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Abstract 

The Pendular Ring Radiobrightness (PRR) Model has been developed to predict the 
microwave brightness temperature of a wet snowpack.  The profiles needed to 
characterize a wet snowpack are snow density with depth, liquid water content with 
depth, and average grain size with depth.  These can be obtained from snow pit 
observations, or from models such as SNTHERM or our improved version of 
SNTHERM, the Snow-Soil-Vegetation-Atmosphere Transfer (SSVAT) Model, which 
includes liquid water and water vapor exchanges between snow and soil.  Comparisons 
between observed and predicted brightness for the 2003 Cold Lands Processes 
Experiment (CLPX’03) near Fraser, CO, verify that the PRR Model predictions for the 
6.7 and 19 GHz brightness adequately track the observations, and that the fit is 
incrementally better in most cases when the SSVAT Model is substituted for the 
SNTHERM Model. 

 This Report is a compilation of two documents about work done under this grant:  I. 
Chapter 4 of Yi-Ching Chung’s PhD dissertation, and II. The paper, “A Pendular Ring 
Model for Microwave Emission from a Moist Snow Pack” by R.D. DeRoo, A.W. 
England, Y.-C. Chung, E. Weininger, and K.M. Howell, a version of which will be 
submitted to Radio Science for publication. 

I. PENDULAR RING RADIOBRIGHTNESS MODEL FOR WET SNOW 

 Y.-C. Cung, from the dissertation entitled, A Snow-Soil-Vegetation-Atmosphere 
Transfer/Radiobrightness Model for Wet Snow, submitted in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy, University of Michigan, 2007. 

4.1 Introduction of Pendular Ring 
The pendular ring radiobrightness model is developed for a wet snowpack. Liquid 

water in the snowpack accumulates at the contact points between snow particles, forming 
pendular rings. A wet snowpack will remain stable at low saturation levels (< 7%). 
Because pendular rings are the natural form of liquid water in a wet snowpack at liquid 
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saturation levels, it is important to characterize the absorption of these rings. Fig 4.1 
presents a drawing of this arrangement and offers an ideal representation of the cross 
section of a single pendular ring of water between two ice particles (Barlow, 2002). As 
water accumulates in the snowpack, the volume of each ring increases while maintaining 
the pendular ring formation. This pendular ring concept will be the basis for absorption 
and scattering in the moist snow pack radiobrightness module. 

  

Figure 4.1(a): Pendular ring in wet snow; (b): A pendular ring of water (Barlow, 2002). 

4.2 Volume of Pendular Rings and Number Density 
Shown as in Fig 4.2, the volume of the pendular ring and number density are 

calculated when two spheres in contact. The contact angle between the solid surface and 

the fluid-fluid interface is not zero (Gvirtzman and Roberts, 1991).  
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where pV  is the pendular ring volume [m3]; a  is the snow grain radius [m]; !  is the half-

filling angle; !  is the liquid-solid contact angle. 

The number of pendular rings depends on the number of spheres which each 

sphere touches. A unit cell contains 2/n  complete pendular rings, as each pendular ring 

belongs to two neighboring spheres and its volume is 3
8R . The number density,N , of the 

pendular rings can be computed from the geometry as: 
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where !  is the porosity [-]; n =6 is the number of pendular ring in a unit cell for cubic 

packing and R  is the radius of the ice spheres [m]. 

The pendular ring volume to whole medium can be extrapolated as: 

P
VNV !=  (4.3) 

  

Figure 4.2: Cross sections through pendular ring without/with soil-liquid contact angle 
(Fig 4b in Gvirtzman and Roberts, 1991). 

