability of the upper and lower regions by ǫo and µo and ǫ1 and µo respectively. Suppose
the interface is illuminated by a plane wave whose direction of propagation k̂i is given
by (4) as shown in Figure 1. In this figure f(x, y) denotes a sample of a two dimen-
sional stochastic process which is assumed to be a zero-mean stationary Gaussian process
with a known power spectral density. The bistatic scattered field from different sample
functions of the stochastic process is a random process which depending on the surface
roughness may fluctuate significantly. As described before in most clutter characteriza-
tion studies, the second moments of the scattered field such as the bistatic scattering
coefficient are of interest. In this treatment the basic assumption is that the radius of
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Figure 1: A rough interface between two homogeneous dielectric media.

curvature at any point on the surface is much larger than the incident wavelength. With
this assumption, the electric and magnetic fields at every point on the surface can be
approximated by those of a semi-infinite medium with planar interface (tangent plane)
for which exact solution exist. As shown before (in the proof of Ewald-Oseen extinction
theorem) once the tangential fields on the surface of a scatterer are known the scattered
field in regions 0 and 1 can, respectively, be obtained from

E0
s (r̄) =

∫

s

∫ [
ik0Z0

(
n̂ × H(r̄′)

)
·

=

G0 (r̄, r̄′) −
(
n̂ × E(r̄′)

)
· ∇×

=

G0 (r̄, r̄′)
]
ds′ (1)

E1
s (r̄) = −

∫

s

∫ [
ik1Z1(n̂ × H(r̄′)·

=

G1 (r̄, r̄′) − (n̂ × E(r̄′)) · ∇×
=

G1 (r̄, r̄′)
]
ds′ (2)

Where
=

G0 (r̄, r̄′) and
=

G1 (r̄, r̄′) are the dyadic Green’s functions for regions 0 and 1, and
n̂ is the unit normal to the surface pointing towards region 0 and is given by
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n̂ =
∇(z − f(x, y))

|∇(z − f(x, y))| =
−fxx̂ − fyŷ + ẑ
√

1 + f 2
x + f 2

y

(3)

where

fx =
∂f(x, y)

∂x

fy =
∂f(x, y)

∂y

Since the antenna footprint usually covers a finite portion of the rough surface, the notion
of far-field region can be exploited. Let us assume that the observation points in region
0 or 1 are in the far-field region of the illuminated portion of the rough surface (A). In
this case the far-field expression of the dyadic Green’s functions (equation (2.21)) can be
employed in the diffraction integrals (1) and (2). Suppose the direction of observation
points in region 0 and 1 are denoted by k̂0

s and k̂1
s respectively, then

=

G0 (r̄, r̄′) ≃
[
=

I −k̂0
s k̂

0
s

]
eik0r

4πr
e−ik0k̂0

s ·r̄′ (4)

=

G1 (r̄, r̄′) ≃
[
=

I −k̂1
s k̂

1
s

]
eik1r

4πr
e−ikik̂1

s ·r̄′ (5)

Recalling that ∇×
=

G (r̄, r̄′) is anti- symmetric, that is

(n̂ × E(r′)) · ∇×
=

G (r̄, r̄′) = −∇×
=

G (r, r′) · (n̂ × E(r̄′)),

and in the far-field region

∇×
=

G (r̄, r̄′) = ∇g(r̄, r̄′)×
=

I≃
eik0r

4πr
eik0k̂0

s ·r̄′ik0k̂
0
s×

=

I

which can be written as

∇×
=

G (r̄, r̄′) ≃ eik0r

4πr
eik0k̂0

s ·r̄′ik0k̂
0
s ×

(
=

I −k̂0
s k̂

0
s

)

it can easily be shown that

(
n̂ × E(r̄′)

)
· ∇×

=

G (r̄, r̄′) ≃ eik0r

4πr
eik0k̂0

s ·r̄′ik0

[
(n̂ × E(r̄′)) × k̂0

s

]
·
(

=

I −k̂0
s k̂

0
s

)
(6)
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In view of (4) and (6), (1) can be written as

E0
s (r̄) ≃

ik0e
ik0r

4πr

(
=

I −k̂0
s k̂

0
s

)
·
∫∫

s

{
Z0

(
n̂ × H(r̄′)

)
+ k̂0

s ×
(
n̂ × E(r̄′)

)}
e−ik0k̂0

s ·r̄′ds′ (7)

In a similar manner it can be shown that

E1
s (r̄) ≃

−ik1e
ik1r

4πr

(
=

I −k̂1
s k̂

1
s

)
·
∫

s

∫ {
Z1

(
n̂ × H(r̄′)

)
+ k̂1

s ×
(
n̂ × E(r̄′)

)}
eik1k̂1

s ·r̄′ds′

(8)
where the negative sign, as explained before, is due to the fact that the same unit normal
vector to the surface is used.

The next step is to characterize the surface field quantities using the Kirchhoff approx-
imation. At a given point r̄′ on the surface let t̂ be a unit vector perpendicular to the
local plane of incidence, i.e.,

t̂ =
k̂i × n̂

|k̂i × n̂|
(9)

Also we define a unit vector in the plane of incidence perpendicular to k̂i

û = t̂ × k̂i (10)

The reflected wave locally propagates along

k̂r = k̂i − 2n̂(n̂ · k̂i) (11)

To calculate the reflected waves, the incident field is decomposed into its perpendicular
and parallel polarization components where each component then is modified according
to the local Fresnel reflection coefficient. For the incident plane wave

E
i
= E0e

ik0k̂i·r̄ , H
i
= H0e

ik0k̂i·r̄

where H0 = k̂i×E0

Z0
one can write

E
i
=
{
A
(
k̂i × t̂

)
+ Bt̂

}
eik0k̂i·r̄

and
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H
i
= Y0

{
B
(
k̂i × t̂

)
− At̂

}
eik0k̂i·r̄

The reflected waves are

E
r

=
{
ARh

(
k̂r × t̂

)
+ BRet̂

}
eik0k̂r ·r̄ (12)

H
r

= Y0

{
BRe

(
k̂r × t̂

)
− ARh t̂

}
eik0k̂r ·r̄ (13)

Where Re and Rh are the perpendicular and parallel Fresnel reflection coefficients and

A = −Z0H0 · t̂ B = E0 · t̂

Noting that

n̂ ×
(
k̂i × t̂

)
= −n̂ ×

(
k̂r × t̂

)
= −

(
n̂ · k̂i

)
t̂

it can be shown that

n̂ ×
(
E

i
+ E

r
)

= eik0k̂i·r̄
{
Z0

(
H0 · t̂

) (
n̂ · k̂i

)
(1 − Rh) t̂ +

(
E0 · t̂

)
(1 + Re) (14)

(
n̂ × t̂

)
}

n̂ ×
(
H

i
+ H

r
)

= eik0k̂i·r̄
{
−Y0

(
E0 · t̂

) (
n̂ · k̂i

)
(1 − Re) t̂ +

(
H0 · t̂

)
(1 + Rh) (15)

(
n̂ × t̂

)
}

Substituting (14) and (15) into (7) and (8) the explicit form for the scattered fields are
obtained and are given by

E
j
s(r̄) =

ikje
ikjr

4πr

(
=

I −k̂j
sk̂

j
s

)
·
∫∫

s

Cj (fx, fy) ei(k0k̂i−kj k̂j
s)·r̄′dx′dy′ (16)

with j = 0 or 1 and

Cj (fx, fy) =
√

1 + f 2
x + f 2

y (−1)j { − (E0 · t̂) [
Zj

Z0

(
n̂ · k̂i

)
(1 − Re) +

(
n̂ · k̂j

s

)
(17)

(1 + Re) ] t̂

+
(
ZjH0 · t̂

)
(1 + Rh)

(
n̂ × t̂

)
+
(
Z0H0 · t̂

) (
n̂ · k̂i

)
(1 − Rh)

(
k̂j

s × t̂
)
}

It should be noted that equation (16) is not specific to rough surfaces and can be applied
to compute the scattered field from any arbitrary dielectric scatterer1 where the limit of

1
1
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the integral is over the lit region. In derivation of (16) we used the following relationship
as well

ds′ =
dxdy

(n̂ · ẑ)
=
√

1 + f 2
x + f 2

y dxdy.

The Kirchhoff integrals (7) and (8) are valid when the surface slopes are relatively small
and/or medium 1 is lossy as these integrals do not account for the shadowing effects
and re-entry of the transmitted rays back to region 0. Figure 2 depicts the shadowing
and ray re-entry effects that are more significant at near grazing incidence angles. Ray
re-entry contribution is the dominant surface field component, in the absence of multiple
scattering, over the shadowed areas.

Shadow

Re-entry rayn̂

ki
^

Figure 2: Surface with shadow region due to k̂i showing re-entry ray effects.

As the surface height profile varies, the scattered field quantities given by (7) and (8)
vary accordingly. Assuming that the illuminated area of the rough surface is large
compared to the wavelength, it is expected that the number of scattering points on the
surface that contribute to the scattered field is statistically large. In this case, according
to the central limit theorem, the statistics of the scattered fields are Gaussian. Hence
a complete description of the field statistics can be obtained once the first and second
moments of the scattered fields are characterized. The scattered field in each region may
be written as

E
j
s(r̄) = 〈Ej

sco(r̄)〉 + E
j
sinco(r̄) (18)

where 〈Ej
sco(r̄)〉 is the mean scattered field which will be referred to as the coherent term

and E
j
sinco(r̄) is the fluctuating component of the scattered field which will be referred

to as the incoherent component of the scattered field. It is obvious that

〈Ej
sinco(r̄)〉 = 0 (19)
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and that the total scattered power is proportional to

〈|Ej
s(r̄)|2〉 = |〈Ej

sco(r̄)〉|2 + 〈|Ej
sinco(r̄)|2〉 (20)

To compute (20) further approximation must be used. Two standard approximate so-
lutions for (20) are based on small slope expansion and stationary phase method which
are respectively known as the Physical Optics approximation and Geometric Optics
approximation.

1.1 Physical Optics Approximation

In this method, the coefficient in the integrand (16) is expanded in terms of its Taylor
series around zero slope, i.e.,

Cj(fx, fy) ≃ Cj(0, 0) +
∂Cj

∂fx
|
fx=fy=0

fx +
∂Cj

∂fy
|
fx=fy=0

fy + · · · (21)

If the surface roughness is a gentle function of position, only the first term of (21) is
sufficient to provide an approximate solution. Retaining only the first term of (21), (16)
is reduced to

Ej(r̄) =
ikje

ikjr

4πr

(
=

I −k̂j
sk̂

j
s

)
· Cj(0, 0)Ij (22)

where

Ij =
∫∫

A

ei(k0k̂i−kj k̂j
s)·r̄′dx′dy′ (23)

In this approximation only I is stochastic and the coherent and incoherent scattered
powers are proportional to |〈Ij〉|2 and 〈|Ij|2〉 − |〈Ij〉|2 respectively. These can be cal-
culated directly once the statistics of the height profile is known. For many natural
rough surfaces a stationary Gaussian process is an accurate description of the surface
roughness statistics. Assuming Z = f(x, y) is a zero-mean Gaussian process, then for
any arbitrary number of points (xm, ym), fms are jointly Gaussian. For two arbitrary
points (x1, y1) and (x2, y2) the joint probability density function is given by

P (f1, f2) =
1

2πσ2
√

1 − C2
e

−[f2
1
−2Cf1f2+f2

2 ]
2σ2(1−C2) (24)

where σ is the rms height of the surface and C = C(x1, y1; x2, y2) is the correlation
coefficient between the two points. For a surface with azimuthal symmetry C is only a
function of radial distance between the two points, that is,
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C(x1, y1; x2, y2) = C(
√

(x1 − x2)2 + (y1 − y2)2) = C(ρ)

C is basically the normalized auto correlation function of the process which is defined
by

〈f(x1, y1)f(x2, y2)〉 = σ2C(x1, y1; x2, y2)

Rewriting (23) as

Ij =
∫

A

∫

A

ei(νj
xx′+νj

yy′)eiνj
zf(x′,y′) dx′dy′ (25)

where

ν̄j = νj
xx̂ + νj

y ŷ + νj
z ẑ = k0k̂i − kjk̂

j
s (26)

the mean value of I can be computed from

〈Ij〉 =
∫ Lx

−Lx

∫ Ly

−Ly

ei(νj
xx′+νj

yy′)〈eiνj
zf(x′,y′)〉dx′dy′ (27)

where it is assumed that the lit area is a rectangle with dimensions 2Lx × 2Ly. Noting

〈eiνj
zf(x′,y′)〉 is the characteristic function of Gaussian process f, we have

〈eiνj
zf(x′,y′)〉 = e−

1
2
σ2(νj

z)2 (28)

In view of (28)

〈Ij〉 = 4LxLysinc(νj
xLx)sinc(νj

yLy)e
− 1

2
σ2(νj

z)2

Allowing Lx and Ly to become very large and noting that

lim
Lx→∞

Lxsinc(νj
xLx) = πδ(νj

x).

