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Abstract

In this paper, we report on a new stability analysis for
hybrid leggel locomotion systemsbasel on factoriza-
tion of return maps. We apply this analysisto a fam-
ily of models of the Spring Loaded Inverted Pendulum
(SLIP) with di®erent leg recirculation strategies. We
obtain a necessary condition for the asymptotic sta-
bility of those models, which is formulated as an ex-
act algebmic expression despite the non-integrability
of the SLIP dynamics. We outline the application of
this analysis to other models of leggel locomotion and
its importance for the stability of leggel robots and an-
imals.

1 Intro duction

This paper introducesa new formalism for studying
the stability of leggedlocomotion gaits and other pe-
riodic dynamically dexterous robotic tasks. We are
most immediately motivated by the needto explain
and control the remarkable performance of RHex, an
autonomoushexapedalrobot runner with unparalleled
mobility [1]. Powered by only six actuators, located
at the \hips" to drive ead of its six passiwely com-
pliant legs, RHex's locomotion is excited by a single
periodic \clo ck" signal split into phaseand anti-phase
copiesfor coordinating its alternating trip od gait. A
simple PD cortroller at ead hip motor in a given tri-
pod forcesits legto track the alternately fast and slow
clock referencesignal corresponding to putativ e stance
and swing phases. Although RHex is currently being
endowved with more sophisticated proprio ceptive re°ex
loops to increaseits responsivenessto varied terrain,
we are strongly motivated to dewelop an analytical un-
derstanding of the relationship between clock signal
and steady state gait properties in the \simple" open
loop case.

A complete accourt of this relationship in even the
simple casewould ertail insight into the steady state

properties of an under-actuated high degreeof freedom
hybrid mecdanical system whose Lagrangian dynam-

ics switchesbetweena set of 26 possibleholonomically
constrained models depending upon which toesare in

contact with the ground. Fortunately, a growing body

simulation study and empirical evidence[2] suggests
that RHex, when properly tuned, exhibits sagittal

plane stance behavior well approximated by the two

degreeof freedom SLIP. Thus, in the short term, we
seekto understand how adjustments to a coordinat-

ing clock signalwill determine the steady state perfor-

mance of the bipedal SLIP underlying the alternating

trip od gait. In this paper, we dewelop the mathemat-

ical foundations of a new formalism for distinguishing

volume-preservingfrom non-volume-preservinghybrid

Lagrangian systems. We apply this formalism to the

hybrid SLIP model, the results of which suggestnew
insight into the relationship between clock excitation

and steady state gait.

1.1 Leg Swing Policies and Self Stabil-
ity in the SLIP Template

The SLIP model provides a ubiquitous description of
biological runnersin the sagittal plane [3] and, asmen-
tioned above, a broadly useful prescription for legged
robot runners such as RHex [4, 1, 2] as well. The
closely related three degree of freedom Lateral Leg
Spring (LLS), hasbeenrecertly identi ed asa candi-
date template for cockroach running in the horizon-
tal plane [5, 6] and seemslikely to be relevant for
RHex as well [1]. For present purposes,the most im-
portant insight from these models has beento pro-
vide a mathematical explanation for their unexpected
\self-stabilit y* properties (asymptotically stable equi-
librium gaits in the absenceof any sensorbasedfeed-
badk inputs), thus a®ordingnew hypothesesregarding
biological cortrol strategies[7] and a formal founda-
tion for elucidating the stable open loop performance
of RHex.



The originally discovered self-stability of SLIP [8, 9] is
basedon a simple leg swing policy, the leg touchdown
angle at the end of aerial phasesbeing kept constart
from stride to stride. A similar strategy was earlier
shown to yield stable gaits in the LLS model [6]. Re-
cently, a di®eren time-dependert leg retraction pol-
icy has beenshown to inherit the stability properties
of the "xed touchdown angle policy while increasing
the robustnessof the SLIP system[10]. On the other
hand, numerical simulations of a recirculation policy
wherethe SLIP's legstarts recirculating after leg lifto®
at a constart angular velocity until legtouchdown sug-
gest not asymptotic but neutral stability [11]. Hence
the leg swing policy seemgo play a certral role in the
stability of those low-dimensional models, as is also
suggestedby high dimensional systemssud as RHex
[1] or, as establishedin an independerly conceived
model inspired by animal locomotion strategies, for a
quadrupedal trotter [12].