4.3 Scattered Electromagnetic Fields 
The scattered far-field radiation from a pendular ring of liquid water can be found 

in Rayleigh approximation and the absorption cross section is obtained from the forward 

scattering theorem of the pendular ring. Rayleigh scattering can be assumed because the 

size of the pendular ring is much smaller than the microwave wavelength.  In the far-

field, the Rayleigh scattered fields for a non-magnetic dielectric are expressed as 

(Kleinman and Senior, 1986):    
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where ( )rS ˆ  is the scattering coefficient; k  is the wave number in the medium [m-1]; r̂  is 

the unit vector in the observed direction; k̂  is the unit vector in the incident wave 

direction; â  is the unit vector in the electric field (polarization) direction; b̂  is the unit 

vector in the magnetic field  direction; !  is the intrinsic impedance of the medium [Ω]; 
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( )
r

X !  is the electrostatic polarizability tensor; ( )
r

X µ  is the magnetostatic polarizability 

tensor.  

Because the water particle is non-magnetic, there is no magnetic dipole moment. 

The scattering coefficient reduces to:  
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( )
r

X !  depends on the geometry and the relative permittivity of the dielectric and 

is found by solving for the electrostatic potential within the pendular ring. The 

electrostatic polarizability tensor can be simplified based on the geometry of the 

dielectric scatterer when the dielectric exhibits axial symmetry (Kleinman, and Senior, 

1986). When the dielectric exhibits axial symmetry, ( )
r

X !  reduces to:  
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where 
t

i
!  is the total electrostatic potential; i=1,2,3 are Cartesian coordinates; n̂  is 

outward unit vector normal to the dielectric body B; ++B  is the portion of the surface of 

the dielectric where 0,
21
!xx . 3311

,PP  can be obtained from the program DIELCOM 

(Senior and Willis, 1982) 

4.4 Absorption Coefficient 
The module of absorption for wet snow has been modified by Etai Weininger and 

Roger De Roo (Chung et al., 2006) using the program DIELCOM, which finds the 

electrostatic polarizability tensor of arbitrary bodies-of-rotation and arbitrary dielectric 

(Senior and Willis, 1982; Kleinman and Senior, 1986).   

The differential scattering cross section is the ratio of scattered to incident power, 

given by (Kleinman and Senior, 1986): 
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It is assumed that the pendular rings are distributed uniformly in a wet snowpack. 

The scattering cross section of a single ring can be found be averaging the scattering 

cross section over all possible ring orientations. The rotated polarizability tensor 

becomes:  
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The total scattering cross section can then be found through integrating the 

differential scattering cross section over all directions: 
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The extinction cross section is defined as (Kleinman and Senior, 1986): 
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The extinction cross section can be integrated over 4!  steradians to obtain 

(Kleinman, and Senior, 1986):  
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The extinction coefficient is the sum of the absorption cross section and scattering 

cross section:  

pwspwepwa ,,,
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So the absorption cross section of a pendular ring 
pwa,

!  becomes:   
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The results are the same for horizontal and vertical polarization. This is expected 

since the equations are integrated over all possible orientations of the pendular ring.  

The absorption cross section of the pendular ring is compared with those of a 

liquid water sphere of equal volume as a metric for the absorption efficiency of the 

pendular ring in Chapter 4. The absorption cross section for a sphere 
swa,

!  in the 

Rayleigh approximation is by (Ulaby et al., 1981): 
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and the absorption coefficient for spheres of liquid water [NP/m] is:   
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In addition to the component of scatterers (water pendular ring), the total 

absorption coefficient must include the contribution of the medium (ice particles). 
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where 
00

2 !"=k  is the wave number in free space [m-1];  
ir

n
,
!!  is the imaginary part of 

the refractive index of ice [-]. 

4.5 Dielectric Properties 
Pendular ring not only influences the imaginary part of dielectric constant 

(absorption) of water pendular ring but also influences the real part of the dielectric 

constant of these rings. So the dialectic constant can be derived as:  
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Propagation properties of wet snow are different from those of dry snow.  The 

dielectric constant of snow is given by: 

aawwisnow
n !"!"!! ++=  (4.20) 

where 15.3=
i
!  for ice; 1=

a
!  for air; 
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The complex dielectric constant of wet soil can be approximated with a mixing 

model as (Dobson et al., 1985; Ulaby et al., 1986; Liou, 1996): 
!!!!!! "#"#"#"#"#" iibwbwfwfwaadrysoilddrysoilsoil +++++=
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 (4.21) 
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where ibwfwadrysoil !!!!! ,,,,
,

 are dielectric constant of dry soil, air, free water, bound 

water and ice, respectively, ( ) 062.000044.001.1
2

,
!+= soildrysoil "# ; 1531 jbw +=!  