It can easily be shown that

|〈Ij〉|2 = 4π2A e−(νj
z)2σ2

δ(νj
x)δ(ν

j
y) (29)

Equation (29) indicates that the coherent scattered field exist only for scattering direc-
tion kj

s where νj
x = νj

y = 0.

For region 0 we have
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x̂ · (k̂i − k̂0
s) = ŷ · (k̂i − k̂0

s) = 0

or

sin θi cos φi = sin θ0
s cos φ0

s

sin θi sin φi = sin θ0
s sin φ0

s

which has the solution θ0
s = π− θi, φ

0
s = φi

s. In other words, the coherent field exist only
in the specular (with respect to the mean flat surface with n̂ = ẑ) direction in region 0
for which ν0

z = 2k0 cos θi. In a similar manner it can be shown that the coherent field
in region 1 exists only along the transmitted field for a planar interface for which ν1

z =

k0

(
cos θi −

√(
k1

k0

)2 − sin2 θi

)
. From (29) it can be shown that the surface roughness

modifies the surface reflectivity of the mean flat surface (|Re,h|2) by a factor e−4(k0 cos θi)2σ2

and its transmissivity (|Te,h|2) by e
−k2

0

(
cos θi−

√(
k1
k0

)2

−sin2 θi

)2

σ2

.

To calculate the incoherent scattered power, the integral for 〈|I|2〉 must first be calculated

〈|Ij|2〉 =
∫

A

∫ ∫

A

∫
ei[νj

x(x1−x2)+νj
y(y1−y2)]〈eiνj

z(f(x1,y1)−f(x2,y2))〉dx1dx2dy1dy2 (30)

Any linear transformation on a jointly Gaussian random vector would produce a jointly
Gaussian random vector. In other words, if W = (W1, W2, · · ·Wn) is Gaussian, then

U =
=

A W is jointly Gaussian where
=

A is an (m× n) matrix. The covariance of U(Λv) in

terms of Λw is simply obtained from

Λu = AΛwA
t

where A
t
is the transpose of A. Hence f(x1, y1)−f(x2, y2) is a Gaussian random variable

with variance 2σ2[1 − C(ρ)] and characteristic function

〈eiνj
z(f(x1,y1)−f(x2,y2))〉 = e−σ2(1−C(ρ))(νj

z )2 (31)

where as before ρ =
√

(x1 − x2)2 + (y1 − y2)2 for a surface with statistical azimuthal

symmetry. In view of (31) the integrand of (30) is a function of difference variables and
can be simplified through a change of variables: x = x1 − x2, x

′ = x2 (a similar change
of variables is performed for y1 and y2). With this change of variables x1 = x + x′

and x2 = x′ which has a Jacobian of unity, however, the limits of the integral must be
changed as shown in Figure 3. Actually the area of the square can be covered by first
integrating along the line of constant x where the integrand is constant. The integrand
along x is proportional to the length of constant x line confined within the space as
shown in Figure 3.
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-Lx Lx

Lx

x1

-Lx

x2

dx/  2

(2 Lx - x)   2

Area = ( 2 Lx - x) dx

Constant x line of length

x

Figure 3: Geometry of area over which the integrand of (30) is carried out and the
associated change of variables.

Therefore (30) can now be written as

〈|Ij|2〉 =
∫ 2Lx

−2Lx

dx
∫ 2Ly

−2Ly

dy(2Lx − |x|)(2Ly − |y|) (32)

×ei[νj
xx+νj

yy]e−σ2(1−C(ρ))(ν
j
z)2

Using a similar change of variables |〈Ij〉|2 can be written as

|〈Ij〉|2 =
∫ 2Lx

−2Lx

dx
∫ 2Ly

−2Ly

dy(2Lx − |x|)(2Ly − |y|) × ei(νj
xx+νj

yy)e−σ2(νj
z)2 (33)

Subtracting (33) from (32)

〈|Ij|2〉 −
∣∣∣〈Ij〉

∣∣∣
2

=
∫ 2Lx

−2Lx

dx
∫ 2Ly

−2Ly

(2Lx − |x|)(2Ly − |y|) (34)

×ei(νj
xx+νj

yy)
[
e−σ2(1−C(ρ))(νj

z )2 − e−σ2(νj
z)2
]

Allowing Lx and Ly to become very large, it can be shown that

lim
Lx→∞

(2Lx − |x|) ∼ 2Lx
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for |x| ≪ Lx. Considering the fact that the term in the bracket vanishes quickly as x
increases, (34) can be simplified to:

〈|Ij|2〉 − |〈Ij〉|2 = A
∫∫+∞

−∞

[
e−σ2(1−C(ρ))(νj

z )2 − e−σ2(νj
z)2
]
ei(νj

xx+νj
yy)dxdy (35)

Making a change of variables νj
x = νj

ρ cos δ, νj
y = νj

ρ sin δ and x = ρ cos φ, y = ρ sin φ and
noting that

∫ 2π

0
eiνj

ρρ cos(φ−δ)dφ = 2πJ0(ν
j
ρρ)

where Jo is the Bessel function of the first kind and zeroth order, (35) reduces to

〈|Ij|2〉 − |〈Ij〉|2 = 2πA
∫ ∞

0
ρJ0(ν

j
ρρ)

[
e−σ2(1−C(ρ))(νj

z )2 − e−σ2(νj
z)2
]
dρ (36)

In general the integral in (36) must be evaluated numerically, however, in some special
cases the integral can be transformed into an infinite series. Consider the Taylor series
expansion

e−σ2(νj
z)2
[
eσ2(νj

z)2C(ρ) − 1
]

= e−σ2(νj
z)2

∞∑

m=1

(σνj
z)

2m

m!
Cm(ρ)

If the normalized surface correlation function is Gaussian, that is,

C(ρ) = e−ρ2/ℓ2

where ℓ is known as the correlation length, and using the identity

∫ ∞

0
ρJ0(ν

j
ρρ)e−mρ2/ℓ2dρ =

ℓ2

2m
e−

(ν
j
ρℓ)2

4m ,

then (36) takes the following form:

〈|Ij|2〉 − |〈Ij〉|2 = πAe−(σνj
z )2

∞∑

m=1

(σνj
z)

2mℓ2

m(m!)
e−

(ν
j
ρℓ)2

4m (37)

In cases where convergence of (37) is poor, for large values of m, it is recommended
that Sterling’s formula be used for m!, that is for m > 10, m! ≃ mme−m

√
2πm. We

are now in a position to calculate the backscattering coefficients. We need to evaluate

(
=

I −k̂j
sk̂

j
s) · Cj(0, 0) where in (17) n̂ = ẑ, t̂ = k̂i×ẑ

|k̂i×ẑ| = ĥi, Re = Re(θi), and Rh = Rh(θi)

must be substituted. To evaluate σo
hh and σo

vh, Eo is set parallel to ĥi and Cj(0, 0) will be

12



denoted by C
h
j . It is obvious that σo

hh and σo
vh are proportional to |ĥj

s ·C
h
j |2 and |v̂j

s ·C
h
j |2

respectively. After some simple algebraic manipulations it can be shown that

ĥj
s · C

h
j = (−1)j+1

[
Zj

Z0
cos θi(1 − Re(θi)) + cos θj

s(1 + Re(θi))
]
cos(φj

s − φi) (38)

v̂j
s · C

h
j = (−1)j+1

[
Zj

Z0
cos θi(1 − Re(θi)) + cos θj

s(1 + Re(θi))
]
cos θj

s (39)

sin(φj
s − φi)

Similarly ĥj
s · C

v
j and v̂j

s · C
v
j are needed to compute σo

hv and σo
vv where C

v
j is Cj(0, 0)

when the incident field is parallel to υ̂i. The explicit expressions are given by

ĥj
s · C

v
j = (−1)j

[
Zj

Z0
(1 + Rh(θi)) + cos θi cos θj

s(1 − Rh(θi))
]
sin(φj

s − φi) (40)

v̂j
s · C

v
j = (−1)j

[
−Zj

Z0
(1 + Rh(θi)) cos θj

s − cos θi(1 − Rh(θi))
]
cos(φj

s − φi) (41)

Therefore the following expressions for the bistatic scattering coefficients are obtained

σo
pq(θ

j
s, φ

j
s; θi, φi) =

|kj|2Z0

4πZj
|p̂j

s · C
q
j |2D p, q ∈ {v, h} (42)

where p̂j
s can be either v̂j

s or ĥj
s and q can be v or h and

D =
[
〈|Ij|2〉 − |〈Ij〉|2

]
/A (43)

Also the covariance between the scattered field elements are given by

〈SpqS
∗
p′q′〉o =

|kj|2Z0

(4π)2Zj

(p̂j
s · C

q
j)(p̂

′j
s · Cq

j)
∗D p, q, p′, q′ ∈ {v, h} (44)

1.2 Geometrical Optics Approximation

The small slope approximation which resulted in the P.O. solution may be too restrictive.
Another approach for evaluating the statistical behavior of (16) is an approximation in
the limit as the wavelength compared to the radii of curvature at any points approaches
zero. Under this approximation the involved integrals can be evaluated using the sta-
tionary phase approximation. Although the stationary phase approximation does not
put any restriction on the surface slope, the surface slopes still have to be moderate as
(16) does not account for the effects of multiple scattering and shadowing.

13



Since Cj(fx, fy) is a relatively slowly varying function of position and the exponential
phase varies rapidly (k0 is large) as x′ and y′ change, the contribution of the integrand
to the overall integral comes from the points near the stationary phase point. The
stationary phase points for the scattered field in region 0 are obtained from:

∂

∂x′

[
ν̄j · r̄′

]
= 0 ,

∂

∂y′

[
ν̄j · r̄′

]
= 0 (45)

Recalling that ν̄j = k0k̂i − kj k̂
j
s and r̄′ = x′x̂ + y′ŷ + f(x′, y′)ẑ at stationary point

f s
x = −νj

x

νj
z

; f s
y = −νj

y

νj
z

(46)

The unit normal to the surface at the stationary phase point (in region 0), using (46) in
(3), is found to be

n̂s
0 =

ν0
xx̂ + ν0

y ŷ + ν0
z ẑ√

(ν0
x)

2 + (ν0
y)

2 + (ν0
z )

2
=

k̂s − k̂i

|k̂i − k̂s|
(47)

Equation (47) clearly indicates that the stationary points are those points on the surface
where the observation direction is in the local plane of incidence and along the specular
direction. Evaluating Cj(fx, fy) at the stationary phase points, (16) becomes

Ej
s(r̄) =

ikje
ikjr

4πr
(
=

I −kj
sk̂

j
s) · Cj(f

s
x, f s

y )Ij (48)

where Ij is the same integral defined by (23).

