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ABSTRACT

Forward and Inverse Models of Electromagnetic Scattering From Layered

Media With Rough Interfaces

by

Seyed Alireza Tabatabaeenejad

Chair: Mahta Moghaddam

This work addresses the problem of electromagnetic scattering from layered dielectric
structures with rough boundaries and the associated inverse problem of retrieving the sub-
surface parameters of the structure using the scattered field. To this end, a forward scattering
model based on the Small Perturbation Method (SPM) is developed to calculate the first-
order spectral-domain bistatic scattering coefficients of a two-layer rough surface structure.
SPM requires the boundaries to be slightly rough compared to the wavelength, but to under-
stand the range of applicability of this method in scattering from two-layer rough surfaces,
its region of validity is investigated by comparing its output with that of a first principle
solver that does not impose roughness restrictions. The Method of Moments (MoM) is used
for this purpose. Finally, for retrieval of the model parameters of the layered structure using
scattered field, an inversion scheme based on the Simulated Annealing method is investigated

and a strategy is proposed to address convergence to local minimum.
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CHAPTER 1

Introduction

1.1 Problem Statement

The thrust of this dissertation is the problem of electromagnetic scattering from layered
dielectric structures with rough boundaries and the associated inverse problem of retrieving
the subsurface parameters of the structure using the scattered field. This work has several
important applications such as retrieval of soil moisture, which is of fundamental importance
to environmental engineering, hydrology, geology, soil physics, civil engineering, and plane-
tary sciences. Exploration of resources such as oil, space explorations such as searching for
water on planets, detection of Improvised Explosive Devices (IEDs), and medical imaging

are a few other applications of the problems addressed in this dissertation.

1.2 Overview of the Study

A layered structure with homogenous dielectric layers and slightly rough boundaries is
considered. The Small Perturbation Method (SPM) is applied to the first order and the
scattered field is calculated. The scattered field is first calculated for a two-layer case and
then for an N-layer structure. The region of validity of the forward model in a two-layer case
is also addressed. The work then focuses on the problem of retrieving the model parameters
of the two-layer structure using synthesized backscattering coefficients at different frequencies

and incidence angles. The inverse problem is formulated as a parameter estimation problem



that is solved using a global optimization scheme known as the Simulated Annealing.

1.3 Background and Motivation

The problem of scattering from random rough surfaces has been the subject of numerous
studies dating back to the 1950’s, starting with a single rough surface [1-3]. Researchers
have continued developing new rough surface scattering models over the past decades to
increase the accuracy of the old models over various parameters of the rough surface [4].
The interest in this problem is due to the fact that layered structures with rough boundaries
are representative models for many naturally occurring surface and subsurface structures
ranging from layered soil, rivers, lakes, and multi-year ice to smaller scale objects such as the
human body and manufactured optical components comprised of metal-deposited dielectrics.

Among the wide range of applications of scattering from rough surfaces, study of soil
moisture is of fundamental importance to many hydrological and biological processes. Soil
moisture information is critical to agencies and companies concerned with weather and cli-
mate, runoff potential and flood control, soil erosion, reservoir management, geotechnical
engineering, and water quality. Soil moisture plays a fundamental role in controlling the
exchange of water and heat energy between the land surface and the atmosphere through
evaporation and plant transpiration. Consequently, soil moisture becomes a key factor in the
development of weather patterns and production of precipitation. Simulations have shown
that improved characterization of surface soil moisture, vegetation, and temperature can
lead to significant weather forecast improvements. Soil moisture also strongly affects the
amount of precipitation that runs off into nearby streams and rivers. Large-scale dry or wet
surface regions have been observed to impart positive feedback on subsequent precipitation
patterns, such as in the extreme conditions over the central U.S. during the 1988 drought
and the 1993 floods. Soil moisture information can be used for reservoir management, early
warning of droughts, irrigation scheduling, and crop yield forecasting.

Effects of soil moisture and surface roughness on the backscattered field have been studied
dating back to the 1960’s and 70’s [5-7]. Research in soil moisture remote sensing began in

the mid 1970’s shortly after the surge in satellite development [8 9]. Studies have widely



been done in the microwave regime of the electromagnetic spectrum, because microwave
measurements are largely unaffected by clouds, and, up to wavelengths of about 3 cm, are
also unaffected by rain. Furthermore, microwave sensors do not depend on solar radiation as
the source of target illumination. Quantitative measurements of soil moisture in the surface
layer of soil have been most successful using passive remote sensing, but use of radiometers in
soil moisture detection is limited because of their low resolution at lower frequencies, which
are required for subsurface observations.

The frequencies used for study of soil moisture should be chosen judiciously in order to
allow use of appropriate scattering models and allow obtaining reliable data. Accuracy of
the scattering model and penetration through soil are two important factors that should be
considered when a measurement system is being designed. Moreover, since 30% of the Earth
land area is covered with vegetation, penetration through vegetation cover is another impor-
tant factor that needs to be considered. To probe the properties of soil, we can ideally use
three ranges of frequencies: L-band (1-2 GHz), UHF (0.3-3 GHz), and VHF (30-300 MHz).
The penetration depth increases as the frequency decreases. Lower frequency microwaves
are needed to achieve penetration through soil, because they retain their information con-
tent while they travel through significant vegetation canopies and through soil. L-band can
be used to estimate soil moisture in the top 0-5 c¢cm in the presence of up to 4 kg/m? of
vegetation [10-15]. UHF measurements enhance the capability to characterize vegetation
effects as the amount of vegetation is increased to up to 20 kg/m? [16,17] and to retrieve
soil moisture in the 0-50 cm depth [18]. VHF data are essential for retrieving soil moisture
under vegetation canopies exceeding 20 kg/m? and to depths of 2 m or more, depending
on the amount of moisture present. Data from low-frequency experimental systems such
as the Microwave Observatory of Subcanopy and Subsurface (MOSS) tower radar [19] and
actual airborne systems such as the NASA/JPL AIRSAR [18] have shown the practical and
theoretical feasibility of obtaining reliable radar data and subsurface soil moisture products
at low frequencies, legitimizing use of scattering models such as SPM, because this method
assumes that roughness of the surfaces is small compared to the wavelength, which is a
valid assumption at low frequencies. We should note that at least one of the higher frequen-

cies (L-band or C-band) must be present for separating, characterizing, and removing the



contribution of the vegetation layer.

Study of sea ice is another motivation for development of electromagnetic models for
rough surface scattering. Surface roughness, dielectric properties, and thickness of sea ice
influence the signal received at the antenna, so the geophysical properties of sea ice can be
retrieved using scattered field data.

Sea ice is important to the global climate because of its role in the mass balance and heat
transfer between the ocean and the atmosphere [20,21]. Sea ice modulates energy exchange
between the ocean and the atmosphere, because its high albedo and insulation deflect solar
radiation and prevents a significant amount of heat in the ocean from warming the polar
atmosphere. Sea ice thickness determines the amounts of energy exchange between the air
and the ocean. The thicker the ice cover, the more effective is the insulation between the cold
polar air and the warm ocean. Sea ice also plays an important role in the surface radiation
budget. Because of its high albedo, sea ice can reflect up to 90% of the solar radiation. On
the other hand, the open ocean absorbs most of the solar energy (85-90%) due to its low
albedo. Consequently, changes in sea ice extent over time can be an indicator of the energy
being retained by the Earth. A negative change in the sea ice extent would indicate a global
warming scenario.

The detection and classification of sea ice are important remote sensing applications. The
distinct difference in backscatter between open water and that of sea ice—which is relatively
much higher—helps in the detection of sea ice. The classification of sea ice, on the other hand,
is more complex and is important for estimating ice thickness, hence amount of insulation
provided by the sea ice cover. For remote sensing purposes, sea ice can be categorized into
perennial multi-year ice, which is generally 3-6 m thick, and new first-year ice, which is
relatively thin (1-2 m). It is important to distinguish between different ice ages, particularly
first-year ice and multi-year ice. This is especially important in navigation, because multi-
year ice is usually more dangerous to ships than first-year ice because of its greater thickness
and the fact that it also has more ridges. Multi-year ice and first-year ice have distinct
backscatter signatures, which allows us to distinguish them using remote sensing.

It is of extreme importance that we monitor the Earth’s sea ice on a global scale. Sea ice

is difficult to study directly, because it is in such remote locations. Ships and submarines



have been used to gather data for sea ice, and scientists have established field camps and
deployed ocean buoys in the Arctic to study the movement of sea ice. The problem with
these methods is that they only explain sea ice conditions in relatively small regions. The
only way we can monitor sea ice globally is by remote sensing from satellites. As a result,
global monitoring of sea ice with polarimetric radar remote sensing has drawn considerable
interest [22-24]. Satellite and airborne instruments collect data that can be used to retrieve
the area covered by sea ice, sea ice temperature, sea ice motion, and other variables.

Because of high albedo of snow and natural insulation of the underlying surface, snow
mapping is also important for climate studies as well as for estimating spring runoff amounts
for predicting water supply, hydroelectric energy production, and potential flooding. Given
its large spatial extent and sensitivity to microwave electromagnetic radiation, microwave
remote sensing is a useful tool for mapping snow. Contrast between the backscatter from
soil, especially frozen soil, and that of snow is used to detect snow. Moreover, variations in
scattered field at the same location can be used to detect seasonal transitions of landscapes.
As soils and vegetation freeze with colder temperatures in the winter, surface roughness
and dielectric constants decrease, leading to low backscatter values. Then, as snow begins
to fall and accumulate over the landscape, backscatter values increase due to strong volume
scattering of microwave energy within the snow pack, especially at higher frequencies. When
winter ends and temperatures rise again, snow begins to melt and the presence of unabsorbed
liquid water leads to rapid decreases in backscatter due to absorption. Lastly, as snow departs
and soils and vegetation begin to thaw, backscatter values begin to rise again as absorbed
moisture in the soils and vegetation increases their dielectric constants.

There exist other applications of rough surface scattering such as study of backscatter-
ing enhancement. Backscattering enhancement finds applications in the study of scatter-
ing phenomena from metallic surfaces with a dielectric coating and metallic coated papers.
Backscattering enhancement is a phenomenon in rough surface scattering which manifests
itself as a well-defined peak in the backscattering direction [25]. Both theoretical [26, 27]
and experimental [28] research efforts have previously been made to study backscattering
enhancement effect of rough surfaces due to surface plasmon resonance. Backscattering en-

hancement of surface plasmon waves is important in various applications, including surface



plasmon localization in rough-metal surfaces and ocean acoustic applications [25]. Tt is also
an emerging area of interest in biological applications and has provided a new means to
detect and image biological interfaces of thickness well below the diffraction limit [29].

The aforementioned areas are fraught with challenges. However, extensive studies have
been devoted to these subjects [19,30-32]. The challenge shared between these areas is de-
velopment of appropriate forward and inverse rough surface scattering models. Soil dielectric
properties and structural properties of multi-year sea ice and snow-covered lands legitimize
modeling these media as layered structures. Soil dielectric profiles strongly depend on soil
type, temperature profile, surface evaporation and moisture content. The real part of the
dielectric constant at VHF ranges from 3 for dry soil to about 30 for wet soil [33]. There-
fore, backscattering coefficients at this frequency band could vary significantly depending
on the ground moisture regime. Along with a non-uniform soil moisture function in depth,
soil consists of different subsurface layers that could be homogeneous, consist of arbitrarily
varying continuous profiles, or represented by inhomogeneous media composed of various
dispersive constituents. These layers are typically rough. Because of the presence of both
inhomogeneous dielectric profiles as well as irregular soil layers, the need for a layered dielec-
tric model with rough boundaries is a necessity in the development of scattering models at
low frequencies. Similarly, multi-year ice is usually very deformed and rough at the surface
due to wave-caused deterioration, ice-pack shearing, and melting/refreezing cycles that occur
over time. First-year ice can also be somewhat rough due to ridging at the edges caused by
wave action and collision with other bodies of ice. We may therefore model first-year ice as
a one-layer rough surface structure whereas multi-year ice needs to be modeled as a layered

structure with rough boundaries.

1.4 Dissertation overview

This dissertation has three main chapters along with the Introduction chapter and a
conclusion statement.
Chapter 2 presents a solution to electromagnetic scattering from a three-dimensional

(3D), layered dielectric structure with rough boundaries using SPM. The first-order spectral-



Figure 1.1: Layered soil is an example of layered structures with rough boundaries.

domain bistatic scattering coefficients of a two-layer structure is calculated. The amplitudes
of the fields in all regions are obtained simultaneously. The solution is analytical and in-
trinsically takes into account multiple scattering processes between the boundaries. The
solution is then extended to an arbitrary number of layers. The method is fast and appropri-
ate for being used in inversion schemes. This chapter emphasizes the theoretical analysis of
the problem; however, the primary intent of the solution is for remote sensing applications
involving layered soils.

Chapter 3 addresses the region of validity of SPM for a two-layer structure. The scat-
tered field is calculated for a two-dimensional (2D), two-layer rough surface structure using
the Method of Moments (MoM). The MoM solver needed for deriving the region of validity
should be fast to allow extensive sampling of the model parameters. Therefore, a fast solver
known as UV Multilevel Partitioning Method (UV-MLP) is presented. It is shown that, con-
trary to expectation, for the matrix sizes of interest, this method is not faster than a solver

such as LU factorization. Finally, a comparison between the backscattering coefficients of



Figure 1.2: Sea ice plays an important role in the mass balance and heat transfer between
the ocean and the atmosphere.

a two-layer structure calculated via SPM and MoM is presented, and recommendations are
made on the region of validity with respect to the dielectric properties of the layers and
statistical properties of the boundaries.

Chapter 4 addresses retrieval of the subsurface parameters of a three-dimensional, two-
layer structure using scattered field. The inverse scattering problem considered here can
be regarded as a nonlinear parameter-estimation problem. The problem is formulated as
an optimization problem that is solved using an enhanced Simulated Annealing method.
A strategy is proposed to escape from local minima and is shown to be effective. The
algorithm is shown to be capable of retrieving the layers dielectric constants, conductivities,
and the mean separation between the layers. All of the model parameters are considered
well retrieved in presence of noise.

Chapter 5 concludes this dissertation, summarizes its contributions, and presents rec-

ommendations on future work.



CHAPTER 2

Bistatic Scattering from Three-Dimensional Layered

Rough Surfaces

An analytical method to calculate the bistatic scattering coefficients of a three-dimensional,
layered dielectric structure with slightly-rough interfaces is presented. The interfaces are al-
lowed to be statistically distinct, but possibly dependent. The waves in each region are
represented as a superposition of an infinite number of up- and down-going spectral com-
ponents whose amplitudes are found by simultaneously matching the boundary conditions
at both interfaces. A small-perturbation formulation is used up to the first order, and the
scattered fields are derived. The calculation intrinsically takes into account multiple scat-
tering processes between the boundaries. The formulation is then validated against known
solutions to special cases. New results are generated for several cases of two- and three-layer
media, which will be directly applicable for modeling of the signals from radar systems and
subsequent estimation of a layered medium subsurface properties such as moisture content

and layer depths.

2.1 Introduction

The problem of scattering from random rough surfaces has been the subject of numerous
studies dating back to the 1950’s, starting with a single rough surface [1-3]. The interest
in this problem stems from the fact that random roughness is a representative model for

many naturally occurring surface and subsurface structures such as soil and multi-year ice.



Rough surfaces are also encountered frequently in smaller scales such as in manufactured
optical components comprised of dielectrics with metal deposits. This chapter presents
a solution to the bistatic scattering coefficients of a three-dimensional, layered dielectric
structure with rough boundaries using the small perturbation approximation for each rough
surface. No other approximations are involved, and all multiple scattering processes between
the boundaries are intrinsically considered in the calculation. While this chapter emphasizes
the theoretical analysis of the problem, the primary intent of the solution is for remote sensing
applications involving layered soils, to ultimately estimate the variations of the complex
dielectric constant, hence the subsurface layers moisture content, as a result of changes in
environmental conditions. With the development of low-frequency experimental systems
such as the Microwave Observatory of Subcanopy and Subsurface (MOSS) tower radar [19],
which is meant for estimation of deep soil moisture, the need for an accurate and practical
layered-soil scattering model has become evident. The solution presented here addresses this
need.

Solutions to a single rough surface abound, and can be divided into two general categories
of analytical and numerical approaches. The most common analytical method assumes
a slightly rough surface where the random surface height is assumed to be a zero-mean
random process with a small mean-square variance. This method, pioneered by Rice [34] in
1951, is often referred to as the Small Perturbation Method (SPM), and has been further
evolved into more sophisticated and/or practical approximate solutions [35,36], including
higher-order expansions [37,38]. The order of expansion is arbitrary, with the complexity
of solutions increasing with increasing order. The numerical approaches can be divided into
time-domain and frequency-domain methods, with the former typically using a differential
equation formulation as in the finite-difference time-domain method [39,40], and the latter
using surface integral equation formulations [39], [41-43]. The numerical techniques have
the advantage that they do not rely on simplifying approximations to the surface roughness,
and are able to simulate the scattering process for any arbitrary distribution and roughness
scale. However, the computational cost is typically high, given that many realizations of the
random surface have to be simulated. This is in contrast to the low computational burden

of analytical solutions, which are obtained at the cost of complex analysis and approximate
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results.

The order of complexity of analytical solutions increases when more layers are involved.
Therefore, work on the subject has had limiting assumptions such as a single rough interface
on top of or embedded in a layered medium [44-46] or a rough boundary backed by a perfectly
conducting plate [47]. High-order solutions for layered media are even more involved. Ignor-
ing multiple scattering between the rough boundaries [31] and using the reduced Rayleigh
equations to eliminate scattered fields inside the layered medium in the simplest case of two
independent rough boundaries [48], have been ways of simplifying the analysis. Another
example is a recent semi-analytical semi-numerical method based on the extended bound-
ary conditions used to analyze layered rough surfaces [49]. While this method accounts for
high orders of scattering, it is computationally expensive. Therefore, analytical methods are
still more attractive for applying to practical solutions of inverse problems, where several
evaluations of the forward problem are needed.

An alternative approach to the problem is presented here with some advantages over
previous methods. This approach has the SPM at its core. Fields in each region are rep-
resented as the summation of up-going and down-going waves, with their amplitudes found
by simultaneously matching the boundary conditions for the continuity of tangential electric
and magnetic fields at each rough boundary. The boundary conditions are imposed up to
the first order, as in any other first-order SPM. However, the resulting equations are solved
in the far-field region without any further approximations. Consequently, in contrast to
some of the above methods, this method intrinsically takes into account multiple scattering
processes between the boundaries, all of which are considered rough simultaneously. This
makes the presented SPM approach different from some of the previous methods in that it
is suitable for being extended to higher orders, because it does not rely on the assumption
that each rough boundary contributes to the solution independently of the other bound-
aries, which is only true in the first-order solution. Also, the solution here is presented for
the general case where the rough surfaces are not statistically independent, in which case the
cross-correlation functions of the random interfaces are taken into account for the calculation
of bistatic scattering coefficients. Another strength of this approach, in contrast to some of

the methods above, is that the amplitudes of the fields scattered into the inner media are
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obtained simultaneously without further calculation. Moreover, the formulation presented
here can be easily and systematically extended to cases where an arbitrary number of layers
with rough boundaries are involved. The details of extending the formulation is presented for
transition from two layers to three layers. The first-order solution is presented here. While
higher-order solutions have many applications in optics and areas where coherent effects and
surface waves are important, for the intended soil moisture application, the higher-order
effects are expected to be small.

In the following sections, the focus will be on a two-layer medium. First, the definitions
and notations are presented, and are followed by the analysis leading to the bistatic scattering
coefficients for both horizontal and vertical polarizations. Extension to the three-layer case
is presented afterward. The results are then validated against known solutions to special
cases. Finally, various new results are generated for arbitrary cases of two- and three-layer

media.

2.2 Problem Geometry and Definitions

2.2.1 Geometry

Consider the three-dimensional, two-layer isotropic dielectric structure shown in Fig. 2.1,
where the top and bottom regions are half-spaces. The layers dielectric constants are €y, €1,
and ey, which in general could have complex values. The permeability of all layers is assumed
to be ug, although this assumption does not impact the analysis method. The boundaries are
denoted by z = £ fi(x,y) and z = —d; + £ fa(x, y), where both fi(z,y) and fo(z,y) are zero-
mean, stationary random processes with known, distinct, but possibly dependent statistical
properties. The quantity d; is the mean separation between the boundaries and is referred
to as the first-layer thickness. The quantity & is the small perturbation parameter used to
match the boundary condition equations to specific orders. The quantities {0y, and oy, are
assumed to be small numbers compared to the wavelength, where o4, and o, are the standard
deviations of fi(z,y) and fo(z,y), respectively. An accurate mathematical statement about

how small these numbers should be and what the limitations on the correlation lengths of
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Figure 2.1: Geometry of the problem: a three-dimensional, two-layer isotropic dielectric
structure with complex permittivities. The boundaries are zero-mean, stationary random
processes with known, possibly dependent statistical properties. The first-layer thickness is
dy.

the surface heights are, requires an involved calculation that is out of the scope of this work.

2.2.2 Definitions

Assume the plane wave incident upon the structure is
E; = E,e’™” (2.1)

where k; = ki3 + ki — ki, 2 = koK§, K} is the incident direction, and kq is the wavenumber
of the top layer (Region 0). Since E,- k; = 0, the components of the incident electric field
intensity can be decomposed into two perpendicular unit vectors in a plane perpendicular

to the direction of propagation, i.e.,
E, = Eo- h(—kp,)h(—k,) + Eqo- 0(—ki),)o(—kp.) (2.2)

Due to the roughness of the interfaces, the scattered fields are no longer plane waves, but
they can be expressed in spectral domain as the linear superposition of an infinite number of

up- and down-going plane waves with coefficients to be found. Obviously, E5 has down-going
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field components only. The electric field in each region can be written as

Eo = //dkl{ [AZ(kJ_>iL(kUZ> + Aj(kj_)’f)(koz)} g'hozz

—o0—00

+ [A,;(kgiz(—koz) + A;(kl)@(—kOZ)] e*ikozZ}eikm (2.3)

By = / / ak { [ By (ku)h(kiz) + BY (k1 )o(k2) | e+

—O00—00

+ [B,;(kgﬁ(—klz) + Bv‘(kL)f}(—klz)] e—iklzZ}efkm (2.4)

and - -

E, — / / dk; { G (k)h(—ka.) + C; (K)o(—hyo)| e = h efeors(25)
where k| = k,2 + k,y and dk, = dk,dk,. Note that all integrals are in the form of inverse
Fourier transforms and k| is the Fourier transform variable. For definitions of 4(-) and A(-),
refer to Appendix A.1.

