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Statistics of Scattered Fields From Random
Media

From electromagnetic scattering point of view a random medium is referred to an in-
homogeneous medium where the permittivity and/or permeability of the medium are
stochastic processes functions of the spatial and/or temporal variables. The scattered
fields from such medium when illuminated by a monochromatic electromagnetic wave are
random variables whose amplitude, phase, and polarization state fluctuates according to
the statistics of the random medium and the attributes of the incident wave such as the
frequency, polarization, and the incidence angle. For example the temporal response of
a Doppler weather radar is a random process function of rain drop size, density, canting
angle distribution of rain drops (orientation angle of the almost ellipsoidal particles)
and the wind speed. Synthetic aperture radars record the spatial fluctuations of the
backscatterer in the form of a radar image from which the radar backscatterer statistics
can be estimated. Usually radar scenes are composed of many different types of statisti-
cally homogeneous distributed targets such as patches of bare surfaces, short vegetation
covered surfaces, forested areas, urban areas, etc. For monochromatic radars the pixel-
to-pixel backscatter fluctuations can be as high as 20-30 dB. This large fluctuation,
which is known as radar fading, is a result of constructive and destructive interference
of backscatter from many scattering points within each pixel.

The major goal in radar remote sensing is the extraction of the physical parameters of
the targets from the measured radar backscatter. This process is known as the inverse
problem. Because of the strong radar backscatter fluctuations, the inversion process
cannot be attempted on a pixel-by-pixel basis. Instead the inversion process must be
applied to the estimates of the statistical parameters of the radar backscatter response.
To accomplish this task successfully the knowledge of the statistical properties of the
radar backscatter is needed. Without going through detailed examinations of scattering
processes within a random medium, in this chapter the statistical properties of scattered
fields random media when illuminated by a monochromatic incident wave is discussed
in a general sense.

1 Global Coordinate System and Scattering Matrix

For the theoretical analysis of scattering from random media and rough surfaces, it
is often required to express the field quantities with respect to a coordinate system.
Consider a Cartesian system shown in Fig. 1 where the x-y plane represent a horizontal



plane and the z-axis is along the vertical direction. In general, targets of interest in radar
remote sensing can be categorized into two groups: 1) point targets and 2) distributed
targets. Point targets usually refer to targets whose physical extent is much smaller
than the footprint of the radar whereas a distributed target is a target whose physical
extent is much larger than the antenna footprint. Let us consider a point target at the
origin of the global coordinate system illuminated by a plane wave propagating along a
unit vector k; whose electric field is given by

E'(r) = Bge™ohT (1)
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Figure 1: Incident and scattered fields principal polarizations in a global coordinate
system.

Since Eo-k; = 0, components of the incident field intensity may be expressed in terms of
two perpendicular unit vectors in a plane perpendicular to the direction of propagation.
We define a horizontal unit vector (parallel to the x-y plane) perpendicular to k;, as,
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hence the other unit vector (known as the vertical vector) which is perpendicular to both
k; and h; can be defined by
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Expressing k; in terms of the spherical coordinate angles 6;, ¢; we have

k; = sin 6; cos G;T + sin 0; sin ¢; 5y + cos 0,2 (4)

Using (2) and (3)
hi = sing;@ — cos ¢l (5)
0; = —cosb;cosp,x — cosb;sin ¢;y + sin b, 2 (6)

The three unit vectors v;, iLi, k; form a coordinate system which will be referred to as
incident coordinate system. In this coordinate system

E,=E0;+Eih; . (7)

Suppose the observation point is in the far-field region of the scatterer at 7 = rk, where
ks is unit vector defined by

~

ks = sin 0, cos ¢ + sin 6, sin ¢,y + cos 6,2 .

The scattered field E” in the far-field region is a spherical wave and has no component

along ks. A scattered coordinate system similar to the incident coordinate system can
be defined where

E° = E0,+ Eh, | (8)

with
Uy = — o8 0y cos ps — cos B, sin g,y + sin b2, (9)

and
hs = Sin i — cos ¢si) . (10)

Due to the linearity of Maxwell’s equations the components of the scattered field intensity
(E$ and Ej) are linearly related to the components of the incident wave intensity (E? and
E}). Apart from the spherical phase and amplitude factors # , the linear relations
can be expressed in terms of a matrix known as the scattering matrix. That is,

6ikor

EF) =—3SE, (11)
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where § is a 2 x 2 complex matrix given by
p Sm; Svh
= 12
s [ Sie St ] (12)

It should be noted here that, in this definition the reference phase point coincides with
the scattering phase center of the scatterer. The 2 x 2 complex scattering matrix given
by (12) was first defined by R. Clark Jones' and sometimes, in literature, is referred to
as the Jones matrix.

The scattering matrix elements are complex quantities since the vector representation of
the incident and scattered waves given, respectively, by (7) and (8) are complex. Apart
from a normalization factor, the vector amplitude of a TEM wave uniquely specifies the
polarization state of the wave defined by

pi= —F— (13)

where p is a complex unit vector. The normalizing factor in (13) is proportional to the
power density carried by the incident wave.