Since in the G.O. approximation k0σ >> 1, according to (29), the coherent scattered
power is negligible at incidence angles away from grazing incidence. The second moments
of the scattered fields are proportional to 〈|Ij|2〉 which is given by

〈|Ij|2〉 = 〈
∫

A

∫

A

ei[νj
x(x−x′)+νj

y(y−y′)+νj
z(f(x,y)−f(x′,y′))]dxdx′dydy′〉 (49)

Since ν̄j is proportional to k, ξ̄j = ν̄j/kj is independent of frequency. Expanding f(x′, y′)
in terms of its Taylor series around x = x′ and y = y′

f(x′, y′) = f(x, y) + fx(x − x′) + fy(y − y′) + · · ·

and using a change of variables
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u = kj(x − x′)

v = kj(y − y′)

(49) can be written as

〈|Ij|2〉 =

〈
1

k2
j

A
∫∫

e
i

[
(ξj

x+fxξj
z)u+(ξj

y+fyξj
z)v+ 1

kj
(···)
]

dudv

〉

As kj → ∞ only the first two terms of the integrand exponent remain. Therefore

〈|Ij|2〉 =
4π2A

k2
j

〈δ(ξj
x + fxξ

j
z)δ(ξ

j
y + fyξ

j
z)〉 (50)

Knowing the joint probability density function of the surface slopes (P (fx, fy)), (50) can
be evaluated readily. In fact

〈|Ij|2〉 =
4π2A

(νj
z)2

P

(
−νj

x

νj
z

,−νj
y

νj
z

)
(51)

For a Gaussian process f(x, y), fx and fy, which are obtained from f(x, y) using a linear
operation, are jointly Gaussian. Since f(x, y) is zero-mean

fx = lim
∆x→0

f(x + ∆x, y) − f(x, y)

∆x

and

fy = lim
∆y→0

f(x, y + ∆y) − f(x, y)

∆y

are also zero-mean. It can easily be shown that 〈fxfy〉 = 0, 〈f 2
x〉 = 〈f 2

y 〉 = σ2|C ′′(0)| and
therefore

P (fx, fy) =
1

2πσ2|C ′′(0)|e
− f2

x+f2
y

2σ2|C′′(0)| (52)

Using (52) in (51), we have

〈|Ij|2〉 =
2πA

(νj
z)2σ2|C ′′(0)|

e
− (ν

j
x)2+(ν

j
y)2

2(ν
j
z )2σ2|C′′(0)| (53)
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To evaluate the backscattering coefficients C
h
j and C

v
j must be evaluated (where C

h
j is

the value of Cj for h̄i incident polarization and C
v
j is the value of Cj for v̂i incident

polarization). When the observation point is in region 0

t̂ =
k̂i×n̂s

0

|n̂s
o×k̂i|

, n̂s
o =

k̂0
s − k̂i

|k̂0
s − k̂i|

t̂ · ĥi = − (n̂s
0·v̂i)

|ns
0×ki| , t̂ · ĥs = − n̂s

0 · v̂s

|k̂s
0 × k̂i|

t̂ · v̂i =
(ns

0·ĥi)

|ns
0×k̂i|

t̂ · v̂s =
n̂s

0 · ĥs

|n̂s
0 × k̂i|

After some tedious algebra it can be shown that

C
h
0 =

2 (n̂s
0 · k̂i)k0|k̂0

s − k̂i|
|k̂0

s × k̂i|2|ν0
z |

{[
(v̂i · k̂0

s)(ĥs · k̂i)Re − (ĥi · k̂0
s)(v̂s · k̂i)Rh

]
v̂s (54)

−
[
(v̂i · k̂0

s)(v̂s · k̂i)Re + (ĥi · k̂0
s)(ĥs · k̂i)Rh

]
ĥs −

1

2
(ĥi · k̂0

s)(1 + k̂0
s · k̂i)(1 + Rh)k̂

0
s

}

C
v
0 =

2 (n̂s
0 · k̂i)k0|k̂0

s − k̂i|
|k̂0

s × k̂i|2|ν0
z |

{
−
[
(v̂i · k̂0

s)(v̂s · k̂i)Rh + (ĥi · k̂0
s)(ĥs · k̂i)

]
v̂s (55)

+
[
−(v̂i · k̂0

s)(ĥs · k̂i)Rh + (ĥi · k̂0
s)(v̂s · k̂i)Re

]
ĥs −

1

2
(v̂i · k̂0

s)(1 + k̂s
s · k̂i)(1 + Rh)k̂

0
s

}

Here Re and Rh are evaluated at θ = cos−1
(
−n̂s

0 · k̂i

)
.

In the special case of backscattering (φs = π + φi, θ = π − θi) where k̂0
s = −k̂i in the

denominator of (54) and (55) the cross product k̂0
s × k̂i = 0, however, at the same time

the numerator also goes to zero. To determine the values of C
h
0 and C

v
0 in the backscatter

direction, we first calculate these quantities at θi = θ, θs = θ + ∆θ and then let ∆θ → 0,
that is,

lim
∆θ→0

(v̂i · k̂0
s)(ĥs · k̂i)

|k̂0
s × k̂i|2

= 0

lim
∆θ→0

(ĥi · k̂0
s)(v̂s · k̂i)

|k̂0
s × k̂i|2

= 0

lim
∆θ→0

(v̂i · k̂0
s)(v̂s · k̂i)

|k̂0
s × k̂i|2

= 1
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lim
∆θ→0

(ĥi · k̂0
s)(ĥs · k̂i)

|k̂0
s × k̂i|2

= 0

lim
∆θ→0

(ĥi · k̂0
s)(1 + k̂0

s · k̂i)

|k̂0
s × k̂i|2

= 0

lim
∆θ→0

(v̂i · k̂0
s)(1 + k̂0

s · k̂i)

|k̂0
s × k̂i|2

= 0

Furthermore, noting that in the backscatter direction n̂s
0 · |k̂0

s − k̂i| = 2 and |ν0
z | =

2k0| cos(θi)|, we have

C
h
0 = − 2

| cos(θi)|
Reĥs (56)

C
v
0 = − 2

| cos(θi)|
Rev̂s (57)

Using (54) and (55) the bistatic scattering coefficients and the covariance between the
scattered field elements can be obtained. For q-polarized transmit wave (q̂ = v̂i or ĥi)
and p-polarized receive antenna the bistatic scattering coefficient is given by

σ0
pq(θ

0
s , φ

0
s; θi, φi) =

k2
0

2(ν0
z )

2σ2|C ′′(0)| |p̂s · Cq
0|2e

− (ν0
x)2+(ν0

y)2

2(ν0
z )2σ2|C′′(0)| (58)

where p̂s = v̂s or ĥs. Also the bistatic field covariance is given by:

〈SpqS
∗
p′q′〉o =

k2
0

8π(νo
z)

2σ2|C ′′(0)|(p̂s · Cq
o)(p̂

′
s · C

q′
o )∗



e
− (νo

x)2+(νo
y)2

2(νo
z )2σ2|C′′(0)|



 (59)

It should be noted that (58) is a special case of (59) since

σo
pq = 4π〈SpqS

∗
pq〉o

Equation (56) clearly demonstrates that the bistatic scattering coefficient is independent
of frequency as expected for geometric optics approximation.

To calculate the bistatic scattering coefficients when the observation point is in region
1, we note that at the stationary point (see (46))

n̂s
1 =

k1k̂
1
s − k0k̂i

|k1k̂1
s − k0k̂i|

(60)
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At this point the k-vectors satisfy the phase matching condition, i.e.

ko(k̂i − (n̂s
1 · k̂i)n̂

s
1) = k1(k̂

1
s − (n̂s

1 · k̂1
s)n̂

s
1) (61)

which can be shown directly from (58). In other words, stationary phase points on the
surface are those points where k̂i, k̂

1
s , and n̂ are in the same plane and k̂1

s is along the
transmitted ray from region 0 to 1. Using a similar procedure it can be shown that

C
h
1 =

2(n̂s
1 · k̂1

s)k1|k̂1
s − ko

k1
k̂i|

|k̂1
s × k̂i|2|ν1

z |
{[

(v̂i · k̂1
s)(ĥs · k̂i)(1 + Re) − (ĥi · k̂1

s)(v̂s · k̂i)

·Z1

Zo
(1 + Rh)

]
v̂s −

[
(v̂i · k̂1

s)(v̂s · k̂i)(1 + Re) + (ĥi · k̂1
s)(ĥs · k̂i)

Z1

Z0

(1 + Rh)] ĥs +
1

2
(ĥi · k̂1

s)(1 + Rh)
Z1

Z0
[(ĥs · k̂i)(ĥs · n̂1

s) + (v̂s · k̂i)(v̂s · n̂1
s)]k̂

1
s

}

C
v
1 =

2(n̂s
1 · k̂1

s)k1|k̂1
s − k0

k1
k̂i|

|k̂1
s × k̂i|2|ν1

z |
{
−
[
(ĥi · k̂1

s)(ĥs · k̂i)(1 + Re)+

(v̂i · k̂1
s)(v̂s · k̂i)

Z1

Z0
(1 + Rh) ] v̂s +

[
−(ĥi · k̂1

s)(v̂s · k̂i)(1 + Re)

+(v̂i · k̂1
s)(ĥs · k̂i)

Z1

Z0
(1 + Rv) ] ĥs +

1

2
(v̂i · k̂1

s)(1 + Rh)
Z1

Z0
[(ĥs · k̂i)(ĥs · n̂1

s) + (v̂s · k̂i)(v̂s · n̂1
s)]k̂

1
s

}

where the explicit form of the reflection coefficients are

Re =
k0(n̂

s
1 · k̂i) − k1(n̂

s
1 · k̂1

s)

k0(n̂s
1 · k̂i) + k1(n̂s

1 · k̂1
s)

Rh =
ǫ1k0(n̂

s
1 · k̂i) − ǫ0k1(n̂

s
1 · k̂1

s)

ǫ1k0(n̂
s
1 · k̂i) + ǫ0k1(n̂

s
1 · k̂1

s)

2 Small Perturbation Method

Perturbation method is a powerful mathematical tool for complex electromagnetic prob-
lems. This method is usually useful for boundary-value problems where there are small
variations on a parameter, such as the permittivity or permeability of the medium or the
boundary conditions, that influences the solution. In this procedure the solution of the
unperturbed problem must be known. By expanding the fluctuating parameter and the
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unknowns in terms of a power series of the perturbation factor, an iterative solution can
be obtained. In the context of the electromagnetic scattering from rough surfaces with
small surface roughness parameters, the fluctuating parameter is the boundary between
the two homogeneous media. The unperturbed problem is the problem of plane wave
reflection and transmission between two homogeneous media with a planar interface for
which an exact solution exist. Two methods will be presented in this chapter: 1) based
on the expansion of surface fields using the extinction theorem, and 2) based on the ex-
pansion of the volumetric currents induced in the top rough layer. The second method
is appropriate for rough surfaces with inhomogeneous dielectric profiles as will be shown
later.

2.1 Extended Boundary Condition Method

The problem of electromagnetic scattering from a metallic rough surface was first treated
by Rice [3]. More advanced techniques based on the extended boundary condition for di-
electric surfaces were later developed by Nieto-Vesprian [9] and Agarwal[5]. The method
described here is based on the extended boundary condition for two homogeneous di-
electric media with a slightly rough interface and closely follows the procedure outlines
by Tsang, et al [6]. In the following section a recently developed approach based on
polarization current will be discussed.