(Dobson et al., 1985); 65.0=!  (Dobson et al., 1985); ibwfwadrysoil !!!!! ,,,,
,

 represents 

the volumetric fraction of dry soil, air, free water, bound water and ice, respectively 

[m3/m3], 035.0=
bw
!  (Liou, 1996);  

4.6 Radiative Transfer Model 
The Radiative Transfer Equation (RTE) relates the emitted temperature brightness 

of a snowpack to the kinetic temperature of the snowpack as well as the absorption and 

scattering of microwave energy from particles in the snowpack. In this study, the RTE 

without scattering was used because absorption dominates for wet snow at the lower 

microwave frequencies. The RTE states as (Ulaby et al., 1981):  
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where ( )µ,zTbp  is the emitted polarized brightness temperature [K]; !µ cos= , !  is 

incidence angle [rad]; ( )zT  is physical temperature [K].  

The method of invariant embedding is applied for the inhomogeneous snow 

profiles as shown following equation and in Fig 4.3 (Tsang et al., 1985). 
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Figure 4.3: Diagram for Invariant Embedding. 
4.7 Contribution of Trees 

The apparent radiobrightness of snow in the open includes not only the graybody 

emission from snow in front of the antenna, but also possible emissions from surrounding 

trees. The contribution of tree on the downwelling brightness temperature should be 

considered when a small clearing is adjacent to tall trees. The amount of downwelling 

brightness from these trees on the snowpack can be represented as (De Roo et al., 2006): 
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where skybT ,
 is the sky brightness temperature [K] at ! , which can be calculated from air 

temperature, surface pressure and relative humidity (Ulaby et al., 1981); 
tree
T  is the 

physical temperature of trees [K], which can be treated as air temperature; 
tree
e  is the 

emissivity of the tree [-]; and skyr ,!  skyr ,! are the solid angle of sky and trees [sr], which 

are calculated using the fisheye photo and Gaussian antenna pattern (De Roo et al., 

2006).  

It is assumed that trees are isotropic emitters. The approximation of physical 

temperature as air temperature is made because the surface area of the trees is very high 

compared to its volume. The superimposing Gaussian approximation is used on the 

microwave antenna gain pattern of the individual radiometer to get the partition of the 

main beams filled with trees and with sky. This Gaussian distribution model is more 

accurate to simulate a circular beam pattern than a circle model is. A fisheye photograph 
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is used to estimate the solid angles of sky and trees from background. This downwelling 

brightness is incorporated in the invariant embedding algorithm instead of sky brightness 

temperature used before (De Roo et al., 2006).  
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2 DE ROO ET AL.: PENDULAR RING MODEL

A pendular ring model for the microwave emission from the liquid water3

in a snow pack is introduced. In snow that has metamorphosed, the ice par-4

ticles tend towards a spherical shape and the liquid water collects first at the5

contact points between ice grains. At these contact points, while the liquid6

moisture content remains below about 7% by volume, the water forms rings7

as a result of capillary action. The impact of this ring geometry on the static8

dielectric properties of the water is analyzed. The electromagnetic losses in9

a snow pack due to the presence of these rings is significantly higher than10

if the same volume of water in each ring were considered to be a spherical11

droplet.12
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DE ROO ET AL.: PENDULAR RING MODEL 3

1. Introduction

The radio brightness of snow packs are routinely used to predict snow pack proper-13

ties such as snow depth and snow water equivalent (SWE) from space (Chang et al.14

[1997]; Derksen et al. [2005]; Guo et al. [2003]; Kelly et al. [2003]; Wilson et al. [1999]).15

Radio frequency observations are preferred because optical remote sensing techniques16

to quantify these snow parameters saturate at snow pack depths on the order of 5 cm17