A, (k;) and A; (k) are the known intensities of the incident electric field components
and are given by

Ay (k1) = Bo- h(—ko.)d(k — K ) (2.6)

and

A7 (k1) = Eor d(—ko.)0(k ) — k) (2.7)

Ay, (ky), Biv(k 1), and Gy (k1) are the unknown intensities of the scattered field compo-
nents in different regions, and are to be determined. The superscripts ‘+’ and ‘—’ indicate
whether the quantity corresponds to an up-going or a down-going plane wave. Once A,J;U(k 1)
are known, from (2.3) the scattered field is known everywhere in the region of incidence. Sub-

sequently, B,jiv(k 1) and O} (ki) can be calculated leading to the fields in all regions.
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2.3 Analysis

The outline of the analysis is as follows: First, the fields are represented in spectral
domain, as in (2.3)—(2.5), and the unknown coefficients are represented by their asymptotic
expansions in . The integrands are then expanded in £ and the boundary conditions are
applied afterward. The terms in the resulting equations are matched up to the first order.
This matching will result in two systems of linear equations. Solving for the unknowns will
lead to finding the bistatic scattering coefficients. Now, each step will be described in more
detail.

To determine the unknown coefficients introduced in Section 2.2.2, SPM is applied. This
method suggests that the unknown coefficients, iec., Ay (k1), B,jf,v(kL), and €, (ky), be
represented by their asymptotic expansions in £ with new unknown coefficients a;(m)(k 1),

v

bf(m)(k 1), and c;f’”) (k1 ), where the superscript (m) represents the order of the coefficients

K v

and should not be mistaken for the mth power.
= (2.8)
—Lgm (2.9)

&m (2.10)
as & — 0.

2.3.1 Boundary-Condition Equations

To find the unknowns, the boundary conditions, which enforce the continuity of the

tangential components of electric and magnetic fields at the boundaries, should be applied.

7A7,1 X EO = fll X E1 (211)

Z:§f1 (I7y)

le X HO = ’le X H1 (212)

z=£f1 (:c,y)
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ﬁQXElzﬁQXEz

2.13
Z:—d1+ff2(17y) ( )

’flg X Hl = ﬁQ X H2 (214)

z=—d1+Efa(x,y)

where n; and ns are vectors normal to the boundaries, and their expansions are presented
in Appendix A.1. By virtue of imposing the boundary conditions simultaneously, all in-
teractions between the rough boundaries are included in the solution. Note that the mag-
netic field in each region is easily determined from the relation Hf = kn X E!/Z, and
H, = K, xE_ /7, , where Z,, = \/,uo—/en. The vectors l;‘n and K,, are defined in Appendix A.1.

Noting that (6(-), k(-), k) and (8(-), h(-), K) are orthonormal systems, the magnetic field will
be

HOZZLO 7 70 dkl{ [—Aﬁ(kl)ﬁ(%z)+Aj(kL)iL(kOZ)} ghos>

—o0—00

+ [—Aﬁ(kﬁ@(—kbz) + A;(ki)ﬁ(—k&z)} eiikozz}eikru (2.15)

lezil / / dki{ [—BI (kl)@(klz)+Bj(kL)ﬁ(klz)} g2

+ [—Bg(kL)@(—klz) + B;(kJ_)iL(—k‘lz)} e*iklzz}eikj_-rj_ (2.16)
and
2= Zi2 / / dk| { [_CE(kL>@(_k2z) + C,;(kj_)il(—kgz)] e*ikkz} kLT (2.17)

Applying the boundary conditions and using the expansions presented in Appendix A.1

will result in four equations. The boundary condition equations at the first boundary are as
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follows.

(At ™ +8k0z 00 ™) Gl @)™

n! (m—mn)!

o X n .
m=02n=o J [ dki ekl riemy
— 00 —00

. . ikl ikt z,y))™
(A ER+B(—k,, f1)EY )™ L ™1 3% ERo N @) em

+(n) +(n)
oo @ Ak )b +B(k12,f1)by i . -n
Sl DL | ko_( L% - 12271 )(klzﬁi!g))!)m nesz-rL£m+
—o00—00
—(n) —(n)
oo oo Ak | )b +B(—k14,f1)by i . m-n ) .
el DY | ko_( h - )( ku{}fﬂ;@)ﬁ)) eikirig
—00—00
+(n) +(n)
o som T T g ((BE0smal a0 al ™) Gk f @a)™ " i ey om
A Tresi T a ) Ghospoym =" e gy
3 i 2 i r %) _.kiz s m m
ZLO(—B(—k527f1)Eg+A(kl)Eg)e AIETE o S i FEELCEDNA
+(n) +(n)
% *B<k1 vfl)” +-A(kJ_)bv i z, m—n i -
Zil ﬁzozgnzoif 7] dkL( —t )(klzj(c}é—g;!) el TLEmy
—(n) —(n)
oo oo —B(—kq5,f1)b +A(k | )by ik )™ e
v, ] T a ) it ey e

The boundary condition equations at the second boundary are as follows.

+(n) +(n)
oo m oo oo Ak )b +B(k1,,f2)b i > m—n . . -
Yo oo [ S dkl< L v )(’912{375!5;!) eiky T —ikigdygm
—(n) —(n)
- L oo oo A(k )b +B(—kq,fa)b ik o)™ N
Ym=o2n=o | J ko.( L -~ v 12&8;;? etk LTy +ikizdyigm_
—(n) —(n)
oo 0o Ak ) +B(—kay,f2) —i - m—n . X
N D B | dkL( 1% - 22:72)% )( kzz(fiﬁgﬁ?) ek LTy +ikgzdygm
—oco—o00
+(n) +(n)
o e 78(}“1 va)b +'A(kj_>b'u i z m—n i o —i
Axn,rn, T T a oo ) b1y ™ e g
1 oo m T F (*B<*k1z»f2>”;:(n)+A(k1_>b;(n)) (=ik1fo (@)™ ™™ ik v 4+ ike.dqem
Z1 m:OZn:Oif 7f dk o~ ot etk LT Fik1zdygm
1 o m T F (78(7]%2’fQ)C;(n)+A(kJ->C;(n)) (=ikoy fo(z, )™ ™™ ik | v | +ikg,diem
Zo m:oznzoif 7] dk pou ! e LTy 2z91¢
where
ke + kyy
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2 A 2 ~

We can then match the  and ¢ components of each of these equations separately to a spe-

cific order to derive, for each order, a system of eight linear equations with a,, ,, k), b, (m) ki),
—(m

N (kL) being the unknowns.

and Ch,

2.3.2 Zeroth-Order Solution

Matching the & components of (2.18) to the zeroth order results in

I kx +(0) kaky kl kZ kg]z i,
dk. [ =2 +( )| pikLire E E? ekl Tl
// . (kp“h kok, TR T ok

o kix +(O) klzky ik | - rr k:c -(0) klzk .
dk, ( 22p 2R 0) ) gikirs / / dk, [ 2=p ¢ Up-(0) ) gikrrs
// . (kp h Tk, T BT hk,

(2.24)

As stated before, these integrals are in the form of inverse Fourier transform. We know that
if F'(k,) is the Fourier transform of f(z,y), then F(k, — ki) will be the Fourier transform
of f(x,y)e™ 1™, Also the Fourier transform of f(x,y) = 1 is d(k.). Therefore, (2.24) can

be rewritten as

ba +0)  Focky o) _ Kepro) k‘lzk‘yb+(o _ e Facky Fazky o)

B hk, T B Tk, k2" hik,
k ko .
=—(=E'— 2= EY ) 5(ky — K 2.2
(kp [2) k’ok ) ( L J_) ( 5)

The other seven zeroth-order equations are

ky +(0) kakx +(0) ky +(0) k'lzk:v ky —(0) klzkm —(0
v — Selap0) _ ZypeO) Mty -0)
B T Tk B T Rk, k2t Tk, "
ky h kszz i
- | =F EY )6k, — k' 2.26
(kp o + kokp 0) ( L L) ( )
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1 kaky +(0) _|_ 1 kz +(0) 1 kleyb+

T Zokok, ™ T 2ok, T Z Tk,
_ ik_b i%b};@) _ i@bg(o) =
Zy ky Zy kik, Z1 k,
1 (koky ke .
E)+—FE) ik, —k'
Z()(kkp O+kp O)(J- J_)

ikOZk:c CL+(0) 1 kya+(0) . 1 klzkx b+ (0)
Zo kok, " Zok, 71 kik,
_ i@(fr iklzkmb—(o) _ i@b*(o) —
Zik, " Zy kik, " 7 k,

Zo \ kok, k

(%bz(o) n ]fl;lz:yb+(0)) pikizdi | (%b;(o) /Zz:yb (0)) pikizdi
p 1 p 1

(k‘x -(0) k2zky —(0)) ethzzd1 —

ke, " ok,

ky +(0) klzkz _ k —(0 klzkx — i
Yp b+(0 ik12dy My (0) p=(0) ) gikizda
(/.cp h kik, ) + k, " * kik, " ‘

(/{Zy —(0) 4 My k2zky —(0)) eikzzd1 =0

e Ch kok,

1 kizky, 10 K » 1 [ kiky ky :
- z b _xb+(0) ik12d; z b + 2Ty (0) \ _iki.dy
Z < Wk, TR )C T\ kg, TR )¢
L (koK —(0) ks —(0) \ _iko.d
— _Zc I _ tR2201 O
Z ( ok, * TR )°
and
1 kizke +0) Ky . 1 kizky oy Ky, _ :
by 2y +(0) ikizdy | _— p O 4 My p—(0) ) gikizda
(kzlk R A o e A

Zo\ hok, * Tk,
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This system of eight linear equations with the eight zeroth-order (m = 0) unknowns can

be represented as

[A(k)]sxs - [xo(ki)]sx1 = [bo(ki)]sx1 (2.33)

where xo(k ) = [aZ(O) ai‘(o) bZ(O) b;*‘(O) b;(O) b;(O) CF_L(O) C;(O)]T,

After solving this system of linear equations, the zeroth-order coefficients are found to be

(k1z + kaz)(k1z — ko) — e2F1=41 (ky; — ko) (k1 + koz)

“Z(O)(kl) = LiZki.d
e2k12d1 (k1. — koo ) (k12 — koz) — (k12 + k22) (K12 + koz)

Eh§(k, —KY) (2.34)

14 e2k1zd1(1 — 2ko k12 /(k1.ko? + kask12)) — 2k1.ko?/(k12ko? + koo k12 .
O (e, ) = +e ( 221 /( 12k2 + 2:h1 ) 1z 02/( 1z 02+ 02 12) EVS(k, —Ki)) (2.35)
1+ e2k1zd1 (1 — 2ko k1% /(k12k2® + kazk1?))(1 — 2k12ko?/(k1zko? + kozk1?))

72ei2klzd1 (klz — k2z)k0z
ei2k1zd1 (klz - k2z)(k1z - ka) - (klz + k2z)(k1z + k'Oz)

by P (ki) = E}o(k. — k') (2.36)

—2e"2R1=d1 koK (—ky2ko? + kook12)ko.

bi Ok ) = — EY8(ky — k! 2.37
o) S e (ke — haski?) ok — hoski?) + (kreka? + kool D) (rko? & hos?) 00k L) (23D
_ —2(k1z + k22 )koz i
b Ok, ) = — z z EMs(k, — k! 2.38
h ( J_) ei2k1zdy (klz - k?z)(klz - ka) - (klz + k22)(klz + ka) ° ( + L) ( )
_ 2kok1(k1zka? + kazk12)kox v i
b L) = R ook Raeki D) (erako? — koo T hraka® T Faokn?) Unho? TRk ?) Lodlker — 1) (2:39)
12k2 22k17) (k1zko 0-k17) 12k2 2:k17)(k1zko 0-k17)
—deilkrz—k2z)dif fo .
—(0) 1zKR0z h i
e Oky) = — EMs(k, —k 2.40
h ( J-) ei2k1zd1 (klz - sz)(klz - ka) - (klz + k?Qz)(k'lz + ka) ( - L) ( )
and
_4et(k1z—kaz)dy 2 2kos .
er© (k) = © kok1”kak1z ko EYs(ky — ki)  (2.41)

ei2k12d1 (k1 ko? — kok1?)(k12ko? — kozk1?) — (k1zk2? + k22k12)(k12ko? + kozk1?)

Analytical validation of the zeroth-order solution is presented in Appendix A.2.

2.3.3 First-Order Solution

Now, the terms in (2.18)—(2.21) can be matched to the first order. Matching the &

components of (2.18) to the first order will result in
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oo oo

I dkL[ F1yke +<0)+(kza+(0>+k()zky +<0))(Z,€02f1($y))+kza+(1>+k02kky +<1)] ik
kp P

— 00— 00

+[ i pE”+( EEh b= yEv)(—ikngl(z,y))] ML

koK)
oo % —fluk .
[ ] dky [—f,?; 25O+ (febr O+ Szt @) ks i o, y))+;b*“>+’“12’“yb+“>} ik
o oo —fiokp — _ , _ _ N
+ ] [ dko [%bvm(%bh“ Tlby “”)(—mlzf1<x,y>>+%bh“)—%bv“’}el“l + (242)

Since the zeroth-order coefficients are linearly proportional to §(k; — k'), parts of the
integrals above can be evaluated before applying the Fourier transform on both sides. For
example,

K
//dk fy “Jylp +(0)( ) ';;0 4 :/((?)(kl) (243)

—0o0—00

where a7 (k) means (k1) given in (2.35) evaluated at ki = k| with d(k; — k)
suppressed. For ease of notation, from now on, ¢ is used instead. Noting that the Fourier

transform of 0f(x,y)/0y is k,F(k.), the following equation will result.

kg +(1) | kozky (1) kg pt (1) _Kizky o +(1) _ kg p—(1) | k1zky p—(1) _
kpOh T EoR, M Ky On Torkp OV ke On T T, 00 =

(= by Gkl ) e (0)_ Khake o) (Gumbiphy (270 ) o)
ko kb ko v kY % k1 k1KY v

z kb
b= (O ki zb ©_

v

o o
klz zb+(0) ((kyikzl)kzpi(kzlz) kly)
A k1 k1k}

((kizék; _ (ky;’;;)k;)Eg_i_kokzl gt | (im0, -x))  (2.44)
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The other seven first-order equations are

ky o+ (1) _ Kgzka o H (1) _ky (1) Kigke b () _ky = (1) _Kpzke y—(1)_
%p % kokp OV kp h kikp U kp 'h kikp 2V T

((kéz)?k;_(kx—ké)kf,) +(0) kb, kY kb ky +(o)+<(kx—kl)kl (k% )Zki)b+(0)
Kok ko kb ky kq K v

Kiky 4(0) | (((Ra—kb)kL (k1 )2KL Y, —(0) _ ki.kL —(0)
el +(E L =), i

(bl (ko —k ) )

ko kb ko kY

1 kozky +(1)+ 1 kz +(1>+ 1 F1zhy +(1) _ 1 kzb+(1) 1 kigky,—(1)_ 1 ke (1)
T Zg kokp Z1 kikp h Zik 71 kikp h Z1 kp v

_ i(<k62>2_k§)_<ky—%>ké)a;<o> 1 KbakE 4 O)

oo o
AL GBI AT
Zo \ Kok}, ko h
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Zo K Z1 k1 k1 kY

L Rigkep0)y 1 ( (hy ky)kp (K1) ky ) ~(0) _ 1 kjzkp=(0)
21 kY Z k1 k1K h Zy kL Y

i 2,0 i i
(kg.)2KY  (ky—ki)k

+ZLO< kok;., - o P)Eh+z10 koz :tEv (iFl(kJ_*kil))

1 kgzhe (1) 1Ry () _ 1 Rk b _ 1 Ry ()

b Bake (04 Ry )
Zo Fokp Zo Fp 71 Fikp O 71, 71 Fikp Oh T Z R
_|a (_(kéz)?k;+(szké)k2)a+(o) G kbkY af @41 ( (ka—k)KD b Z)Z_k;)bﬂo)
20 ok ko h 20 k) k1 Ky k) h

N L b0 4 (= e ’“l>%+<’<3z>2_ké)b7(0)_i’Vzlz_%bf(m
71 kY Z k1 k}, h Z1 Ky Y

1 (7(%2)%; <kz—k3;>k;;)

tz kokb kg k%
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Ev+ R0z ”Eh (iF (kL —K))

Kl .
El+7s 0z yE” (iF (kL —K))

(2.45)

(2.46)

(2.47)



kg ,—iky,dypt (1) Kizky —ikq,dqpt (1) | kz jiky,dyp—(1)
&, © Lz 1bh + ki1kp © 1241y +k etz 1bh
P 1kp p
Fizky ik, dyp— (1) _ kg ike.dy .—(1) K2zFy iko_ dq .—(1)
7@6 1291b, 7@6 2z 1ch +We 2281 ¢y

_ (7““12)’“ (kyfky)kp)efikllzdlbj)—(o)ikizk;efikllzdlb:(o)

Y4+
7 k 7
k1k} 1 kY

ETANE] i\2piN P
+ ( by gk _ (i) y )el’“izdl by O b ik, dygy - (0)
k1 k1KY v [ h

k 7]61. ki ki Qki g _ X ] _ .
_(( y ka) p_( izlz y)ezkézdlcv (m_%ezkézdlch (0) (iFQ(kL-kl)) (248)

ky _; +(1) ki kz —; +(1) , k ; —(1)
Yy ik, d 12%x ikq,d Y iky,d
kpe 1= 1bh k1kp € 1291by +kpe Lz 1bh

ki ke —(1) ky 4 —(1)  kogkz 4 -1
¥ klzpzezklzdlbv( )7#611@”1%( )_ 22k161k2zd10v<)

kokp
- ((kiz) kg (ko —kg)kp )efilcizdl b (O _Fizky ik} dyp+(0)
- k1KY k1 v kY h

Kokt (1 2R\ i o ey K RE i
(_( eky)kp | (K,) .kz)ezkizdlbu )4 Flzky ikf dy,—(0)
k1 kq kY K% h

PR AT i \2,.4 g _ KL kE _ .
+(( = k;) p—(kizzg;x)elkézdlcv (0)—72;%yemézdlch © (iF2(kl—li_)> (249)

1 Kkizky —iky,dypt(D) 1 kg —ikq,dypt (1) 1 K12y iky,dqp—(1)
e 1z lbh +Zl kpe 1291 b, +Z1 T Fp elflz 1bh

T Zq kikp
1 kg iky,dyp— (D) _ 1 k2zky ik, dy . —(1) _ 1 ka jikoy,dy .—(1)
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and

1 Figke —ikydypt (D) 1 By —ikqdy (D) 1 F1gkw ik dy (1)
Zr klkp 1z 1b + pe 12%1p,) Z7 Trkp etf1z 1bh

1 ky ikydyp— (D)4 1 kazka ikg,dy .~ (1) _ 1 ky eikazdy o~ (1)
T E, €Nl g g e e, ZoRp€

9 S .
= L(iwcﬁz) kg (km_k;bc)k:’)eiikzlzdlbz(o)

o _
_ 1 Kok 71k12d1b+(0)+ (“ﬂm—ké)%i(kiz) vk;)eikizdlb—(o)
21 k1k} k1 h

Z kb k1 k1KY

KL_KL i _ kg —kE)KE (kL )2kE\ i _
4L Fiehy ikf dy (0 1 ( (ko —kz)kp | (k5;) z)eszZdlc (0)
K% Z2 ko koK h

-4 ’“2;1’“@‘ ety O | (iRy(ky—ki))  (2.51)
This system of eight linear equations with the eight first-order (m = 1) unknowns can be

represented as

[A (k1 )]sxs - [x1(ki)]sx1 = [b1(ki)]sx1 (2.52)

where x3(k,) = [a; " o™ D D b, D b D D CINT Tt should be noted that
the same matrix of coefficients appeared in (2.33), the zeroth-order system of equations.
In fact, it can be seen that A(k,) is the matrix of coefficients for all orders. Analytical
validation of the first-order solution is presented in Appendix A.2.
The coefficients that contribute to the first-order scattered field are ah( )(k 1). It can be
shown that
D(ky) = aft (ki) Fi(ke — X)) + of (ko) Fy(ky — k) (2.53)

TO(kL) = oft (k) Fi(ke — K + of? (k) Fa(ke — KY) (2.54)

where Fj(k,) and Fy(k, ) are the Fourier transforms of fi(z,y) and fa(x,y), respectively.
Calculation of the coefficients o' (k1 ), of?(k,), aft (k) ), and of?(k ) is as follows.

From (2.44)—(2.51), it can be seen that the first four elements of by(k,) are linearly
proportional to F;(k; — ki) and the last four elements are linearly propormonal to Fy(k, —
ki ). Inverting A(k,) and solving for the first two elements of x;(k,), i.e. ah (k 1), will
result in solutions in the form of linear superpositions of Fy(k; —k! ) and Fy(k, —k' ). The

corresponding coefficients are named aJ' (k. ),of?(k, ), aft(k,), and o2 (k, ), which can be
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easily computed. To be more specific,

4 8
+(1) k)= Z Y1015 + Z Y1015
=1 j=5

(2.55)

where yy; is the jth element of the first row of Y (k, ), the inverse of A(k,), and b, ; is the

jth element of by (k). This relation can be rewritten as

b .
(1) <Zy1]Fl 1]_ 5 )) X Fl(kj__kl>

8
b1 .
E e Fh(k, — k!
- <j Nk, —kl)) x Bl —)

Therefore,
4
b
fi (kL) n 1,j
; TFi(k. — k')
and . ,
fa (kJ_) n 1,5
; I Fyk, — k')
Similarly,
4
by .
f1 (k ) 1,j
a, (Ko Yo :
D Ay
and

b1 s
f2 k . . 1,j _
av ( i) : § :yQJ FQ(kJ_ o kl

2.3.4 Scattering Coefficients

The first-order scattered field is

g//dkL 2 (k1) h(ko.) ‘l‘aj(l)(kj_){)(k’oz)] gihoszgtkiTy

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

It should be noted that E(l)(r) has a zero-mean and does not modify the coherent solution.