The geometry of the problem is the same as the one shown in Figure 1. In this case it is
assumed that the height profile and its derivatives are small compared to the wavelength.
As before we assume the height profile is deterministic in order to formulate the scatter-
ing problem. The extended boundary condition establishes a relationship between the
surface fields and the scattered and incident fields in each region. Denoting the surface
height profile by ∆f(x, y) where ∆ is a small scalar quantity, we have

Ei(r) +
∫∫

s

[
ik0Z0

=

G0 (r, r′) · (n̂ × H(r′)) + ∇×
=

G0 (r, r′) · (n̂ × E(r′))
]
ds′

=

{
E0(r) z > ∆fmax (1)

0 z < ∆fmin (2)

−
∫∫

s

[
ik1Z1

=

G1 (r, r′) · (n̂ × H(r′)) + ∇×
=

G1 (r, r′) · (n̂ × E(r′))
]
ds′

=

{
0 z > ∆fmax (3)

E1(r) z < ∆fmin (4)

where n̂ is the unit normal to the surface pointing towards region 0 and fmin and fmax

refer to the minimum and maximum of f(x, y), and
=

Gj (r, r′) is the free-space dyadic
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Green’s function for region j. The inclusion of the multiplicative factor ∆ in the expres-
sion for height profile is for keeping track of scattered fields which are produced by the
perturbed surface. In the equations above, we have used the fact that n̂ × E(r′) and
n̂×H(r′) are continuous across the dielectric boundary and thus no subscript is assigned
to them.

Calculations of the unknown surface fields is accomplished through simulataneous appli-
cation of equations (2) and (3). In (2) the Fourier representation of the dyadic Green’s
function given by

=

G0 (r, r′) =
i

(8π)2

∫∫
1

k0z

[
ê(−k0z)ê(−k0z) + ĥ(−k0z)ĥ(−k0z)

]
ei(k⊥−k0z ẑ)·(r−r′)dkxdky

(5)

and its curl (∇×
=

Go (r, r′)) given by

∇×
=

G0 (r, r′) = ∇g×
=

I

=
i

(8π)2

∫∫
i
K0

k0z

×
=

I eiKo·(r−r′)dkxdky

or simply

∇×
=

G0 (r, r′) =
−1

8π2

∫∫+∞

−∞

1/k0z

[
−ĥ(−k0z)ê(−k0z) + ê(−k0z)ĥ(−k0z)

]
ei(k⊥−k0z ẑ)·(r−r′)dkxdky

(6)

will render an equation suitable from the perturbation analysis where plane waves are
used as the basis functions for the unknown surface fields.

Similar expression for
=

G1 (r, r′) and ∇×
=

G1 (r, r′) can be obtained by replacing the
subscript 0 with 1 in (5) and (6). For simplicity of equations, instead of defining the
surface fields (n̂ × E) and (n̂ × H) as the unknown, we define a new set of unknown
vectors

a(r′⊥) =
n̂ × H(r′)

(n̂ · ẑ)
(7)

b(r′⊥) =
n̂ × E(r′)

(n̂ · ẑ)
(8)

Substituting (5), (6), (7) and (8) into (2) and (3) the following coupled integral equations
are obtained:
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Ei(r) =
−1

8π2

∫∫
dkxdkye

i(K0·r) 1

koz

∫∫
e−ik⊥·r′⊥eik0z∆f(x′,y′) {k0Z0 [ê(−k0z)ê(−k0z) (9)

+ ĥ(−k0z)ĥ(−k0z)
]
· a(r′⊥) + i

[
−ĥ(−k0z)ê(−k0z) + ê(−k0z)ĥ(−k0z)

]
· b(r′⊥)

}
dx′dy′

0 =
−1

8π2

∫∫
dkxdkye

i(k1·r) 1

k1z

∫∫
e−ik⊥·r′⊥eik1z∆f(x′,y′) {k1Z1 [ê(k1z)ê(k1z) (10)

+ ĥ(k1z)ĥ(k1z)
]
· a(r′⊥) + i

[
−ĥ(k1z)ê(k1z) + ê(k1z)ĥ(k1z)

]
· b (r′⊥)} dx′dy′

It should be emphasized that the three components of a(r′⊥) and b(r′⊥) are not indepen-
dent since

n̂ · a(r′⊥) = n̂ · b(r′⊥) = 0

In fact

az(r
′
⊥) = ∆(fx(r

′
⊥)x̂ + fy(r

′
⊥)ŷ) · a(r′⊥) (11)

bz(r
′
⊥) = ∆(fx(r

′
⊥)x̂ + fy(r

′
⊥)ŷ) · b(r′⊥) (12)

In the limit as ∆ → 0 the surface roughness disappears and the surface fields approach
those of a flat surface denoted by ao(r

′
⊥) and bo(r

′
⊥). When ∆ is sufficiently small the

surface fields may be expanded by convergent series given:

a(r′⊥) =
∞∑

m=0

am(r′⊥)

m!
∆m (13)

b(r′⊥) =
∞∑

m=0

bm(r′⊥)

m!
∆m (14)

where am and bm are referred to as the mth-order solution. In the integral equations (9)
and (10), r′ is on the surface, that is, r′ = r′⊥ + ∆f(x′, y′)ẑ which makes the integrand
a function of f(x′, y′). Using the Taylor series expansion we have

e±ikjz∆f(x′,y′) =
∞∑

m=0

(±ikjzf(x′, y′))m

m!
∆m j = 0, 1 (15)

Substituting (13) and (14) in (11) and (12) and requiring that fx and fy be of the same
order as the function itself, that is, with a high probability fx/f and fy/f are not large
quantities, azm(r′⊥) can be related to a(m−1)(r

′
⊥) as follows

azm(r′⊥) = m(fx(r
′
⊥)x̂ + fy(r

′
⊥)ŷ) · a(m−1)(r

′
⊥) . (16)

bzm(r′⊥) = m(fx(r
′
⊥)x̂ + fy(r

′
⊥)ŷ) · b(m−1)(r

′
⊥) . (17)
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with m is a non-negative integer. In other words we require that the surface slope be
moderate.

Note that to the zeroth order in ∆, n̂ = ẑ and surface fields do not have ẑ components,
i. e.,

azo(r
′
⊥) = bz0(r

′
⊥) = 0 .

Now substituting (13), (14), and (15) in (9) and (10) and noting that

Ei(r) = p̂ie
ik

i

⊥·r⊥e−iki
zz = p̂i

∫∫ !+∞

−∞

dkxdkye
iK0·rδ(k⊥ − k

i

⊥)

we have

p̂i

∫∫+∞

−∞

dkxdkyδ(k⊥ − k
i

⊥)eiK0·r =
−1

8π2

∫∫+∞

−∞

dkxdkye
iK0·r 1

k0z

{∫∫
dx′dy′ (18)

×e−ik⊥·r′⊥
∞∑

m=0

∞∑

m′=0

(ikozf(x′, y′))m

m!m′!

[
=

Q
−

0 ·am′(r′⊥)+
=

P
−

0 ·bm′(r′⊥)
]
∆m+m′

}

where
=

Q
−

0 and
=

P
−

0 are given by

=

Q
±

0 = k0Z0

[
ê(±k0z)ê(±k0z) + ĥ(±k0z)ĥ(±k0z)

]
(19)

=

P
±

0 = i
[
−ĥ(±k0z)ê(±k0z) + ê(±k0z)ĥ(±k0z)

]
(20)

Recognizing the expression in { } of equation (18) as a 2-D Fourier transform, the
following equation is obtained after performing the Fourier transform

∞∑

m=0

∞∑

m′=0

−i(ik0z)
m−1

(2m!)(m′!)

[
=

Q
−

0 · ⊗m F (k⊥) ∗ ãm′(k⊥)+
=

P
−

0 · ⊗m F (k⊥) ∗ b̃m′(k⊥)
]
∆m+m′

(21)

= p̂iδ(k⊥ − k
i

⊥)

where F (k⊥) is the Fourier transform of f(x, y) and ãm′(k⊥) and b̃m′(k⊥) are also Fourier
transform of am′(r′⊥) and b̃m′(r′⊥). The symbols ∗ denotes the convolution operation and
⊗m denotes the m-fold self-convolution

⊗mF =
1

(4π2)m−1

m︷ ︸︸ ︷
F ∗ F ∗ · · · ∗ F
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with a definition ⊗0F = 1/(4π)2. Similarly from (10) we have

∞∑

m=0

∞∑

m′=0

−i(ik1z)
m−1

2(m!)(m′!)

[
=

Q
+

1 · ⊗m F (k⊥) ∗ ãm′(k⊥)+
=

P
+

1 · ⊗m F (k⊥) ∗ b̃m′(k⊥)
]
∆m+m′

= 0

(22)

where
=

Q
+

1 and
=

P
+

1 are given by (19) and (20) with subscripts 0 replaced by 1 and −k0z

to k1z. Since (21) and (22) must be valid for all values of ∆, then the coefficients of equal
powers of ∆ on both sides of the equations must be equal. For the zeroth-order solution
(m = m′ = 0) the following vector equations are obtained:

−1

8π2k0z

[
=

Q
−

0 ·ã0(k⊥)+
=

P
−

0 ·b̃0(k⊥)
]

= p̂iδ(k⊥ − k
i

⊥) (23)
[

=

Q
+

1 ·ã0(k⊥)+
=

P
+

1 ·b̃0(k⊥)
]

= 0 (24)

Since ãz0(k⊥) and b̃z0(k⊥) are zero, (23) and (24) constitute 4 equations for the 4 un-
knowns ã⊥0 and b̃⊥0. Once ã0(k⊥) and b̃0(k⊥) are obtained the higher order solutions can
be derived in a recursive manner. It can easily be shown that the m-th order solution
(m > 0) in terms of the lower order solutions is given by

=

Qj ·ãm(k⊥)+
=

P j ·b̃m(k⊥) = −4π2
m∑

ℓ=1

(
m

ℓ)(ikjz)
ℓ[

=

Qj · ⊗ℓ F (k⊥) ∗ ã(m−ℓ)(k⊥)

+
=

P j · ⊗ℓ F (k⊥) ∗ b̃(m−ℓ)(k⊥)] (25)

where j = 0 or 1 and
(

m

ℓ

)
is the binomial coefficient. Equation (25) constitutes 2 vector

equations (one for j = 0 and one for j = 1) which together with

amz(k⊥) = imk⊥ · F (k⊥) ∗ ã(m−1)(k⊥) (26)

bmz(k⊥) = imk⊥ · F (k⊥) ∗ b̃(m−1)(k⊥), (27)

obtained from (16) and (17), provide a total of 6 scalar equations for the six unknown
quantities.

Once the surface fields to any desired order are calculated from (25)-(27), equations (1)
and (4) will be used to derive the scattered field in each region. When z > ∆fmax

Es(r) = − 1

8π2

∫∫
dkxdkye

ik0·r 1

k0z

∫∫
e−ik⊥·r′⊥e−ik0zf(x′,y′) (28)

{
k0Z0

[
ê(k0z)ê(k0z) + ĥ(k0z)ĥ(k0z)

]
· a(r⊥)+

i
[
−ĥ(k0z)ê(k0z) + ê(k0z)ĥ(k0z)

]
· b(r⊥)

}
dx′dy′
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and when z < ∆fmin

E1(r) =
−1

8π2

∫∫
dkxdkye

iK1·r 1

k1z

∫∫
e−ik⊥·r′eik1zf(x′,y′) (29)

{K1Z1

[
ê(−k1z)ê(−k1z) + ĥ(−k1z)ĥ(−k1z)

]
· a(r⊥)

+ i
[
−ĥ(−k1z)ê(−k1z) + ê(−k1z)ĥ(−k1z)

]
· b(r⊥)

}
dx′dy′

Following a similar procedure as outlined for deriving (21), (28) and (29) can be, respec-
tively, written in terms of their perturbation expansion as

E
s
0(r) =

−1

2

∫∫+∞

−∞

dkxdkye
ik0·r 1

k0z

∞∑

m=0

∞∑

m′=0

(ik0z)
m

m!m′!

