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Kernel Density Estimation

y .
® Xi,...,X, ~ f (unknown density), x; € R?

e Eistimate f via

Flox) = - 3 kol )

e Example: Gaussian kernel
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Kernel Density Estimation

0.06 T T T T T
1 X
oos| (x) = - kss(X; Xi) |
i
0.04 -
0.03|
0.02 -
0.01}
N PR RN,
N\ X RO \@0’/\\'\'/ DAL \\/'/\




Applications of KDEs

Predictors based on KDEs: Classification, regression, anomaly
detection

Estimates of information theoretic measures (entropy, KL divergence)

Clustering (e.g., image segmentation) via mean-shift algorithm
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Conventional Analysis

N

E stimation and approximation errors

kfoi fk- kfPj f mkyk+ kf nkyi fk

2 Note

X
= = k(ox)

= k convolved with empirical distribution

> Need %! O for approximation error to vanish

N

Need n%® | 1 for estimation error to vanish (by properties of con-
volutions and concentration inequalities)



Outline

Topics

* Robust KDEs

« Sparse KDEs

« Consistency with fixed bandwidth

Themes
« KDE = mean in a function space
* Weighted KDEs to achieve above goals



Robust KDE for Anomaly Detection

Abilene network traffic volumes
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Synthetic Example
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(c) KDE with outliers (d) RKDE with outliers



Problem Statement
o Xi,..., X, ~ f(x) = (1 — €)fo(x) + €f1(x)
e Tasks

o Estimate fo(x)
o Estimate {x: fo(x) > A}



Kernel Density Estimate

fkpE (% Zk (%, X5)

e (Gaussian kernel




Gaussian RKHS

e There exists a Hilbert space H, and a feature map
®, : R* — H, such that

ko (x,x") = <<I>U(x), (I)G(X/)>H

o2

e Canonical feature map
®5(x) = ko (- %)
e Reproducing property
VgeHs 9(x)=(Ps(x),9)n,

o [®s(x)]? = ko(x,%x) = (V270) ™



KDE = mean in RKHS
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e Idea: Estimate this mean robustly



Robust Kernel Density Estimate
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Representer Theorem
e Recall

JREDE = argmanp P4
9gEH o 1=1

e Theorem: If p satisfies certain common assumptions, then

fRKDE sz

for some w; >0, >, w; = 1.

e Furthermore

V(|| Po(X5) _j\RKDEH)
|Ps(X;) — frREDE|

where ¢ = p'.
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Robustness Interpretation

e Notice that

P A~

1@ (x) — flI3, = (®o(x) = f,®0(x) = fin,
= || D, (x )HH 2(®y (%), fyr, + |1F]13,
= (V2710)~% — 2f(x) + || fII3,.

e Conclusion:

w; is small <= ||®,(X;) — frrpr]|| is large

N— ]/C\RKDE(Xi) 1s small

¢ RKDE down-weights outlying points



Other Results

« Efficient algorithm: iterative reweighted least squares (converges to
global or local optimum depending on whether p is convex)

* Influence function: also reveals robustness to outliers relative to
standard KDE

« Consistency
o Convex p: converges to density of data (same as KDE)
o Nonconvex p: converges to transformed version of density of data;
this equals the uncontaminated density under certain assumptions
on the contamination

« Experimental validation




Sparse Approximation of Kernel Means

2 Sparse kernel mean:
X , 1 X
®iA(Gxi) A —  A(GXx;)

: n .
i i

where jfi : ®, 6 0gj - k
2 Major complexity gains

+ Evaluation of kernel density estimate: O(n) i! O(k)

+ Mean shift clustering: O(n?)i! O{(nk)

2 Set z; := A(Gx;)2V

I+

V = L%(RY) for density estimation, or

I+

V = RKHS of A, if A is a reproducing kernel



Sparse Approximation of a Sample Mean

Setting

2 inner product space (V;h¢ ¢ i)