The reason is that a+( )(kL) are linearly proportional to Fj(k; — k') and Fy(k;, — k).
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Noting that

(Flak, — X)) drye KO E o (2 y)) = (2.63)

—00—00

it will be obvious that (Eél)(r)) = 0. Therefore, we would need to calculate the second-order
solution to modify the coherent scattered field.

If ko-r is large, (2.62) can be expanded asymptotically using the stationary phase method;
it can be shown that [50]

ikor

EM (r) o~ —i€2mko cos 0, ( O (Y (kS,) + aj“)(kj)ﬁ(k:gz)) (2.64)

where kf, = \/k:g — (k3)? — (k5)?, ki = kosinfscos¢,, and k; = kosinfssing,. The
sub/superscript ‘s’ refers to the scattered (observation) direction.

The scattering coefficient oy, is defined as

T EO@ PRI, pae {vh) (2.65)

o
0 := lim lim
pq r—o00 A—oo fl

with A being the illuminated area and the incident field being ¢(—k¢,). Inserting (2.64) into
(2.65), while using (2.53)—(2.54), will lead to

08 =4mk2 cos? 9352(|a (k) [2W, (kS —kE ) +2R{agh (k5 )ag2” (kS YW, 5, (kS —Ki ) +]ag2 (k3)|2W, (k5 —k ))
(2.66)
where of: (k%) = ofi (k%) with the incident field being G(—kf,). Wy, (k) and Wy, (k) are
the power spectral densities of the rough boundaries, whose joint spectral density is denoted
by Wy, s, (k1 ). For a brief note on power spectral density, refer to Appendix A.3.

The above equations express the first-order bistatic scattering coefficients in terms of
spectral densities of the two surfaces and the coefficients Ozh '»» which include the first-order
rough surface effects and all orders of interactions between the two boundaries. We note
that as far as the first-order scattered field is considered, there is no depolarization in the

backscattering direction, a well-established fact in the case of a single rough interface [37].
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To have the continuity of the electric field satisfied at z = £fi(x,y), this should be true
for the transmitted field in Region 1 as well. By means of ray tracing, we can conclude
that the cross-polarized components of the scattered field in Region 0 in the backscattering
direction will be zero. If this analysis was carried out to the second order, the cross-polarized

components of the backscattered field would not be zero.

2.4 Extension to More Layers

The analysis of the two-layer case can be extended to more layers. Extension from
two layers to three layers is somewhat tricky, but once the three-layer analysis is complete,
extension to more layers is straightforward.

Consider a three-layer dielectric structure as in Fig. 2.2 with a geometry similar to that
of the two-layer structure, and assume the boundaries are denoted by z = £ fi(z,y), z =
—di + & fo(x,y), and z = —dy + £ f3(x,y). Assumptions are similar to those for the two-layer
case, i.e., the boundaries are zero-mean, stationary random processes, and their roughnesses
are small compared to the wavelength. The new unknown amplitudes are Ay (k) B,j;v k),

Cio(ky), and Dy (k).

a, a, a, a,
0 h,v l h,v I 0 h,v l h,v I
/\\W /“v—\/—w—/_\w“
1 bl’;v l b;—,v I dlI 1 biv l b;,v I
~N T T S — ~N T T e — dz
2 C;v l 2 c;,v l c;v I
WVV

Figure 2.2: Two-layer structure versus three-layer structure. The figure shows thicknesses,
and amplitudes of the up- and down-going waves.

To derive the two 12 x 12 systems of linear equations for the zeroth- and first-order
solutions, note that for any order, the first four equations in the case of a two-layer medium,

i.e., (2.25)—(2.28) and (2.44)—(2.47), which result from the boundary conditions at z =
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¢fi(x,y), do not change, because in both cases of two- and three-layer structures, these
equations correspond to the same boundary, media, and unknowns. The last four equations
in the case of a two-layer medium, i.e., (2.29)-(2.32) and (2.48)—(2.51), which result from the
boundary conditions at z = —d; + & fa(x, y), can be used for the three-layer case as well after
we apply the following changes in order: ¢ - d, b — ¢, 2 — 3,1 — 2, fo — f3 and d; — ds.
The resulting equations correspond to the boundary conditions at z = —ds + £ f3(x, y) for a
three-layer structure.

Derivation of the boundary-condition equations at z = —d; + £ fo(z,y) for the three-
layer structure needs specific attention. Note that apart from the indices, the up-going
(or down-going) amplitudes on both sides of an interface appear analogously on both sides
of the corresponding boundary conditions. These terms, however, will be analogous up to
sign when the equations are formed, because now all unknowns appear on one side of each
equation. Therefore, Fig. 2.2 suggests that, for each order, we take the four boundary-
condition equations at z = —dj + £ fa(x, y) in the case of a two-layer medium, i.e., (2.29)-
(2.32) and (2.48)—(2.51), and add to each equation terms that account for the up-going
amplitudes ¢; . These terms are the negative of the terms containing b, at the same
boundary, except we should apply the following changes to the new terms: b — cand 1 — 2.
The reader should note that in this case, the index change only applies to terms that are

dielectric-constant dependent. For example, (2.48) should be changed to

kg —iky,dypt (D) Kizky —iky dyp+ (1) | ko ik ,dyp— (1) _Flzky ik, dqp—(1)
kp € 2%1by, + %k, € 2% by tr, e by, Rikp & ° by

kg —ikg,dy (1) _k2zky —ikg dy (1) _ ko jikg,dy .— (1) k2zky iky,dy .—(1)
kp € ey kokp © 2w ko€ T Cn + okp € 7 T Cv

_ (_(’“iﬁ Ky (ky*ké)kz)e—ikllzdlbﬂo)_k’lz% ikl dyH(0)
= i N Flzla
kk} ky K h

+(Brs ke TRy ) ginf a7 (0) 4 Kake pikfdyy (O
k1 k1KY v kY h

_ (, (k3z)"ky | (ky—hy)kp ) e—ikbody +(0) Kook —ikd dy +(0)
. : .
kok ko k% h

ky—ki)kE (K )2KE N i _ KB kP _ ) .
—(< Y k2y> p_! i;i; y)e’k2zdlcv (0)—72;%Ielk2zdlch ©) (’LFQ(kJ_-kl)) (267)
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Now, similar to the two-layer case, it can be shown that

ap (k1) = ot (k) F (ke =K + af (k) Foller — &) + o (k) Fy(key — k) (2.68)
and
a;W(ky) = ol (k) Fi(ke =K + ol (k) Bk — k) +al (k) Bk, —K)) - (2.69)
Therefore, the bistatic scattering coefficients are
g =Amhk? cos® 0.2 (Jadh (k) PWy, (k3 ki )+laf3 (k) PWy, (k3 ki )+lag (k) PWi, (k3 k) (2.70)

where it is assumed that the boundaries are independent random processes.

An interesting special case is when the bottom medium is a perfect conductor. One way of
simulating a good conductor is assigning a large value to the imaginary part of the third layer
dielectric constant. Alternatively, a perfect conductor can be simulated by modifying the
boundary-condition equations, because the boundary condition equation that is analogous to
(2.21), which results from continuity of the tangential magnetic field at z = —ds + £ f3(z, y),
does not hold when Region 3 is a perfect conductor. Therefore, the last two equations,
which correspond to the Z and ¢ components of the equation analogous to (2.21), should be
eliminated. Moreover, since no field exists in a perfect conductor, d;gm) (k) are zero, and
therefore, the two columns corresponding to these two unknowns should be eliminated from
the 12 x 12 system of equation. The resulting 10 x 10 system of equations gives the solution
to this special case. The bistatic scattering coefficients will have the same form as (2.70),

with afi (k%) having different numerical values.
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2.5 Validation and Numerical Results

2.5.1 Validation

The first-order coefficients depend on the zeroth-order solution, and by validating the final
formulation, we are actually validating the zeroth-order coefficients, too. Regardless, we can
easily validate the zeroth-order solution to the two-layer problem by showing that a;go)(k 1)
can be represented as the well-known reflection coefficients of a two-layer dielectric structure,
which can be found in the literature [51]. Appendix A.2 shows the detail. To validate the
first-order coefficients, some special cases to which known solutions exist are considered:

(1) single rough interface and (2) one flat and one rough interface. In Appendix A.2, an

analytical validation has been presented.

2.5.2 Numerical Results

Some numerical results are presented in this part. In all of the cases below, a Gaussian
correlation function for the boundaries is assumed, that is C'(r ) = e TP/ which results

in a spectral density of the form W(k,) = %e“kﬂm/‘l

, where [ and o are the correlation
length and standard deviation of the surface height, respectively.

Fig. 2.3 shows the effect of the second interface roughness on backscattering coefficients.
It is observed that as the roughness increases, the backscattered power also increases, as
expected. The reason is that the second interface itself produces more non-specular scattered
power, part of which is now available to be backscattered into the region of incidence. For
this case, €1, = 5, €3, = 10, di = Ay, koly, = koly, = 3.0, and kooy, = 0.3.

The effect of loss on backscattering coefficients is shown in Fig. 2.4. All parameters are
the same as those of the previous case except that kgoy, = 0.1 and loss has been added to
both dielectric constants. Both Region 1 and Region 2 are assumed to have identical loss
tangents denoted by tand. By adding loss, we are actually adding more contrast between
the region of incidence and Region 1. This will cause more backscattered power. However,

for the total scattered wave in Region 0, this contrast could be counteracted by the power

loss in Region 1. In other words, the loss in Region 1 masks the second interface roughness,

30



therefore less scattered power will be observed. There is a compromise between these two
effects. In this case, contrast is dominating power loss.

Fig. 2.5 shows the effect of the second interface roughness on bistatic scattering coef-
ficients. Note the Brewster-like effect in the vertical polarization. There is a distinction
between this case and the case of flat interfaces. When both interfaces are flat, and with a
fixed incidence angle, power is only scattered in the specular direction, which may or may
not correspond to the Brewster angle. However, in the case of rough interfaces with a fixed
incidence angle, this effect is being observed in a direction which is not necessarily the specu-
lar direction. An increase in the scattering coefficient as the roughness increases is observed
again. Here, it is assumed that €, = 5, €9, = 10, dy = A1, koly, = koly, = 1.5, kooy, = 0.15,
and 6; = 135°.

In all of the above cases, d; = A\, the wavelength inside the middle layer. The effect of
the middle layer thickness on backscattering coefficients is shown in Fig. 2.6. The oscillatory
behavior is attributed to pseudo-resonance effects between the two boundaries. A similar
phenomenon is observed when one of the boundaries is flat. For this case, €1, = 5, €3, = 10,
koly, = koly, = 1.5, and koo, = kooy, = 0.15.

Fig. 2.7 shows the effect of the third interface roughness (a) and the third layer dielec-
tric constant (b) on backscattering coefficients. As expected, more backscattered power is
observed when roughness or dielectric constant increase. When the third layer is a perfect
conductor, the increase in backscattered power is more pronounced. Here, it is assumed that
€1r = 2, €2, = 5, 2dy = dy = 1 m, koly, = koly, = koly, = 1, and kooy, = 1.5kgoy, = 0.3. In
(a), €3, = 8 and in (b), koo, = 0.1

2.6 Summary and Conclusion

An analytical method to calculate the bistatic scattering coefficients of two- and three-
layer dielectric structures with rough interfaces has been developed and validated. Several
new results were reported for various combinations of parameters. The assumption of inde-
pendence of the rough interfaces was removed for the general case. The analysis is based on

the Small Perturbation Method (SPM), where the boundary conditions at all interfaces are
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Figure 2.3: Two layers: the effect of the second interface roughness on backscattering co-
efficients for (a) VV and (b) HH polarizations. It is observed that as the roughness in-
creases, the backscattered power also increases. Parameters: €1, = b, €9, = 10, d; = Ay,

k)olfl = k’olfQ = 30, and k‘oO’f1 =0.3.
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Figure 2.4: Two layers: the effect of loss on backscattering coefficients for (a) VV and (b)
HH polarizations. Both Region 1 and Region 2 are assumed to have identical loss tangents
denoted by tand. By adding loss, we are actually adding more contrast between the region
of incidence and Region 1. This will cause more backscattered power. Parameters: €, = 5,
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€y, =10, di = Ay, koly, = koly, = 3.0, and koo, = 3kooy, = 0.3.
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Figure 2.5: Two layers: the effect of the second interface roughness on bistatic scattering
coefficients for (a) VV and (b) HH polarizations. Note the Brewster-like effect in VV po-
larization. Parameters: €, = 5, €3, = 10, dy = Ay, koly, = koly, = 1.5, kgoy, = 0.15, and
0; = 135°.
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Figure 2.6: Two layers: the effect of the first layer thickness on backscattering coefficients for
(a) VV and (b) HH polarizations. The oscillatory behavior is attributed to pseudo-resonance
effects between the two boundaries. Parameters: €1, = 5, €3, = 10, koly, = koly, = 1.5, and
]’C()O'f1 = ]’CQO‘f2 = 0.15.
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Figure 2.7: Three layers: the effect of the third layer (a) roughness and (b) dielectric constant
on backscattering coefficients for VV polarization. Parameters: €, = 2, €3, = 5, 2dy = dy =
1 m, koly, = koly, = koly, = 1, and kooy, = 1.5koos, = 0.3. In (a), €3, = 8 and in (b),
koO’f3 =0.1.
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matched to the first order. The method intrinsically takes into account multiple scattering
processes between boundaries which are considered rough simultaneously, hence making the
method suitable for extension to higher orders. The formulation was also shown to be easily
extended to more layers. These are main distinguishing factors of this work compared to
some of the previous studies.

The proposed method provides an efficient analytical means for solving the layered rough-
surface problem. Although the solution is valid for slightly rough boundaries only, it is well
suited for its intended purpose, which is mainly the remote sensing of layered subsurfaces
using low-frequency radars. The computational cost of numerical techniques is rather high
given that many realizations of each of the randomly-rough interfaces have to be simulated.
The present solution, instead, presents a very practical and realistic alternative with negligi-
ble computational overhead. Furthermore, the assumption of slight roughness is a valid one
for this type of application, because to collect discernible data from the subsurface, lower
frequency signals, e.g., in the VHF and UHF range, need to be used to achieve reasonable
penetration depths. In turn, at these frequencies, most surfaces of interest appear only
slightly rough. Therefore, even if the SPM assumptions are removed, gains in accuracy are
expected to be minimal. This method is well suited for developing fast, near-real-time inver-
sion/estimation techniques needed in many scientific and operational applications including

inversion of subsurface soil-layer properties.
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CHAPTER 3

Derivation of Validity Region of SPM Simulation of

One-Dimensional Two-Layer Rough Surfaces

In the previous chapter, the bistatic scattering coefficients of a three-dimensional, two-
layer dielectric structure with slightly rough boundaries were derived. Use of the Small
Perturbation Method (SPM) raises the question about its region of validity. In this work, the
region of validity pertains to the conditions on each layer’s roughness, slope, and permittivity
for which the first-order SPM is accurate within a specified error bound. To this end, the
SPM solution needs to be compared to a solution derived using a method that does not
impose roughness restrictions. Analytical solutions are almost always approximate, and
therefore, our inquiry should be numerical. In this chapter, a PMCHWT-based! integral
equation [52-54] is used to analyze scattering from a large ensemble of two-layer structures.
The emphasis here is more on developing a systematic comparison between the analytic and
numerical solution rather than the numerical technique itself. To accelerate the numerical
solver, the off-diagonal blocks in the Method of Moments (MoM) interaction matrix are
approximated in terms of low-rank products [55]. Simulations are performed for 1D rough
surfaces represented by zero-mean stationary random processes, separating homogeneous

dielectric layers.

'PMCHWT stands for Poggio-Miller-Chang-Harrington-Wu-Tsai.
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3.1 Introduction

The problem of scattering from a random rough surface is a challenging problem with
no exact analytical solutions, and therefore, we are forced to use approximation schemes to
calculate the scattered wave. The oldest and most widely used approximations are SPM [34]
and the Kirchhoff approximation [56]. Several rough surface scattering models have been
developed over the past decades to increase the accuracy of the old models over various
parameters of the rough surface, but SPM and the Kirchhoff approximation are the most
common among the schemes that have been proposed recently.

A clear understanding of the region of validity of the approximate solutions is necessary
in order to use them properly. SPM is generally valid when the root-mean-square of the
surface height is ‘small’ compared to the wavelength. Moreover, in many treatments of the
perturbation theory, the root-mean-square of the surface slope has also been assumed to be
small compared to the wavelength. However, the precise range of applicability of SPM and
the connection between the small slope approximation and the validity of SPM is not fully
understood.

To find the region of validity of a scattering model, its solution should be compared with
a solution that does not impose any restriction on the rough surface properties. A numerical
method is therefore used to solve the scattering problem for an ensemble of realizations of the
rough surface. The most widely used numerical method, which is also used in this chapter,
is the Method of Moments (MoM) [57]. The comparison between the approximate and
numerical solutions needs to be made for many samples of the model parameters of interest
such as correlation length and standard deviation of the rough surface. Since numerical
solutions are computationally expensive, dense sampling of points from the model space is
the major difficulty in deriving regions of validity for rough surface scattering models.

There have been many quantitative studies on the region of validity of different approxi-
mations for scattering from single rough surfaces [58-60]. These studies have been restricted
to one-dimensional perfectly conductive random rough surfaces that are Gaussian. Improve-
ments in computational power over the years have allowed denser sampling of the model

parameters than was possible before [61].
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When scattering from layered rough surfaces is considered, the assumption of slight
roughness is often valid when probing the layered structure using low-frequency radars.
Indeed, at low frequencies, most surfaces of interest are only slightly rough such that even if
the structure is analyzed using an exact method without making this assumption, gains in
accuracy are expected to be minimal. Therefore, it is imperative to investigate the conditions
on surface roughness and slope for which the first-order SPM is accurate within a specified
error bound.

This chapter presents a study of the region of validity of SPM for a one-dimensional,
two-layer dielectric structure with Gaussian height distribution and Gaussian autocorrela-
tion function. Numerical simulations for one-dimensional surfaces give a quantitative under-
standing of the validity region of various approximations, which are assumed to be accurate
as well when applied to two-dimensional surfaces. Most of the previous studies have used
surfaces with Gaussian height distribution and Gaussian autocorrelation function, because
such surfaces are simplest to describe statistically and can be described fully by the sur-
face height standard deviation and correlation length. Moreover, such surfaces are more
amenable to numerical computation, although many surfaces in nature may have other sta-
tistical properties. Region of validity is expressed as a function of standard deviation and
correlation length of the rough surface. The effect of incidence angle on the region of validity
is not studied here, because MoM fails for large incidence angles. We should note that the
scattering problem in the case of near grazing incidence or scattered angle is of much interest
in applications such as shipborne and airborne radar backscatter from land and sea. The
region of validity of SPM for a perfectly conductive single rough surface in the case of near
grazing incidence angle has been studied by means of numerical simulations that work for
grazing angles as small as 0.1° [62]. The effect of the material property on the region of
validity of the first-order perturbation theory has also been studied [63]. All of these studies
have considered a one-dimensional Gaussian random rough surface.

In the next section, the problem geometry is introduced and the PMCHW'T equations are
derived from the boundary conditions using the equivalence principle. The MoM formulation
is presented in Section 3.3. The fast solver is discussed in Section 3.6 followed by numerical

results. Section 3.8 addresses the region of validity of SPM for a two-layer rough surface
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structure.

3.2 Problem Geometry and Formulation

The same problem geometry as in Chapter 2 is used except that the rough surfaces are
considered one dimensional in this chapter. Consider the two-dimensional, two-layer isotropic
dielectric structure shown in Fig. 3.1. The top and bottom regions are half-spaces and the
layers dielectric constants are €, €1, and €5. The permeability of all layers is assumed to be
to- The boundaries are denoted by y; = fi(x) and y, = —d + fo(z), where both fi(x) and
fo(x) are zero-mean, stationary random processes with known, distinct statistical properties.

The numerical generation of such boundaries is presented in Appendix B.1.

Figure 3.1: Geometry of the problem: a 2D double layer rough surface structure with ho-
mogeneous layers.

To solve the scattering problem, i.e., to find the scattered wave, surface equivalence
principle is used to form surface integral equations. The three equivalent problems along

with the corresponding fields and equivalent current sources are shown in Fig. 3.2. The
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equivalent currents and their signs are determined from the boundary conditions.
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Figure 3.2: The three problems formulated based on the equivalence principle. Each equiva-
lent problem gives the field in a different region, but the problems are solved simultaneously
to find the surface currents.
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The boundary conditions on S; state that

nxE, = —-Kj—nxE; (3.1)
0 = K, +nxE, (3.2)
nxHy,. = Ji—nxH; (3.3)
0 = —J,+7axH, (3.4)

where J; and Kj are, respectively, the equivalent electric and magnetic currents on Sj.

Similarly, the boundary conditions on S5 state that

0 = -K,—nxE (3.5)
0 = Ky+nxEs (3.6)
0 = J,—ixH, (3.7)
0 = —J2+nxHy (3.8)

where Jo and Ks are, respectively, the equivalent electric and magnetic currents on S5. Note
that (3.1) and (3.3) result from the first equivalent problem where the equivalent currents
on S; produce the scattered field in the region of incidence and produce null fields in other
regions. Likewise, (3.6) and (3.8) result from the third equivalent problem where the currents
on Sy produce E5 and Hy in Region 2 and produce null fields in other regions. Finally, (3.2),
(3.4), (3.5), and (3.7) result from the second equivalent problem where the currents on S)
and Sy produce E; and H; in Region 1 and produce null fields in other regions.