[
=

Q
+

0 · ⊗m F (k⊥) ∗ ãm′(k⊥) (30)

+
=

P
+

0 · ⊗m F (k⊥) ∗ b̃m′(k⊥) ] ∆m+m′

E
s
1(r) =

−1

2

∫∫−∞

+∞

dkxdkye
iK1·r 1

k1z

∞∑

m=0

∞∑

m′=0

(ik1z)
m

m!m′!

[
=

Q
−
1 · ⊗m F (k⊥) ∗ ãm′(k⊥) (31)

+
=

P
−
1 · ⊗m F (k⊥) ∗ b̃m′(k⊥) ] ∆m+m′

We are now in a position to derive the explicit expressions for the scattered fields. The
starting point is equations (23) and (24). A convenient way of solving (23) and (24) is
to express ão(k⊥) and b̃o(k⊥) in a Cartesian coordinate system composed of ẑ, q̂ = ê(ki

z),
and t̂ which is perpendicular to ẑ and q̂, that is,

ã(k⊥) = aq(k⊥)q̂ + at(k⊥)t̂ + az(k⊥)ẑ (32)

b̃(k⊥) = bq(k⊥)q̂ + bt(k⊥)t̂ + bz(k⊥)ẑ

where

q̂ =
k̂i × ẑ

|k̂i × ẑ|
(33)

t̂ = ẑ × q̂

After some algebraic manipulations
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a0q(k⊥) =
ki

z

k0Z0

[
ê(−ki

z) · p̂i

]
(1 − Rh(θi))4π

2δ(k⊥ − k
i

⊥) (34)

a0t(k⊥) =
1

Z0

[
ĥ(−ki

z) · p̂i

]
(1 + Rv(θi))4π

2δ(k⊥ − k
i

⊥)

b0q(k⊥) = −ik0k
i
z

[
ĥ(−ki

z) · p̂i

]
(1 − Rv(θi))4π

2δ(k⊥ − k
i

⊥)

b0t(k⊥) = ik0

[
ê(−ki

z) · p̂i

]
(1 + Rh(θi))4π

2δ(k⊥ − k
i

⊥)

where Rh and Rv are the Fresnel reflection coefficients for TE and TM waves evaluated
at the incidence angle θi. Substituting (34) into (30) and (31) the zeroth-order scattered
fields (m = m′ = 0) are given by

E
(0)
s (r) =

{
Rh(θi)

[
ê(−ki

z) · p̂i

]
ê(ki

z) + Rv(θi)
[
ĥ(−ki

z) · p̂i

]
ĥ(ki

z)
}

(35)

×ei(k
i

⊥·r⊥+iki
zz)

E
(0)
1 (r) =

{
(1 + R(θi))

[
ê(−ki

z) · p̂i

]
ê(−ki

z) +
k0

k1
(1 + Rv(θi))

[
ĥ(−ki

z) · p̂i

]
(36)

×ĥ(−ki
1z) } ei(k

1
⊥·r⊥−iki

1zz)

Derivation of the first order solution is more involved. Starting from (26) and (27) with
m = 1, we find

a1z(k⊥) = i

[
kxkyi − kykxi

kρi
aoq(k

i

⊥) +

(
kxkxi + kykyi

kρi
− kρi

)
a0t(k

i

⊥)

]
×F (k⊥ − k

i

⊥) (37)

b1z(k⊥) = i

[
kxkyi − kykxi

kρi

b0z(k⊥) +

(
kxkxi + kykyi

kρi

− kρi

)
b0q(k

i

⊥)

]
× F (k⊥ − k

i

⊥) (38)

where kρi =
√

k2
xi + k2

yi. Now using (25), a1q(k⊥), a1t(k⊥), b1q(k⊥), and b1t(k⊥) can be

obtained. Using (30) with m = 1, m′ = 0 and m = 0, m′ = 1 the first-order scattered
field is given by:

E
(1)
s (r) = − ∆

8π2

∫∫+∞

−∞

dkxdkye
ik0·r

{
1

k0z

[
=

Q
+

o (k0z) · ã1(k⊥)+
=

P
+

0 (koz) · b̃1(k⊥)
]

(39)

+ i
[

=

Q
+

0 (koz) · ã0(k
i

⊥)+
=

P
+

0 (k0z) · b̃0(k
′
⊥)
]
F (k⊥ − k

i

⊥) }
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It is found that ã1(k⊥) and b̃1(k1) are linearly proportional to F (k⊥ − k
i

⊥) and noting
that

〈F (k⊥ − k
i

⊥)〉 =
∫∫

dx′dy′ei(k⊥−k
i

⊥)·r′⊥〈f(x′, y′)〉 = 0,

then it is obvious that the mean scattered field is zero, i.e.,

〈E(1)
s 〉 = 0 (40)

In a similar manner, the mean value of the first-order transmitted field is zero,

〈E(1)
1 〉 = 0 (41)

Assuming that the perturbation on the surface is confined over a finite region or assuming
that the illuminated beam on the surface is finite, the stationary phase approximation
can be used to evaluate (39). The stationary phase point is k

s

0 = k0 cos φs sin θsx̂ +
k0 sin φs sin θsŷ + k0 cos θsẑ where θs and φs denote the direction of observation. Using
the stationary phase approximation we have

E
(1)
s (r) ≃ −i∆

eik0r

4πr

{
=

Q
+

0 (ks
0z) · ã1(k

s

⊥)+
=

P
+

0 (ks
0z)b̃1(k

s

⊥) (42)

+
[

=

Q
+

0 (ks
0z) · ã0(k

i

⊥)+
=

P
+

0 (ks
0z)b̃0(k

i

⊥)
]
F (k

s

⊥ − k
i

⊥) }

where ks
0z = k0 cos θs and k

s

⊥ is k⊥ evaluated at the stationary phase point. The only

random quantity in (42) is F (k
s

⊥ − k
i

⊥). Noting that the power spectral density of the
random process f(x, y) is defined by

W (k⊥) = lim
A→∞

1

A
〈|F (k⊥)|2〉

the backscattering coefficients can be computed from (42) and are given by

σ◦
vv(k̂s, k̂i) = 16πk4

0 cos2 θs cos2 θi

∣∣∣∣∣
(k2

1 − k2
0)

(k2
1k

s
z + k2

0k
s
1z)(k

2
1k

i
z + k2

0k
i
1z)

×
[
k2

1k
2
0 sin θs sin θi − k2

0k
s
1zk

i
1z cos(φs − φi)

]
|2 W (k

s

⊥ − k
i

⊥)

σ◦
vh(k̂s, k̂i) = 16πk4

0 cos2 θs cos2 θi

∣∣∣∣∣
(k2

1 − k2
0)k0k1zs

(k2
1k

s
z + k2

0k
s
1z)(k

i
z + ki

1z)

∣∣∣∣∣

2

sin2(φs − φi)

× W (k
s

⊥ − k
i

⊥)

σ◦
hv(k̂s, k̂i) = 16πk4

0 cos2 θs cos2 θi

∣∣∣∣∣
(k2

1 − k2
0)k0k

i
1z

(ks
z + ks

1z)(k
2
1k

i
z + k2

0k
i
1z)

∣∣∣∣∣

2

sin2(φs − φi)
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× W (k
s

⊥ − k
i

⊥)

σ◦
hh(k̂s, k̂i) = 16πk4

0 cos2 θs cos2 θi

∣∣∣∣∣
(k2

1 − k2
o)

(ks
z + ks

1z)(k
i
z + ki

1z)

∣∣∣∣∣

2

cos2(φs − φi)

× W (k
s

⊥ − k
i

⊥)

2.2 Rough Surface with Inhomogeneous Profile: A Volumetric

Integral Equation Method

In this section analytical expressions for the bistatic scattering coefficients of soil surfaces
with slightly rough interface and stratified permittivity profile are derived [15]. The
scattering formulation is based on a new approach where the perturbation expansion of
the volumetric polarization current instead of the tangential fields is used to obtain the
scattered field. Study of this problem is modivated for its application in radar remote
sensing of soil moisture. In nature, most soil surfaces have a non-uniform moisture
profile. The soil moisture profile is usually a complex function of soil type, temperature
profile, surface evaporation and moisture content [16]. This variations in moisture profile
can be translated to variations in the permittivity of a soil medium using the existing
empirical dielectric models. In this approach, the top rough layer is replaced with an
equivalent polarization current and using the volumetric integral equation in conjunction
with the dyadic Green’s function of the remaining stratified half-space medium, the
scattering problem is formulated.

Closed form analytical expressions for the induced polarization currents to any desired
order are derived which are then used to evaluate the bistatic scattered fields up to and
including the third order. The analytical solutions for the scattered fields are used to
derive the complete second-order expressions for the backscattering coefficients as well
as the statistics of phase difference between the scattering matrix elements. In what
follows, the theoretical formulation for the scattering problem is given and the closed-
form complete second order solution for backscattering coefficients and phase-difference
statistics are derived. Then, the theoretical solution will be compared with experimental
backscatter measurements of rough surfaces with known dielectric profiles and roughness
statistics.

2.2.1 Theoretical Analysis

Consider an inhomogeneous half-space medium with a rough interface as shown in Fig.
1. In the following derivation, it is assumed that the medium is stratified, that is, the
relative permittivity is only a function of z, and is given by

ǫr(x, y, z) = ǫr(z) .

Suppose a plane wave is illuminating the rough interface from the upper medium
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Figure 4: An inhomogeneous half-space medium with a rough interface. Left side of this
figure shows the dielectric profile.

and, with a very high probability, the surface height variation is small compared with
the wavelength of the incident wave. To make the solution tractable, the permittiv-
ity of the top layer down to a depth of d is considered to be uniform, where -d <
min{surface profile}. As before, let us denote the surface height profile by a function
z = △f(x, y), where f(x, y) is a zero-mean stationary random process with a known
autocorrelation function, and △ << λ is a small constant representing the perturbation
parameter. The incident wave can be written as

Ei(r̄) = Pi e
ik0k̂i·r ,

where Pi denotes the polarization of the incident wave, k0 = 2π
λ

is the free space prop-

agation constant, and k̂i is the unit vector along the direction of propagation, given
by

k̂i = sin θi cos φix̂ + sin θi sin φiŷ − cos θiẑ .

In the absence of the top homogeneous rough layer (with thickness d), the incident wave
would be reflected at the smooth interface between the free space and the inhomogeneous
half space soil medium. The reflected wave can be expressed by

Er(r̄) = Pr eik0k̂r·r ,

where k̂r is the direction of propagation of the reflected wave, given by

k̂r = k̂i − 2(ẑ · k̂i)ẑ ,

and Pr is the polarization vector of the reflected wave, which can be obtained from

Pr = rv(Pi · v̂i)v̂r + rh(Pi · ĥi)ĥr .
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Here rv and rh are the Fresnel reflection coefficients, and the horizontal and vertical unit
vectors are given by

ĥs =
k̂s × ẑ

|k̂s × ẑ|
, v̂s = ĥs × k̂s , (43)

where the subscript s can be i or r for the incident and reflected waves. In presence
of the homogeneous rough layer, the incident and reflected waves induce a polarization
current within the top dielectric layer which is the source of the scattered field. The
polarization current in terms of the total field and the permittivity of the layer is

J(r) = −ik0Y0(ǫ − 1)Et , (44)

where Y0 = 1
Z0

is the characteristic admittance of the free space, and

Et = Ei + Er + Es .