Stability of such systemsis obsened through the full-
stride return map { the function relating body state at
onestride to body state at next { which summarizesall
properties relevant to the goal of translating the body
certer of mass. Unfortunately, even the simplest 2dof
SLIP system is non-integrable [13], which precludes
closedform solutions that might illuminate stability
medhanisms. In this paper we will shov how the sta-
bilit y of hybrid systemspossessingertain symmetries
can be analyzedin terms of their non-hybrid compo-
nerts, e.g. °ight phaseand stancephasein the caseof
SLIP, thus decomposing the hybrid return map into
\partial" return maps that might be analyzed more
easily

Before doing so,we rst intro duce certain terminology
and notation used throughout the paper by way of
reviewing Liouville's theorem (seee.g. [14]), pointing
out that the classicalresult should not be expectedto
apply in the presen case.

1.2 Liouville's theorem and stabilit y

Liouville's theorem statesthat volume in phasespace
of a holonomically constrained consenative dynami-

cal system described by a single Hamiltonian °ow is
presened, i.e. a set of initial conditions at t = tg in

phase spacewill be mapped to a set with identical

symplectic volume for any t | to.

In the caseof non-holonomically constrained conser-
vative Hamiltonian systems,the number of indepen-
dent conjugate momerta is smaller than the number
of independert con guration spacevariablesand Liou-

ville's theorem cannot be applied (seee.g. the asymp-
totic stability of the Chaplygin sleighin [15] and ref-
erencestherein).

In the case of piecewise-de nedholonomically con-
strained consenative Hamiltonian systemswith dif-
ferert ows f{ with ® in an indexing set | the tran-
sition to a new Hamiltonian °ow is triggered by so-
called threshold functions (for a general de nition of
hybrid systemssee[16]). In almost all settings within
robotics, these threshold functions between di®erert
°owsf¢ and f! depend upon state, and often have no
explicit time dependenceat all. Examplesinclude a
discrete version of the Chaplygin sleigh [15, 17] and
low-dimensional models of legged locomotion in the
horizontal and sagittal plane [6, 8, 9], which all ex-
hibit partial asymptotic stability for certain param-
eter settings. Here, the (local) asymptotic stability
of those hybrid system at a xed point means that
the eigervalues of the componerts of their linearized
return maps de ned by Poincar§ sections lie within
the unit circle (excluding those corresponding to con-
sened quartities). Liouville's theorem is not directly
applicable due to the hybrid nature of such systems,
despite the fact that the °ows are Hamiltonian.

In thosecasesthe return map R de ned by a Poincar§
section is composed of seweral \factor" mapsr that
relate the state variables directly after one transition
to thosedirectly beforethe next. Additional transition
mappings T, are usedat transitions from °owsf { to
f1. They arisein practice from the fact that di®erert
°ows are most easily handled analytically in di®erert
coordinate systems. ThusR = T2 £r® + ¢+ Ty £rg.

1.3 Contribution of this paper

In this paper, we focuson the role of volume presena-
tion in °ows and transition maps of models of legged
locomotion asan indicator of local stability. Although

we cannot invoke Liouville's theorem for reasonsjust
reviewed, we neverthelessdeducethe necessiy for vol-
ume presenation at a given xed point in these°ows,
manifesting itself as the condition of unity determi-
nant in the assaiated linearized return map. In gen-
eral, in order to chedk whether the return map of a hy-
brid system R is volume-preservingat a xed point,

the map must be computed explicitly [17, 6, 8, 9].
However, we will shaw that if all vector elds fg; ®2 |

possesgime reversing symmetries Sg and if the peri-
odic orbit giving riseto a xed point of R is composed
of pseudosymmetric orbits (to be de ned below) on
ead °ow domain Vg, volume-presenation of the whole
system can be determined by volume-presenation on
individual °ow domains. Moreover, if the transition

function, h;@, from a °ow domain, Vg, to a next °ow
domain, V-, enjoys a certain symmetry related to the
vector “eld's time reversing symmetry Se, then vol-
ume presenation on Vg can be determined in certain
caseswithout an explicit expressionfor the “ow map



on that domain.