Consider a TEM wave with a complex amplitude vector £ = o0 +enh. The polarization
of this wave is defined as the trace of the tip of the electric field at a given point in space
in the plane perpendicular to the direction of propagation. It can easily be shown that
this trace is in general an ellipse with certain tilt angle and axial ratio (AR). In phasor
notation defining the ratio of

— = ae’ (14)

where both a and ¢ are real quantities, the time domain behavior of the electric field
may be expressed by

E(T.t) = e,cos(wt —k-T)0+ epacos(wt — k-7 + 6)h (15)

— BE,(t, 7)o+ Eu(t,7)h .

To specify the polarization, the temporal behavior of E(T,t) at a fixed point ¥ = 7y in
space must be determined. This can be done by eliminating ¢ from the expressions for
E, and E,. After some simple algebra it can be shown that 2

IR.C. Jones, “A new calculus for the treatment of optical systems I: Description and discussion of
the calculus,” J. Optical Society of America, Vol. 31, pp. 488-493, 1941.
2].D. Kraus, Electromagnetics, pp. 599, Fourth Edition, New York: McGraw-Hill, 1992.
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Equation (3) specifies an ellipse in the v—h plane as shown in Figure 2.
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Figure 2: Polarization ellipse in v — h plane specifying the trace of E as a function of
time at a given point in space.

The polarization ellipse (a part from a normalization factor) is uniquely specified by two
angles y and 1 where y is known as the ellipticity angle given by

B
1 O— = tan !

X =tan o AR’

o7

X<

and v is known as the tilt angle (_7” <y < g) The direction of rotation of the electric
field as a function of time specifies the handedness of the polarization. For a right-hand
elliptically polarized wave, where the fingers of the right hand follow the direction of
rotation of F, the thumb points towards the direction of propagation of the wave. The
definition for a left-hand polarized wave is obvious. This definition for handedness is an
[EEE standard and is opposite of what is used in the field of optics. To keep track of
polarization handedness mathematically, the ellipticity angle x is given a negative sign
for right-handed and a positive sign for a left-handed polarization.



The tilt and orientation angles in terms of a and J are given by

tan(2¢y) = tan2ycosd (17)
sin(2y) = sin2ysind
where
v = tan"' a

conversely knowing ¢ and x, one can determine a and ¢ from

_ _4 ( tan2y
d = tan (tan2¢> (18)

1
a = tan icos_l(cos 2x cos 21@} :

Determination of ¢ from (18) is not unique and often leads to confusion. The following
constraints remove the ambiguity in determining ¢:

if x<0 = §<0
if x>0 = 6>0
ifv>0 = |5\<g
ify<0 = |5\>g

As can be seen from Fig. 2, when the ellipticity angle x = 0, the polarization ellipse
reduces to a line with orientation angle ¢. Equation (18) shows that when y = +45°, 4
is 5 and the polarization of the wave is left-hand circular. Since the polarization of a
wave is characterized by two angles, there is a one-to-one relationship between a point
on the surface of a sphere and the polarization of the wave. Let us consider a sphere
with the radius of Iy = |E|? in a Q,U,V Cartesian coordinate system as shown in Fig.
3. This sphere is called Poincaré sphere. The Cartesian components of a point on the
Poincaré sphere are components of a vector known as the Stokes vector defined by

I I leo]* + len]”
2|, |2
P Q| [0C9821/10982X _ | el |€f| (19)
U Iy sin 21 sin 2 2R, [eye}]
Vv Iysin 2y 23 (eyer]
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Figure 3: Pointcaré sphere representing the polarization of a TEM wave with ellipticity
angle x and tilt angle .

2 Radar Cross Section and Backscattering Coeffi-
cient

For a radar engineer the radar cross section (RCS) of the target which is proportional
to the scattered power is of interest. The radar cross section of a target is defined
as a fictitious area that can intercept the incident power density and reradiates the
intercepted power isotropically into the surrounding space which produces the same
power density at the receiver as the original target produces. Of course this fictitious
area is a function of the target aspect angle with respect to the incoming wave and the
direction of the observation point. Mathematically the radar cross section is defined as

PN h-E |2
Opq(ks, ki) = lim 4wr2u

) (20)
r—00 ‘q . E0|2

where p and ¢ are the complex polarization vectors of the receiver and transmitter.
In terms of the elements of the scattering matrix and for the principal polarization
configurations v and h the radar cross section of the target, o,,,, is given by

Omn = 47|Spm|> m,n =v,h (21)



Interest in the notion of the scattering matrix stems from the fact that the RCS of the
target for any arbitrary transmit and receive polarization configuration can be evaluated
once the scattering matrix of the target is known.