(Baker et al. [1991]). In the microwave region, the extinction of dry snow has a sharp18

spectral gradient (Hallikainen et al. [1987]), permitting dual frequency measurements19

to differentiate parameters of the snow pack from other sources of emission (such as20

the ground, or the atmosphere). The emission from a snow pack, however, is very21

sensitive to many parameters, including not only density and depth, but also snow22

grain size, snow grain shape, and correlations in the positions of snow grains. This23

sensitivity to the microscopic features of the snow pack are related to the fact that24

snow grain sizes are comparable in size to typical microwave wavelengths. Unfortun-25

tely, because these snow grains are very densely packed, interactions amongst these26

grains leads to very complex scattering of microwaves within the snow pack. Despite27

increasingly sophisticated efforts to model the electromagnetic behavior of snow, from28

simple radiative transfer techniques (Kuga et al. [1991]), to dense media techniques29

incorporating multiple scattering (Tsang and Kong [1992]; Tsang et al. [2007]), the30

only operational algorithms using microwave observations of snow to extract param-31

eter estimates are heuristic. These heuristic microwave algorithms are restricted to32

the condition of dry snow only, as snow with any amount of liquid moisture appears33
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4 DE ROO ET AL.: PENDULAR RING MODEL

to be much brighter (Arslan et al. [2005]; Ashcraft and Long [2005]) than dry snow.34

This is because the dielectric constant and especially the loss factor of liquid water is35

much higher than that of ice (Tiuri et al. [1984]; Hallikainen et al. [1986]; Ulaby et al.36

[1986]) . However, even when restricted to dry snow, the heuristic algorithms do not37

correctly capture all the subtleties of the snow pack. For example, the perhaps most38

common technique of relating the difference of the brightness at 19GHz and 37GHz39

to snow parameters has the following limitations: the addition of very fine grain new40

snow to the top of the snow pack may decrease the SWE estimate, and grain growth41

results in predictions of a snow depth increase when, in fact, grain growth leads to a42

decrease in snow depth (Markus et al. [2006]).43

In addition to “wet” and “dry” as two distinct states of snow for microwave ob-44

servations, the wet state can be further distinguished as “pendular” or “funicular”45

(Ulaby et al. [1986]). In the pendular regime (just above 0% to approximately 7%46

moisture by volume), the moisture collects at the contact points between snow grains,47

while in the funicular regime (>7%) the moisture coats all surfaces of the grains. The48

modeling efforts that include liquid water in the snow pack typically treat the mois-49

ture as funicular even during low moisture conditions (eg. Macelloni et al. [2005];50

Tedesco et al. [2006]).51

In this paper we will analyze the low frequency behavior of snow in the pendular52

regime, with the snow grains modelled as spheres and the liquid water forming “pen-53

dular rings” about the contact points between the snow grains. The approximation54

of the snow grains as spherical is justified by the fact that when snow begins to melt,55
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DE ROO ET AL.: PENDULAR RING MODEL 5

the smaller particles melt first and the larger particles accumulate ice in a roughly56

spherical shape (Male [1980]).57

2. Pendular Ring Shape

For two small spheres of ice of equal size which are touching at a single point, water58

which collects on the surface of the spheres will migrate to the contact point as surface59

tension minimizes the energy of the configuration of the water body. The shape of60

the air-water boundary also takes a circular cross section (resembling a portion of a61

torus) as an additional manifestation of the capillary forces minimizing the energy62

of the shape of the ring of water. This geometry has been described in detail by63

Gvirtzman and Roberts [1991] and is shown in cross section in Figure 1. Following64

their approach, we obtain the volume of the ring, Vp, as65

Vp = 2πR3 (1 − cos φ)2
[

1 − csc3 ω (cos ω − sin θ) (ω − sin ω cos ω)
]