This paper intro ducesthe rigorous foundations for the
formalism just outlined, and provides an example of
its value for robotics by application to the LLS [6]
and SLIP [8, 9] models. As explained above, the ques-
tion of whether a hybrid systemis volume preserving
or not has immediate consequencegor gait stability.
Sinceour conditions for volume presenation of the full
stride return map may be cheded with respect to a
simple "factor map", we are able to study the e®ects
of a broad range of leg swing policies that are imple-
mentable in the analytically tractable "°igh t" phaseof
the leg. Speci cally, we shav how the volume preserv-
ing properties of SLIP under di®eren legrecirculation
strategiescan be determined by simple di®ereriation.
In particular, in Sec.3.1.3we give for the rst time
necessaryconditions for asymptotic and neutral sta-
bility of a RHex-like leg recirculation scheme applied
to the SLIP model, without explicit computation of
the stance phase®ow map.

2 Factoring return maps with
time reversing symmetries

Assumea hybrid medanical system whosetime evo-
lution is described by holonomically constrained au-
tonomous consenative vector elds fg, ® 2 | with
con guration spacevariables gp: Xe = fe(Xe) with
X = (g Gp)” 2 Ve. The open °ow domains Vg are
calledcharts [16]. Transitions betweenvector elds are
governed by threshold functions hg, which can depend
on the initial condition Xgp = Xe(t = 0) 2 Ve, time
t, and the current state f{(xeo).! We demand that
for eadh chart there is only onethreshold function hg.
Transitions to the vector eld f- are uniquely de ned
by teo(Xeo) = mine of t 1 he(f §(Xeo); Xeo;t) = 0g. In
addition, all transition mappings T, are assumedto
be volume preserving. The °ow map rg for the ®h
vector eld is implicitly dened via tgg by rg : Xaeo 7!

f(t@®°(X®0), where Xgg is assumedto be the result of a
precedingchart transition.

We will de ne a partial return map for ewolutions on
individual charts Vg. Under the assumption that a
periodic orbit of the whole dynamical systemis com-
posed of pseudo-symmetricorbits (to be de ned be-
low) on individual charts, volume presenation of the
full return map R can be determined in some cases
without explicitly computing .

Assume that the vector eld fg admits a linear in-

INote that this denition generalizes [16], where hé only
depends on f & (Xe0).

volutive time reversing symmetry? Se (iS e ¢Xe =
fo(Se tXe) , Xe = fe(Xe)) with S3 = id. This im-
plies Sep+f §+Se = fL'. We now investigate a compo-
sition of two partial return maps Xe1 = Se *rg(X®0),
followed by Xg, = S®ir;)(x®1). If the functional iden-
tity tg, = tey holds, then

Sp*lg*Sep*lg= Sp+fe® +Se+fe® =
fo'eoxfe® = id(1)

We now needa su+cient condition for t;m = tZ@o- This
is given by
3

he(f & (Xe1); X®1; t;@o)

0 '

0 ) tor=tg(2

he(f & (X@0); X0 t;@o)

which can be rewritten as
3 _ _ _

he(f &° + Se £ & (Xe0); So & (Xe0); t;@o)

he(Se(Xeo); Se & (Xe0)itgg) = O
3 B ;
, he(f&° (Xeo); Xeo; teg) = O 3)

which can be consideredan invariance of the thresh-
old function under the partial return map Sg *rg :
Xeo 7! Se £rg(Xeo). This essetially cheds that rg is
\compatible" with time reversibility of f g.
Given that B B

Se*lgxSe+rg = id 4)

then

D(Se*re*Se £rg)
DSe ¢Dg(Se 1) ¢DSe ¢D 1

Next, we call a trajectory on a chart Vg pseudosym-
metric if a xed point %Xe of the partial return map

Se *rg With Se £rg(Xe) = Xe exists. Evaluation of

expression(5) at such a xed point then allows us to

determine the square of the determinant of the Jaco-
bian of r:

1 0

DSe ¢Drg(ke) ¢DSe ¢Drg(Xe) = 1
det(D S ¢Drg(ke) ¢DSp ¢Dre(Xe) = 1
det?(Drg(ke) = 1:

Here det’(DSg) = 1. Henceif a periodic orbit de-
scribed by a xed point of the full return map R is
composedof pseudosymmetricorbits on Vg and con-
ditions (2) hold on ead chart, the full return map R

2The importance of time reversing symmetries for the
asymptotic behavior of dynamical systems has beenemphasized
in [18].



is volume-preservingat this "xed point. If conditions
(2) do not hold or if periodic orbits of the full return

map are not composedof pseudosymmetricorbits, no
conclusionscan be drawn from this argumert. Note
that here\v olume" is de ned with respect to the state
variables chosen, and in generalis not a phasespace
volume, and that the computation (at the "xed point)

is local.

3 Application to hybrid models
of legged locomotion

3.1 SLIP with pitc hing

The SLIP model consistsof a rigid body of massm
and momert of inertia | with a masslessspringy leg
attached to an unactuated hip joint which is a dis-
tance d away from the certer of mass(for details see
[9]). A full stride consistsof a stance phasewith the
foothold "xed and the leg under compression,and a
°ight phasein which the body describes a ballistic
trajectory. Hencethere are two vector "elds f, (for
stance)and f, (for °ight) and the return map can be
written asR = Tl +r} +T2 +r2. We assumethat
a periodic orbit of period one is composed of pseu-
dosymmetric stanceand °ight phases®

3.1.1 Stance phase of SLIP with pitc hing

The equations of motion that describe the stance
phase of SLIP with massm and momert of inertia
| readin the convertions of Fig. 1 (seealso [9]):

A = 3K2; gcosA @V,(,) (3 + dcos(A + )
A = i 22A+ gsinA+ d@ 0) (sin (A + )
A = da@,—l()sin(m W) (6)

with spring potent&l V(") where the compressed
spring length = = = d2 + 32+ 2d3 cos(A + u) 0

the relaxed spring length being denoted by “o. The

distance betweenthe “hip' pivot and the masscerter

is d and all joints, including the toe-ground pivot, are
assumedfrictionless and moment-free.

The linear involutive t~ime rgversing symmetry S; of
(6) acting on x; = (3 A u3A > is given by

S; = diag(1;i Li L 1,1,1): (7)

3This was proven in [9] for SLIP without pitc hing dynamics
and without gravity in stance.

Figure 1: Parametrization of SLIP with pitching dy-
namics.

Under Sy, the spring length ~ transformsasS;(") = ~.
Transitions to °ight occur when the spring length has
reachedits restlength "o which is alsothe initial spring
length at the beginning of stance. Hencethe threshold
function can be written as h2(x(t);X10;t) = “2(t) i
2. Then the partial return map S; +r? is volume-
preservingat a xed point, because(3) holds:

2th)i 8 = 0
St = 0

h2(x1(t25); X10; t3o) =
. h2(Sy Cx10; St x4 (t%); t3,) =

This result is independert of the speci ¢ form of the

spring potential V("). For d = 0, the two-dimensional
SLIP system describing a point masson a massless
spring is recovered.

3.1.2 Flight phase of SLIP with pitc hing

The equation of motion of the center of mass that
describe the °ight phaseof SLIP read

A= 0
A= g
g =0 ®)

where the z-axis points vertically upwards, the y-axis
points in a horizontal direction, and p denotes the
SLIP body's pitching angle with respect to the hori-
zontal. The linear involutiv e time reversing symmetry
S, of (8) actingonx, = (y z uy z 1)~ is given by

S;=diag(8 1,L;i 1,7 1;j 1,1): 9)

Here, the sign ambiguity in p was resolved by match-
ing U's transformation to that of the stancephase(7).
The transformation law of y under S, is not neededin
subsequen calculations and is left unresolwed.

The simplicity of the equationsof motion (8) allows us
to explicitly compute the determinant of the Jacobian



of the partial return map S, +r at a "xed point for
a given leg recirculation scheme. Therefore the appli-
cation of the formalism of Sec. 2, which only provides
a suzcient condition for volume-presenation, but not
for non-presenation, is relegatedto the appendix.