This can be shown by inserting (12) in (20) using a matrix notation for the polarization

vectors

qu(l%s, l%z) = 47T‘ﬁt § Cﬂ2

(22)

where p' is a 1 x 2 matrix (superscript ¢ indicates transpose operation) and ¢ is a 2 X 1

matrix given by

]

LN

= [pzn ph]

- 4]

Representing the 2 x 2 scattering matrix in terms of a 4 x 1 matrix of the form

>
I

and defining radar polarization vector

=
Il

(22) may be written as

Opg(ks, ki) =

where (*) denotes complex conjugate operation. The 4 x 4 hermitian matrix c=X-X

va
Svh
Shv
Shh

Poqu
Puvdn
Pray
Prdn

A7|U" - X|?
Ar(T - X)(T" - X)*
147U (X - XHT

(23)

——*t

is known as the covariance matrix of the target which is given by



SSE SouSin SonSty SeSi
~_ SvhS:v SvhS:h SvhS:w SvhS;;h
C= | SnuSe SmSn SwSi. SnaSin | (24)

SunSyy SenSon SnShy  SunShy,

Hence, either (22) or equivalent (23) can be used to find the RCS of a target to an
arbitrary set of transmit and receive radar polarization once the target scattering matrix
is known.

Distributed targets on the other hand are usually stochastic in nature. Basically, as the
footprint of the radar is moved over the distributed target the scattered field fluctuates.
As mentioned before, this fluctuation is caused by the random location, size, orientation,
permittivity and permeability, and the number of scatterers within the illuminated area
of the distributed scatterer. In this case the statistical parameters of the scattered field
instead of RCS or the scattering matrix is sought. To make the statistical parameters of
the scattered fields independent of the illumination area, normalized quantities such as
average scattered power per unit area of the distributed target are evaluated or measured.
A common quantity for characterizing scattering behavior of distributed targets is the
scattering coefficient which is defined by

P Arr? (|p - E,|?
09 (fey ki) = lim Jim —— (p- £

r—00 A—oo A ‘qA . Ez|2 (25)

which is basically proportional to the second moment of the scattered field (average
power). In (25) A is the illuminated area and hence the unit of the scattering coeffi-
cient is m?/m?. Using the definition of the scattering matrix in (25), the backscattering
coefficient for a pair of transmit and receive polarizations ¢ and p can be obtained from

4 —t , =\ 7%
o0 = %U%c)U (26)

In the computation of scattering coefficient for arbitrary polarizations p, ¢ equation (26)
is usually used, where a coherent polarimetric system is available for the measurement of
the complex scattering matrix of the random media. Coherent polarimetic systems are
capable of measuring the in-phase and phase quadrature components of the backscatter
signal in all four basic transmit-receive radar polarization configurations. For an accu-
rate scattering matrix measurement both the radar platform and the target must remain
stationary (to within a small fraction of the wavelength) during all four measurements.
At millimeter-wave frequencies and higher, it becomes practically very difficult to mea-
sure the scattering matrices of distributed targets directly. In this case the polarimetric



response of the random medium is obtained through the application of the modified
Stokes vector and Mueller matrix.?

The modified Stokes vector is a real 4 x 1 vector that also describes the polarization
state of a monochromatic TEM wave and is given by:

| E,|? (1 + cos 2¢ cos 2x)
T _ |E3| - %(1—C0821/JCOSQX)
Em = 2R.[E.E;] | sin 29) cos 2 I (27)

where F, and Ej, are the principal components of the incident or scattered waves given
by (7) or (8) and I, = |E,|* + | Ex|?. As before 1 and x are the tilt and ellipticity angles
of the polarization ellipse.

The modified Stokes vector can be expressed in term of cross product of the field com-
ponent vector G using

10 0 0\ /[ EE"
rao- (000 0[5 <28>
00 —i i)\ EE
Using (11) it can easily be shown that
SvoSyy SunSen SOy SunSy,
CoRTOSRl s s s s O @

ShoSpy  SrnSpn ShuSun ShSpy

Hence the scattered Stokes vector may be related to the incident Stokes vector via

—=S 1 = =1}
T
where
= 1 ===—1
M= 2 vl (30)

is the modified Mueller matrix. Explicitly, M in terms of elements of § is given by

3J. Jvan Zyl and F.T. Ulaby, “Scattering metrix representation for simple targets,” in Radar Po-
larimetry for Geoscience Applications, Norwood: Artech House, Editors Ulaby and Elachi, 1990.
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‘va|2 ‘Svh|2 Re [SUUS:h] —S[SWSM
= | Shol? |Shn|? Re[ShoSinl —S[ShoShn]
2Re [SUUSZv] 2R6[Svh52h] Re [SUUSZh + SvhSZu] _S[vasith - Svhsitu]
2%[511115;1)] Qg[svhs;:h] %[vas;;h + Svhsitu] Re [vas;;h - SvhS;;v]

(31)
Note that elements of )/ are all real quantities.

To express RCS and backscattering coefficient of targets in terms of the Mueller matrix
we note that?