(1)

where R is the ice sphere radius, 2φ is the angle of wetting of the surface of the66

sphere, θ = 24.2◦ is the contact angle within the water at the junction of water, ice67

and air (van Oss et al. [1992]), and ω = π/2− φ− θ is the half angle of the air-water68

interface.69

Assuming that the particles in a dry snow pack are uniformly sized spheres of ice,70

the volumetric moisture content of the snow pack can be related to the volume of the71

rings as follows. The number density of ice particles, ns, in the snow pack is given by72

ns =
vi

Vs

(2)
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6 DE ROO ET AL.: PENDULAR RING MODEL

where vi is the volume fraction of ice and Vs = 4

3
πR3 is the ice sphere volume. The73

number density of pendular rings of water, nw, in the snow pack is given by74

nw = ns

N

2
(3)

where N is the coordination number, that is, the number of rings that touch each75

sphere. The coordination number is halved because each pendular ring touches two76

ice particles. The volume fraction of liquid water in the snow pack, vw, is then77

vw = nwVp (4)

Snow is composed only of ice, liquid water, and air, thus: vi + vw + va = 1, where78

va is the volume fraction of air in the snow pack. The volume fraction of ice in a79

dry snow pack (vw = 0) is easily derived from snow density measurements: ρsnow =80

ρivi + ρava ≈ ρivi, where ρsnow is the snow density and ρi = 917kg/m3 is the density81

of ice. The density of air is negligible at ρa = 1.2kg/m3. The common range of snow82

density is from 100kg/m3, typical for new snow, to 500kg/m3 for a metamorphic snow83

pack.84

Because both Vp and Vs are proportional to R3, the liquid moisture content of85

a snow pack of uniformly sized spherical ice pellets is a function only of the dry86

snow density vi, the coordination number N , and the wetting angle φ. Moreover,87

the coordination number depends on the packing density, that is, on the dry snow88

density.89

Herminghaus [2005] reviewed the techniques for analysis of wet soils, with an appli-90

cation to understanding landslides. We can use similar techniques for metamorphic91
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DE ROO ET AL.: PENDULAR RING MODEL 7

snow packs. His review of the dependence of the coordination number on packing92

density reveals a coordination number near N = 6 for sphere packing factors near93

the random close pack density (vi ≈ 0.64). For a random packing of glass spheres94

with a 10% to 20% size distribution, the coordination number ranged from N = 5.195

for vi = 0.57 to N = 5.9 for vi = 0.62. The number of pendular rings in a random96

packing is slightly larger than N due to spheres which nearly contact each other.97

These values for N are significantly lower than would be found in a crystal structure.98

For a face centered cubic crystal or a hexagonal close pack crystal, which have a99

maximum packing density of vi = π/3
√

2 = 0.74, the coordination number is N = 12.100

At the other extreme, a loose pack of uniformly sized spheres which can move under101

gravity must have a coordination number of N ≥ 4. Barlow [2002] investigated102

the packing density of infinitely sticky spheres, and the resulting N ≈ 2.3. Thus,103

a coordination number of N ≈ 6 (including both actual and near contact points104

between spheres) appears to be an appropriate value for a dense, metamorphic snow105

pack composed of sticky spherical ice grains.106

With this value for the coordination number, we can investigate the range of volu-107

metric moisture for which pendular rings can form. For three spheres of uniform size108

mutually touching each other, the pendular rings must have wetting angles φ < 30◦109

lest the rings contact each other. Thus, the pendular ring regime of moist snow ex-110

tends up to vw = 6.3%. A pendular ring cannot exceed a size at which the capillary111

forces are insufficient to make the pendular ring shape a minimum energy state. The112

capillary pressure, Pc, at the interface between the air and water is given by the113
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8 DE ROO ET AL.: PENDULAR RING MODEL

Laplace equation (Gvirtzman and Roberts [1991]):114

Pc = γ
(

1

r2

− 1

r1

)

cos θ (5)

where γ is the surface tension of the water. The minus sign arises from the fact that115

r1 and r2 are defined from opposite sides of the air-water interface in Fig. 1. The116

condition for zero capillary pressure, r1 = r2, can be solved to determine an upper117

bound for the wetting angle, denoted φmax, as a function of θ:118

φmax = 2 tan−1

(

cos θ

2 + sin θ

)

(6)