The scattered field Es can in turn be expressed in terms of the polarization current and
is given by

Es = ik0Z0

∫

Vslab

¯̄G(r, r′) · J(r′) dv′ , (45)

where ¯̄G(r, r′) is the dyadic Green’s function of the half-space inhomogeneous medium
(in the absence of the top rough layer). Substituting (45) into (43), the following integral
equation for the polarization current can be obtained:

1

ǫ − 1
J(r) = −ik0Y0(E

i + Er) + k2
0

∞∫

−∞

d+△f(x′,y′)∫

0

¯̄G(r, r′) · J(r′) dv′ . (46)

An approximate solution for the integral equation can be obtained using a perturbation
technique. By breaking the z′ integral into two integrals, one with limits from 0 to d and
the other with limits from d to d +△f(x′, y′), and noting △f(x′, y′) is a small quantity,
up to the Nth order in △, (46) can be written as

1

ǫ − 1
J(r) ≃ −ik0Y0(E

i + Er) + k2
0

∞∫
−∞

d∫
0

¯̄G(r, r′) · J(r′) dx′dy′dz′

+k2
0

N−1∑
n=0

∞∫
−∞

[△f(x′,y′)]n+1

(n+1)!
∂n

∂z′n

{
¯̄G(r, r′d) · J(r′d)

}
dx′dy′ , (47)

where r′d = x′x̂ + y′ŷ + dẑ. Taking the two-dimensional Fourier transform of both sides
of (47) and noting that the integrals in x′ and y′ are of convolution type, it can be shown
that

1

ǫ − 1
J̃(k⊥, z) = −i4π2k0Y0δ(k⊥ − ki

⊥)
[
Pie

−iki
zz + Pre

iki
zz
]

29



+ k2
0

d∫

0

≈
G (k⊥; z, z′) · J̃(k⊥, z′) dz′ + k2

0

N−1∑

n=0

n∑

m=0

(
n
m)△n+1

(n + 1)!

· ∂m

∂z′m
≈
G (k⊥; z, d) ·

[
∂n−m

∂z′n−m J̃(k⊥, d)∗
n+1⊗

F (k⊥)

]
, (48)

where ∗ is the convolution operator, F (k⊥) is the Fourier transform of f(x′, y′),
n⊗

rep-

resents n-fold self-convolution (
n⊗

F =

n︷ ︸︸ ︷
F ∗ F ∗ . . . ∗ F ), ki

z = k0 cos θi, and
≈
G (k̄⊥; z, z′)

is the Fourier transform of the Green’s function, given by

≈
G (k⊥; z, z′) = −ẑẑ

δ(z − z′)

k2
0

+
i

2kz






{[
rhĥ(kz)e

ikzz + ĥ(−kz)e
−ikzz

]
· ĥ(−kz)e

ikzz′

+
[
rvv̂(kz)e

ikzz + v̂(−kz)e
−ikzz

]
· v̂(−kz)e

ikzz′
}

z < z′,

{
ĥ(kz)

[
rhĥ(−kz)e

ikzz′ + ĥ(kz)e
−ikzz′

]
eikzz

+ v̂(kz)
[
rvv̂(−kz)e

ikzz′ + v̂(kz)e
−ikzz′

]
eikzz

}

z > z′.

(49)

In (49), kz =
√

k2 − k2
x − k2

y , k⊥ = kxx̂ + kyŷ, and ĥ(±kz) and v̂(±kz) can be obtained

from (43) with k̂s = (kxx̂ + kyŷ ± kz ẑ)/k0.

Since the surface height variations are much smaller than the wavelength (△ << λ0), the
induced polarization current on the top rough layer closely resembles that of a smooth
layer with the same dielectric constant and thickness d. Under this assumption, the
polarization current may be expanded in terms of a convergent perturbation series in
△, and is given by

J(r) =
∞∑

n=0

Jn(r)△n , (50)

where J0(r) is the induced polarization current in the unperturbed layer. Then by sub-
stituting this expansion into (48) and collecting terms of equal powers in △, a recursive
set of equations for the components of the polarization current can be obtained, and is
given by

1

ǫ − 1
J̃0(k⊥, z) = −i4π2k0Y0δ(k⊥ − ki

⊥)
[
Pie

−iki
zz + Pre

iki
zz
]

+ k2
0

d∫

0

≈
G (k⊥; z, z′) · J̃0(k⊥, z′) dz′, (51)

1

ǫ − 1
J̃N(k⊥, z) = k2

0

d∫

0

≈
G (k⊥; z, z′) · J̃N(k⊥, z′) dz′
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+ k2
0

≈
G (k⊥; z, d)·

∼
VN . (52)

Here
∼

VN is the source function for the Nth-order integral equation with a closed form
representation

∼
VN =

N−1∑

n=0

N−n−1∑

m=0

(
N−n−1

m ) (ikz)
m

(N − n)!
·
[

∂N−n−m−1

∂ (z′)N−n−m−1 J̃n(k⊥, d)

]
∗

N−n⊗
F (k⊥) .

The integral equations so obtained are Fredholm integral equations of the second kind,
for which analytical solutions can be obtained. Note that the solution of the zeroth-order
equation is the source function for the first-order equation and the Nth-order equation
has an excitation function which consists of N-1 lower order polarization currents. To
solve (51), let us first split the integral into two integrals : one over the interval [0, z] and
the other over the interval [z, d]. Extending the integration limits of the second integral
over the entire interval [0, d] by adding and subtracting an integral over the interval [0, z]
and noting ĥ(kz) = ĥ(−kz), (51) can be written as

1

ǫ − 1
J̃0(k⊥, z) = −i4π2k0Y0δ(k⊥ − ki

⊥)
[
Pie

−iki
zz + Pre

iki
zz
]
− ẑẑ · J̃0(k⊥, z)

+
ik2

0

2kz

z∫

0

{
ĥ(kz)ĥ(kz)

[
e−ikz(z′−z) − eikz(z′−z)

]

+
[
v̂(kz)v̂(kz)e

−ikz(z′−z) − v̂(−kz)v̂(−kz)e
ikz(z′−z)

]}
· J̃0(k⊥, z′) dz′

+
ik2

0

2kz

{[
rhe

ikzz + e−ikzz
]
ĥ(kz)ĥ(kz) +

[
rve

ikzzv̂(kz) + e−ikzz v̂(−kz)
]

v̂(−kz)
}
·

d∫

0

J̃0(k⊥, z′) dz′ . (53)

Noting that the second integral in (53) is a constant function of z and that the first
integral is of convolution type in z, (53) is recognized as a vector Volta integral equation
that can be solved analytically using the Laplace transformation or Picard’s Process of
successive approximation [17]. Since the involved integral in (53) is explicit in terms of
variable k⊥, it can be shown that J̃0(k⊥, z) is of the form

J̃0(k⊥, z) = (2π)2 δ(k⊥ − ki
⊥) J̃0(z) . (54)

The polarization current can be decomposed into its principal components, given by

J̃0(z) = J0h(z) ĥ(ki
z) + J0t(z) t̂(ki

z) + J0z(z) ẑ , (55)

where t̂(ki
z) = ẑ × ĥ(ki

z). Evaluating the inner product of (53) with ĥ(ki
z), t̂(ki

z) and ẑ,
three uncoupled scalar Volta integral equations are obtained. Solutions to the resulted
integral equations for the three components of the current are of the following form:
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J0h(z) = A0
he

iki
1zz + B0

h e−iki
1zz ,

J0t(z) = A0
ve

iki
1zz + B0

v e−iki
1zz ,

J0z(z) = − ki
ρ

k1z

{
A0

v eiki
1zz − B0

v e−iki
1zz
}

. (56)

After a long algebraic manipulation, closed form expressions for the zeroth-order polar-
ization current are obtained

J0h(z) = −i 2k0ki
z

ki
z+ki

1z

Y0 (ǫ − 1) Ch
0 (ki, z)

[
Pi · ĥ(ki

z)
]

e−iki
zd ,

J0t(z) = −i
2k0ki

zki
1z

ki
ρ(ǫki

z+ki
1z)

Y0(ǫ − 1) Cv
0 (ki, z) [Pi · ẑ] e−iki

zd ,

J0z(z) = −i 2k0ki
z

ǫki
z+ki

1z

Y0(ǫ − 1) Cv
1 (ki, z) [Pi · ẑ] e−iki

zd ,

where

ki
1z = k0

√
ǫ − sin2 θi ki

ρ = k0 sin θi Ri
h =

ki
z−ki

1z

ki
z+ki

1z

Ri
v =

ǫki
z−ki

1z

ǫki
z+ki

1z

Ch
n(k, z) =

(−1)n (Rh − rh) eik1zz + (Rhrh − 1) e−ik1zz

Rh (Rh − rh) eik1zd + (Rhrh − 1) e−ik1zd

Cv
n(k, z) =

(−1)n (rv − Rv) eik1zz + (Rvrv − 1) e−ik1zz

Rv (Rv − rv) eik1zd + (Rvrv − 1) e−ik1zd
.

The source function of (52) can be written as

k2
0

≈
G (k⊥; z, d)·

∼
VN= −ik0Y0

(
qNie

−ikzz + qNre
ikzz

)
, (57)

where

qNi =
−Z0k0

2kz
eikzd ·

{(
ĥ(kz)·

∼
VN

)
ĥ(kz) + (v̂(−kz)·

∼
VN)v̂(−kz)

}

qNr =
−Z0k0

2kz
eikzd ·

{(
ĥ(kz)·

∼
VN

)
ĥ(kz) + (v̂(−kz)·

∼
VN)v̂(kz)

}
.

Note that the vector integral equation (52) and the source function for the Nth-order
polarization current are identical to those of the zeroth-order polarization current, and
therefore a similar solution can be easily obtained. By decomposing the Nth-order
polarization current in terms of its three principle components, it can be shown that

J̃Nh(k⊥, z) =
ik2

0(ǫ−1)

kz+k1z
Ch

0 (k, z)
[ ∼
VN ·ĥ(kz)

]

J̃Nt(k⊥, z) = ik0k1z(ǫ−1)
ǫkz+k1z

Cv
0 (k, z)

[ ∼
VN ·v̂(−kz)

]

J̃Nz(k⊥, z) = ik0kρ(ǫ−1)
ǫkz+k1z

Cv
1 (k, z)

[ ∼
VN ·v̂(−kz)

]
.
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2.2.2 Scattering Coefficients

Once the polarization current is obtained, the scattered field in region z > d can be
obtained from (45). Assuming that the surface perturbation is localized and the obser-
vation point r = r(sin θs cos φsx̂ + sin θs sin φsŷ + cos θsẑ) is far from the scatterer, the
far field approximation can be used to find the scattered fields. Using the stationary
phase approximation in the far fields region, the Green’s function is reduced to

¯̄G(r, r′) = eik0r

4πr

{[
ĥ(ks

z)ĥ(ks
z)r

s
h + v̂(ks

z)v̂(−ks
z)r

s
v

]
e−iKsr′

+
[
ĥ(ks

z)ĥ(ks
z) + v̂(ks

z)v̂(ks
z)
]
e−iksr′

}
. (58)

Substituting (58) and the polarization currents into (45) and expanding the integral
similar to those used in (47), the Nth-order scattered field is given by a power series in
△f(x, y) (similar to (45)). In this process, the Nth-order scattered field components are
found to be

Es
N(r) · ĥ(ks

z) = ik0Z0△N eik0r

4πr
e−iks

zd
N−1∑

n=0

N−n−1∑

m=0

(
N−n−1

m

)
(iks

z)
m

(N − n)!
[Rs

h + (−1)m]

·Ch
m(ks, d)

[
∂N−n−m−1

∂ (z′)N−n−m−1 J̃n(ks
⊥, d)

]
∗

N−n⊗
F (ks

⊥)

·ĥ(ks
z) (59)

Es
N(r) · v̂(ks

z) = ik0Z0△N eik0r

4πr
e−iks

zd
N−1∑
n=0

N−n−1∑
m=0

(N−n−1
m )(iks

z)m

(N−n)!