P
z1;:::;2, 2V, 7= i— . Zi

Goal: (approximately) solve

. P o
: : ®. 5.
min  Z ®iz
© 2 R" v

s.t. k® kg -+ k

using an algorithm with O(nk) time and space complexity



Existing SA Methods Too Slow

Matching pursuit:
2 Requires computing hz;z;i for each i

P
2 Each h;zii = 1 ;hzj;z;i requires O(n) operations

2 =) 0O(n?) complexity



Problem Simplification

2 Denotel p [n]:=f1;2;:::;ng

> E quivalent formulations:

min % i
®2Rn

s.t. k® ko - k

m

min min %
lwln] (®i)iz2
il j=k

m

o o
. o .
min zi z
I win]
jrj=k

2 where z, is the projection of z onto spanfz;ji 2 | g



Incoherence-Based Bound

T heorem: Assume hz;;z;i = C for all i. Forany | u [n],
v T
. I 1 . 4
kzi z; k- 1ij — —(C?%j ¢
n C
where
9 = min max hz;;z;ji
izl 2l

measures the incoherence of fz; :i 21 g



Bound Minimization

2 For most kernels of interest,

hei;z;i = PA(Gx;); A(Gx;)i
= g(kx; i x;jk)

for some strictly decreasing g

2 Example: Gaussian kernel, V = RKHS

PA(Gx;); A(Gx;)i = A(xi;x;)

U 1

— kxii x;jk?
(2%%2)| d=2 exp | X' I XJ

2%




Bound Minimization = k-center problem

2 For most kernels of interest,

hzi;z;i = PA(GX;); A(Gx;)i
= g(kx;i i x;k)
for some strictly decreasing g
2 Bound minimization
| ¢ = argmax ¢

I win]
il j=k

= argmax min max g(kx; i x;k)
| uin] 12 i21
jrj=k

= argmin max min kx; i x;k
| u[n] 12 i21
jlj=k

=) k-center problem



k-center problem and algorithm

2 Given n cities, place warehouses in k cities to minimize the maximum
distance of a city to the nearest warehouse

2 NP-Complete

2 Greedy O(nk) 2-approximation algorithm




Example
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Weighted KDEs for Density Estimation

2 Estimatef via

X
R(x)=  ®iku(x;x;)

2 T heoretical question: Can we establish consistency (and rates)
with % "xed asn! 07

2 Empirical question: can we get better estimates in ~ nite sam-
ple settings?



Estimation Mpthod

ki i fkZ = (R (x)i f(x))%dx
Z VA Z
= fb®(x)2dxi 2 ib@(x)f(x)dx+
First term:
/ : X X /
ﬁQ@(X) dx = ®i® kss(X; X i) ks (x; x; ) dx
i j
— ®TQ®
Second term:
Z X 'Z 5
R (x)f(x)dx = ®  ke(x;x;)f (x)dx
2 3
X 1 X
V4 © 4 kse(X;x;)dx 2
i ni 1j6i

f (x)%dx



Fixed-Bandwidth KDE

Objective function:
J(a) =atQa —2rta
Optimization problem:
a <— argmin J(«)
a€R®

S.t. ||Oz||1 S R

Density estimator:

E ks (x,X;)



Example — Uniform Density
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Oracle Inequality

2 T hereis a constant C such that with probability at least 1j +
r

log(1=2
i FIC - inf kfei fKk2,+ CR 8L
®:k®ki- R n

(ignoring log n terms).

2 Can be used to deduce consistency, rates of convergence with
“xed .



Triangular Density

= foKDE
—--KDE




Gaussian Density — Bandwidth Too Large

= foKDE
—--KDE

.




Gaussian Density — Bandwidth Just Right

= fbKDE
—--KDE




Gaussian Density — Not Enough
Regularization

-==fbKDE
-~"KDE
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Summary

Topics

* Robust KDEs

« Sparse KDEs

« Consistency with fixed

bandwidth

Themes

« KDE = mean in a function
space

« Weighted KDEs to achieve
above goals