The equations of motion for the z and p coordinates

canbe explicitly solvedand readin dimensionlessvari-
ables:

2
) = Zp+ i >
Ht) = il
p:(t') = ot Rt
D = ® (10)
q_—
with =t &, z= 2, 2= pis b = Lo, and

fF= K EO' We now want to explore di®erert strate-

giesto position the leg during °ight. Sincethe legis
assumedmasslessany leg angle trajectory A(t) where
Ais de'ned in Fig. 1 can be commanded.

The threshold function h} for a recirculating leg reads
in dimensionlessvariables

h3(%2(); X20;1) = 2(t) + dcos@®) i cos(t)) (11)

whered'= % Setting eq. (11) to zerodeterminesthe
time from leglifto® (tio = 0)to legtouchdown t5p =
t3,, for which in generala closedform solution doesnot

exist. Then the ow map r} takesthe dimensionless

state vector x, = (z@z@®" (y andy are omitted) from
its value at leg lifto® to that at touchdown: r3(xzo) =
*2(trp). A xed point of a pseudosymmetric °ight
trajectory satis es ¥, = S, ri(%,).

The determinant of the Jacobian of r can easily be
computed from the °ight trajectory expressions(10),
bearing in mind that the °ight time t7 alsodepends
on the initial conditions:

det(Dr3) = 1i @, tip + 20@,trp + @ tro (12)

In this expressionthe leadingterm 1 is a consequence

of Liouville's theorem, becausez and zand [fand grare
canonically conjugateup to atrivial rescaling,whereas
the remaining terms make the non-applicability of Li-
ouville's theorem to this hybrid systemwith a state-
dependert threshold function (11) explicit. Albeit t7p
cannot be computed explicitly in general,ttp = 2%
at a xed point of S, + r%l and cogA(typ)) = 7 +

acos®);sin(A(trp)) =i 1i (zo+ dcos())? and

UWtrp) = i fo- Henceusing implicit di®ereriation of
(11) the determinant at this xed point canbe written

in terms of partial derivativesof A(t)

H 1num
det'Drg(%z)(t: 1+ izgden (13)
with
q
¢;™MM = 1j (zo+ dcogfl))? ¢ .
i @A(trp) + 2@A(tp) + @ Altro)
+2Zpj ai‘sin(ﬂb)ﬁo
¢3%n =i 1j (zo+ dcos))2@A(trp)

i 2o+ dsin(fo)fo

The eigenvalues of the partial return map S, +r3 are
.1 = 1 (vertical energy),,, = 1 (rotational energy),
.3=il,and, 4 = det(Dr3(®%)). It must be em-
phasized,however, that the eigervaluesof this partial

return map are not equal to the eigervaluesof the to-

tal return map R at the "xed point. In particular, the
eigernvaluesof R can be complex, asin Fig. 2, below.

Setting eq. (13) to 1 yields a partial di®erernial equa-
tion for leg recirculation schemesA(t) that are vol-
ume preserving. In the following, for simplicity,we ap-
ply formula (13) to di®eren leg recirculation schemes
for SLIP without pitching dynamics, i.e. ¢ = 0 and
no [I dependence. The investigation of leg recircula-
tion strategiesof SLIP with pitching dynamicswill be
published elsewhere. For SLIP without pitching, the
determinant at the xed point simpli es to

det(Dr3 (%)) = 1+ ¢ 19
1i 21 @Atro) + 2@Atip) + 2
i 1i Z@A(tp) i =

3.1.3 Analysis of Recirculation Strategies

Consider now the following family of leg recirculation
schemes

A(D = karccos@y) + ®&tj 1z) :k;I1>0
with &x) = Ofor x < 0 (15)

k = 1 meansthat recirculation starts at the leg lifto®
angle;if | = 1, a certain angular tra jectory is speci ed
starting at apex (seethe legretraction schemein [10Q)).
The application of the partial return map S, r3 on
%70 in the threshold function hi (3) in order to de-
termine for which parameters of the leg recirculation
schemes(15) volume is presened is relegated to the
appendix. Instead we proceedby explicitly computing
det(Dr3(%;)). With the angular trajectory (15), the