{
[Rs

v − (−1)m]

·Cv
m(ks, d) cos θs t̂(ks

z) + [Rs
v + (−1)m] Cv

m+1(k
s, d) sin θs ẑ

}

·
[

∂N−n−m−1

∂(z′)N−n−m−1 J̃n(ks
⊥, d)

]
∗

N−n⊗
F (ks

⊥) · v̂(ks
z) . (60)

The polarimetric response of a target can be obtained from its complex scattering matrix,
defined by

Es =
eikr

r
¯̄SEi . (61)

The elements of the bistatic scattering matrix can simply be computed by setting Pi =
ĥ(ki

z) and Pi = v̂(ki
z) in (59) and (60). For distributed targets, such as rough surfaces,

the quantities of interest are the elements of the differential covariance matrix, defined
by

σ0
ijpq = lim

A→∞

4π

A

〈
SijS

∗
pq

〉
, i, j, p, q ∈ {h, v} . (62)

Here 〈·〉 denotes ensemble averaging. These elements are in general complex quantities,
except when i = p and j = q, in which case the elements are the usual scattering
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coefficients. In the perturbation analysis, each element of the scattering matrix can be
evaluated up to the Nth-order, that is

Sij =
N∑

n=1

S
(n)
ij △n , i, j ∈ {h, v} . (63)

It turns out that simple expressions for the first-order elements can be obtained and are
given by

S
(1)
hh =

k2
0ki

zks
z(ǫ−1)e−i(ki

z+ks
z)d

π(ki
z+ki

1z)(ks
z+ks

1z)
Ch

0 (ks, d) Ch
0 (ki, d) cos(φs − φi) F (ks

⊥ − ki
⊥) , (64)

S
(1)
hv =

k0ki
zks

zki
1z(ǫ−1)e−i(ki

z+ks
z)d

π(ǫki
z+ki

1z)(ks
z+ks

1z)
Ch

0 (ks, d) Cv
0 (ki, d) sin(φs − φi) F (ks

⊥ − ki
⊥) , (65)

S
(1)
vh =

k0ki
zks

zks
1z(ǫ−1)e−i(ki

z+ks
z)d

π(ǫks
z+ks

1z)(ki
z+ki

1z)
Ch

0 (ki, d) Cv
0(k

s, d) sin(φs − φi) F (ks
⊥ − ki

⊥) , (66)

S(1)
vv =

ki
zki

1z(ǫ−1)e−i(ki
z+ks

z)d

π(ǫki
z+ki

1z)(ǫks
z+ks

1z)

[
−ks

zk
s
1zC

v
0 (ks, d)Cv

0 (ki, d) cos(φs − φi) +
ǫks

zks
ρki

ρ

ki
1z

·Cv
1 (ks, d)Cv

1 (ki, d)
]
F (ks

⊥ − ki
⊥) . (67)

In these expressions F (ks
⊥ − ki

⊥) is the only indeterministic factor and therefore the
elements of the differential covariance matrix can easily be obtained by noting that

lim
A→∞

1

A

〈∣∣∣△F (ks
⊥ − ki

⊥)
∣∣∣
2
〉

= W (ks
⊥ − ki

⊥) , (68)

where W (k⊥) is the power spectral density of the surface.

To examine the validity of the first-order results, a special case is considered. In the
case of backscattering (ks

⊥ = −ki
⊥) and for a homogeneous profile where Rv = rv and

Rh = rh, the first-order backscattering coefficients are given by

σ0
hhhh =

4

π
k4

0 cos4 θi

∣∣∣Ri
h

∣∣∣
2
W (−2ki

⊥)

σ0
vvvv =

4

π
cos4 θi

∣∣∣∣∣∣

(k2
1 − k2

0)
(
k2

1z + k2
1 sin2 θi

)

(ki
1z + ǫki

z)
2

∣∣∣∣∣∣

2

W (−2ki
⊥)

σ0
hvhv = σ0

vhvh = 0

which are in agreement with the results reported in the literature [6]. Before we proceed
with the higher order scattering solutions, the following observations are in order. The
analysis is simplified if we assume that the surface height profile f(x, y) is a Gaussian
random field. There is some evidence that this assumption is reasonable for some surfaces
of practical importance [1]. Since Fourier transformation is a linear operation, F (k⊥) is
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also Gaussian. It is well known that the following identities hold for a zero-mean jointly
Gaussian random vector {X1, . . . , Xn}:

〈XiXjXk〉 = 0 (69)

〈XiXjXkXl〉 = 〈XiXj〉 〈XkXl〉 + 〈XiXk〉 〈XjXl〉 + 〈XiXl〉 〈XjXk〉 . (70)

On the other hand, it can be shown that

S
(1)
ij ∝ F (ks

⊥ − ki
⊥) , (71)

S
(2)
ij ∝

∞∫

−∞
dk⊥ F (ks

⊥ − k⊥)F (k⊥ − ki
⊥) I

(2)
ij (k⊥) , (72)

S
(3)
ij ∝

∞∫

−∞
dk⊥dk′

⊥ F (ks
⊥ − k⊥)F (k⊥ − k′

⊥)F (k′
⊥ − ki

⊥) I
(3)
ij (k⊥,k′

⊥) , (73)

where I
(2)
ij and I

(3)
ij are functions of polarization currents (see (64)∼(67) and Appendix

A). For the evaluation of the covariance matrix, we confine our interest in perturbation
terms up to △4. Substituting (71)∼(73) in (63) and then using (69), the elements of
covariance matrix simplify to

〈
SijS

∗
pq

〉
≈
〈
S

(1)
ij S(1)∗

pq

〉
△2 +

[〈
S

(2)
ij S(2)∗

pq

〉
+
〈
S

(1)
ij S(3)∗

pq

〉
+
〈
S

(3)
ij S(1)∗

pq

〉]
△4 . (74)

Noting that property (69) is valid for any odd number of random variables, the elements
of covariance matrix are only functions of even power of △. Therefore the next higher
order of approximation in calculation of

〈
SijS

∗
pq

〉
can be obtained by inclusion of products

of the first and the fifth, the second and the fourth, and the third-order scattering terms.
However, evaluation of high-order scattered fields such as fourth and fifth order are rather
complex and tedious. Noting that △ is a small quantity compared to the wavelength,
the benefit of inclusion of △6 term is not significant. This argument cannot be used for
the second order solution (△4 term), since this term is the dominant factor for some
important scattering parameters such as cross-polarized backscattering coefficient and
co-polarized degree of correlation.

The scattering matrix elements up to third order are derived. These expressions are very
lengthy and are not included in this paper. Interested readers are referred to reference
[12]. Using these expressions in (74), the elements of the covariance matrix can be
obtained. The ensemble averaging process can be carried out easily using (70), and

△2〈F (k⊥)F ∗(k′
⊥)〉 = △2〈F (k⊥)F (−k′

⊥)〉 = (2π)2 δ(k⊥ − k′
⊥)W (k⊥) . (75)

Using the above mentioned properties, and noting that in backscatter direction (φs =

φi + π, θs = θi) S
(1)
hv = S

(1)
vh = 0, the cross-polarized backscattering coefficients can be
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obtained and are given by

σ0
hvhv = σ0

vhvh =
|k0ki

z(ǫ−1)2|2
16π3

∣∣∣(1 − Ri
v) (1 + Ri

h) Ch
0 (ki, d)Cv

0 (ki, d)
∣∣∣
2

·
∞∫

−∞
W (k⊥ − ki

⊥)W (k⊥ + ki
⊥) sin2(φ − φi) cos2(φ − φi)

·
∣∣∣∣

k2
0

kz+k1z
Ch

0 (k, d) − kzk1z

k1z+ǫkz
Cv

0 (k, d)

∣∣∣∣
2

dk⊥ , (76)

which satisfies the reciprocity condition. To examine the validity of (76), a homogeneous
profile is considered having Rh = rh and Rv = rv. In this case

σ0
hvhv = σ0

vhvh =
2

π3

∣∣∣∣∣
k0(k

i
z)

2ki
1z (k2

1 − k2
0)

2

(k2
0k

i
1z + k2

1k
i
z) (ki

z + ki
1z)

∣∣∣∣∣

2

·
∫ +∞

−∞

∣∣∣∣∣∣

(
ki

xky − ki
ykx

) (
ki

xkx + ki
yky

)

(ki
ρ)

2 (k2
0k1z + k2

1kz)

∣∣∣∣∣∣

2

W (k⊥ − ki
⊥)W (k⊥ + ki

⊥)dk⊥ (77)

which is in agreement with result reported in [6].

2.2.3 Phase Statistics

Traditionally, scattering models for rough surfaces provide formulations for co- and cross-
polarized scattering coefficients. With the advances in the development of polarimetric
radar, the statistics of the phase difference of scattering matrix elements can be measured
and used in inversion algorithms to retrieve the target parameters. In a polarimetric
backscatter measurement, apart from the backscattering coefficients, the co- and cross-
polarized phase differences, defined by φc = φhh − φvv and φx = φhv − φvv, are two
additional independent parameters which can be used in an inversion process. In a
recent paper [13], it was shown that the statistics of the phase difference can be derived
from the elements of the target covariance matrix (〈SijS

∗
pq〉) and that the pdf of each

phase-difference can be fully determined in terms of two parameters : (1) coherent
phase difference (ζ) and (2) degree of correlation (α). The coherent phase difference is
the phase difference at which the pdf assumes its maximum. The degree of correlation
is a real number that can vary from 0 to 1 and is proportional to the spread of the pdf
around ζ , where α = 0 corresponds to a uniform distribution and α = 1 corresponds to
a delta function. In terms of covariance matrix elements, ζ and α are given by

ζ = tan−1 Im[〈SijS∗
vv〉]

Re[〈SijS∗
vv〉]

, α =

√
|〈SijS∗

vv〉|2
〈|Sij |2〉〈|Svv|2〉 , (78)

where subscript ij = hh for co-polarized and ij = vh or hv for cross-polarized phase
difference respectively. Referring to (64)−(67) it can easily be shown that αc = 1 and
αx = 0 for the first-order scattering solution. Hence αc and αx do not contain any
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information about the surface power spectral density or the surface dielectric constant.
Noting that to the first-order elements of the covariance matrix are linearly proportional
to the power spectral density, ζc is only a function of the surface dielectric profile.

To characterize the dependency of αc and αx on the surface power spectral density,
we have to resort to the second-order scattering solution. Combining the first-order
solution given by (64)−(67) and the second-order and third-order solutions, closed form
expressions for the parameters of phase-difference statistics can be obtained. It is found
that αx vanishes when the surface power spectral density is azimuthally symmetric, that
is, if W (kx, ky) = W (

√
k2

x + k2
y). This is usually the case for most practical situations,

which implies the co- and cross-polarized backscattered fields are mutually uncorrelated.

2.2.4 Data Simulation and Experimental Results

In the previous section, an analytical model for predicting polarimetric scattering be-
havior of inhomogeneous rough surfaces based on a perturbation expression of induced
polarization current was obtained. Here, data simulation based on the complete second-
order analytical model is carried out to investigate the sensitivity of the radar backscatter
measurements to physical parameters of the surface, such as the surface dielectric pro-
file and surface power spectral density. Also, polarimetric backscatter measurements
were conducted to examine the significance of the second-order solution on the overall
backscatter response as a function of surface parameters and radar attributes.