We can find the unknown currents from either the electric or magnetic field boundary
conditions. However, combining (3.1) with (3.2), (3.3) with (3.4), (3.5) with (3.6), and (3.7)

with (3.8) will eliminate the interior resonance in the integral equations and will produce
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more accurate results. The resulting set of equations is

X Ejpe = —n X E; +7 x Eq (3.9)
nxXHy.=-nxH;+nxH; (3.10)
0=—hxE; +7xE, (3.11)
0=—#x Hy +7 x Hy (3.12)

These equations are known as the PMCHWT equations and have been applied to dielectric

bodies previously.

3.3 Method of Moment Formulation

Mixed potential formulation is used to find the fields in each region, i.e.,

E=iwu,A -V, —V xF (3.13)
H=V x A +iweF — Vo, (3.14)

where, assuming that the boundaries are parameterized in t,
A= % / I H (kR)dt! (3.15)

/K kR)dY’ (3.16)

o, = / Pet) ) () (3.17)

o
i / P u( ) (eR)at (3.18)

where J and K are the corresponding equivalent surface currents radiating in an unbounded,
homogeneous space whose wave number is k. The function Hél) is the zeroth order Hankel

function of the first kind and R is the distance between observation and integration points.
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The quantities p. and p,, are the equivalent surface charges related to the surface currents

through the continuity equations

Vs-J =iwp, (3.19)

Vs K =iwpy, (3.20)

Assume that the incident field polarization is transverse magnetic to z (TM,), i.e.,

Einc = éEmc = 2exp[ikmc : p] (321)

where

kinc = k() (i COs ¢inc + g sin ¢inc) (322)

where kg is the incidence region wavenumber and ¢;,.. is the incidence angle shown in Fig. 3.3.

This figure also shows the vectors tangential and normal to the surface profiles. Noting that,

Figure 3.3: Geometry of the problem and the convention for incidence angle, tangential
vector ¢, and normal vector n.
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on the boundary, —t - (2 x E) = E# and - (i x H) = H', Equations (3.9)(3.12) reduce to

E;,.=—E: + E;
H},. = —H+ H]
0=—FEf + E;
0=—Hi + H;

~~ o~
W W
[N R )
(2 BTN

which, using (3.15)—(3.18) and noting that z - V®, = 0 in a z-invariant problem, can be

written as

EZ = —Z]{ZQ’I]QAS +2-V x FO

mc

+ ZklnlAi —2-V x Fl

~Hl. = t-(VxAg+iwegFy— VP,,0)

— (VXA +iwe,F; — V®,,))

0 = —ikymAi+2-V xF,

+ Zkz?]gAg —2-V x FQ

0 = tA (v X A1 +we By — V(I)ml)

— (VX Ay +iwesFy — V®,,9)

(3.27)

(3.28)

(3.29)

(3.30)

The potential functions Ay, A, Ao, Fo, Fi, Fo, &,,0, ®,,1, and P, are presented in

Appendix B.2.

To solve (3.27)-(3.30) for the unknown currents using MoM, the boundaries should be

discretized. To enforce the integral equations, testing functions will then be applied on

(3.27)—(3.30). Pulse and triangle basis functions, as shown in Fig. (3.4), are used for electric
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Figure 3.4: Pulse (p) and triangle (¢) basis functions used to represent electric current J and
magnetic current K, respectively.

and magnetic currents, respectively.

N
J:(t) = z;jnp(t;tn_;,t%;) (3.31)
N
Kt(t> = ant@;tnflatnatrwrl) (332)
n=1

where N is the number of cells on the corresponding boundary. (Assume that the first
and second boundaries are discretized using N; and N, cells, respectively.) It is apparent
from the boundary conditions (3.9)—(3.12) and (3.21) that J, and K, are the only non-zero
components of the electric and magnetic currents.

The derivation of the MoM formulation is presented below.

3.3.1 Derivation of the MoM Formulation

The formulation presented here is for a general medium and a general number of segments,
denoted by N. Therefore, the terms in (3.27)—(3.30) can be expanded as follows.
The A? terms in (3.27) and (3.29) can be written as
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/ THP (kR)dt =" jula(t) (3.33)
S n=1

where
R =/ (@(t) — o(#))* + (y(t) — y(t))’ (3.34)
and
ed o
I,(t) = / Hy' (kR)dt' (3.35)
bt
which can be written as
where
tn
I (t) = H (kR)dt (3.37)
bl
and
RaE )
Lo(t) = / Hy/ (ER)dt' (3.38)
tn

Applying pulse testing functions on (3.33) would result in

N
/m+2 / VH (kR)dt' dt ~ <m+% —tm> > dnda(t)
N
+ (tm - th) S udulty 1) (3.39)

Note that I, (tm_%) and ]ng(tm_i_i) are singular integrals if m = n; it can be shown that as

the cell length approaches 0,

Lt (1) ~ (bt 1) (1 + é [m (fyk(tm —ty 1) /4) - 1]) +0 <(tm - tm,%)?’) (3.40)

and

Lo (t,, 4

1
1

)~ (tyry s ) (1 +i2 [m <fyk( Lt )/4) - 1]) +0 <(tm+% —tm)3) (3.41)
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where v = 1.781072418....
Likewise, the -V x A terms in (3.28) and (3.30) can be written as

-V x /S JHV (kR)dt = —k /S J.(t) (cosgzs(t)%ﬂmgb(t)%) HY (kR)dt
N
= =k jula(t) (3.42)
n=1
where t
I(t) = / " (Cosgb(t)% + sin ¢(t)%) HY(kR) (3.43)

which can be written as

Lo(t) = Ly (t) + Lo(t) (3.44)
where t
La(t) = / ar <cos¢(t)% + sin qﬁ(t)%) HY(kR) (3.45)
and
Ln(t) = / P (cosqﬁ(t)% + sin gb(t)%) HY(kR) (3.46)

Note that £ = —&sin ¢(t) 4 9 cos ¢(t) where the quantity ¢(¢) describes the orientation of
the tangential vector ¢ as shown in Fig. 3.5.

Applying pulse testing functions on (3.42) would result in

t 1 N
/ v x /J(t’)Hé”(kR)dt'dt ~ (tm - tm,%) B judu(ty, 1)
t S n=1

1
m=3

N
+ (tm—&—% - tm) kZ]nL’L(tmﬁ-i) (347)

n=1
Note that I’nl(tmfi) and I(t,, %) are singular integrals if m = n; it can be shown that

—(ik/4) 1 (t) — —1/2 and —(ik/4)L,0(t) — —1/2 ast — tp_1and t —t, 1, respectively.
The 2 -V x F terms in (3.27) and (3.29) can be written as
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> <>
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=

Figure 3.5: Orientation of a tangential vector is represented by the angle ¢.

2.V X /S K H (kR)d = —k / K, (t) (cos¢(t’)% +sin¢(t’)%) HY (kR)dt!
N
= —k Y kala(t) (3.48)
n=1

where Az = x(t) — ('), Ay = y(t) — y(t'), and

tni1
N (cow(t’)%mw(t')%) K byt b)) O (RR) - (3.49)
tn—1
tn
_/ dt (cos¢(t’)%+sin¢(t’)%) Ht sttty tos ) H (KR)
tn—1

tnt1 A A
- / it (coscb(t’)% + smcb(t')fy) H( bt b)) HL (KR)
tn
which can be approximated as

Lo(t) ~ Ly (t) + Ln(?) (3.50)
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where

Lu(t) = / " <Cos¢(t')% +sin¢(t’)%) HY (k:R) (3.51)
and t
La(t) = / T ar (cosgzﬁ(t’)% + sin ¢(t’)%> HY (k;R) (3.52)

Applying pulse testing functions on (3.48) would result in

=

tm 1 N
/ v x [ KO)HP (kR)dtdt ~ — (tm - tm_%> kz L (¢
t —

=t

Note that Inl(tm—i> and I,(t,, +i) are singular integrals if m = n; it can be shown that

—(ik/4) L1 (t) — —1/2 and —(ik/4)L0(t) — —1/2 ast — tpm_1and t —t, 1, respectively.

)ka: L(tyy s (3.53)

MH

Similarly, it can be shown that the # - F terms in (3.28) and (3.30) can be written as

/ K()H" (kR)dt' = / cos(o(t) — o(t)) K, (t)HSY (kR)d Zk I( (3.54)

where

L) - / T eos(Ot) — SN by bt D (KR (3.55)

tn—1

N / " cos(0(8) — SN by b b HO (kR

tn—1

t'rH»l
* / cos(p(t) — QN s by, b, tosr)HSY (KR)dL
tn

which can be approximated as

Lo(t) ~ Ly (t) 4 La(t) (3.56)
where .
Lu(t) = /t cos(p(t) — o(t')) HY (kR)dt' (3.57)
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and

La(t) = / " cos(@(t) — o(t') HY (kR)dt

Applying pulse testing function on (3.54) would result in

(3.58)

(3.59)

Note that I,,;(¢,,_ 1 ) and Ipo(t,,, 1 ) are singular integrals if m = n; it can be shown that

Lt (ty1) ~ (b~ 1) (1 + z% [m (7k(tm —tp1) /4) - 1]) +O <(tm - tm_%)?’) (3.60)

and

ImQ(thri) ~ (tm+% —tm) (1 + z% [111 (7k(tm+% - tm)/4> - 1]) +0 <(tm+% - tm)3) (3.61)

where v = 1.781072418....
Finally, the £ - V®,, terms in (3.28) and (3.30) can be written as

0,

t-V®,, =
Vv ot

Therefore, applying pulse testing function on (3.62) would result in

tm+% . ,
/t 1 t-Vo,,dt :Cbm(tm+%) —(I)m(tm_%)
mT-2
Assuming
1 dK;
= - R)dt H,”(ER)d
4 / kR) 4w /s dt’ (kR)

and noting that, from (3.32),

th t tn 17 ) p(ta tn7 tn+1>
k _
z (Mt

tn+1 - tn
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(3.63)

(3.64)

(3.65)



we will have

N

1 1 o 1
D,,(t) = kyp | ——— HP(kR)d — ————
( ) 4WNO Zl |:tn - tn—l /tn_l 0 ( ) tn—‘rl - tn t

tn+l

Hé”(k:R)dt'} (3.66)
Note that @m(tmfé) and ®,,(t,, %) include singular integrals when m = n. These singular
integrals are handled similar to (3.40), (3.41), (3.60), and (3.61).

Applying the testing functions on EZ,. and H!  is simple and is done via numerical
integration.

After completing the discretization and testing the equation, the system of equations can

be expressed as a 2(Ny + Ny) x 2(N7 + Ns) matrix equation.

le E;

Klt anc

Z - (3.67)
Jo, 0
Ky 0

where the mth elements of EZ, . and H!, . are respectively found by testing (3.27) and (3.28)

inc inc
with p(¢; tm_%,tm+%). The elements of the vectors Ji., Ky;, Jo., and Ky, are the electric and
magnetic currents on the corresponding cell. The matrix Z denotes the impedance matrix.

Once the surface currents are found, they are used to calculate the scattering coefficients
of the rough surface structure. In numerical simulations, the rough surfaces are finite, and
if the surface currents suddenly change from non-zero to zero at the end points of the rough

surfaces, artificial reflections occur. Therefore, a tapered incident wave is used so that the

incident wave would decay to zero gradually [64]. A possible choice for tapered incident wave

is [58]

(x — ycot ¢mc)2) (3.68)

Bz, = exp (ko (2 €08 Gine + ¥5in dine) (1 + w(p))) exp <_ =

where ¢ is the tapering parameter and is usually between L/4 and L/10 depending on the
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incidence angle. The incident wave vector is given by (3.22). The choice of w(p) is

(x — y cot Pine)?

2 5 -1
w(p) = g (3.69)
p)= - .
(kOg sin ¢inc>2
The bistatic scattering coefficient of the rough surface structure is given by [64]
1 1 2
ame 5k [0V (0)]
o(ps) = P (3.70)
where, for TM incidence, ng)((bs) can be shown to be
, :
() = — [ ds [ ik + koK L PO P = SN &5
X exp [—iko (z cos ¢s + f(x)sin ¢5)] (3.71)
P, is defined as
Pinc = _/ dxsmc ’ :’-7 (372>
S1

where S;,,. is the incident Poynting vector. If the incident wave is tapered, it can be shown

that
2

iV (85)

1 2 tz inc
87Tkog\/ESin (binc 1-— _;_2C—O2(b
2 2k§ g% sin® @i

Appendix B.3 describes in detail how (3.71) is derived.

J(és) == (373)

3.4 Relation Between Bistatic Scattering Coefficients
from 2D SPM and 2D MoM

Let’s first investigate how 3D SPM formulation can be used to calculate the bistatic
scattering coefficient of a 2D rough surface structure. The formulation presented here is in

fact the 2D version of the formulation presented in Chapter 2.
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3.4.1 Use of 3D SPM Formulation in a 2D Scattering Problem

The power spectral density of f(x), representing a 1D random rough surface, is defined

as

o2 +oo
W(k,) = o> F{C(z)} / C(z) exp (—ik,x)dx (3.74)

:% N

where C(z) is defined in Appendix B.1 and f(x) is assumed to have all of the properties
mentioned in Appendix B.1. It can be shown that

W(k,) =2m nglgo M (3.75)
where Lo
F(k,) = s (x) exp [—ik,z|dx (3.76)

Since the formulation presented here is the 2D version of the formulation presented in Chap-
ter 2, we assume the plane of incidence is the z-z plane. Therefore, the 2D version of (2.62)

can be written as
E((p) = ¢ / ke, [af O ) hho:) + 0O (k) (ko) | €% (3.77)

where k - p = ko,z + k,z. The asymptotic expansion of the integral as k - p — oo (far-field
region) is found using the stationary phase method. The stationary point can be found by
solving

Ok-p  0(kyx + ko.2)

T e =0 (3.78)

The solution to (3.78) is k¥ = kg cos ¢5, where ¢ is the observation (scattering) direction.

Therefore,

P 2
k-p~hop— — b (k,— k° 3.79
P kop = i qbs( ) (3.79)
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The electric field in (3.77) can then be expanded as

B (p) ~ € (af V)bl + oV (k)0 (ks,) ) eor

> . P 2
- (ky, — k%) | dky 3.80
X /oo P [ ZZk;O sin? ¢, ( ) } ( )

It can easily be shown that

. ikop
EW (p) ~ &1/ 2koe 1 ( kOR(ES,) + aj“)(k;)@(kgz)) Sin @y (3.81)
\/ﬁ
The bistatic scattering coefficient for 1D rough surfaces is defined as
ke lim lim (k)|
5y k) = = Jim_Tim =50 (B0 (p) - p(k3.)|) (3.82)

where p,q € {v,h} and the incident field is assumed to be ¢(—k}.). The incidence angle 6;
is defined according to the convention in Chapter 2. See Fig. 2.1.

Similar to the 2D rough surface case,
a4y D (k) = af (k) Fy(ky — K2) 4 o (ko) Fa(ky — kL) (3.83)

af M (ky) = aft (ko) Fi (ke — kL) + of? (k) Fy (ke — kL) (3:84)

Inserting (3.83) and (3.84) in (3.81) and using (3.75), the bistatic scattering coefficient given
by (3.82) will reduce to

sin? ¢

ypq (l% k;s) = 27rk0 o

5 Z\afz (k)" W, (k2 — KL) (3.85)
where ayy(k3) = ap (k)| g,—4(—ri ) These coefficients can be calculated by setting k; = & = 0
in the calculation of a,,(k%) in 3D SPM. Therefore, by comparing (3.85) with (2.66) and

assuming that the two rough surfaces are not correlated,

K0k (3.86)
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where, assuming Gaussian correlation functions for the 1D and 2D cases, W (k) in (2.66)
has been replaced by %W(k 1). Note that in the 3D problem, the incidence direction is

described by 6; and in the 2D problem, the incidence direction is described by ¢;,., which

is a negative number. It is clear that —¢;,. = 0; — 5. We should also note the difference
o : 3D ; - o _ _ 3D _ 3D

between o, in (2.66) and 7;.” in (3.86). Conventionally, o9 = —7,.” cos0; = —7,.” Sin Pjnc.

We should now investigate the relation between the bistatic scattering coefficient calcu-

lated by (3.73) and (3.86). This relation is necessary in order to compare the numerical

result with the analytical solution. To see how (3.73) (or equivalently (3.70)) and (3.86) (or

equivalently (3.82)) are related, the incident wave is assumed to be a plane wave.

where

kinc = /{ZQ (JAZ COS ¢inc + g sin d)znc) (388)

where kj is the incidence region wavenumber and ¢, is the incidence angle shown in Fig. 3.3.

Therefore,
1

Sinc = 5
210

(3.89)

where S;,,. is the magnitude of the incident Poynting vector. According to (3.72) the incident

power is

& 1
P.=— /_OO dx2—770 SIN Qi = — Lh_r}rolO SineL SIN Gipe (3.90)

The bistatic scattering coefficient, as determined by (3.70), is

1 1
I YA €L
o(¢s) = — lim 210 8k WS o
° L—oo SmcL sin d)inc

‘ 2

(3.91)

Since, according to [64], the scattered Poynting vector in the far-field region is

P <#) [N (8,)]” (3.92)

<7 2_770 8mkop
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we can rewrite (3.91) as

. 1 2mp S,
=1 1 — .
o(9) p1_)r£10 o or L [Sin Pine| Sine (3.93)
Comparing (3.93) with (3.82) would lead to
~2D
o(gs) = 2L (3.94)
2m

3.5 MoM Numerical Results

To validate the MoM solution, the solution of (3.67) is compared with the solution found
from Chapter 2. Consider a two-layer dielectric structure with the model parameters shown
in Table 3.1 where N7 and Ny denote the number of cells on the first and second boundary,
respectively, and f denotes the frequency. Note that all of the parameters are in SI units.
Fig. 3.6 shows comparisons between SPM and MoM solutions. It is clear from the plots that
for very smooth surfaces (Case 1), the MoM and SPM solutions agree well while when the

second boundary becomes rougher (Case 2), these solution do not agree.

Table 3.1: The model parameters of the structures simulated with SPM and MoM. The
results of simulations are shown in Fig. 3.6.

€1, €a, d |lp | op [l | op | N1 | Ny | f(MHz)
Case 1 | 2.0+14¢0.01 | 4.0+¢0.02 | 0.3 ] 0.2 | 0.01 | 0.2 | 0.01 | 750 | 1000 300
Case 2 | 2.0+10.01 | 4.0+¢0.02 | 0.3 | 0.2 | 0.01 | 0.2 | 0.05 | 750 | 1000 300

The significant discrepancy between the MoM and SPM solutions for scattering angles
around the specular direction is due to the fact that the first order SPM solution is incoherent
and does not include the specular peak. The disagreement between the MoM and SPM
solutions in the backscattering direction in Fig. 3.6(b) implies that we should study the
region of validity of the SPM for a two-layer structure. To derive the region of validity of the
SPM formulation of Chapter 2, we need to systematically compare the SPM solution to the
numerical solution derived above. To this end, we need a fast solver of the matrix equation

(3.67). In what follows, the fast solver employed in this chapter is described.
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Figure 3.6: Comparison between SPM and MoM solutions for two cases presented in Ta-
ble 3.1. When both surfaces are smooth, the SPM and MoM solutions show good agreements,
but when one or both of the surfaces become rough, these solutions do not agree.
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3.6 Fast Solver

The idea behind a fast solver of a matrix equation such as (3.67) is to accelerate the
product of a matrix and a vector. The fast solver employed in this work is based on the UV
Multilevel Partitioning Method (UV-MLP) [55]. In a UV decomposition, an N by N matrix

is decomposed as

A=UxV (3.95)

where U is an N by r and V is an r by N matrix. The quantity r is the rank of A. The
computational cost of the direct product of A and a vector is O(N?), but if we multiply a
vector by V and multiply the result by U, the computational cost will be O(2rN). Therefore,
if r < N, the computational cost reduces significantly.

In the following subsections, the theory of UV decomposition of a matrix and the Mul-

tilevel Partitioning Method are presented.

3.6.1 UV Decomposition

Assume that the rank of an N by N matrix A is r and denote the independent columns

of A by u; where 1 <[ <r. These columns form an N by r matrix U with elements u;;.

where 1 <4 < N. The quantity (), is the ith element of the column vector %;. Since {;}

are independent, any column of A can be written as a linear combination of {u,} as

;= vl (3.97)
=1

Equivalently,

Q5 = Zuiﬂ/lj (3-98)
=1
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Equation (3.98) can be reformulated as
A=UxV (3.99)

where V is an r by N matrix with elements v;; introduced in (3.97). To find V, note that
according to (3.98),

@ =) uyl (3.100)
=1

where @; is the ¢th row of A and 7, is the Ith row of V. Assuming the r independent rows

of A form a matrix {/', the ith row of \N/', denoted by 7;, can be presented as
Ui =3 Ui (3.101)
1=1

where 1 < i <7 and m(i) maps the row index i of V to the corresponding row index of A
according to (3.100). For example, if the fifth row of A is the third row of V, then m(3) = 5.

Equation (3.101) can equivalently be written as

@j = Z Upn,(3)1V15 (3-102)
=1
which can be reformulated as
V=WxV (3.103)

where the r by r matrix W can be thought of as the intersection of U and V. Finally, from
(3.99),
A=UV=UW'V (3.104)

To summarize the process, if the rank of Ay is 7, the independent columns form Uy,
and the independent rows form \7” ~n. If W, is the intersection of these two matrices, A

can be decomposed as in (3.104). Fig. 3.7 visualizes the process.
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Figure 3.7: UV decomposition of a matrix. The red elements form the intersection matrix
W.

3.6.2 Multilevel Partitioning

In UV-MLP, a matrix is decomposed to multilevel blocks as shown in Fig. 3.8. Block
size is smaller for the blocks closer to the diagonal. Each of the blocks, except for the
diagonal blocks, which are full-rank matrices, is decomposed to a UV product using the
method mentioned in the previous subsection. The algorithm that is used in this chapter to
determine the rank of a block is as follows.