For θ = 24.2◦, we obtain φmax = 41.5◦. For metamorphic snow densities of vi ≤119

600kg/m3 with N ≤ 6, this results in an upper bound for pendular ring volumetric120

moisture of vw ≤ 10%. These bounds agree with the 7% value often given for the121

volumetric moisture of the transition from pendular to funicular (cite???).122

3. Pendular Ring Electrical Characteristics

Determining the general scattering and absorption cross sections of a pendular123

ring of water embedded in a dense random matrix of ice spheres, air, and other124

pendular rings of water is challenging. To simplify the situation so that we may125

obtain insights to the physical consequences of the ring shape, we will assume a126

sufficiently low frequency such that the Rayleigh approximation can apply, and that127

the interactions between an individual ring and other components of the snow pack,128

including other rings, can be neglected.129

Senior and Willis [1982] introduced DIELCOM, a small computer code for calcu-130

lating the Rayleigh polarizability tensor of a dielectric body of revolution for which131
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the contour is composed of a finite number of circular arcs and straight lines. We132

used this computer code to compare the absorption and scattering cross sections of133

various shapes of the moisture content within the snow pack which are candidates134

for inclusion in snow emission and scattering models. The shapes we considered are:135

1. pendular rings, as described in the previous section,136

2. spherical droplets of the same volume as the pendular rings,137

3. films of water around each ice particle,138

4. spherical droplets of the same volume as the films.139

The spherical droplets are considered because the scattering and absoption char-140

acteristics are well known, and are therefore easy to implement in complex models141

(even if none use them now). The films are considered because this configuration142

for the liquid water in a snow pack has been used in the published literature (eg.143

Tedesco et al. [2006]).144

The dielectric value of the DIELCOM shape is the complex ratio of the dielectric145

value of the water at 0◦C to the dielectric of the background, which is a composition146

of ice and air. We assumed a refractive index mixing model for the constituative147

materials:148

ǫshape (f) =
ǫw (f, T = 0◦C)

ǫbkgnd

=
ǫw(f, T = 0◦C)
(

vi

√
ǫi+va

√
ǫa

vi+va

)2
(7)

where ǫi = 3.15 − j0 is the dielectric constant of ice, ǫa = 1 − j0 is the dielectric149

constant of air, and ǫw(f, T ) is the dielectric constant of fresh water as a function150

of frequency and temperature as given by Klein and Swift [1977]. To simplify the151
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analysis of the effects of geometry of the water inclusions, we will assume that ǫbkgnd is152

constant with respect to changes in the volumetric moisture content of the snow. That153

is, the reduction in vi due to melting is matched proportionately with a reduction154

in va due to compaction and water migration. At a snow density of ρs = 500kg/m3,155

ǫbkgnd = 2.023 − j0. The resulting dielectric values used are given in Table 1.156

The range of validity for the Rayleigh approach is that the radius of the scatter-157

ers should be at most λb/20 (Ishimaru [1978]), where λb is the wavelength in the158

background medium. For a largest ice sphere diameter of 1 mm, the Rayleigh ap-159

proximation should be sufficient for snow up to at least 15 GHz.160

The output of DIELCOM are the complex polarizabilities p11 = p22 (aligned with161

the x- and y-axes) and p33 (aligned with the z-axis). These polarizabilities are normal-162

ized to the particle’s volume, Vp, and so the output from DIELCOM is independent of163

the ice sphere radius, R, which serves as an overall scale parameter. The normalized164

polarizabilities at 1.4 GHz as a function of φ is shown in Fig. 2 for the pendular165

rings.166

The pendular ring shape is highly assymmetric, as seen in the values normalized167

polarizabilities (Fig. 2). We will assume that the random packing of ice particles in168

the snow pack results in a uniform distribution of pendular ring orientations. From169

the Optical Theorem, the extinction cross section of the particle is170

σext =
kVp

3
ℑm {2p11 + p33} (8)

where k = 2π/λb is the wavenumber in the composite medium of ice and air , and171

ℑm {...} operator retains the imaginary part of its argument. Simlarly, the total172
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scattering cross section is given by173