Figures 5a and 5b demonstrate the significance of the second-order solution, where the
ratio of the first-order to the complete co-polarized second-order solutions (σ0(1))/σ0(2))
are plotted versus incidence angle. An exponential correlation function given by

ρ(x, y) = s2 e−
√

x2+y2

l , (79)

where s is the rms height and l is the surface correlation length, is used in these sim-
ulations. In Figs. 5a and 5b, ks and kl are varied as free parameters, and the soil
surface is assumed to be a homogeneous medium with ǫ = 8.0 + i 2.51. This dielectric
constant corresponds to a moist soil surface with volumetric moisture content mv = 0.2
and is computed using the empirical formula given in [14] at 1.25 GHz with S = 0.1 and
C = 0.3. It is shown that the second-order scattering term is more sensitive to variations
in rms height(s) than it is to the surface correlation length (l). The sensitivity to s is
higher at lower angles of incidence for σ0

vvvv unlike σ0
hhhh. Figures 6a and 6b show the

ratio of the first-order to the complete co-polarized second-order solutions of the homo-
geneous rough surface as a function of soil moisture at θ = 45o. Here it is shown that
as the soil moisture increases from 0.01 (ǫ = 2.21 + i 0.002) to 0.4 (ǫ = 14.68 + i 7.5),
the contribution from the second-order scattering term to the overall backscattering in-
creases slightly. This effect is more pronounced for σ0

hhhh. Figures 5 and 6 demonstrate
that the inclusion of the second-order solution is more important for calculation of σ0

hhhh

37



than for σ0
vvvv . Figures 7 and 8 show the co-polarized coherent phase difference ζc cal-

culated from the first-order and complete second-order solutions for the homogeneous
surface as a function of incidence angle and soil moisture. To the first order, ζc is in-
dependent of surface roughness parameters, however, the second-order solution shows a
weak dependency on ks and kl. It is interesting to note that the sensitivity to roughness
parameters disappears for incidence angles larger than 50o. As shown in Fig. 8, ζc is
relatively insensitive to moisture content for a homogeneous surface.

As mentioned before, the second-order solution is the dominant component for the cross-
polarized backscattering coefficient. σ0

hvhv is directly proportional to the square of the
rms height, thus the dependency to s is not examined. Figure 9 shows σ0

hvhv of the
homogeneous surface as a function of incidence angle for different values of kl and mv

while ks = 0.2 is kept constant. Note that σ0
hvhv increases with increasing dielectric

constant and decreases with increasing surface correlation length. The co-polarized de-
gree of correlation is another potential parameter that can be used in retrieval of surface
physical parameters. The first-order scattering solution predict αc = 1 independent of
the surface physical parameters. Figures 10 and 11 show αc for the homogeneous rough
surface as a function of incidence angle and dielectric constant for different values of ks
and kl. Note that αc, in general, has a decreasing trend with increasing incidence angle,
rms height, and soil moisture. It is also noted that αc increases when kl is decreased.
The total dynamic range of αc as a function of the surface parameters is rather limited.

Next we examine the sensitivity of the polarimetric backscatter data to the surface
dielectric inhomogeneity. Three dielectric profiles are considered here: (1) exponentially
increasing moisture with depth, (2) exponentially decreasing moisture with depth, and
(3) a two-layer step profile, as shown in Fig. 12. The exponential profiles are chosen
according to [16] and are given by:

mv(z) =

{
mvs + △mv

eβz−1
e−βd−1

−d ≤ z ≤ 0 ,

mv(z) = mv(−d) z ≤ −d ,
(80)

where mvs is the surface moisture content and △mv is the increment of moisture at a
depth d below the surface. The moisture content below depth d is considered to be
uniform. In all cases the backscatter parameters are compared with a homogeneous
profile having a dielectric constant equal to that of the inhomogeneous profile at the
interface. Figures 13 and 14 show the backscattering coefficients for a surface with the
increasing and decreasing exponential dielectric profiles and having ks = 0.2, kl = 2.
Note that the backscattering coefficients are insensitive to moisture profiles, and the
backscattering coefficients are basically indistinguishable from those of the homogeneous
profile having the same dielectric constant as that of the inhomogeneous profile at the
interface. This is due to the tapered impedance matching nature of the profile. However,
this is not the case for the step profile as shown in Fig. 15. The difference in σo,
depending on the incidence angle, can be as high as 10 dB. The only sensitive parameter
to moisture variations in depth for continuous profiles is the co-polarized coherent phase
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difference as is shown in Fig. 16, where ζc for the homogeneous, increasing, and step
moisture profiles are shown. ζc does not shown any sensitivity for decreasing profiles.
It should be pointed out that the calculation of the complete second-order solution
involves numerical evaluation of two-fold integrals. To provide a feeling for the required
computation time, the calculation of backscattering coefficients and phase difference
statistics for one incidence angle would take about one minute on a Sun workstation
Ultra 2.

The validity of the analytical results are also examined by conducting backscatter mea-
surements. The backscatter measurements were performed polarimetrically using the
indoor bistatic facilities of the Radiation Laboratory at the University of Michigan [18].
The backscatter data were collected from a rough layer of sand above a perfectly con-
ducting ground plane at center frequency 9.25 GHz with a bandwidth of 1.5 GHz. A
6′ × 6′ sand-box on top of a computer controlled turntable was used to contain the sand
layer. The antenna footprint covered an area of about 0.27 sec θ m2 on the sand-box
and collection of independent backscatter data was facilitated by rotating the sand-box
at steps of 5o. The wide bandwidth of the radar system was used to range-gate the
possible unwanted radar backscatter from the sand-box walls and edges. A simplified
block diagram of the measurement system is shown in Fig. 17.

An uniform sand with maximum particle dimension of 0.15 mm was chosen to minimize
the effect of volume scattering from the sand layer. The effective dielectric constant
of the sand medium was measured to be ǫr = 2.7 + i 0.05. The radar was calibrated
polarimetrically using STCT [19]. To generate a desired roughness over the sand surface
repeatedly, a template was made. The imprint of the template on the surface generated
a rough surface with almost an exponential auto-correlation function with ks = 0.122
and kl = 2.69. The surface roughness statistics were measured using a laser ranging
system with a range resolution of 0.1 mm. The backscatter measurements conducted
for two layers having thicknesses d = 2.52 cm and d = 3.53 cm over the angular range
20o ∼ 50o.

Figures 18a and 18b show the measured and simulated σ0 versus incidence angle. All the
measured results are shown to be in a very good agreement with the complete second
order solution except for the cross-polarized responses at θ = 50o. For these cases
we were limited by the system noise floor. Figures 19a and 19b show the response of
the co-polarized coherent phase difference as a function of incidence angle. Both the
first-order and second-order solutions are shown and it is obvious that the second-order
contribution is insignificant at angles below 40o.

Figures 20a and 20b compare the measured and theoretical ratio of σ0
hhhh/σ

0
vvvv , versus

incidence angle. Here it is shown that at high incidence angles first-order results are
incapable of accurate prediction of backscattering coefficients whereas the second-order
solution provide satisfactory results. Figures 21a and 21b show the the measured and
calculated co-polarized degree of correlation versus incidence angle, where a relatively
good agreement has been obtained considering the difficulties in the accurate measure-
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ment of α [20].

2.2.5 Summary

In this paper, a bistatic polarimetric scattering model for random dielectric surfaces with
inhomogeneous permittivity profiles and small surface roughnesses is developed using a
perturbation expansion of volumetric polarization current. A complete second-order
solution for the backscattering coefficients and the statistics of the phase difference be-
tween the elements of scattering matrix is obtained. The validity of the model is verified
in a limiting case, where it is shown that the formulation for surface with inhomogeneous
permittivity profile reduces to the known formulation for homogeneous rough surfaces.
Also, polarimetric backscatter measurements from rough surfaces with known dielec-
tric profiles and roughness statistics were collected and compared with the theoretical
calculations. Comparisons with the measured data show excellent agreement. The sen-
sitivity analysis in terms of the surface physical parameters is also performed. It is
shown that, in general, the backscatter parameters, such as backscattering coefficients
and phase-difference statistics, are more sensitive to ks than kl. The contribution of
the second-order solution for calculation of σo

hhhh is more significant than that for the
calculation of σo

vvvv . The contribution of the second-order solution to overall σo
hhhh can

be as high as 2 dB for ks ≤ 0.3. It is shown that for continuous inhomogeneous profiles,
the backscattering coefficients are insensitive to the variations of moisture content as a
function of depth. In the other words, the backscattering coefficients of a surface with
a continuous soil moisture profile are equal to those of a homogeneous surface having
a moisture content equivalent to that of the inhomogeneous profile at the interface.
The only backscatter parameter sensitive to moisture profile is the co-polarized coherent
phase difference (ζc). However, both the backscattering coefficients and phase-difference
statistics are very sensitive to step discontinuities in moisture profile.
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A Appendix
In this appendix closed form expressions for the second and third order elements of
bistatic scattering matrix of the inhomogeneous rough surface are provided.
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Figure 5: Ratio of the first-order to the complete second-order solution of a homogeneous
rough surface with mv = 0.2 (ǫ = 8.0 + i2.51 at 1.25 GHz) as a function of incidence
angle for different values of ks and kl .
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Figure 6: Ratio of the first-order to the complete second-order solution of a homogeneous
rough surface as a function of moisture content for different values of ks and kl at θ = 45◦.
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Figure 7: Co-polarized coherent phase difference of homogeneous rough surface with
mv = 0.2(ǫ = 8.0+ i2.51at 1.25 GHz) as a function of incidence angle for different values
of ks and kl.
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Figure 8: Co-polarized coherent phase difference of homogeneous rough surface as a
function of moisture content for different values of ks and kl at θ = 45◦.

Figure 9: Variations of cross-polarized backscattering coefficient as a function of inci-
dence angle, moisture content (ǫ = 4.89 + i0.92 for mv = 0.1 and ǫ = 1.46 + i7.5 for
mv = 0.4 at 1.25 GHz) and correlation length for a surface with ks = 0.2.
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Figure 10: Sensitivity of co-polarized degree of correlation to incidence angle for different
values of ks and kl and moisture mv = 0.2 ( ǫ = 8.0 + i2.51 at 1.25 GHz).

Figure 11: Sensitivity of co-polarized degree of correlation to soil moisture content for
different values of ks and kl θ = 45◦. αc does not show much sensitivity to kl.
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Figure 12: Three different moisture profiles used in the backscattering simulations: in-
creasing exponential with β = 20, decreasing exponential with β = 10, and step.

Figure 13: Comparison of backscattering coefficients calculated for the homogeneous and
increasing exponential moisture profiles for a rough surface with ks = 0.2 and kl = 2.
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Figure 14: Comparison of backscattering coefficients calculated for the homogeneous and
decreasing exponential moisture profiles for a rough surface with ks = 0.2 and kl = 2.

Figure 15: Comparison of backscattering coefficients calculated for the homogeneous
and step moisture profiles for a rough surface with ks = 0.2 and kl = 2.
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Figure 16: Co-polarized coherent phase difference calculated for the homogeneous, in-
creasing exponential, and step moisture profiles for a rough surface with ks = 0.2 and
kl = 2.
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Figure 17: Simplified block diagram of the experimental setup.
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Figure 18: Comparison of the measured and the calculated σ0
hhhh/σ

0
vvvv for a sand layer

of thickness 2,52 cm (a) and 3.53 cm (b) above a perfectly conducting ground plane at
9.25 GHz.
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Figure 19: Comparison of the measured and the calculated co-polarized degree of cor-
relation for a sand layer of thickness 2.52 cm (a) and 3.53 cm (b) above a perfectly
conducting ground plane at 9.25 GHz.
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Figure 20: Comparison of the measured and the calculated σ0
hhhh/σ

0
vvvv for a sand layer

of thickness 2.52 cm (a) and 3.53 cm (b) abov e a perfectly conducting ground plane at
9.25 GHz.
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Figure 21: Comparison of the measured and the calculated co-polarized degree of cor-
relation for a sand layer of thickness 2.52 cm (a) and 3.53 cm (b) above a perfectly
conducting ground plane at 9.25 GHz.
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