Let’s start with r, as an initial guess at the rank of the block. The block rows and
columns are sampled to form the intersection matrix W. The rank of W, denoted by r, is
determined using the singular value decomposition (SVD) of W. To determine the rank of
an N by N matrix using SVD, assume the singular values of the matrix are o, 09,...,0n

where o; > 09 > ... > on. The rank of the matrix is determined to be r if

Or41

< 3.105
< (3105
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Figure 3.8: Multilevel partitioning of a matrix [55].

where ¢ is the accuracy used to determine the rank. The above process is repeated N, times
and the largest rank r is called r,,. Three cases might happen:

1- If r,, and r, are equal, it means that there might be more independent rows and columns
that have not been sampled. So we increase r, by 1, i.e., r, =1, + 1, and repeat the above
process with the new r,.

2- If r,, = r, — 1, we determine the rank of the block as r,,.

3- If r,, < r, — 1, it means that so many rows and columns have been sampled. So we
decrease r, by 1, i.e., r, = r, — 1, and repeat the above process with the new 7,.

According to (3.9)—(3.12), the matrix equation (3.67) can also be presented as

ZZ}I Zzllfl Z:}z ZZIICQ le Ezznc

Zi T Ty, T, | | Ku | | Hi, -
Zi?l Zzzl Zz;@ ZZ’2€2 J2z 0 '
Z 2z, ZE, 2] [Ke] | 0|

This presentation shows the boundary, the boundary condition, and the current to which each
element of the impedance matrix corresponds. For example, the submatrix Z7; represents

the contribution of the magnetic current on the first boundary to the electric field on the
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second boundary. Each of the submatrices in (3.106) can be partitioned to multilevel blocks

as shown in Fig. 3.9.
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Figure 3.9: Multilevel partitioning of the submatrices of the impedance matrix in (3.67).

The distribution used in this chapter for sampling of the rows and columns of a block in
a submatrix is uniform, because this distribution was found to lead to more accurate results

for the problem considered here. See Appendix B.4 for another possible distribution.

3.7 Fast Solver Numerical Results

To check the performance of the fast solver, let’s first consider a one-layer problem where
the impedance matrix can be decomposed as in Fig. 3.10. The equations for the one-layer

case can easily be derived from (3.106) and are shown below.

VA Ji. E:.
o Tek ] TE o (3.107)
ZfL‘lyl Zzlk]_ Klt anc
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Figure 3.10: Multilevel partitioning of the submatrices of the impedance matrix in (3.107).

The matrix equation is solved using two different methods: LU decomposition to invert the
full matrix and UV-MLP method along with an iterative solver called Transpose-Free Quasi-
Minimal Residual (TFQMR) algorithm [65]. When solving the matrix equation Ax = b,

the stopping criteria is
b ”—bﬁ‘_"” (3.108)
It is assumed that e = 1072 throughout this chapter. For comparison purposes, only one
realization of the random rough surface is considered. We should note that the iterative
solver can be used for the full matrix inversion as well, but it has been observed that for the
matrix sizes considered in this chapter, LU decomposition is faster.
The first simulated case is a one-layer structure where €;, = 8.0 +¢0.05, 0¢, = 1 cm and
l, = 20 cm. The frequency is 300 MHz and the incidence angle is 45°. The number of cells
used to discretize the rough surface is 1600 and the length of the rough surface is L = 50\,.
The tapering factor is ¢ = L/10. Fig. 3.11 shows the bistatic scattering coefficient calculated

with both methods. Remember that the precision used for determining the rank of W is

65



assumed to be 107!Y throughout this chapter. It is also assumed that N,, = 1. Table 3.2
compares the computational cost of both methods assuming the size of the smallest block
(represented by M) in the UV-MLP implementation is 50 by 50. According to Table 3.2, the
computational cost of UV-MLP is obviously more than that of full-matrix handling. When
UV-MLP is used, ‘matrix filling’ in this table refers to UV decomposition of the blocks,
but refers to element by element calculation in the case of full-matrix handling. ‘Linear
system solver’ refers to matrix inversion using LU decomposition in the case of full-matrix
handling and refers to TFQMR algorithm when UV-MLP is used. Solving the linear system
is faster using the iterative solver assuming the UV decompositions of the blocks are already
available—the iterative solver takes about 40% less time. However, the total computational

cost is larger when UV-MLP is used.
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Figure 3.11: Bistatic scattering coefficient calculated with MoM using full-matrix solver and
UV-MLP. Parameters: ¢, = 8.0 +¢0.05, N; = 1600, M = 50.

Let’s consider a larger problem where €, = 16.0 + ¢0.05 and where the number of cells
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Table 3.2: Computation time for one realization of the MoM solver for full matrix and
sampled matrix.
| CPU: Pentium 4 (3.00 GHz), N; = 1600, M =50, N,, =1 |
Full Matrix | Sampled Matrix
Matrix Filling (Minutes) 14.7 44.1
Linear System Solver (Minutes) 1.5 0.9

used to discretize the rough surface is 2000. Other model and simulation parameters are the
same except that M = 125. Fig. 3.12 shows the bistatic scattering coefficient for horizontal
polarization. Table 3.3 compares the computational cost of both methods assuming the size
of the smallest block in the UV-MLP implementation is 125 by 125. The computational cost
of UV-MLP is still more than that of full matrix handling.
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Figure 3.12: Bistatic scattering coefficient calculated with MoM using full-matrix solver and
UV-MLP. Parameters: €, = 16.0 4+ ¢0.05, N; = 2000, M = 125.

Let’s consider a larger matrix size where €;,, = 16.0+¢0.05 and where the number of cells
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Table 3.3: Computation time for one realization of the MoM solver for full matrix and
sampled matrix.
| CPU: Pentium 4 (3.00 GHz), Ny = 2000, M =125, N,, =1 |
Full Matrix | Sampled Matrix
Matrix Filling (Minutes) 22.4 41.2
Linear System Solver (Minutes) 2.8 1.3

used to discretize the rough surface is 2400. Other model and simulation parameters are the
same except that M = 75. Fig. 3.13 shows the bistatic scattering coefficient for horizontal
polarization. Table 3.4 compares the computation time for both methods assuming the size
of the smallest block in the UV-MLP implementation is 75 by 75. Similar observation is made
here. The computational cost of UV-MLP is still more than that of full matrix handling.
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Figure 3.13: Bistatic scattering coefficient calculated with MoM using full-matrix solver and
UV-MLP. Parameters: €, = 16.0 +¢0.05, N; = 2400, M =75, N,, = 1.

We should note that to increase the accuracy of the UV-MLP, we may increase N,,,
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Table 3.4: Computation time for one realization of the MoM solver for full matrix and
sampled matrix.
| CPU: Pentium 4 (3.00 GHz) , N; = 2400, M =75, N,, =1 |
Full Matrix | Sampled Matrix
Matrix Filling (Minutes) 32.0 63.7
Linear System Solver (Minutes) 4.9 2.0

which increases the computational cost of the method. To verify this fact, let’s consider the
same problem where €;,, = 16.0 4+ ¢0.05 and where the number of cells used to discretize the
rough surface is 2400. Other model and simulation parameters are the same except that
N,, = 3. Fig. 3.14 shows the result. Table 3.5 compares the computational cost of both
methods assuming the size of the smallest block in the UV-MLP implementation is 75 by
75. It is observed that the accuracy has increased but the computational cost of UV-MLP

has increased as well.

Table 3.5: Computation time for one realization of the MoM solver for full matrix and
sampled matrix.
| CPU: Pentium 4 (3.00 GHz), N; = 2400, M =75, N,, =3 |
Full Matrix | Sampled Matrix
Matrix Filling (Minutes) 32.0 226.6
Linear System Solver (Minutes) 4.9 1.9

For the matrix sizes considered in this chapter, the computational cost of the UV-MLP
is more than that of a full-matrix solver. Therefore, to systematically compare the solution
of SPM and MoM, we may focus our attention on using a full-matrix solver such as the one

used in this chapter.

3.8 Region of Validity

Let’s consider 5 different cases.

e Case 1: €, = 2.0 +10.01, €3, = 4.0 +1¢0.02, d = 30 cm, Iy, = 20 cm, oy, = 1 cm. The
quantity ls, is varied between 1 cm and 20 cm. The quantity oy, is varied between

1 cm and 5 cm. (100 cases)
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Figure 3.14: Bistatic scattering coefficient calculated with MoM using full-matrix solver and
UV-MLP. Parameters: €, = 16.0 +20.05, N; = 2400, M = 75, N,, = 3.

e Case 2: ¢, = 2.0+10.01, €3, = 4.0 +10.02, d = 30 cm, Iy, = 20 cm, o5, = 1 cm. The
quantity g is varied between 1 cm and 20 cm. The quantity oy, is varied between

1 cm and 5 cm. (100 cases)

e Case 3: €, = 4.0+ 10.01, €2, = 8.0 +10.02, d = 30 cm, Iy, =20 cm, oy, =1 cm. The
quantity [s, is varied between 1 cm and 20 cm. The quantity oy, is varied between

1 cm and 5 cm. (100 cases)

e Case 4: €1, = 4.0 +10.01, €9, = 8.0 +1¢0.02, d = 30 cm, ly, = 20 cm, o, = 1 cm. The
quantity g is varied between 1 cm and 20 cm. The quantity oy, is varied between

1 cm and 5 cm. (100 cases)
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e Case 5: €, = 4.0+10.01, €3, = 8.0 +10.02, d = 15 cm, Iy, = 20 cm, oy, = 1 cm. The
quantity lg, is varied between 1 cm and 20 cm. The quantity oy, is varied between

1 cm and 5 cm. (100 cases)

These cases help understand the effects of dielectric constants of the layers and the statistical
properties of the interfaces on accuracy of SPM solution. Case 5 is considered in order to
observe how the thickness would change the accuracy of the SPM solution.

Fig. 3.15 through Fig. 3.19 show | Yy —7spu| versus ko and kl, where k is the wavenumber
of the medium with the varying statistical properties. For example, in Fig. 3.15, which
corresponds to Case 1, the contours are plotted versus kyos and ksls. Both of the parameters
Yaom ANd Yepy are expressed in dB.

The immediate conclusion is that o¢/\ and [;/\ are not the only parameters that would
determine the region of validity, because despite the fact that the contours are plotted versus
ko and kly, we observe different regions of validity in each case. This fact is confirmed when
we compare Fig. 3.15 and Fig. 3.17 or Fig. 3.16 and Fig. 3.18. These figures suggest that the
region of validity is also a function of dielectric constants of both layers. Therefore, even if
we are able to accurately determine the region of validity for a set of dielectric constants, care
is needed when using SPM in an inversion algorithm, because as we will see in Chapter 4,
the forward model is assumed to be accurate in a range of values of the dielectric constants
and other model parameters. So the recommendations we make must take into account the
need for a region of validity that is accurate for a range of values of the dielectric constants.
This task is not easy as apparent from the plots. We should add that the region of validity
is also a function of polarization and incidence/scattering angles, but these parameters are
fixed in this analysis.

We can make some qualitative observations based on the contour plots shown below.
Based on the rate of change in the colors, we can conclude that sensitivity of the region of
validity to oy is more for larger dielectric constants. This sensitivity also increases as o
increases. Another qualitative, and expected, observation is that for Case 1 through Case 4,
a combination of large oy and small [y decreases the accuracy of SPM. This observation is
not valid in Case 5, where the thickness is smaller, causing the effect of multiple scattering

processes between the layers more pronounced. An interesting observation is that when the
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correlation length becomes large enough, meaning the surfaces become very slowly vary-
ing, large o is tolerable and does not decrease the accuracy of SPM regardless of surface
roughness height.

If we consider 1.5 dB a tolerable difference between the SPM and MoM solutions, based
on Fig. 3.15 and Fig. 3.17, a conservative condition would be kooy < 0.6 although for slowly
varying surfaces, we can go beyond this limit. A similar limit can be expressed based on
Fig. 3.16 and Fig. 3.18, which suggest kj07 < 0.3. This condition is similar to the one
reported in [66] for one-layer structures. It is also observed that for small enough oy, no
obvious lower limit of [; exists. Although this statement is true for the cases simulated
here, for a more accurate statement on ¢, as well as other model parameters, we need more
extensive numerical simulations and more systematic comparisons between the SPM and
MoM solutions. One possible method is locally minimizing a cost function defined as the

difference between the bistatic scattering coefficients calculated using both methods.

3.9 Summary and Conclusion

A PMCHWT-based integral equation was used to calculate the scattering coefficients of a
two-layer rough surface structure and the numerical results were compared with those found
from SPM formulation. The difference between the SPM and MoM solutions implied the
need for deriving the region of validity of SPM. To systematically compare the solutions of
SPM and MoM, a fast solver known as the UV Multilevel Partitioning Method (UV-MLP)
was implemented. To test the performance of the fast solver, it was used for a one-layer
structure. It was observed that the computational cost of the method is more than that of
a solver such as LU factorization, which uses the full impedance matrix. Consequently, LU
factorization was used as the MoM solver and 500 different combinations of the statistical
properties of the interfaces and dielectric constants of the layers were simulated. The contour
plots suggested that o¢/A and l¢/\ are not the only parameters that would determine the
region of validity, which is believed to be a function of the dielectric constants as well.
Another conclusion was that the sensitivity of the region of validity to o is more for larger

dielectric constants and also increases as oy increases. An interesting observation was that
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Figure 3.15: Contour plot of |yyou — Vspm| for Case 1. Both of the parameters vy, and vspy
are expressed in dB.

when surfaces become very slowly varying, large o becomes tolerable and does not decrease
the accuracy of SPM. Quantitative observations made were that if we consider 1.5 dB a
tolerable difference between the SPM and MoM solutions, kyos < 0.6 and kyoy < 0.3 would
be conservative conditions on the surface roughnesses although for slowly varying surfaces,
we can go beyond these limits. It was also observed that for small enough o, no obvious
lower limit of /; exists. For a more systematic comparison and more definitive statements
on the limits on the model parameters, especially those limits that are affected by multiple
scattering processes between the boundaries, it was suggested that an optimization problem
be solved to locally minimize the error between the SPM and MoM solutions with respect

to surface and media parameters.
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Figure 3.16: Contour plot of |y — Vseu| for Case 2. Both of the parameters vy, and Yspy
are expressed in dB.
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Figure 3.17: Contour plot of |y — Vseu| for Case 3. Both of the parameters vy, and Yspy
are expressed in dB.
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Figure 3.18: Contour plot of |yy.u — Vseu| for Case 4. Both of the parameters vy, and Yspy
are expressed in dB.
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Figure 3.19: Contour plot of |y — Yspm| for Case 5. Both of the parameters vy, and
Yspm are expressed in dB. This case shows how the multiple scattering processes between the
layers could lead to counter intuitive results for the region of validity.
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CHAPTER 4

Inversion of Subsurface Properties of Layered
Dielectric Structures with Random Slightly-Rough
Interfaces Using the Method of Simulated Annealing

In this chapter, the parameters of a two-layer dielectric structure with random slightly-
rough boundaries are retrieved from data that consist of the backscattering coefficients for
multiple polarizations, angles, and frequencies. The Small Perturbation Method (SPM) is
used to solve the forward problem and assume the roughnesses are small compared to the
wavelength. The inversion problem is then formulated as a least square problem and is solved
using a global optimization method known as the Simulated Annealing (SA). This method is
capable of minimizing cost functions with global minima hidden among many local minima
and is shown to be a robust retrieval algorithm. The algorithm performance depends on
several parameters. Recommendations are made on these parameters and a technique is
proposed for exiting local minima when encountered. The sensitivity of the inversion scheme
to measurement noise is tested and it is shown that by averaging over several measurements,
the Gaussian noise is suppressed in such a way that the algorithm retrieves the parameters

successfully.
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4.1 Introduction

The problem of determining the properties of layered rough surface structures from scat-
tering data arises in many areas of science and engineering such as geosciences, biomedicine,
and optics. These structures are of special interest, because they are representative models
for many naturally occurring structures ranging from layered soil, rivers, and lakes to smaller
scale objects such as the human body and optical thin films. This class of problems falls
within the broad category of inverse scattering problems, in which the goal is to characterize
the electrical and geometric scattering properties of a target from the scattered field. Com-
plex dielectric constants, layer thicknesses, and statistical properties of the boundaries are
the unknowns in an inverse scattering problem associated with a layered dielectric structure
with rough boundaries. Of particular interest is estimation of soil moisture, which can be
translated as estimation of the soil permittivity for a general soil type. This problem is of spe-
cial interest in environmental engineering, hydrology, geology, soil physics, civil engineering,
and planetary exploration.

Effects of soil moisture and surface roughness on the backscattered field have been studied
dating back to the the 1960’s and 70’s [5—7]. Passive microwave radiometers have been widely
used for soil moisture retrieval [8,9,67], but use of radiometers in soil moisture detection is
limited because of their low resolution at lower frequencies, which are required for subsurface
observations. Active sensors have the potential to make the inversion of soil properties more
rigorous. Experiments conducted with active sensors at the ground level [7,68], and via
aircraft and satellite [69] have shown strong radar backscatter dependence on soil moisture.
These experiments have also demonstrated the significant effect of surface parameters such
as surface roughness on radar backscatter.

The inversion models for estimation of the surface parameters, i.e., permittivity, surface
roughness, and surface correlation length, can generally be categorized into empirical and
theoretical models. Empirical models are based on experimental data and the scattering
behavior of the rough surface in limiting cases. These models use inversion methods as
simple as solving a system of algebraic equations, to estimate the surface parameters. The

corresponding forward models are empirical and are developed from measurement of the
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scattering coefficients oy, , 09, and of, [10,11,70]. The empirical inversion models are fast,
hence suitable for real time inversion. However, they are not only site-specific but also
difficult to develop for layered media, in which case many measurements are required to
account for different combinations of the model parameters. On the other hand, inversion
algorithms that utilize theoretical forward models, which sometimes use involved numerical
techniques [71], are not site-specific and are more accurate, but more challenging, too [72].
Statistical inversion [73], neural network [74,75], the simplex method [76], and the genetic
algorithm [77] are among these techniques. Progress in theoretical forward models such as
the Integral Equation Method (IEM) has offered alternative approaches to inversion [78].
As the number of layers increases, the number of measurements needed to invert for the
unknowns also increases and the inversion process would become more challenging, due to the
severe nonlinearity of the forward model. The focus of this chapter is on retrieving the pa-
rameters of a two-layer dielectric structure with rough boundaries shown in Fig. 4.1. Despite
the practical importance of this problem, its solution has not yet been addressed appropri-
ately due to a number of reasons including the complexity and lack of forward scattering
solutions, lack of experimental data, and the large number of distinct physical parameters
needed to characterize the scatterer. To nondestructively calculate the characteristics of lay-
ered structures, a multifrequency polarimetric radar backscattering approach can be used,
where subsurface probing capability is achieved through the use of low frequency radar mea-
surements. Such systems are at preliminary research stages, and therefore to refine their
operating parameters and measurement scenarios, it is essential to use theoretical scattering
models that are general enough to be able to simulate the backscattering responses of a
wide range of subsurface structures. These forward models should be fast and accurate in
order that they enable reliable inversion algorithms for the subsurface sensing. A number of
analytical and numerical models for radar scattering from general N-layer rough surfaces,
including an incoherent small perturbation model, developed in Chapter 2, and a full-wave
coherent model for the general roughness case [49] have been introduced recently. The latter
has provisions for including dielectric profiles and both classes of models can incorporate
discrete random scatterers. These models have the required parametric flexibility suitable

for inversion of layered media properties.
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The inverse scattering problem considered here can be regarded as a nonlinear parameter-
estimation problem. An optimization scheme, known as Simulated Annealing, is applied to
solve the estimation problem. While the capability of other global optimization methods
such as genetic algorithm [79] and particle swarm [80] can be studied and explored for the
purpose of subsurface sensing, the purpose of this work is to investigate the performance of
the Simulated Annealing method in inversion associated with layered structures.

Since the forward problem based on which the estimation is carried out is a complicated
nonlinear function of the parameters, care must be taken to understand and best use the
regions of sensitivity of the forward model to the parameters to ensure convergence to correct
results. The scattering data used with this inversion algorithm consist of measurements of the
backscattered wave for different incidence angles at center frequencies of 137 and 435 MHz.
(The use of the SPM model at 137 and 435 MHz is justified because at these frequencies,
most surfaces of interest appear only slightly rough.) Synthetic data are used to develop
and validate the inversion algorithm. The choice of frequencies is made based on currently
available radar systems and these are envisioned to be available from airborne and spaceborne
platforms in the foreseeable future [19].

A brief introduction to the forward model is presented in Section 4.2. Section 4.3 intro-
duces the inverse problem, the model parameters, the inversion algorithm, the cost function,
and the measurement and inversion parameters. Simulation results including the results of
a sensitivity analysis in Section 4.4 will be presented afterward. The results of noise analysis

follow in Section 4.5.

4.2 The Forward Model

The success of any approach to an inverse problem depends critically on the validity of the
forward model employed. The forward model, reported in Chapter 2, uses SPM to calculate
the electromagnetic wave scattered from the rough surface structure shown in Fig. 4.1. The
solution is analytic in the sense that it does not rely on numerical techniques or discretizing
approximations to the unknowns. Therefore, its dependence on the unknowns has an explicit

form, which can be evaluated fast. This is a great advantage, because in an inversion process,
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Figure 4.1: Geometry of the problem: a 3-dimensional 2-layer isotropic dielectric structure
with complex permittivities. The boundaries are zero-mean stationary random processes.
The layers mean separation is denoted as d.

the forward model could be evaluated a large number of times.