B (32)

Opg = 47T\ﬁt§
r

q
= 419, T 3,

where g% = (pup}, Prpj,, Popi,, PrD,) and

QW
_ qnqp
@,
qnq,

But since '=v

0pq = ATl M @;
—1 -
where @, = (v )'g, and @; =v 7,. Following a similar procedure the backscattering
coefficient of a distributed target for an arbitrary set transmit and receive polarization
¢ and p can be obtained from

o dr_, = _
Opy = ZO‘Z<M>O%’ :
The Mueller matrix for a distributed target can be obtained from measuring the response
of a target for at least sixteen different transmit and receive polarization configurations.
Basically at each polarization configuration many independent samples of the target are
measured to evaluate the ensemble averages and then from the response of the target

for different polarizations, (M) is evaluated.

4E.M. Kennaugh, “Effects of the type of polarization on echo characteristics,” Report 389-9, Antenna
Laboratory, Ohio State University, 1951.
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3 Statistics of Polarimetric Response of Distributed
Targets

In the past decade substantial effort within the microwave remote sensing community has
been devoted to the development and improvement of polarimetry science. As mentioned
in the previous section, polarimetric radars are capable of synthesizing the radar response
of a target to any combination of the receive and transmit polarizations from either a
coherent or incoherent measurements of the scattered field. Polarimetric radars have
demonstrated their abilities in improving point-target detection and classification in a
clutter backround [loannidis and Hammers, 1979]. That is, for a point target with known
scattering response, the transmit and receive polarizations can be chosen such that the
target to clutter response is maximum. Also, different point targets in the radar scene
can be classified according to their optimum polarization. To fully utilize the potentials
of radar polarimeters in target detection and classification, the statistical properties of
polarimetric response of distributed targets must be understood completely.

Experimental observations of phase difference statistics from a polarimetric SAR at L-
band [Ulaby et al., 1987; Zebker et al., 1987] over agricultural terrain and bare soil
surfaces indicate that the statistics of the co-polarized phase difference depends on the
target type and its conditions. Recent measurements of bare soil surfaces by polarimetric
scatterometers show that the variance of the co-polarized phase difference is a function
of the roughness parameters and incidence angle but is less sensitive to moisture content
[Sarabandi et al., 1991]. Apart from the magnitude of the scattering matrix element
(1Swol?; 1Sonl?, -y [Shul?), polarimetric radar also provide the phase of the scattered
fields. Considering the complexity involved in designing, manufacturing, and processing
the data of an imaging polarimeter as opposed to a conventional imaging radar, it is
necessary to examine the advantages that the imaging polarimeter provides about the
targets of interest. For example, in retrieving the target biophysical parameters from the
radar data one should ask whether there exists a relatively strong relationship between
the target parameters and the measured phase of the scattering matrix components.
If the answer is negative, obviously gathering polarimetric data for inversion of that
parameter is a waste of effort. One way of confirming whether the phase difference of
scattering matrix elements are sensitive to target parameters is by conducting controlled
experiments and establishing the relationships empirically. This procedure is very diffi-
cult because of problems in repeatability of the experiment and difficulties in controlling
the environmental conditions.

Another approach to examine the dependence of the radar response to the desired pa-
rameters of the targets is the application of theoretical models. For example, vector
radiative transfer theory is a method commonly used for predicting the polarimetric
response of random media [Tsang et al., 1985]. The solution of the radiative transfer
equation relates the scattered-wave Stokes vector to the incident-wave Stokes vector
via the Mueller matrix. Since the Mueller matrix is related to the scattering matrix,

12



through a nonlinear process, the statistical information about the phase difference of the
scattering matrix elements are embedded in the Mueller matrix. In view of difficulties
in measuring the scattering matrix at high frequencies and performing controlled exper-
iments, it is necessary to establish a relationship between the Mueller matrix and the
statistics of the phase differences of the scattering matrix elements. In the next section
a procedure for the derivation of the probability density function of the co- and cross-
polarized phase difference in terms of the Mueller matrix elements is provided. Here it
is assumed that the scattering matrix elements are jointly Gaussian. Then the assump-
tions and final results are compared with the experimental data acquired by polarimetric
scatterometers in Section 5.

4 Derivation of Phase Difference Statistics

The polarimetric response of a point or distributed target can be obtained by simultane-
ously measuring both the amplitude and phase of the scattered field using two orthogonal
channels. When the radar illuminates a volume of a random medium or an area of a
random surface, many point scatterers contribute to the total scattered energy received
by the radar and therefore each element of the scattering matrix may be represented by

N
Spq = |Spq|ez¢pq = Z |sgq\el¢gq p,g=uv,h . (33)
n=1

Here N is the total number of scatterers each having scattering amplitude |s; | and
phase ¢ . It should be mentioned that the phase of each scatterer, as given in (33),
includes a phase delay according to the location of the scatterer with respect to the
center of the distributed target. Without loss of generality all multiple scattering over
the surface or in the medium can be included in (33). Since the location of the scatterers
within the illuminated area (volume) is random and if the differential path delays among
scatterers are large compared with the wavelength, the process describing the phasor s,
is a Wiener process (random walk) [Davenport, 1970]. If N is large enough, application
of the central limit theorem shows that the real and imaginary parts of the scattering
matrix element S, are independent, identically distributed, zero-mean Gaussian random
variables. Equivalently it can also be shown that |S,,| and ¢,, are, respectively, Rayleigh
and uniform independent random variables. The three elements of the scattering matrix,
in general, can be viewed as a six-element random vector and it is again reasonable to
assume that the six components are jointly Gaussian.