σT =
k4V 2

p

18π

(

2 |p11|2 + |p33|2
)

(9)

As the extinction cross section is the sum of the absorption cross section and the174

total scattering cross section, the absorption cross section can be found from the175

difference of the two expressions above. However, in the Rayleigh limit (k → 0),176

scattering is secondary to absorption, and we will use the extinction cross section as177

the absorption cross section. This is consistent with the output of DIELCOM, as178

shown in Fig. 3 for L-band. The extinction cross sections exceed the total scattering179

cross sections by 10 dB or more.180

The absorption coefficient for the snow pack is obtained by multiplying each water181

particle’s absorption cross section by the number density of these particles:182

κa = nwσa ≈ nwσext =
kvw

3
ℑm {2p11 + p33} (10)

The absorption coefficient is proportional to the total water content of the snow183

pack, through vw. Through p11 and p33, the absorption coefficient is a function of184

the water particle shape and dielectric properties. While we remain in the region185

of validity for the Rayleigh assumption, the absorption coefficient is not a function186

of the size of the water particle. Thus, the absorption coefficient for the snow pack187

with a distribution of spherical water droplets will be the same regardless of whether188

the water is distributed in as many droplets as there are ice particles, or in as many189

droplets as there are contact points between ice particles. For this reason, only one190
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curve exists for the cross sections and the absorption coefficent when the liquid water191

forms spherical droplets.192

4. Spherical Film Electrical Model

DIELCOM computes the polarizabilities by integrating over the contour of physical193

cross section of the body of revolution. The points at which the kernal of the inte-194

gration are evaluated must be close together when the contour exhibits sharp corners195

(as in the pendular ring shape) or two parts of the contour are close to each other (as196

in the film shape). For the thinner films, corresponding to volumetric moisture less197

than about 2%, DIELCOM is computationally inefficient due to the large number of198

function evaluations. Therefore, for the film geometry, we are using the algorithm199

that appears in Bohren and Huffman [1983] for a coated sphere. The absorption cross200

section predicted in this manner agrees to with 0.3 dB with that predicted by DIEL-201

COM for vw > 2%. The absorption characteristics of the films as calculated with202

this algorithm is not a function of the dielectric constant used for the core material203

of the coated sphere. That is, the absorption coefficient of the film around the ice204

sphere is independent of whether the ice has been assigned ǫi, or ǫbkgnd (as must be205

done using DIELCOM).206

5. Results

Figure 4 shows the absorption coefficient as a function of moisture content when207

the liquid water particles form films around the spherical ice grains, pendular rings208

between ice grains, and as spherical droplets of water. The presumed shape of the209
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water particles has dramatic influence on the predicted absorption. The spherical210

droplets, most compact geometry for the water particles, produces a low absorption,211

while the films, which distributes the liquid water over the largest area, produces the212

highest absorption. The pendular rings, as a shape with physical extent between that213

of films and spheres, produce an absorption prediction between the two extremes of214

other two shapes.215

While the polarizability of the pendular rings is very assymmetric, the assumption216

of a uniform distribution of orientations within the snow pack results in an absorp-217

tion coefficient which is independent of polarization. However, if this assumption is218

not valid, and ice grains tend to form contacts with orientations that are not uni-219

formly distributed, either due to gravity, wind, or slope, there may be a significant220

polarization signature in the snow pack.221

6. Conclusions

We have modelled the liquid water particles in moist snow as spherical droplets,222

as pendular rings between ice grains, and as a film on the ice grains. These shapes223

were analyzed for their microwave absorption in the Rayleigh regime (roughly up to224

15 GHz). These presumed shapes of the liquid water dramatically affects the expected225

absorption of microwave radiation, with the absorption due to films exceeding that226

from pendular rings, which in turn exceeds that due to spherical droplets.227
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A. Appendix