determinant becomes

p
I 1i z®&z0(2i 1))+ zo(ki 1)
p—=
1i 2®&2z0(2i 1)+ 2
(16)
Hencefor di®eren leg angle protocols we obtain

det(Dripk)) = 1+

1. Constant leg touchdown angle protocol: k = | =
0,®= 2% ) det(Dri(®;) = 0. The two-
dimensional Jacobian has rank one, and the re-
turn map becomesone-dimensional. In [8] this
return map was parametrized by apex heigh,
whereasin [9] the angle of the touchdown velocity
was chosen. No information about the behavior
of this lower-dimensional return map can be ob-
tained from this argumert.

2. Legretraction [10: k= 0,1 = 1,and &t} z) =
®p + k&ri_a;) where ®, is a constart angle and
A= EO is a constart dimensionlessangular

velocity. Then again det(Dr3(%;)) = 0 and the
behavior of the remaining one-dimensionalreturn
map cannot be determined from this argumert.

3. Leg recirculation (starting at leg lifto®): | = 0,
k > 0, and ®1t) = ®, + Ht: This exemplies
the fast rotation phase of the open loop policy
used by RHex [1], although a full analysisis be-
yond the scope of the presert paper. Then for

Zy , Oand % - 1 (necessaryconditions for a
pseudosymmetric®ight phase):
1li k)
detdrigh) = 1; —2&Hi K 47
(Dri(%)) P (17)
<<1 O<k<1
= 1 k=1
>1 k>1

In order to illustrate the predictive power of eq.
(17), we numerically approximate the determinant
det(DR (%)) of the full return map for xed SLIP
parameters E = -5- = 21, ° = =2 = 13, and
“xed recirculation parameters ®, = 12; ~ = 14 for
di®erert k 2 f1=6;0:5;1;2;3:3g. Here, E is the to-
tal energy of the system and the spring potential is
V()= (=2)( i 0o)% Wethen comparethesevalues
to the valuesof the determinant obtained by inserting
the numerically determined xed points X, = (Z ;."o)>
into eq. (17). The determinants obtained in thosetwo
di®erert ways are plotted in Fig. 2a and agreeto a
high precision (j det(DR (X)) j det(Dri(%,))j < 10 7).
Barring animprobable numerical cancellation between
stance and °ight phase dynamics, this also demon-
strates that the SLIP's stance phaseis volume pre-

serving? In Figs. 2b-d iterations of the return map
in (% zo)-spaceare shawn for k 2 f1=6;1;3:3g and
initial conditions o®the xed point. The eigervalues
are complex conjugate pairs in all three cases. For
k = 1=6 the trajectory spirals towards the "xed point,
as expected from a stable xed point (Fig. 2c), for
k = 1 the trajectory is a deformed circle around the
“xed point,® indicating neutral stability (Fig. 2d), and
for k = 3:3 the trajectory spirals away from the xed
point, indicating instability (Fig. 2b).

3.2 Lateral leg-spring model

The lateral leg-spring (LLS) was introduced in [6].
We focus here on the three-degree-of-freedonversion
with pairs of “virtual' elastic legsin intermittent con-
tact with the ground. A full stride consists of two
stance phases:a phasewhere the rst elastic leg piv-
ots around a \fo othold" on one side of the rigid body,
followed by a phasewhere the secondelastic leg piv-
ots around a \fo othold" on the opposite side. See[6]
for details. The equations of motion of both stance
phasescan be cast into the form (6) (with g = 0).
Hencethe stance phasesfrom leg touchdown to lifto®
are volume preserving. They are related by a transi-
tion mapping T2 which mapsthe state at lifto® of the
1. leg to the state at touchdown of the 2. leg, and
an analogousmap T;t. Thus the return map reads
R=Tl+ry+T2+r2

The dynamics of the LLS model can be described by
four state variables (v; £ ;! ), wherev is the center of
massspeed, £ is the angle betweenthe body axis and
the masscerter velocity vector, His the angle between
the body axis and an inertial frame and! = p. In
[6] these four variables are augmerted by two xed
parameters: —, the leg touchdown angle with respect
to the body axis, and lg, the relaxed leg length; and
from the valuesof thesesix quartities at lifto® onecan
“nd the initial data for the next stance phase.