The forward model is presented briefly and the reader is referred to Chapter 2 for details.
Consider the three-dimensional, two-layer homogeneous isotropic dielectric structure with
infinite surfaces shown in Fig. 4.1, where the top and bottom regions are half-spaces. The
dielectric constants are ¢y, €;, and €3, which in general could have complex values. The
permeability of all of the layers is assumed to be p, although this assumption does not impact
the analysis method. The boundaries, which are assumed to be zero-mean stationary random
processes with known statistical properties, are denoted by &fi(x,y) and —d + £ fo(z,y).
The conditions on the surface statistical properties for which the first-order SPM is accurate
within a specified error bound is determined by the region of validity. This region is a
function of the layers complex dielectric constants, polarization of the incidence wave, and
the incidence angle. The region of validity of SPM for a single dielectric rough surface is
known to be kyo, < 0.3 and V204, /l; < 0.3 [66]. It has been mentioned in the same reference
that no precise validity conditions have been obtained for SPM and the given conditions
should be viewed only as a guideline. The focus of this chapter is on the effectiveness of the
inversion algorithm independent of the physical accuracy of the forward model. The region

of validity of SPM for a two-layer dielectric structure with rough boundaries was addressed
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in Chapter 3.

The first-order scattered field can be represented as

B = ¢ [ [ i [ el + Vi) | et (4.1)

—0o0—00

where k, = k.2 + k9, dk, = dk,dk,, and ko, = (/kZ — k2 — k; The quantities k, and
k, are the Fourier transform variables and k is the incidence region wavenumber. The

+(1

quantities a, , )(k 1) are the first order amplitudes of the scattered field and are given by

af (k1) = oft (k1) Fi(ko — k) + o (ki) Fa(ky — k) (4.2)
a;r(l)(kﬁ =af' (k) Fi(ky — k) +al? (ki) Fy(k, — k) (4.3)

where Fj(k,) and Fy(k, ) are the Fourier transforms of fi(z,y) and fa(x,y), respectively.
The subscripts h and v represent the horizontal (h) and vertical (v) polarizations, respec-
tively. The reader is referred to Chapter 2 for the details of calculation of the coefficients
a£1 (k,), af(kL), ali(k,), and o2(k, ). Finally, it can be shown that the bistatic scattering

coefficients of the layered structure are given by
0pq = ki cos” 0,67 (o (k) Wi, (kT — K1) + |age (k1) PWp, (k] — K1), (4.4)

where ofi(k$) = ofi(k%) with the incident field having g-polarization component only,
where p, q € {h,v}. The vectors k' and k¥ refer to the incidence and scattering directions,
respectively, and 6, denotes the scattering angle. The quantities Wy, (k) and Wy, (k)
are the spectral densities of the rough surfaces, which are assumed to be independent. (If
the surfaces are correlated, the joint spectral density of the two surfaces, defined as the
Fourier transform of the correlation function of the two profiles, will be present in (4.4). See
Chapter 2 for more details. Therefore, the number of model parameters will increase if the

surfaces are correlated, but the approach to the inversion would be similar.)
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4.3 The Inverse Problem

The goal in an inverse problem is to determine a vector of unknown parameters X, given
a set of data d = f(X,p) + n, where the vector f represents the forward function and
the vector p represents known measurement parameters such as the frequency of operation
and incidence angle. The vector n represents any additive error that may contaminate the
measured data. In a probabilistic approach to inverse problems, knowledge of the probability
distributions of d and n is also necessary, but in this work, the approach is deterministic in

that such distributions are not considered.

4.3.1 Model Parameters

There are two types of model parameters involved in the forward model: dielectric param-
eters, namely real and imaginary parts of a layer dielectric constant (¢; and ¢, ), and geometry
parameters, namely the mean separation between the two rough interfaces referred to as layer
thickness (d) and statistical properties of the boundaries (o, and Iy,). The dielectric param-
eters depend on the mixture model used for the scattering media. Several mixture models
exist for soil and ice dielectric properties at different frequency ranges [33,81,82].

Nine model parameters are used to characterize the two-layer structure. These parame-
ters are real parts of the layer permittivities (6,1 and 6,2), conductivities of the layers (o and
07), the standard deviation and correlation length of each interface (oy, and ly,), and the
layer thickness (d). The vector of unknowns, X, is defined in such a way that X(1) = €,
X(2) = a1, X(3) = €,, X(4) = 09, X(5) = d, X(6) = Ij,, X(7) = 7y, X(8) = l},, and
X(9) = oy,. SI units are used for all of the model parameters, that is to say siemens per
meter (S/m) for conductivity (o and o3) and meter (m) for length (d, ly,, ly,, 0f,, and oy,).
Table 4.1 summarizes the physical model parameters and their analogous elements of the

unknown vector X.

Table 4.1: The physical model parameters and their analogous elements of X.
X[A) | X(2) | X(3) | X(4) | X(5) | X(6) | X(7) | X(8) | X(9)

T
€y

; o1 €y 02 d lyy | o |y, | op
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Based on the dielectric model for soils given in [33], ¢ and € are functions of four other
parameters, i.e., volumetric moisture content (m,), bulk density (p;), and mass fractions of
sand and clay (S and C). To present the general methodology of inversion by the method
of Simulated Annealing and show its strength, The generic model for the complex dielectric
constant is used, i.e., it is assumed that € = € + io /w and that the real part of the dielectric
constant does not vary with frequency in the frequency range considered—a good assumption
according to [33]. After € and o have been retrieved, m, can be found by making certain
assumptions about type of the soil. The dielectric model used in the forward problem can
always be modified to make it appropriate for the dielectric structure under study and the
corresponding application based on ancillary data.

The inverse problem is posed as an optimization problem. Since multiple parameters
determine the measured radar signal, multiple measurements viewed at different frequencies
and observation angles are necessary to define the cost function. The cost function used in

this chapter is

A& (09, (X £,05) — du (£, 00\ (08 (K5 i, 05) — dun(fir 0,)
T v o G A e A e IR

where Ny and N, are the number of frequency points and measurement angles used in
measurement, respectively. As it is apparent from the definition above, all of the possible
combinations of the N frequency points and Ny measurement angles are used. The values
of o7 (X fi, 0;5) and dy (fi, 0;) are, respectively, the calculated and measured backscattering
coefficient of the layered structure at a certain frequency and observation angle for pg polar-
ization, where p,q € {h,v}. Since the forward model is incoherent, the only backscattering
coeflicients available from the model are o9, and of,. The normalizing terms in (4.5) are in
fact regularizing factors. This definition of the cost function causes the measurements at dif-
ferent frequencies and angles to matter equally. If we do not use these normalizing terms, the
elements of the measured data vector, which have different strengths at different frequencies

and angles, would have unbalanced contributions to the value of the cost function.
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4.3.2 Inversion Algorithm

Local optimization techniques are popular for solving optimization problems because of
their speed, but due to the nonlinearity of the forward models and existence of many local
minima, use of these techniques in geophysical inversion is limited. Such techniques require
very good a-priori information, or initial guesses, to avoid converging to (or getting trapped
in) local minima. Existence of many local minima in a cost function is the cause of the poor
performance of local optimization methods in terms of convergence to correct results.

The inversion technique applied to the problem is an optimization scheme known as the
Simulated Annealing (SA). Simulated Annealing is a global optimization technique capable
of minimizing cost functions with global minima hidden among many local minima [83,
84]. This method uses an analogy between the unknown parameters in an optimization
problem and particles in the annealing process of solids. These particles are distributed
randomly in the liquid phase at a high temperature. If cooling happens slowly enough, at
each temperature 7', the solid reaches thermal equilibrium, which is characterized by the
Boltzmann distribution [83]. As the temperature decreases, the distribution concentrates
on lower energies, and finally, when the temperature approaches zero, the only state that
has a non-zero probability is the minimum energy state. In an optimization problem, the
cost function L (X) and configurations of the model parameters are analogous to energy and
different states of a solid, respectively.

In an SA-based algorithm, a small, randomly generated perturbation is applied to the
current model parameters. If the cost function decreases, i.e., AL < 0, the new state is
accepted, otherwise it is accepted with probability e *%/7. The quantity T represents the
temperature. This rule is referred to as the Metropolis criterion [85] and the SA-based
methods use this criterion at a sequence of decreasing temperatures.

The Simulated Annealing scheme used in this work is based on the algorithm by Corana et
al. [86]. Let’s start from an initial guess Xy, an initial temperature 77, and an initial step
length vector v,. A random move is generated sequentially along each coordinate direction j
by X' = X, +rvje;, where j = 1,..., N, X’ denotes the trial point, which is either accepted

or rejected according to the Metropolis criterion, N denotes the model space dimension, X,
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is the current state, or the latest accepted point, r is a random number drawn uniformly
from [—1,1], v; is the jth element of the step length vector, and e; is the unit vector of the
jth coordinate. This set of sequential perturbations is repeated N, times. The step length
is then adjusted according to the Corana algorithm step length adjustment rule (presented
at the end of this subsection) and the iteration continues until the number of step length
adjustments reaches Np. Fig. 4.2(a) illustrates the sequential perturbations followed by the
step length adjustment. The temperature is reduced at this point by T}, = RyT,4, where
Rr is the reduction factor. The iteration continues at the new temperature starting from
the current optimal point. This procedure is illustrated in Fig. 4.2(b), where the current
state at each step length adjustment is denoted by X, X3, ..., Xy,+1. Note that the first
step length adjustment in each chain happens at Xy and the last one happens at Xy, 41,
which is also the last accepted point of the corresponding chain. It can be shown that if
the length of the chains formed by X;, Xy, ..., Xx,41 approaches infinity, the Simulated
Annealing algorithm converges to a global minimum of the cost function as the temperature
approaches zero [87].

The inversion process stops when the cost function value becomes smaller than a value
denoted by 6, i.e., L < 4, when the number of forward function evaluations reaches a certain
number, or when the algorithm converges to local minima for a certain number of times.
The Corana algorithm can be modified in order to make it exit a local minimum to which
the algorithm has converged. If the value of the cost function at Xy, 41 is Lj, the following

rule is used to decide whether the algorithm has been trapped in a local minimum.

Li—Li_|<e i=1,2,...,N. (4.6)

where the subscripts k — ¢ refer to the previous chains. The quantities € and N, are chosen
empirically to achieve the best results. If (4.6) is satisfied, the temperature is increased to

make the algorithm exit the local minimum area. To understand this approach, consider the
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Figure 4.2: The outline of the Simulated Annealing algorithm used in this work. (a) Random
moves are generated sequentially along coordinate directions. (b) Step length is adjusted
Nr times at each temperature before the temperature is reduced. The current state at each
step length adjustment is denoted by Xo, X3, ..., Xn,41.

step length adjustment rule in the Corana algorithm:

n; /Ns—0.6 :
, v~<1+c~ﬂ—> it n; > 0.6V,
O / / 0.4 ! (47)

-1
oy (14 ¢ 254%) it n, < 04N,
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where ¢; =2 for 1 < j < N and n; (j =1,...,N) is the number of accepted moves along
the jth coordinate since the last step length adjustment. As the temperature decreases, the
step length becomes smaller and Corana algorithm concentrates on a smaller area. On the
contrary, if the temperature is forced to increase, according to the Metropolis criterion and
(4.7), both the step length and the probability of accepting uphill moves increase. Therefore,
in a situation where the algorithm has converged to a local minimum, by increasing the
temperature, the algorithm is allowed to continue its search for the global minimum with a
bigger step length, i.e., in a larger area. This process can be repeated multiple times until

convergence to the global minimum is achieved.

4.3.3 Inversion and Measurement Parameters

The constraints on the model parameters are based on existing models and data for soil
moisture applications [33,77], i.e., 3.0 < ¢, < 15.0, 0.0 < 0 < 0.1, 0 < 0y < 5 (cm), and
1 <y <25 (cm). The constraint on layer thickness, 0.1 < d < 1.0 (m), is based on typical
observed depths of the root zone, bedrock, and other natural features. These bounds can be
modified according to the dielectric model, dielectric structure, and application. Table 4.2
summarizes these bounds.

The inversion parameters used in the algorithm are 77, Ng, Ny, Rr, 6, €, N, and v,
introduced in Section 4.3.2. The process of choosing inversion parameters that would improve
the inversion results is the subject of much investigation. The values of N, Np, Ry used here
are the values recommended by Corana et al., i.e., 20, 100, and 0.85, respectively. The values
of 71, d, e, N, and v,(j), the jth element of v,, are derived empirically to achieve the best
results. Note that it can easily be verified that the algorithm performance is independent
of the initial guess if the above values of the inversion parameters are chosen. Table 4.3
summarizes the inversion parameters.

The measurement parameters are the frequency and observation angle. The algorithm is
ultimately intended for use with radar data from an experimental tower-based instrument
designed for estimation of subsurface soil moisture. Therefore, the frequencies used in the

inverse model are the same frequencies available from the MOSS tower radar system, i.e.,
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fi = 120.0, fo = 137.0, f3 = 150.0, f, = 420.0, f5 = 435.0, and fs = 450.0 MHz. These
frequencies are centered at 137 and 435 MHz. The radar antenna is a log-periodic one, which
has a rather wide beam. This beam can be focused at various locations, providing different
incidence angles. The measurement angles are chosen to be 6; = 30° and 6, = 45°. The
choice of measurement angles used in the inversion process is based on a qualitative analysis.
Since oy, and o}, are equal at § = 0, observing the difference between ¢y, and o}, versus
measurement angle and looking for angles at which this difference is large, provides insight.
Fig. 4.3 shows |09, — o7, | versus the measurement angle 6 at several frequencies that are
centered at 137 MHz and 435 MHz for a case where €, = 2¢;, = 10.0, 0, = 20, = 0.01,
d=0.2,15 =1y, =02, and oy, = 05, = 0.02. Based on this information and other similar
simulation scenarios, 30° and 45° are chosen as the measurement angles. Therefore, if, for
example, Ny = 2 and Ny = 2, then in (4.5), f1 = 120.0, f; = 137.0, 6; = 30°, and 6, = 45°.

Table 4.4 summarizes the measurement parameters used in the inversion process.

Table 4.2: Constraints on the model parameters. Units are SI.

€ir | O | €& | 0o | d | Iy | op | Iy | 0op

Lower Bound (X;) | 3.0 [0.0] 3.0 | 0.0 |[0.1]0.01| 0.0 | 0.01| 0.0

Upper Bound (X,,) | 15.0 [ 0.1 | 15.0 | 0.1 | 1.0 | 0.25 | 0.05 | 0.25 | 0.05

Table 4.3: Inversion parameters
T Ns NT RT Cj 0 9 NE VO(j)
100,000 | 20 | 100 | 0.85 | 2.0 | 1072 | 1071 | 10 | X, () — Xi(4)
Table 4.4: Measurement parameters

fi f2 IE Ja 5 Jo 01 | 6o
120 MHz | 137 MHz | 150 MHz | 420 MHz | 435 MHz | 450 MHz | 30° | 45°

4.4 Inversion Results

4.4.1 5-Parameter Problem

Let’s start with the assumption that the first 5 parameters, i.e., ellr, o1, €l27., 09, and d, are
unknown, because we are usually most interested in these 5 parameters and less interested

in the statistical properties of the interfaces.
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Figure 4.3: Maximizing |0y, — 09,| with respect to measurement angle at different frequencies
centered at 137 and 435 MHz. It is assumed that e, = 2¢;, = 10.0, 0y = 207 = 0.01,
d=0.2,1f =1lp =02, and oy, = 04, = 0.02. Based on this qualitative analysis and similar
simulations, 30° and 45° are chosen as the measurement angles.

/

Fig. 4.4 shows the inversion result for a case where ¢;, = 4.00, 01 = 2.0x1072, e, = 12.00,
o2 = 1.0 x 107!, and d = 0.40. The known parameters are assumed to be Iy, = 0.5l = 0.1
and oy, = 20y, = 0.02. This case is referred to as Case 1 hereafter. This figure shows the
relative error in the current value and the optimum value of X(1) = ¢,,. Current Value refers
to the value of the model parameter in the last accepted state in each chain, i.e., Xy, 41.
Optimum Value refers to the value of the model parameter in the current optimum state in
a chain, denoted by X,,; in Fig. 4.2(b). It is observed that the algorithm may accept bad
solutions in terms of relative error in the model parameter, but ultimately converges to the
right solution.

Fig. 4.5 shows the inversion result for another case where €;, = 5.00, o = 5.0 x 1072,
Elzr = 10.00, 05 = 1.0 x 107!, and d = 0.20. The known parameters are assumed to be

ly, = 0.5ly, = 0.1 and oy, = 204, = 0.02. This case is referred to as Case 2 hereafter. It is
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Figure 4.4: Relative error in the current value and optimum value of X (1) = ¢, as the
Simulated Annealing algorithm progresses. The layers dielectric properties and the layer
thickness are the unknown model parameters while the boundaries statistical properties are
assumed known (Case 1, 5-parameter problem). Actual model parameters: e/lr = 4.00,
01 =2.0x 1072, &, = 12.00, 03 = 1.0 x 1071, d = 0.40, l;, = 0.5l;, = 0.1, 0, = 204, = 0.02.
Refer to Table 4.6.

apparent from this figure that the algorithm has increased the temperature 4 times in this

case to achieve the correct result. Table 4.5 summarizes Case 1 and Case 2.

Table 4.5: The two cases of the true values used for simulations in Sections 4.4.1, 4.4.3, 4.4.4.
Units are SI.

€1, oy €3, o2 d |y | on |1y | op
Case1[4.0020x10"2]12001.0x10110400.1]0.02]0.2]0.01
Case 21 5.00 | 5.0x1072]10.00 | 1.0x 10711020 0.1]0.02]0.2]0.01

Table 4.6 and Table 4.7 show the actual values and initial guess in each case as well
as the final inversion results. The quantity Niey is the total number of forward function

evaluations and Number of Jumps refers to the number of times that the temperature has
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Figure 4.5: Relative error in the current value and optimum value of X (5) = d as the
Simulated Annealing algorithm progresses. The layers dielectric properties and the layer
thickness are the unknown model parameters while the boundaries statistical properties are
assumed known (Case 2, 5-parameter problem). The temperature has been increased 4
times to make the algorithm converge to the global minimum. Actual model parameters:
€, = 5.00, 0; = 5.0 x 1072, ¢, = 10.00, 03 = 1.0 x 107!, d = 0.20, I, = 0.5;, = 0.1,
of = 204, = 0.02. Refer to Table 4.7.

been increased. Note that the total number of cost function evaluations is Niepev/NfNg. In
the majority of the cases of the 5-parameter problem that were simulated, it was observed
that the combination Ny = 3 and Ny = 2 would lead to good results.

Each complete simulation case could take from a few minutes to a few hours depending
on the number of unknown parameters, number of forward function evaluations (which is
directly proportional to the product of number of frequency points and number of mea-
surement angles), measurement noise, and the specific machine used. For example, Case 1
and Case 2 took 12 and 65 minutes, respectively, on an AMD Opteron 240, 1.4 GHz CPU
with 1IMB cache. When the number of unknown model parameters are 7 and 9 in Case 1,

computation time is 25 minutes and 100 minutes, respectively, on the same CPU.
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Table 4.6: Actual values, initial guess, and inversion results (Case 1, 5-parameter problem).

Units are SI. ) /
€1, o1 €9y 09 d
True Value | 4.00 | 2.0 x 1072 12.00 1.0 x 107! 0.40
Initial Guess | 12.00 | 6.0 x 1072 4.00 1.0 x 102 0.10
Final Value | 4.00 | 2.0 x 1072 12.00 1.0 x 1071 0.40
Ny Ny Thnal Necnev Loin Number of Jumps
3 2 1 0.11x 107 | 12,721,494 | 0.70 x 10~ 12 0

Table 4.7: Actual values, initial guess, and inversion results (Case 2, 5-parameter problem).

Units are SI.

7

€1, o1 €y 09 d
True Value 5.00 5.0 x 1072 10.00 1.0 x 107t 0.20
Initial Guess | 14.00 | 8.0 x 1072 4.00 1.0 x 1072 0.50
Final Value | 5.00 5.0 x 1072 10.00 1.0 x 1071 0.20
Nf N@ Tﬁna] Nfcnevl Lmin Number of Jumps
3 2 0.66 x 10~10 67,596,486 | 0.92 x 10~12 4

4.4.2 Sensitivity Analysis

The assumption that the statistical properties of the rough interfaces are known can
cause the final error to be large, because in a 5-parameter problem, the values assigned to
X(6) = Iy, through X(9) = oy, are a-priori while these parameters could have noticeable
impact on the backscattering coefficients. To observe the impact of one parameter on the
output, we may monitor the output of the forward model while changing the value of that
parameter and keeping the values of the other parameters fixed. For example, Fig. 4.6 shows
the sensitivity of the backscattering coefficient ¢¢, to the model parameters for a case where
the layers are lossless. The plots show that the backscattered power is more sensitive to the
first layer dielectric properties and that the statistical properties of the second layer have a
smaller effect on the backscattered power. The measurement parameters are f = 137.0 MHz
and @ = 45°. When the value of a model parameter is varied, the other model parameters
are fixed at e, = 2¢, = 10.0, 05 = 01 = 0.0, d = 1.0 (m), ls, = I, = 10.0 (cm), and
oy

=0y, = 3.0 (cm).

1

Loss in the first layer can mask the effect of the second layer interface. Fig. 4.7 shows
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the sensitivity analysis results for a case where o9 = 207 = 0.01 and where all of the other
parameters are the same as in Fig. 4.6. It is observed that even a small amount of loss has
masked the effect of the second layer interface. However, increasing the contrast between
the layers can nullify the effect of loss in the first layer. Fig. 4.8 shows a case where all
of the parameters are the same as in Fig. 4.7 except that e, = 20.0 and o, = 0.1, which
implies more contrast between the two layers. The added contrast has made the impact of

the second interface statistical properties larger.
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Figure 4.6: Sensitivity of the backscattering coefficient o, to the model parameters. Baseline
values: €, = 2¢;, = 10, 03 = 0y = 0.0, d = 1.0 (m), Iy, = l;, = 10 (cm), o4, = 04, = 3 (cm).
Measurement parameters: f = 137.0 MHz and 6 = 45°.
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Figure 4.7: Sensitivity of the backscattering coefficient ¢, to the model parameters. Baseline

values: €, = 2¢;, = 10, 0y = 201 = 0.01, d = 1.0 (m), l;, = I, = 10 (cm), of, = 0f, = 3
(cm). Measurement parameters: f = 137.0 MHz and 0 = 45°.