Observation of polarimetric data for a variety of distributed targets such as bare soil
surfaces and different kinds of vegetation-covered terrain all indicate that the cross-
polarized component of the scattering matrix (S, ) is statistically independent of the co-
polarized terms (.S,, and Sp;,). Therefore the statistical behavior of Sy, can be obtained

from a single parameter, namely the variance (c2) of the real or imaginary part of

13



She = X5 + 1Xg, that is

2 2
1 _T5 + 7

2mo? exp| 20?2 ]

fX5,X6 (555, 936) =

or equivalently the joint density function |S,,| and ¢,y is

‘Sth]
20?2

1
f|Suh|7¢vh(|Svh|7 ¢vh> - —Q‘Shv‘exp[_ ) (34)

2mo?

which indicates that ¢, is uniformly distributed between (—m, +7).

Since measurement of the absolute phase of the scattering matrix elements is very dif-
ficult, it is customary to factor out the phase of one of the co-polarized terms, for
example S,,, and therefore the phase difference statistics are of concern as opposed to
the absolute phases. Since Sy, is assumed to be independent of S,, (not a necessary
assumption) and both ¢, and ¢, are uniformly distributed, it can be easily shown that
the cross-polarized phase difference ¢. = ¢, — ¢, is also uniformly distributed between
(—m, +m).

The co-polarized elements of the scattering matrix, however, are dependent random
variables which can be denoted by a four-component jointly Gaussian random vector X.
Let us define

va - Xl + ZXQ 5 Shh - X3 + ZX4

and since X, --- X4 are Gaussian their joint probability density function can be fully
determined by a 4 x 4 symmetric positive definite matrix known as covariance matrix
(A) whose entries are given by [2]

)\ij:>\ji:<Xin> Z,jE{l,,4}

The joint probability density function in terms of the covariance matrix takes the fol-
lowing form:

1 1~
m) = __XA—IX} , 35
fX('rla 7‘7:4) 47T2|'|§exp|: 92 ( )

where X is transpose of the column vector X. To characterize the covariance matrix the
following observations are in order. First, it was shown that the real and imaginary parts
of the scattering matrix elements are mutually independent and identically distributed
zero-mean random variables, therefore

AMi= A =< XP>=< X2 > |
A =< X7 X9 >=0

Mgz = Ay =< X2 >=< X7 > |
Mgy =< X3X, >=0

— N N
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Second, it was shown that the absolute phase ¢,, is uniformly distributed and is inde-
pendent of |S,,|. Thus the random variable ¢, + ¢p;, is also uniformly distributed and
is independent of |Sy,||Sks| from which it can be concluded that

< |Suul|Shn| cos(bpy + pn) >= 0,

< | Suo|[Shn| sin(dpy + drn) >= 0 (40)

In fact, the complex random variable S,, S, is obtained from a similar Wiener process
which led to the random variables S,, and Sy;,. On the other hand

X1 X3 — XoXy = |Suul|Shnl cos(Pupw + Onn)

. 41
X Xa+ XX = Sl Sl sinbun + oun) )
In view of (40) and (41) it can easily be seen that
>\13 - >\24 ) (42)
)\14 = —)\23 . (43)

The properties derived for the entries of the covariance matrix, as given by (36)-(39) and
(42)-(43), indicates that there are only four unknowns left in the covariance matrix. The
unknowns, namely A1, A3, A, and A33, can be obtained directly from the Mueller
matrix of the target as will be shown next.

In the case of a random medium we are dealing with a partially polarized scattered wave
and the quantity of interest is the ensemble averaged Mueller matrix. Using the assump-
tion that the co- and cross-polarized terms of the scattering matrix are independent (not
a necessary assumption at this point) and employing the properties given by (36)-(39)
and (42)-(43), the Mueller matrix in terms of the entries of the covariance matrix is
given by

2)\11 20’2 0 0
o . 20’3 2)\33 0 0
M=<M>=1 0" 07 o422 2\ (44)
0 0 —2>\14 2)\13 — 20’3

Equation (44) provides enough equations to determine the unknown elements of the
covariance matrix and variance of the cross-polarized component, i.e.

2 _ Mio
C )
Al = J\J\:%%“ ) A3z = %
A3 = %/WA ’ Ay = 34%/\443
With the covariance matrix, the joint density function of X7, ---, X, can be obtained as

given by (35). Using a rectangular to polar transformation, i.e.