In these variables, the transition mapping T;? (omit-
ting lp) reads

i _ ¢

T2 0 k0 10 oy T

(Va7 #° w° 15 7)Y (18)
wheren standsfor the nth stancephase,LO for lifto®,
and is held constart for all stancephases.If, asim-
plicitly assumedfor the SLIP treated above,  (and/or
lo) are regardedas state variablesrather than param-
eters, then since they are ‘reset' to "xed values at

4This is not true for approximations to the stance phase
dynamics which violate the time reversing symmetry S;.

5Despite the fact that the determinant away from the xed
point is not 1 in this example, volume seemsto be preserved in
a nite region around the xed point.
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Figure 2: a) Comparison of the numerically computed determinant det(DR (X)) (+) of the return map Jacobian
to to the determinant det(Dr%(xE)) (2) obtained by using the numerically determined xed points in eq. (17).
b)-d) Trajectories around a xed point. Becauseof the slow convergence,only every 9th iteration in plot b) and

every 5th iteration in plot c) is shawn.

touchdown, independent of their valuesat lifto®, the
transition mapping T;? has rank four, volume is not
presened, and no deductions can be made regarding
the reduced four-dimensional map. Restoring a non-
trivial dynamical role to the variable ~, for example,
via a leg swing feedbad strategy similar to (15), could
lead to a non-degeneratemapping.

4 Conclusions

In this paper we usedthe exampleof the SLIP locomo-
tion model to shawv how factored analysisof the return
map may be a useful new tool in the stability analy-
sis of hybrid Lagrangian systems. Speci cally, we ob-
tained a necessarycondition for the asymptotic stabil-
ity of SLIP in the presenceof a leg recirculation strat-
egy relevant to the operation of the robot RHex [1].
This condition is formulated in Sec. 3.1.3for a particu-
lar family of legrecirculation strategiesasan exact al-

gebraic expressiondespite the non-integrability of the
SLIP system. Henceleg recirculation strategies that
violate the above condition can be discarded without
recourseto cumbersomenumerical simulations. Ap-
plication of this formalism to the robot RHex requires
a more elaborate parametrization of leg recirculation
schemesmodeled after RHex's open loop cortroller.
This analysis can provide for the rst time a partial
explanation for the surprising self-stable behavior ob-
serned empirically in RHex. It alsopavesthe way for a
more principled investigation of detailed, biologically
motivated leg placemen strategiesin the LLS model
[6] which captures many aspects of cockroach locomo-
tion [19].
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App endix: Invariance of the
threshold  equation for SLIP
without pitc hing

In this appendix we show that the invariance of
the threshold equation (11) under S, 13 : % 7!
S, J_rfzr”’ (%20) With %29 = (%o 2p)” corresponds to
jdet(Dr3)j = 1 for the leg recirculation family (15).
First we obsene that

3 1
7+ Bt 5 (19)

iU
.2
Zy + Zet'l 2 (20)

fg(xzo)

S, +f 5(%20)

f54S, £ 5(%0) e (21)

The threshold function h3(f §(%20); %20;t) becomes

h3(f 5(%20); %20 8) = 2(8) | cosA(zo; z:1))  (22)
with A(zp; zo; ) = karccosp) + ®(tj 12zp):
Then
h%(f;D +S, if;TD ()('20);82 ingD (X’zo);r‘rD) :(23)
3
Zpj C€OS karccos@ + Ztip | lN%TD)+
i ¢
|
® trp +(zi trp) = 0
For a solution of this equation with the leg recirculat-
ing only once during °ight A(zo;zs;t7p) 2 (3%42Y).
This must be taken into accourt when inverting the

cosine:
3

jdet(Dri)j = 1, aswas explicitly derived in (17). For
other values of k and | this does not in general re-
duceto (22), although we have not ruled out that for
speci ¢ valuesof k and | and a speci ¢ form of ® the
original threshold function (22) is recovered.
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