4.4.3 T7-Parameter Problem

A simple simulation shows that a 50% error in the a-priori values assigned to ly,, oy,
ly,, and o, would result in, for example, —100% error in oy in Case 1 and —100% error in
0y in Case 2. To account for the impact of the error in the a-priori values assigned to the
statistical properties of the boundaries, i.e., Iy, op, ls,, and oy, let’s consider X (1) = 6/17,
through X(7) = oy, as unknown in Case 1 of Section 4.4.1. Fig. 4.9 shows the inversion
results. Only the optimum value of the model parameters is shown in this figure. Table 4.8
summarizes the actual values and initial guess as well as the final inversion results. In the

majority of the cases of the 7-parameter problem that were simulated, it was observed that
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Ny =4 and Ny = 2 would lead to good results.

Table 4.8: Actual values, initial guess, and inversion results (Case 1, 7-parameter problem).
Units are SI.

7

€1, o1 €3, o) d
True Value | 4.00 | 2.0 x 1072 12.00 1.0 x 107! 0.40
Initial Guess | 12.00 | 6.0 x 1072 4.00 1.0 x 1072 0.10
Final Value | 4.00 | 2.0 x 1072 12.00 1.0 x 1071 0.40
Ny Ny Thnal Nrcnev Lin Number of Jumps
4 2 6.9 x 10712 | 25,657,440 | 0.70 x 10712 0
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Figure 4.9: Relative error in the optimum value of X(1) = €, X(2) = o1, X(3) = «,,,
X(1) = o9, and X(5) = d as the Simulated Annealing algorithm progresses. The layers
dielectric properties, the thickness, and the first boundary statistical properties are the
unknown model parameters while the second boundary statistical properties are assumed
known (Case 1, 7-parameter problem). Refer to Table 4.8.

4.4.4 9-Parameter Problem

Simulations show that a 50% error in the a-priori values assigned to Iy, and oy, would
result in, for example, 110% error in d in Case 1 and —20% error in e, in Case 2. These
errors are smaller compared to the ones in the 5-parameter problem with the same amount
of error in the a-priori values. However, these output errors are still large and to avoid them,
all of the model parameters are now considered as unknown.

Let’s first consider Case 1 in Section 4.4.1. Fig. 4.10 shows the inversion results. Table 4.9
summarizes the actual values and initial guess as well as the final inversion results. In the
9-parameter problem, it was observed that Ny = 5 and Ny = 2 would lead to good results
in the majority of the simulated cases.

To show the performance of the algorithm in inversion of the model parameters, several
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Figure 4.10: Relative error in the optimum value of X (1) = ¢,,, X(2) = 01, X(3) = €,
X(1) = 09, and X(5) = d as the Simulated Annealing algorithm progresses. All of the
model parameters are considered unknown (Case 1, 9-parameter problem). The algorithm
has increased the temperature 1 time. Refer to Table 4.9.

Table 4.9: Actual values, initial guess, and inversion results (Case 1, 9-parameter problem).
Units are SI.

€, o1 €3, 09 d
True Value | 4.00 | 2.0 x 1072 12.00 1.0 x 1071 0.40
Initial Guess | 12.00 | 6.0 x 1072 4.00 1.0 x 1072 0.10
Final Value | 4.00 | 2.0 x 1072 12.00 1.0 x 1071 0.40
Ny Ny Thnal Nrenevl Loin Number of Jumps
5 2 9.5 x 107 | 82,260,040 | 0.90 x 1012 1

cases are simulated as follows and the final errors in X(1) = €},, X(3) = ¢,,, and X(5) = d
are presented. A baseline case is chosen where €, = 6.00, o, = €),/150 = 0.04, e, = 12.00,
0y = €5,/150 = 0.08, d = 0.4, Iy, = 0.5;, = 0.1 and o, = 204, = 0.04. Then, the true value
of one of the three parameters €),, €,,., and d is varied while the other two are assumed to

have their baseline values. The true values of ¢;, are 3.0, 4.0,...,15.0, the true values of ¢,
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are 3.0, 3.5, 4.0, 4.5, 5.0, 5.5, 6.0, 7.0,...,15.0, and the true values of d are 0.2, 0.3,...,1.0.
These variations of true value result in 36 cases. Note that while oy and oy are considered
unknown, their true values are assumed to be €}, /150 and €,,/150, respectively.

Fig. 4.11, Fig. 4.12, and Fig. 4.13 show the final values of €},, €,,, and d versus their
actual values. While the algorithm shows a great performance in inverting all of the model
parameters, especially ellr and o1, in a small number of these cases, as indicated in the figures,
significant errors in e,,, o, and d are observed. Similarly good results are obtained for the

other unknowns.

,/.
14+ g |
d
»
e
12 |
§ 10- A |
% 30% error in X(3)
: o 25% error in X(4)
3 41% error in X(5)
@ gt el |
o Baseline Case
\ o
o /.’/.v 7
/'./Y‘v
4+ N ]
S
o
2 i L . ‘ ‘ |
2 4 6 8 10 12 1 °

Actual X(1)

Figure 4.11: Error in the retrieved model parameter X(1) = ¢, for the cases simulated in
Section 4.4.4. The true values of €, are varied while the other model parameters (except for
o1) are fixed at their baseline values. The true value of o, is assumed to be €, /150.

4.4.5 Discussion

The presented results show that the method of Simulated Annealing is a powerful tool

for retrieval of the subsurface properties of a two-layer rough surface structure. We observed
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Figure 4.12: Error in the retrieved model parameter X(3) = e,, for the cases simulated in
Section 4.4.4. The true values of €, are varied while the other model parameters (except for
09) are fixed at their baseline values. The true value of oy is assumed to be e, /150.

significant errors in the retrieved X(3) = e,,, X(4) = 0, and X(5) = d in very few cases,
but the errors in the retrieved X (1) = ¢, and X(2) = o, were always small.

The inversion parameters presented in Table 4.3 are either recommendations by Corana et
al. [86] or recommendations derived empirically in this work. The measurement parameters,
i.e., frequency points and measurement angles, are based on the specifications of the MOSS
tower radar [19] and the simple analysis presented in Section 4.3.3, respectively.

The quantities Ny and Ny, which are the number of frequency points and the number
of measurement angles, respectively, are key to successful retrieval. These numbers affect
both the smoothness and information content of the cost function. The values of N; and
Ny in this chapter are based on several inversion cases with different number of unknown
model parameters. However, the optimum values of these parameters as well as the values of

the frequency points and measurement angles, with the number of cost function evaluations
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being a constraint, could be explored further.

4.5 Noise Analysis

As mentioned in Section 4.4.1 and Section 4.4.3, the results would suffer from large errors
if only a subset of the model parameters are treated as unknown and imperfect a-priori values
are assigned to the rest of the model parameters. Therefore, the noise analysis results are
presented assuming all of the 9 model parameters are unknown.

Assuming the measured scattered power is contaminated by noise, the inversion algorithm

is evaluated in presence of Gaussian noise. The noisy data is modeled as

op =04+ A X N(0,1) x 0° (4.8)
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o

where ¢

is the noise contaminated data point, ¢ is the synthesized noise free data point
predicted by the forward model, A is the additive noise standard deviation, and N (0, 1)
represents a random number drawn from a normal distribution with a zero mean and unit
standard deviation.

We should note that noise contaminates the received voltage, not the power. However,
this analysis, which assumes the backscattered coefficients are contaminated by Gaussian
noise directly, offers insight into the sensitivity of the inversion algorithm when the measured
data deviate from what the forward model predicts. If we consider a noise model where
Gaussian noise contaminates the measured voltage, A in the received power would correspond
to the larger value of v/A in the received voltage. In other words, larger than normal data
perturbations are considered here. For instance, a A of 0.05 (5% noise) would correspond
to a significant amount of noise, which if expressed in terms of signal to noise ratio (SNR),
would give a value of < 20 dB. This SNR can easily be achieved and surpassed in realistic
radar systems. An SNR of 30 dB, which is also achievable in current radar systems, would
correspond to less than 1% noise in this assessment.

Two cases, designated as Case 3 and Case 4, are simulated. These cases are presented
in Table 4.10 assuming different values for A. The inversion algorithm is run 50 times for
each case of the model parameters and noise standard deviation. The average and standard
deviation of the relative output error for X(1) through X(5) are plotted. Fig. 4.14 and
Fig. 4.15 show these results. The inversion parameters are the same as in Table 4.4 except

that N, = 5.

Table 4.10: The two cases of the true values used for simulations in Section 4.5. Units are
SI.

€1, o €5, o2 d |y | op |1y | op
Case 3 [5.00 | 1.0 x 1072 | 10.00 | 20 x 1072 [ 0.50 | 0.1 [ 0.02 | 0.2 | 0.01
Case 4 | 5.00 [ 5.0x1072]10.00 [ 1.0x10°*]0.30]0.1]0.02]0.2]0.01

We should consider the fact that the performance of the inversion algorithm has been
tested in presence of extremely large noise amplitudes. Nevertheless, the noise analysis results
suggest that X(3) = ez and X(5) = d are retrieved with reasonably small error (< 20%)

for all noise amplitudes considered. Large standard deviations in most cases, especially in
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Figure 4.14: Average and standard deviation of the output error at 6 different noise strengths
(5%, 6%, 7%, 8%, 9%, and 10%) for Case 3 (See Table 4.10). Number of realizations is 50.

cases where the average output error is small, suggest that we cannot rely on the average
output error as the only piece of information about the retrieved model parameters. Other
measures of sensitivity to noise are, for example, the most probable point and distribution
of the output error. These measures are easily presented by the histogram of the output
error. Case 1 and Case 2, presented in Table 4.10, are simulated assuming 5% Gaussian
noise, i.e., A = 0.05. The inversion algorithm is run 100 times and the histograms of the
output for X(1) through X(5) are plotted. Fig. 4.16 and Fig. 4.17 show these histograms.
An immediate conclusion from these histograms is that as far as the most probable point is
concerned, all of the model parameters, except for X(3), are retrieved with small deviation

from the average.
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Figure 4.15: Average and standard deviation of the output error at 6 different noise strengths
(5%, 6%, 7%, 8%, 9%, and 10%) for Case 4 (See Table 4.10). Number of realizations is 50.

We can use another noise model in which the Gaussian noise contaminates the received

voltage. Assume

Uy =U+AXN X0 (4.9)

where v denotes the noise free voltage and v,, denotes the measured voltage received at the

antenna. We then have

v2 = v? + 20AN + A2N?p? (4.10)

Averaging (4.10) over realizations of the rough surface with the assumption that N and v

105



60— : : 40

40} 30
20t
2 L
0 10
0 — 0= ;
0 50 100 150 -100 -50 0
Error in X(1) (%) Error in X(2) (%)
60
40t
20t
9 9
-80 -60 -40 -20 0 20 40 -100  -80 -60 -40 -20 0
Error in X(3) (%) Error in X(4) (%)
60
40t
20t
0 1 L r—»—,—‘
-50 0 50 100 150

Error in X(5) (%)

Figure 4.16: Histograms of the error in the retrieved model parameters in presence of 5%
Gaussian noise added to the measured data for Case 1 in Section 4.5. Number of simulated
realizations: 100.

are independent random variables,

(v2) = (v*) (1+ A*N?) (4.11)

n

Since the measured voltage is proportional to the measured electric field, (4.11) and (2.65)
give

00 =0°(1+ A’N?) (4.12)

where N? has Rayleigh distribution. Case 3 is simulated with the new noise model con-

sidering 5 different noise strengths, that is, A =0.01, 0.02, 0.03, 0.04, 0.05, or equivalently,
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Figure 4.17: Histograms of the error in the retrieved model parameters in presence of 5%
Gaussian noise added to the measured data for Case 2 in Section 4.5. Number of simulated
realizations: 100.

noting that (N?) = 1, SNR ~ 40, 34, 30, 28, 26 dB. Fig. 4.18 shows the average and stan-
dard deviation of the relative output error for the model parameters for the SNR values
considered.

Notice that for the practical SNR values considered in this simulation, the output error
is always smaller than 25%. The largest errors are observed in €, and d, and the errors in
other model parameters are smaller than 13.7%.

The above results indicate that the estimated values generally show sensitivity to the
input noise and we should put effort into reducing the input noise as much as possible. This
is not surprising given the extremely nonlinear nature of the scattering model. A strategy to

overcome the instability of inversion in presence of large amounts of noise is to average several
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(See Table 4.10). Number of realizations is 50.

noise-contaminated data points and feed the averaged data into the inversion algorithm. If
we collect N data points at each frequency and incidence angle, the averaging over data
samples in (4.8) would be dgyy = ZzNzl d;/N. Here, it is assumed that N = 256. Table 4.11
shows the output error in the model parameters X(1)-X(5) for Case 1 and Case 2 after
averaging the noise over 256 data points. It is apparent that the output error in all of the

model parameters has been improved significantly showing that averaging the input data

cancels the additive noise in the measured data.
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Table 4.11: Output error in the model parameters after averaging the noise over 256 data
points contaminated by 10% Gaussian noise.

€, o1 €9, 09 d
Case 1 | —1.1% | —4.3% | —13.1% | —6.4% | 0.2%
Case 2 | —0.7% | 0.5% | —3.3% | —4.0% | —0.5%

4.6 Summary and Conclusion

This chapter presented the application of the Simulated Annealing method to the inver-
sion of the 9 model parameters characterizing a two-layer dielectric structure with rough
boundaries. The forward model calculates the backscattering coefficients of the structure
using SPM. It was shown that the Simulated Annealing is a powerful tool capable of re-
trieving all of the 9 unknown model parameters and minimizing the associated cost function
globally. The parameters of most interest are dielectric properties of the layers and the layer
thickness. However, it was shown that if we only consider these parameters as unknown and
treat the rest as known, error in the a-prior: values assigned to statistical properties of the
interfaces would result in large errors in the retrieved model parameters, and therefore, we
need to consider all of the 9 model parameters as unknown.

Values of the inversion parameters were either recommended by Corana et al. or derived
empirically in order to achieve robust and accurate inversion results. The values of frequency
points are forced by the application and measurement system, but the values of observation
angles were selected qualitatively in order that the maximum difference between of, and oy,
would result. The other measurement parameters, namely the number of frequency points
and the number of measurement angles, were also derived empirically in order to achieve
accurate inversion results. These numbers directly impact nonlinearity of the cost function
as well as its information content. The values Ny = 5 and Ny = 2 were selected for the cases
where all of the 9 model parameters were considered unknown.

To have the algorithm exit a local minimum, the algorithm was enhanced by forcing the
temperature to increase when a local minimum is encountered. Based on the Metropolis
criterion and the step length adjustment rule of the Corana algorithm, if the temperature

is forced to increase, both the step length and the probability of accepting uphill moves
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increase, allowing the algorithm to continue its search for the global minimum with a bigger
step length, hence in a larger area.

The inversion algorithm shows sensitivity to input noise due to the severe nonlinearity
of the problem. However, we should consider the fact that the performance of the inversion
algorithm has been tested in presence of extremely large noise amplitudes. Still, depending
on the measure considered, all of the model parameters could be considered well retrieved,
especially when we assume that measurement noise contaminates measured voltage and
when practical values of SNR (20-40 dB) are considered. This is promising for the retrieval
of subsurface soil moisture layers. Error in the model parameters can be reduced significantly
by averaging the noise over several data points—256 in this work.

While it was shown that the Simulated Annealing is a powerful scheme for inversion
of subsurface properties of a layered structure, other algorithms and strategies can also be
investigated to speed up the inversion. Use of faster Simulated Annealing schemes such
as Very Fast Simulated Reannealing (VFSR) [88] or hybrid optimization schemes [89] are

methods yet to be evaluated for inversion of a layered structure properties.
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CHAPTER 5

Conclusions and Recommendations for Future Work

5.1 Summary

Layered structures with rough boundaries are representative models for many naturally
occurring structures such as layered soil, multiyear ice, and snow-covered lands. Mapping
soil moisture, sea ice, and snow is of special interest to scientists due to the critical infor-
mation content of these maps; knowledge of soil moisture is critical for weather and climate
prediction, flood control, and reservoir management. Due to the role of sea ice in the mass
balance and heat transfer between the ocean and the atmosphere, a negative change in the
sea ice extent would indicate a global warming scenario. Snow mapping is also important for
climate reasons as well as for estimating spring runoff amounts for predicting water supply,
hydroelectric energy production, and potential flooding. Mapping soil moisture, sea ice, and
snow strongly depends on our ability to retrieve the model parameters of the correspond-
ing layered structures. This work addressed the problem of electromagnetic scattering from
layered dielectric structures with rough boundaries and the associated inverse problem of
retrieving the subsurface parameters of the structure using the scattered field. To this end, a
forward scattering model based on the Small Perturbation Method (SPM) was developed to
calculate the first-order spectral-domain bistatic scattering coefficients of an N-layer rough
surface structure. The region of validity of the forward model was investigated to ensure
proper use of the model. Finally, to retrieve the model parameters of the layered structure

using the scattered field, an inversion scheme based on the simulated annealing method was
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developed and a method was proposed to address a shortcoming of all inversion algorithms,

that is, convergence to a local minimum.

5.2 Contributions

The following subsections outline the contributions of this dissertation.

5.2.1 Scattering from Layered Rough Surfaces

The first-order bistatic scattering coefficients of a three-dimensional N-layer dielectric
structure with slightly rough interfaces were calculated in the spectral domain using SPM.
The layers were considered isotropic and homogenous. The amplitudes of the fields in all
regions were obtained simultaneously. The solution is analytical and intrinsically takes into
account multiple scattering processes between the boundaries. The method is fast and

appropriate for being used in inversion schemes.

5.2.2 Region of Validity of Small Perturbation Method

The region of validity of SPM was investigated. The bistatic scattering coefficients of a
two-dimensional two-layer dielectric structure with rough boundaries were calculated using
the Method of Moments (MoM). The UV Multilevel Partitioning Method (UV-MLP) was
applied to accelerate the MoM solver and it was shown that for a dielectric rough surface
scattering, contrary to expectation, UV-MLP does not make the MoM solver faster than
a solver such as LU factorization. Five hundred different combinations of the statistical
properties of the interfaces and dielectric constants of the layers were simulated. Several
observations were reported based on the contour plots of |Vyom — Yspu|, Where 7 is the

bistatic scattering coefficient.

112



5.2.3 Inversion of Subsurface Parameters of Two Layer Rough

Surfaces

To retrieve the model parameters of a three-dimensional two-layer dielectric structure
with rough boundaries, an inversion algorithm based on the simulated annealing was investi-
gated and a method was proposed to address convergence to a local minimum. Some of the
inversion parameters were empirically derived to guarantee convergence to correct results.
The forward model used in the inversion algorithm to evaluate the cost function as well as
to synthesize measured data was the forward model developed in Chapter 2. The algorithm
was shown to be capable of retrieving the layers dielectric constants, conductivities, and the
mean separation between the layers. All of the model parameters were shown to be well

retrieved in presence of noise.

5.3 Future Work

This dissertation addressed a very broad area of research in electromagnetic scattering.
The forward modeling of electromagnetic scattering from layered dielectric rough surfaces
is a new research area that has much room for advancement. Inverse electromagnetic scat-
tering, which falls into the broader category of inverse problems, though an old area, is still
challenging and calls for more research as new forward models are developed and as retrieval
of more model parameters with better accuracy and resolution is demanded. The area of
inverse electromagnetic scattering is particularly rich with possibilities of being applied to

random media. This section outlines a few research areas most relevant to this dissertation.

5.3.1 Forward Model Development

An accurate and fast forward model is necessary to insure a successful inversion process.
The first order scattered field in the SPM solution, presented in Chapter 2, is incoherent.
While for many applications, the first order solution is considered accurate enough, the
coherent scattered field needs to be calculated in order that more sensitive measurements

and more accurate inversion become feasible. Extension of the current SPM solution to
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higher orders, especially second order, would address this need. The second order solution
would also allow calculation of the co-pol phase difference, which has been shown to be very
sensitive to subsurface parameters [90].

Naturally occurring structures are represented by different models. For example, the
structure in Fig. 2.1 can represent a lake or a simple layered ground while more complex
structures would involve inhomogeneous layers, irregular interfaces including very rough as
well as undulating interfaces, layers with buried objects, and layers covered by vegetation
(Fig. 1.1). Development of analytical and numerical models for scattering from layered
rough surfaces that include such media can be very useful in geophysical research, especially

mapping soil moisture.

5.3.2 Region of Validity of Small Perturbation Method

It was shown in Chapter 3 that for dielectric rough surfaces, UV-MLP is not faster than a
solver such as LU factorization. It was also concluded that for more definitive statements on
the limits on the model parameters, especially those affected by multiple scattering processes
between the boundaries, more extensive numerical simulations are needed to allow finer
sampling of the model space. Possible future work includes developing fast solvers that
are more appropriate for scattering from dielectric rough surfaces. These solvers should be
fast enough to allow, for example, use of an iterative nonlinear optimizer, which requires fine
sampling of the model space as well as measurement parameters such as incidence/scattering

angles and polarization.

5.3.3 Inverse Model Development

The Simulated Annealing was shown to be a powerful scheme for inversion of subsurface
properties of a layered structure. In addition to investigating the capability of other algo-
rithms and strategies such as genetic algorithms [79] and particle swarm algorithm [80], use of
faster Simulated Annealing schemes such as Very Fast Simulated Re-Annealing (VFSR) [88]
or hybrid optimization schemes [89] are yet to be studied and developed further for inversion

of a layered structure properties.
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Figure 5.1: A sample cost function used in the inversion algorithm in Chapter 4 plotted
versus two of the model parameters for two different sets of measurement parameters. X(1)
represents €;, and X(4) represents oy.

5.3.4 Design Space for Future Remote Sensing Systems

To successfully and efficiently retrieve the unknowns in the optimization problem associ-
ated with the inverse problem in Chapter 4, the number and value of measurement frequencies
and observation angles should be chosen judiciously to increase the efficiency and accuracy
of the inversion algorithm. These numbers and values affect both the smoothness and in-
formation content of the cost function. Fig. 5.1 shows a cost function versus two different
model parameters. This figure shows how the nonlinearity of the cost function along different
coordinates can vary depending on the number of frequency points and measurement angles.
In this dissertation, these quantities were selected empirically based on many inversion cases
with different number of unknown model parameters. However, finding the optimum values
of these parameters as well as the values of frequency points and measurement angles, with

the number of cost function evaluations being a constraint, remains a subject to explore.
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APPENDIX A

A.1 Necessary Expansions

This appendix presents some of the expansions used in the analysis in Chapter 2.