T1 = pP1CO08 ¢vv ) T2 = p1 Sln¢vv )
T3 = pP2COSPpp Ty = posingp,
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the joint probability density function of the amplitudes and phases takes the following
form

1

1
Tovpo.@onr (P15 P25 Doy Phn) = ez RPPP {—i[alpf + agpy — 2a3p1p2]} . (45)

where
A= A= Qudss = X = AL)°
a; = )\33/\/Z ) 0l2=>\11/\/K )
az = [z cos(dnn — duw) + A1 Sin(Gpn — buw)] /VA

To obtain the co-polarized phase difference statistics the joint density function of ¢,,
and ¢y, is needed which can be obtained from

f‘ﬁm,‘l’hh (vav; ¢hh> = /0 A fpl,p2,‘1’w,<1>hh (ph P2, ¢vv7 ¢hh>dp1dp2 . (46)

Noting that a; is a positive real number, the integration with respect to p; can be carried
out which results in

1 1 oo a
f‘l’vv@hh (Qbmn Qbhh) = {—/0 026_72p§dp2

o0 1 2\ 2
4 QGQJ’/O pg [1 + erf(\‘/c%m)] e—m(a1a2—a3)P2dp2} )
(47)
where erf(+) is the error function and the plus or minus sign is used according to the sign
of az. To evaluate the integrals in (47), we need to show that both ay and aja; — a3 are
positive numbers. By definition, ay is positive and to show ajas — a3 is positive we note
that A is a symmetric positive definite matrix, therefore its eigenvalues must be positive.
It can be shown that A has two distinct eigenvalues v; and v, each with multiplicity 2
and their product is given by

Y172 = A1 sz — Al — A3, > 0.

Thus
araz — a3 = 1172 + [Ai3 co8(dn, — duo) — Aasin(dpn — dun)]”
is positive. After integrating the first integral and the first term of the second integral in

(47) directly and using integration by parts on the second term of the second integral,
(47) becomes

1 1 a?
f@vv,cbhh (¢vv> ¢hh) = { + 3

4m2/A | aras  araz(aras — a3)

ﬁ‘a?;‘ /OO |CL3| — 1 (araz—a2)p?
—+ erf 2a 3/P2q
V8ai(ajas — a3) Jo ' (\/8a1p2>€ ' P2
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By expanding the error function in terms of its Taylor series, interchanging the order of
summation and integration, then using the definition of the Gamma function it can be
shown that

/OO erf( 9] ,02)9_%(%&2_35)”2(1,02 = Ltan_l (ﬁ)
’ 2

V8ay m(ajay — a3) \/ajag — a?

The joint density function of ¢,, and ¢y, is a periodic function of ¢ = ¢, — ¢y, and
therefore the random variable ¢, after some algebraic manipulation, can be shown to
have the following probability density function over the interval (—m, +)

A11Azz — A2y — A2
fol9) = SR H—u

D T D
1+ — +tan~! —] } , (48
21 (AM1As3 — D?) { VA11Ag3 — D? [2 VA11Agz — D? (48)

where we recall that
D = M\i3cos¢ + Assin o

and the elements of the covariance matrix in terms of the Mueller matrix elements are

given by
My

M
)\11 = —/ )\33 = 2 )

. /\333 + My . /\/%34 — My
Az = —————— Ay= —————

4 4

Some limiting cases can be considered in order to check the validity of (48). For example,
when S, and Sy, are uncorrelated, then both A3 and A4 are zero for which fo(¢) =
1/(2m), as expected. Also, for the case of completely polarized scattered wave where S,
and Sy, are completely correlated, the determinant of A is zero and so fg(¢) is a delta

function.

It is interesting to note that the p.d.f. of the phase difference is only a function of two

parameters defined by
o — /)\%34“)\%47 Q:tan_lﬁ
A11A33 A13

where a and ¢ can vary from 0 to 1 and —7 to 7 respectively. In fact if the wave were
completely polarized, ( would have been the phase difference between the co-polarized
terms. The parameter ( will, henceforth, be referred to as the polarized-phase-difference.
In terms of these parameters (48) can be written as

1—a?
fo(0) = 21 [1 — a2 cos?(¢p — ()]
acos(¢ — ()

1+

49
T 4 tan-! acos(¢ — () ] } | (49)
2 \/1 — a?cos?(¢p — ()
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It can be shown that the maximum of the probability density function occurs at ¢ = (
independent of «. However, the width of the p.d.f. (e.g. the 3 dB angular width) is only
a function of o which will be referred to as the degree of correlation. The probability
distribution function given by (18) is the analog of Gaussian distribution for periodic
random variables where ( and « are, respectively, the counterparts of the mean and
variance for Gaussian random variables. Figure 4 shows the p.d.f. for different values
of ¢ while keeping « constant, and Fig. 5 shows the p.d.f. for a fixed value of «
while changing ( as a parameter. The calculated mean and standard deviation of the
phase difference as a function of both the polarized-phase-difference and the degree of
correlation are depicted in Figs. 6 and 7 respectively.