A.1. Derivation of Maximum Wetting Angle

Gvirtzman and Roberts [1991] identify the maximum possible wetting angle, φmax,228

as that which occurs with zero capillary forces. This comes about when the radius of229

curvature of the ring itself, r2, is equal to the radius of air-water boundary, r1. From230

the geometry in Fig. 1, r1 = r2 is231

R
1 − cos φmax

sin ωmax

= R

(

sin φmax −
(1 − cos φmax) (1 − cos ωmax)

sin ωmax

)

(11)

where ωmax = π
2
− θ − φmax. Therefore,232

2 (1 − cos φmax) = cos ωmax − (cos φmax cos ωmax − sin φmax sin ωmax) (12)

= (sin φmax cos θ + cos φmax sin θ) − sin θ (13)

cos θ

2 + sin θ
=

1 − cos φmax

sin φmax

= tan (φmax/2) (14)

This result is consistent with Gvirtzman and Robert’s underived result that φmax =233

53.1◦ at θ = 0◦ and φmax = 37.1◦ at θ = 32◦.234

A.2. Derivation of Pendular Ring Volume

The formulas for the volume of the pendular ring given in Gvirtzman and Roberts235

[1991] appears to contain typographical errors. The values calculated with their236

formula for arbitrary θ do not agree with that calculated by DIELCOM. Also, the237

values of pendular ring volume calculated per Gvirtzman and Roberts [1991] exceed238

that of a simple geometric shape given by a cylinder of height 2h and radius l, minus239

two cones each with height h and radius l. This shape circumscribes that of the240

pendular ring, and so the pendular ring volume must be less than this “rotated bow-241
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tie” volume of
(

2 − 2

3

)

πl2h. A re-derivation of the pendular ring volume, as outlined242

in the Appendix of Gvirtzman and Roberts [1991], reveals that their equation (A.14)243

contains a single sign error. Equation (A.14) of Gvirtzman and Roberts [1991] should244

read:245

Vp = 2πR3 (1 − cos φ)2

×
(

1 + cot ω

[

sin φ + cot ω

(

1 − cos φ −
(

sin φ

cos ω
+

1 − cos φ

sin ω

)

ω

cos ω

)])

(15)

Also, equation (A5) in the same appendix, which describes the ice-water contour in246

the (z, ρ) plane, contains the wrong sign on the square root, although this does not247

appear to lead to the sign error in (A14). Equation (A5) of Gvirtzman and Roberts248

[1991] should read:249

f (x) = y = R −
√

R2 − x2 (16)

Similarly, in equation (A9), the sole appearance of r1 should be squared. Finally, the250

result for the volume of a pendular ring when θ = 0◦, given in equation (A10), also251

is not correct as printed. As this is a special case of (A14), the above formula should252

be used instead.253
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Figure 1. Geometric parameters of a pendular ring. Some of the relationships

between parameters include: ω = π/2−θ−φ; h = R(1−cos φ) = r1 sin ω; l = R sin φ;

a = r1 + r2 = l + r1 cos ω. In this figure, θ = 24.2◦ and φ = 41.5◦.
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Table 1. Dielectric Values Used in DIELCOM

frequency ǫw ǫshape

GHz at 0◦C at ρs = 500kg/m3

1.4 86.04 -j 12.74 42.53 -j 6.30

6.9 57.27 -j 40.15 28.31 -j 19.85

10.7 39.36 -j 40.96 19.46 -j 20.25

18.7 20.54 -j 32.49 10.15 -j 16.06
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Figure 2. Example DIELCOM output for liquid water in the pendular ring shape.

This example is at 1.4 GHz.
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Figure 3. Extinction and scattering cross sections for particles of liquid water of

various shapes. The horizontal axis is the size of the water particle in terms of the

cross section of a sphere of the same volume. This example is at 1.4 GHz for snow

pack with a dry density of 500 kg/m3 and composed of spherical ice particles 1 mm

in diameter.
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Figure 4. Absorption coefficients of moist snow as a function of moisture content,

by presumed shape of the liquid water particles. This example is at 1.4 GHz for snow

pack with a dry density of 500 kg/m3, composed of spherical ice particles 1 mm in

diameter, and a coordination number of 6 pendular rings touching each ice sphere.
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