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Dyadic Analysis'

In this section a brief review of dyadic analysis is presented. Dyadic operations and
theorems provide an effective tool for manipulation of field quantities. 2 Dyadic notation
was first introduced by Gibbs in 1884 which later appeared in literature.® Consider a
vector function F having three scalar component f; with (i = 1,2,3) in a Cartesian
system, that is

3
F=> fit
=1

Now consider three different vector functions F';, given by
o 3
F;=> fiyz j=1,23 (1)
i=1
which constitute a dyad ja given by
_ 3 3 3
F=> Fiij =) fij¥id; (2)
j=1 i=1j=1

The doublets #;2; (i, j = 1, 2, 3) form the nine-unit dyad basis. In matrix notation

_ Jin fi2 fis
F= (F1,F2,F3) = | fa Jfoo Jfa3
fa1 fa2 o f33

It should be emphasized that

fi.fj 7& .QAf].QA?Z for i 7é j
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In general a dyad can be formed from the product of two arbitrary vectors a and b to

form F= ab. Components of F can be obtained from a matrix product of a denoted
by a 3 x 1 matrix with 1 x 3 matrix b. Note that the converse may not be necessarily
true. That is, a general dyad may not be expressable in terms of product of two vector
like @b.

Transpose of }:7, denoted by | ]?]T, is defined by

[F]” = Z%'Fj = ZZ fij;a;.
J ? J

In matrix form [F]7 is simply the transpose of matrix F. A symmetric dyad is a dyad
for which

[ES]T =F.

A particular case of a symmetric dyad is the “idemfactor” (I) described by
Jij = 0y
where 9;; is the Kronecker delta function. The idemfactor is explicitly expressed by

_ 3

=1

An antisymmetric dyad is defined by

)" =~

S|

It is easy to show that any dyad can be decomposed into a symmetric and antisymmetic
dyad components

1 The Scalar Products

The “anterior scalar product” of a vector and a dyad is defined by

a F=

3 3 3
]:

(5 : Fj) ;= Z Z a; fi; 2 (3)

1 i=1j=1



which is a vector. The “posterior scalar product” is defined by

s

3 3 3

a=3 Fj(&-a)=3 > a;fy;& (4)
j=1 i=1j=1

which is also a vector. It is obvious that for a symmetric dyad
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2 The Vector Products

Like scalar products, there are two different vector products between a vector a dyad.
The “anterior vector product” is defined by

ax F= i:(a x F,)i; (5)

and the “posterior vector product” is defined by

Sl

XT = ;Fj(fj X ). (6)

3 Vector Dyadic Products

Consider two vectors @ and b and a dyad C' with vector components C;. Since

a-bxCj))=-b-(@axC;)=@xb)-C; j=1,2,3 (7)
it can easily be shown that
a-(bx C)=—b-(ax C)=@xb)C (8)

Equation (8) is obtained from the three equations given by (7) after juxtaposing z; at
the posterior position of each equation and adding them up.



4 Differential Operations on Dyadic Functions

Differential operators such as divergence, gradient, and curl are often encountered in
analysis of electromagnetic field quantities. Hence it is useful to define these operators
when applied to dyads. The divergence of a dyadic function is defined by:

_ 3 .
7j=1

The resulting quantity is a vector. In a similar manner to the anterior vector product,
the curl of a dyadic is defined by

Vx F= i(v x F))i; (10)

J=1

which forms a dyad. Gradient of a vector function form a dyadic function which is given
by:

VF = STh) = 33 (52 s )

1=17=1

5 Vector-Dyadic Green’s Second Identity

The Green’s second identity for vector functions can be used to develop the vector-dyadic
version of the theorem. For any two vector functions P and ); which together with their
first and second derivatives are continuous it can be shown that*

///[ﬁ-vxVx@j—(vaXP)-Qj]dv:#@jxVxF—vaij]-ﬁds (12)

:#Kvxﬁxﬁ).@ﬁ-(ﬁxvx@j)]ds

Suppose @j is one of the constituent vectors of dyad C_Q By juxtaposing &, at the
posterior position of (12) and adding the resulting equations, it can easily be shown that

///[F-wa5—(VxVxﬁ).5]dv:#[ﬁ-(ﬁxvx Q) — (A x V xP)-Qlds (13)

4Stratton, J.A., “Electromagnetic Theory,” pp. 250, New York: Mc Graw-Hill, 1941.



which is the statement of vector-dyadic Green’s second identity.

6 Dyadic-Dyadic Green’s Second Identity

Another useful form of the Green’s second identity is its dyadic-dyadic form. This form
can be obtained directly from (13). Let us consider three vectors P; for j = 1,2, 3.
Noting that

P (hxVxQ)=—(AhxP;)-VxQ,

using P; in (13), and then transposing this resulting equation, we get

///{[VXVX é]T'Fﬂ'—@T'VXVXE}dvz (14)

~ff (V<@ P @7 (2 V< Py fds

Juxtaposing Z; at the posterior position of (14) and summing the results, the dyadic-
dyadic Green’s second identity can be obtained and is given by

///{[VXVX Q]T-f’—[é]T-VxVx Jg}dv: (15)

el

_}S@ {[VX CZQ]T.(ﬁX )‘i‘[é]T-(ﬁxVx E)}ds