Lastly, it is necessary to point out that the formulation of the co-polarized phase dif-
ference p.d.f., as given in (48), is not restricted to the backscattering case or to the co-
and cross-polarized components being uncorrelated. In fact we can derive the cross-
polarized phase difference statistics in a similar manner and the p.d.f. in this case for
the backscattering case can be obtained from (48) upon the following substitution for
the elements of the cross-polarized covariance matrix

<
<

A = o 33 =

Aig = S, Alg =

So
B

5 Probability Density Functions of Magnitudes and
Stokes’ Parameters

In this section analytical expressions for the joint probability density function of the mag-
nitude of the scattering amplitudes are obtained, from which the first two components
of the Stokes vector given by (19) can be derived. The starting point is equation (45)
where by integrating the joint pdf f,, . éve.éns (P15 P25 Govs Gnn) Over the entire domain of
vy and ¢y, the joint pdf of p; and py is obtained. That is,

2 27 1 1
Fovoa(Prs p2) = /0 /0 R P eXp{—§ [alp?+a2p§—2a3plpz]}d¢vvd¢hh (50)

where as before

az = [A13 cos(dnn — o) 4+ Arasin(dpn — du)]/VA . (51)

Making a change of variable ¢, — ¢, = 6 and ¢,, =1, (51) may be written as

/2 2
% cos(d — &)
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where £ = tan~'(A14/\13). Noting that the Jacobian is unity and cosine function is
periodic with period 27

1 2 [A2.422 cos(é—
fPhPQ (p1p2> - 2:;1\?% exp {—5 [Cllp% -+ CLQP%} }A e 3A 4 p1p2 cos(8 £)d6 . (52)

Recognizing the last integral as the modified Bessel function of zeroth order

_ “AszeftAiiss A2, 4+ A2
fp17p2 (p1,p2) = P1P2 62(*11A33—A§3—A§4)]0 |: m . (53)

— p1p
)\11)\33 — )\%3 — )\%4 >\11)‘33 - )‘%3 - A%ﬁl e

As mentioned earlier at frequencies where coherent measurement of fields is not possible,
scattered Stokes vectors are measured. For Gaussian statistics the statistical behavior
of Stokes vectors is studied by Steeger, et. al. [9] and later on by Barakat [10]. Let us
first consider the first component of the Stokes vector. As before we may assume

Ev :X1+2X2 ) Eh :X3+ZX4
where X, ---, X, are jointly Gaussian as given by (35) with properties listed in (36)—
(39). The first component of the Stokes vector is given by
Fy = pi +p)

where p; and py have a joint pdf given by (53). Our objective here is to find pdf of Fj
formally given by

fm@ﬂ%=j%[PQﬁ+p§<Fﬂ}

where P(p? + p3 < F}) is the probability that p? 4+ p2 < Fy as shown in Figure 8.

Using (53) and changing variables p; = rcosf and py = rsin@

VEFL /2 p3gin 6§ cos 0 —r? .
PP +pi<F) = /0 /0 exp [ Aa3 cos? 0 + Aip sin® 0)

VA A

NOTREEpY:
x%l—%fﬂﬁmmmdww.

Taking the derivative with respect to F; and making another change of variable u =
cos 26
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Figure 4: The integration region for the calculation of probability distribution function
of F1 .

fr(R) = - \/_expl ﬂ(xggﬂn)] /llexp Hfi(xgg—mu

VAT + Ay VAT Ay A u2] du (54)

X

1
0 2\/7

Starting from identity [11]

w/2 ) . pos
/0 sin z cos(3'x) Jo(a' sin x)dz = \/%J%( [ + 312)

and changing ' = i and o' = i«, it can be shown that

/ 11 eI (av/T = w)du = | #m"l a(iv/a? 1 2.

Knowing that [12]

2

Mz

Jija(iz) =i < >1/2 sinh(z)

(54) may be written as

sinh {\/()\11 + A33)? — 4\/Z4§1Z

VO + Ags)? — 4VA )

fru(Fy) = exp [%(Agg ¥ m]
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Under a condition that the two components of the scattered fields are uncorrelated, that
iS, )\13 = )\14 = 0 then \/K = )\11)\33 and

€221 — @2X33

fr(F1) = 20 — Nas) { i Fl] :

In a situation where A\33 — A1, using L’Hopital rule, we can show

—F

Fy =
Fy) = 221,
fpl( 1) 4)\%16

For conditions where the two components are highly correlated Ajj\33 >~ )\f?) + A2, or
A — 0. In this case

2VA

At 4 As3)2 — 4VA ~ (Mg + Agg) — ————
VO + ) O+ ) = =5

and (55) reduces to

hiF) = 2(A11 + As3) o lQ()\n - >‘33>1 |

6 Comparison with Measurements

Using the polarimetric data gathered by scatterometers from a variety of natural targets,
the assumptions leading to the probability density function of phase differences as derived
in the previous section are examined. Also by generating the histograms, means, and
standard deviations of the phase differences from the data and comparing them with the
results based on the p.d.f. derived from the measured Mueller matrices validity of the
model is also examined. The polarimetric radar measurements of bare soil surfaces were
performed at L-, C-, and X-band frequencies for a total of eight different soil surface
conditions (four roughness and two moisture conditions). For this experiment we tried
to preserve the absolute phase of the measured scattering matrix by calibrating the
surface data with a metallic sphere located at the same distance from the radar as the
center of the surface target. For each frequency, surface condition, and incidence angle
a minimum of 700 independent samples were collected. The detailed procedure of the
data collection and calibration is given in reference [4].