The vectors A(-) and () are defined as below,

. . Kix 3
h(—k )= 22— Al
(—ko.) L (A1)
0(—kp,) = h(—ki,) x Kp (A.2)

The minus sign in h(—k},) and 6(—k) indicates that the incident plane wave is down-going.

Similarly, )
(k) éz - (A3)
0(kns) = h(kns) X kn (A.4)
A K, xz
h(—knz) 2] (A.5)
D(—kns) = h(—kp,) x K, (A.6)

where k, = (ko@ + ky§ + kn:2)/kn, Ko = (ko + Ky — knz2) /i, ke = K2 — K2 — K2,
kn, = w\/lig€n, and n = 0,1,2. It is worth mentioning that k,, is considered a positive

quantity throughout the analysis.
According to (A.3)-(A.6),
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- —k,y + ky@
E S (A7)
kp
and
~ knz N ~ kp A
nlvp n
where k, = \/kZ + k7. Also, the unit vectors normal to the boundaries are
n(ry) = et 2w+ (4.9)
Vefu vef, +1
and
far ) = 2Lt Z Sy (A.10)

VEf? + 0, +1
where subscripts ‘z” and ‘y’ indicate the partial derivative with respect to x and y, respec-

tively. Therefore, the expressions for 7115 x h(-) and 7y x 0(-) are as follows.

ke 4+ ky§ + (§f1,20k + Ef1,29Fy)2
kﬂ\/52f1,212 +E2 1247 +1

A2 X h(Ltkns) = (A.11)

(£knzky — £f1,29kp%)E + (Fhnzke + £1,20k0°)9 + (£Ef1,20knaky T §f1,29knzka)2

fL112 X @(j:k‘nz) =
knkp\/§2f1,2m2 +€2f1,242 + 1

(A.12)

When the boundary conditions are applied, the exponential terms in the integrands

should be expanded in terms of £ using Taylor series representation.

o0

e+ika§fl(I:y Z +Zk02fl iy y))ngn (A].?))

n=0

Other exponential terms are expanded similarly. Additionally, note that

+(m) ¢m 00 oo m m—n¢m
—|—kz
Zahv I3 y +zk0zf1 z,y)) ZZ iko f1(z,y))" "€ (A14)
m=0 n=0

m—n)!

m=0 n=

Similar relations hold for the terms that include big}m) and c,;g)m).
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A.2 Analytical Validation of the Zeroth- and First-

Order Solutions for the Two-Layer Case

A.2.1 Zeroth-Order Solution

Solving for the zeroth-order coefficients results in

(klz + k2z)(klz - ka) - ei2k12d1 (klz - k2z>(k1z + ka)

aZ(O)(ki) = siZki.d
erefiz 1(]'flz - k?z)(klz - ka) - (klz + k2z>(k1z + k()z)

E"(k, —K))  (A.15)

The reflection coefficient of a two-layer dielectric structure for horizontal (perpendicular or

TE) polarization is known to be [51]

R Rgl + R?zei%lzdl
1+ R, Rlyei2kizch

(A.16)

where Rl and R, are the Fresnel reflection coefficients for horizontal polarization and are

given by
ko, — k
h 0z 1z
— 0= "z Al
01 koz + klz ( 7)
and
ki, —k
h 1z 2z
— 2 e Al
R12 klz + k2z ( 8)
Substituting (A.17) and (A.18) into (A.16) will result in
i (Rre + ko) (kie — kos) — 2=k, — k. ) (K + ko) (A.19)

ek (ko — ko, ) (k1 — koz) — (ks + ko2) (k1. + ko)

The solution for vertical polarization as well as the solution to the three-layer case can be

validated similarly.

A.2.2 First-Order Solution

In the special case of €; = €2 and with the assumption EY = 0, Mathematica gives
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ik, Pk — 1)
ki (k2 + k2) (kvs + koo)

[ 00 (R (K2 — ek + 8 — kb)) — (R Rk B, (e b)) —

&hm(kJ-) =

by, (KL) (k) (K3 — Kok, + ey — k) + (Raky, + kyk, Ky (ki — k1)) +
Bl () (2 — kokl, + K2 — kyky) + (kok + k) Kb, (kue — KL)) | (A20)

Since ki = kosin 0, cos ¢, k; = kosinfsin ¢, ki = kosin6; cos ¢, k‘; = kg sin 6; sin ¢,
k‘; = kgsinf,, and kzz = kosiné;, after inserting the zeroth-order solution into (A.20), the
following will result:

ZQE(})ZFl (kﬁ_ — ki)(kiz — k(l)z)]{%z COS(¢i - ¢s)
ki, + kg,

a;V(k5) = (A.21)

Multiplying both the numerator and denominator by (k%, + ki), and inserting the result
into (2.64) and (2.65) will give

(K — kg)

2 .
(e & ke )k, + L) cosQ(gbs—gbi)Wfl(kj—kl) (A.22)

ot (ks ki) = 16mkd cos® 0, cos? 6;

which shows a perfect match with the literature [37]. Similar calculations can be done for
other coefficients.
Another special case is when Fj(k; — k') = 0, which means a rough interface covered

by a flat dielectric layer, in which case Mathematica gives

—i2ky ket kR By (k) — K ) y
(kZ + k2) (e2dikiz (1, — ko) (Kk1z — koz) — (K12 + koz) (k1s + Koz))

501 ) (822 — ook + K2 — ek — K (L, — Koo (ol + Ky h) +

ay(ky) =

O (K1) ((K)*(ky — ko + Ky — k) — R (R, + os) (Rakl, + Ryk)) —
o (K )i Rt Re) (RD)2 (K2 — kol + k2 — kykl) + ki, (kos — Kb, ) (ko + kyk?)) } (A.23)
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With similar substitutions, a; (k%) can be shown to be

a; " (K5) = —8e M MRS K (] — K3k cos(ds — 1) x
1
ek (kfz - kSz)(kfz - kgz) - (kfz + kgz)(kfz + kgz
1

)X

(A.24)

Inserting (A.24) into (2.65) gives

T = 2567y cos® 0; cos? O, |k7 — k3| cos*(¢5 — &)
. ki
2R (it — b V(KL — ki) — (ki + ki) (KL, + ki)

k‘f 2 .
X p s s s S s . S S S s W 2(k3 - kl ) (A25)
2R (ks — ks ) (s, — ks.) — (K3, + ki) (ks + k3, )| 20 T

which is similar to the results in [46]. Similar calculations can be done for other coefficients.
It is worth reminding that in the zeroth-order coefficients appearing in (A.20) and (A.23),

§(k, — ki) is suppressed. The solution to the three-layer case can be validated similarly.
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A.3 Note on Power Spectral Density

Power spectral density of a 2D rough surface profile has the following definition:

Wf1 kL = /

It also satisfies the relation

dI‘LCfl I‘L) —deLry (A26)

8\8

Wy, (ki) = (27)? lim (A k)P

Jim S (A.27)

where Cf,(r1), the correlation coefficient between two points on the surface fi(z,y), is
defined as (fi(r1y)fi(r1s))/07 and in general is a function of r 1, and r1 ;. Since the surface
is assumed to be statistically homogeneous isotropic, Cy, is a function of |r | = |r o —r ]
The quantity oy, is the standard deviation of fi(z,y). Likewise, we may define Cy g, as
(fi(ri1)fa(ris)) /o0, and define Wy, s, accordingly. Assuming that Cf, g, is a function of

lr) | =|rio — 11|, Wy, will be real and will satisfy the following relation:

W (k) = (2m)? Tim Tk Fz (kL))

lim L (A.28)
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APPENDIX B

B.1 Random Rough Surface Generation

This section describes how realizations of Gaussian random rough surfaces can be gener-
ated [64].

If z; and 23 are two random variables, their correlation coefficient is defined as

C = <(Zl B 771) (ZQ — 772)> (Bl)

0102

where 7; and o; are the mean value and standard deviation of z;, respectively. Similarly, the

correlation function of a random process f(x) is defined as

C(l’l, 1’2) _ <(f<l’1) - 771) (f(xQ) - T]2>> (B2>

0102

Let’s assume that the rough surface is represented by a random process that is stationary
to order two. Therefore, n = ny, 01 = 09, and C(z1,x9) = C(x; — x2). If we assume that

m=mn=0and 0, =0y =0,

(f(z1)f(22))

o2

Let’s also assume that the process f(z) is normal, that is, the random variables f(x1), f(z2),
..., f(xy,) are jointly normal for every n and z1, xs, ..., x,. Therefore, the statistics of f(x)

are completely determined by 1 and C(x; — ). The Fourier transform of 02C/(z) is the
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spectral density

" or

o2 +oo
W(k,) = o> F{C(z)} / C(z) exp (—ik,x)dx (B.4)

— 00

A surface of finite length L is to be generated. The function f(x) is made periodic outside

L,ie., f(r)= f(z+ L) and use a Fourier series to represent f(z).

() :% i by oxp (”7;”‘”) (B.5)

n=—oo

where b, is a Gaussian random variable. From (B.5), we have

ar =15 3 3 oo (270 ) (ZH2) (moy

n=—oo Mm=—0o0

From (B.3), (B.4), and (B.6), we can write

and
°° ‘ 1 — 21
/Oo dk, exp (iky(z1 — x2)) W(k,) = Tz z_: B, exp (ZT<£L'1 - :1:2)) (B.8)
where d,,,,, is the Kronecker delta function. If Ak, = 2% and K,, = #* = nAk,, discretizing

the integral in (B.8) results in

I —

TS ep (i - ) WK = 75 O Buesp(iKu(ri— ) (BY)

n=—oo n=—oo

which results in

B, = 27 LW (K,,) (B.10)

From (B.7) and (B.10),
(1bal?) = 20 LW (K,) (B.11)
From the properties of the Fourier series (B.5), we have b, = b*,,. If we let m = —n in (B.7),
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we get (b,b*,) = 0. Therefore,

which, letting b, = R{b,} + i3{b,}, gives

(R{B})) = (3{ba})?) (B.13)

and

(R{DYS{D,}) =0 (B.14)

From (B.5), (b,) =0, so (R®{b,,}) = 0 and (3{b,}) = 0. Therefore,

(R{bn}S{0n}) = (R{bn})(3{bn}) (B.15)

meaning that ${b, } and 3{b,} are independent Gaussian random variables with a variance
equal to half of the variance of |b,|. This can easily be seen from R{b,} = (b, + b})/2,
S{b,} = (b, — b)/2, and (B.12).

Since the surface is generated with a limited number of points, the DFT version of (B.5)
is used. Let there be N points in both spatial and spectral domains, that is, Ax = % and

xm:mAxform:—%—i—l,...,O, 1,...,%. Then

N
1 2mnm
fm=7 > baexp (Z i ) (B.16)

The inverse DFT is

N
L 2 2mnm
b, = v Z fm €xp (—z N ) (B.17)

Both f,, and b,, are periodic sequences with period N. That is, b,.n = b, and f,on = fin.

Therefore,

b_ N = b% (B.18)
Therefore, by is real, because b, = b*,, which also implies by is real.
2
To summarize, b, and b% are two Gaussian numbers. The quantities b_ N, b_ N,
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..., b_g, b_1 are complex numbers with real and imaginary parts that are Gaussian. The

quantities by, by, ..., bg _, can be calculated using the fact that b, = 0*,,. The algorithm

to generate the Gaussian random rough surface is as follows.

e Generate N independent Gaussian random numbers with zero mean and unit variance.

Denote these numbers by r{, ro, ..., Tn.

e Calculate

bo = \/2n LW (0)r,, (B.19)
N
by = zwLW(%)rﬁ (B.20)
where 7, and 75 are two of the N Gaussian random numbers generated.
e (Calculate
1
b, = /2 LW (|K,|) { —=(r, + i1 } B.21
VERLIATRA { 570 + ) (B.21)
for n = —% +1, ..., =2, =1 where r, and r¢ are two of the N Gaussian numbers
generated.
e (Calculate
b, =b", (B.22)
forn=1,2,3,...,5-1
e The rough surface profile is calculated from (B.16).
B.1.1 Numerical Example
If we assume the correlation function is Gaussian, i.e., if
22
C(x) = exp <_l_2) (B.23)
where [ is the random process correlation length, the spectral density will be
ol k212
W(k,) = ——= -t B.24
(k) = 3o (-2 (B.21)

126



Fig. B.1 shows two Gaussian rough surface profiles generated with the above algorithm. The
top surface has been generated with 1000 points and the bottom surface has been constructed
using 800 points. The top rough surface has a correlation length of 20 cm and the bottom
rough surface correlation length is 50 cm. Both surfaces have a standard deviation of 1 cm.
Both of the rough surfaces are assumed to have Gaussian correlation functions. The mean

separation between the rough surfaces is 30 cm.

0.04 T T

-0.04 - _

-0.06 - _

Surface Height (m)

-0.08 -

—
>
=
>

-0.1F

pmm——————
P

-~

-0.12 y

Figure B.1: Two Gaussian random rough surfaces generated using the algorithm in Ap-
pendix B.1.
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B.2 Electric and Magnetic Potential Functions

Assuming the boundaries in Fig. 3.1 are parameterized in ¢, the potential functions in

(3.27)—(3.30) are

Ao(t) = % / J.(YH (ko R)dt! (B.25)
S1
Al(t) = % / T,V HY (ki R)dt — ;1 / 3,V HY (k R)dt’ (B.26)
32 Sl
As(t) = —i / T () H (ko R)dt! (B.27)
So
Fo(t) :i K, (t')H (ko R)dt! (B.28)
S1
Fi(t) :i Kg(t’)Hél)(klR)dt’—i K, (t)HY (Jey R)dt! (B.29)
52 Sl
Fy(t) = —i Ko (t')HSY (ko R)dt! (B.30)
So
. y
R / Po) ) 1 R)a (B.31)
4 /s, o
. / . /
D, = 1/ pm2(t )Hél)(kilR)dt, i 1/ pml(t )Hél)(klR)dt/ (B32)
4 /s, Ko 4/)s,  to
P
By = — / L )Hél)(kQR)dt’ (B.33)
s, Ho

and R =/ (z(t) — z(t)” + (y(t) — y(¥"))".
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B.3 Derivation of the Bistatic Scattering Coefficient of

a 1D Rough Surface

This appendix describes how (3.71) is derived. Assume the total field in the incidence

region is ¢ (p), which represents E* for TM incidence and H* for TE incidence. According

to Huygen’s principle, the scattered field is

o) = — /S ds [$(p)h - Va(p, ) — glp, )i - Vib(p)

(B.34)

Given ¥(p) and n - Vi(p) on the surface, the scattered wave 1)4(p) can be calculated by

calculating the above integral.

Assuming the observation point p’ is in the far-field region,

1 2 —iT Gkop’ —ike(x cos sin
9(p.P) = 1\ 775 i gihor! g iho(zcosdtysings)

Therefore,

4 6zkop

ﬁ'VQ(pap/)|y_f( ) 7Tk‘ P

d
« |: f(x (Zk COS (bs) . Zk Sln¢5:| e —iko(x cos ps+f(x) sin ¢s)
dz
From (B.34), (B.35), and (B.36), we have

N2 i k()
ws(p)—4 —Wl{iople 1€ ws ((bs)

where

600 == [ o (<0 +itw(o) | coso. —sina )

h o~ ko (T cos s + f(z) sin )
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where U(z) =7 - Vi) | 1+ (%)2. Noting that

y=f(z)
dz = de (B.39)
1+ (%)
we can rewrite (B.38) as
df :
—— COS ¢s — sin ¢y
U6 = [ ds | <i- Vile) + ihoo(a) L2
5 (&)
o~ tko (x cos s + f(x) sin o) (B.40)

Assuming a TM incidence, that is, E;,. = Z;,. and the total field in the incidence region is

Ey = 2¢ = 2(Yinc + 1), we can write

V x 2’¢ = iko?”]oHo

(B.41)

Since V X 21p = Vb x 2, we have Hy = Vi x Z/ikong. Applying the boundary condition

n X Ho = J; on Sy gives

nx (Vi x 2) n-Viz

nx Hg = : = ——
° ikono ikomno
So
- Vp(x) = —ikonoJi.(x)
The boundary condition n X 2y = —K; implies

Y(z) = Ky

= .t (B.42)

(B.43)

(B.44)

because 7 x 2 = —t according to the convention shown in Fig. 3.3. Equations (B.40), (B.43),
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(B.44) result in

M () = — /S 1 ds (ikono T+ iko i ) cloir ¢;/<_x§i2n %)

X exp [—iko (z cos ¢s + f(x)sin ¢y)]

Similarly, for TE incidence,

PN () = — /51 ds (ikoﬁoMu _ i/foJuf (2) cloifb;/(—;n q§s>

X exp [—iko (x cos ¢s + f(x)sin ¢y)]
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B.4 Index-Dependent Probability Density Functions

For sampling rows and columns of a block, one might want to use a density function that
depends on the row and column indices. Consider Z7; in (3.106) and assume it has been
decomposed to 25 blocks of the same size. See Fig. B.2(a). Although this decomposition
is not consistent with multilevel partitioning, it helps understand the distribution used for
row and column samples. Since the location of the block is below the diagonal, for a fixed
column, i.e., cell current, as the index of the observation cell increases, the contribution of
the cell current to the boundary field decreases. See Fig. B.2(b). Therefore, the probability
of choosing rows with larger row indices should be smaller for this block. On the other hand,
since for a fixed row, as the column index increases, the distance between the cell current and
an observation point on the second boundary decreases, the probability of choosing columns
with larger indices should be larger. Similar discussion holds for blocks above the diagonal,
except that for such blocks, the probability of choosing rows/columns with larger indices,
should be larger/smaller. We may, therefore, use the following probabilities for sampling
rows and columns of a block within a submatrix. If ¢ and j denote the row and column
indices, respectively, and if 7, and j;, respectively denote the relative indices of a block within

a submatrix,

if 35 > b

prii}={ = (B.47)
if 3 < b

if 7 > b

Prij} =4 = (B.43)
if 1 < jb

This appendix describes how such distributions can be generated from a uniform distri-

bution. Assuming the probability density function of a random variable X is fx(z), the
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Figure B.2: (a) A block within a submatrix of the impedance matrix. The red block rep-
resents the interaction between the red current elements on the first boundary and the
boundary field at the red cells on the second interface. (b) Red cells on the first boundary
correspond to the columns of the red block and red cells on the second boundary correspond
to the rows of the red block.

probability density function of the random variable Y = g(X) is

frly) = (B.49)
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where 7 is the solution to the equation y = g(x). The goal is generating an integer,
representing a row or column index, with a probability that is either directly or inversely
proportional to the integer. Equivalently, if the integer is the integral part of y = g(x),
we look for a function g(z) so that the random variable ¥ would have the probability
density function shown in Fig. B.3. Assume y = g(z) has only one solution and will build
the function g(x) with such a property. It is also assumed that the random variable X is

uniformly distributed between 0 and 1, i.e.,

1 : 0<z«1
Ix(x) = (B.50)
0 : otherwise

For the case where Pr{i} o< i, the following probability density function is used. See

Fig. B.3(a).
(

lJao @ 1<y<2

2/ac 1 2< 3
My =9 / =Y (B.51)

where M is the block size and

a=>1 (B.52)

1 1
— = i< <i1+1 B.53
Lo gl <iv (B.53)
fori=1,2,---, M. Therefore,
g(x) = S ¢ = 1<glr)<i+1 (B.54)

1
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fori=1,2,--- , M. To find ¢;, note that from (B.54),

i e, i1 e
i(1 c)§x<z(z—|— )
o o

(B.55)

a
following condition is also imposed on (B.55), because x is a continues variable.

forv =1,2,--- , M. Since z > 0, set = 0 for ¢+ = 1, which gives ¢; = 1. The

ifi+1—¢) (E+1)0GE+1—cq1)

= B.56
- - (B.56)
or equivalently,
fori=1,2,---, M — 1. Solving this recursive equation with ¢; = 1 gives
I+ 1
=1 (B.58)
2
fori=1,2,--- M. From (B.54), (B.55), and (B.58) we have
ar i+1 i(i—1) i(t+1)
9(0) = 7+ =5 % —'% T 2a (B-59)

Similarly, for the case where Pr{i} o i~!, the following probability density function is

assumed. See Fig. B.3(b).

1/ D 1<y<?2

27 a2 3
Ny =9 / =V (B.60)

\M_l/oz D M<y<M+1
where M is the block size and

a=> 1" (B.61)

=1
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From (B.49), (B.50), and (B.60), we have the following equation for g(z).

fori=1,2,---, M. Therefore,

g(x) =iax + ¢

fori=1,2,--- , M. From (B.63),

i<glr)<i+1

i<g(z)<i+1

(B.62)

(B.63)

(B.64)

(B.65)

1— ¢ 1+1—c¢
— S Tr<—
ot ol
17— C; . . .
fori=1,2,--- , M. Since z > 0, set — = 0 for ¢« = 1, which gives ¢; = 1. Moreover,
at
continuity of x results in
i+1—Ci o i+1—Ci+1
o alit+1)

or equivalently,

1+ 1

Ci+1 = (Ci - 1) ;

fori=1,2,---

g(x) =iax + ¢

where ¢; is found from (B.66) with ¢; = 1.

]

,M — 1. From (B.63) and (B.64), we have

an an
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@)

M/a

3/a

2/ a
1/

1 2 3 4 M M+1Y

(a) Probability of choosing a row or column is directly proportional to
its index i.

1, (@)

1/

M'a

1 2 3 4 M M+1

(b) Probability of choosing a row or column is inversely proportional to
its index 4.

Figure B.3: Probability density functions used for sampling rows and columns of the blocks
in the impedance matrix in Chapter 3.
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