By generating the histograms of the real and imaginary parts of the elements of the
scattering matrix for all surfaces, it was found that they have a zero-mean Gaussian
distribution as we assumed. Figure 8 represents a typical case where the histogram of
the real and imaginary parts of S,, and Sy, of a dry surface with rms height 0.32 cm
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and correlation length 9.9 cm at C-band have a bell-shaped distribution. The properties
of the covariance matrix as given by (5)-(8) and (42)-(43) are verified by calculating the
covariance matrices of the data for all cases. Table 1 represents a typical situation where
the covariance matrix for the same rough surface at C-band possesses the mentioned
properties approximately, that is A\j1 & Ao, Aia & Az4 & 0, A\33 & Mgy, A3 & Aoy, and
A4 & —MA93. The small discrepancies are due to the fact that the measurement of the
scattering matrix with absolute phase has an uncertainty of +30 degrees.

Table 2 gives the Mueller matrix of the typical surface (Table 1) at C-band from which
the co- and cross-polarized phase difference probability density functions are calculated
using (48) and are compared with the measured phase histograms in Figs. 9 and 10
respectively. Similar comparisons were also made for the rest of surfaces, frequencies,
and incidence angles and it was found that the expression (48) predicts the density
functions very accurately. Some example of these comparisons are shown in Figs.11 and
12. Figures 11 and 12 compare the mean and standard deviation of the co-polarized
phase difference versus incidence angle at L- and X-band for a surface with rms height
0.4 cm and correlation length 8.4 cm in dry condition using the results based on the
direct calculation and the results derived from (48).

7 Conclusions

Prompted by the experimental observations which show strong dependence of phase
differences of the scattering matrix elements on the physical parameters of random me-
dia, the statistical behavior of the phase differences for distributed targets is studied.
The probability density functions of the phase differences are derived from the Mueller
matrix of the target. In derivation of the density functions it is assumed that the real
and imaginary parts of the co- and cross-polarized terms of the scattering matrix are
jointly Gaussian and their covariance matrices are found in terms of the Mueller ma-
trix elements. The functional form of the co- and cross-polarized density functions are
similar and are obtained independently. It is shown that the density function of the
phase difference is completely determined in terms of only two parameters. The as-
sumptions and final expressions are verified by using a set of polarimetric data acquired
by scatterometers from rough surfaces.
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1.00
0.03
0.75
-0.12

0.03
0.90
0.08
0.68

0.75
0.08
0.77
0.05

-0.12
0.68
0.05
0.69

Table 1: Normalized covariance matrix of co-polarized terms of scattering matrix for a
surface with rms height 0.3 cm and correlation length 9 cm at C-band and at 30 degrees

incidence angle.

1.000
0.028
0.000
0.000

0.030
0.767
0.000
0.000

0.000
0.000
0.770
0.110

0.000
0.000
-0.11
0.711

Table 2: Normalized Mueller matrix for a surface with rms height 0.3 cm and correlation
length 9 cm at C-band and at 30 degrees incidence angle.
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Figure 5: The probability density function of the co-polarized phase difference for a fixed
value of a (degree of correlation) and five values of  (coherent-phase-difference).
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Figure 6: The probability density function of the co-polarized phase difference for a fixed
value of ( (coherent-phase-difference) and four values of a (degree of correlation).
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Mean

Figure 7: The mean value of the co-polarized phase difference as a function of o (degree
of correlation) and ¢ (coherent-phase-difference).
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Standard Deviation

Figure 8: The standard deviation of the co-polarized phase difference as a function of «
(degree of correlation) and ¢ (coherent-phase-difference).
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Figure 9: The histogram of the real and imaginary parts of S,, and Sy, for a rough sur-

face with rms height 0.32 cm and correlation length 9.9 ¢cm at C-band and 30° incidence
angle.

29



0.020 v " T : : . ‘ ‘ :
- —_— =-5.0° =47.7
0.018 F Measured (Mean=-5.0°, Std. Dev=47.7°) ||
S B Calculated (Mean=-7.8°, Std. Dev=47.2°)
0.016 -
v [ - b
014 ‘
Eo 0.01 ' | 1 -
L R
2 o012 HEE .
.‘-Z-J\ [ '-" " 1
£ 0010 B “
A 8 :r_ \ d
2 0.008 - i 1 |
2 0.006 - ! \ "
] ;
& : .
0.004
0.002
0.000 =EEE o : . : SR
-180. -120. -60. 0 60. 120. 180.

Cbhh - d)uv
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Figure 12: Angular dependency of the mean of the co-polarized phase difference for a dry
rough surface with rms height 0.4 cm and correlation length 8.4 cm at L- and X-band.
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Figure 13: Angular dependency of the standard deviation of the co-polarized phase
difference for a dry rough surface with rms height 0.4 cm and correlation length 8.4 cm
at L- and X-band.
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