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ABSTRACT

The theory of signal detectability is extended to include optimum adaptive receiver
designs for the detection of signals with a nonperiodic time structure. The specific
problem considered is that of detecting a recurrence phenomenon in noise.v This
phenomenon is a fixed waveform that recurs in time. The fixed waveform is selected from
a finite class of possible waveforms, and the receiver is initially uncertain as to the
waveform selection. Three basic recurrence patterns are considered: (1) Sporadic-
Poisson, (2) Synchronous-Poisson, and (3) Periodic. For {1) and (2), the recurrence
time is a random variable. The approach to the detection problem is Bayesian and the
initial uncertainties of the fixed waveform and recurrence times are expressed in terms
of a priori probabilities. For the Sporadic~ and Synchronous Poisson cases, the
recurrence time is always uncertain, but an adaptive receiver can learn the fixed
waveform.

Several realizations of the optimum receiver are presented for each of the three
" basic recurrence time patterns. The receivers are designed by solving an over-all
optimization problem in which the likelihood ratio of the entire input observation is
formed. A difficulty in the design of the optimum receiver for signals with a nonperiodic
time structure is the exponentially growing memory required by the classical non-
sequential realization. To obtain a receiver design with a practical memory size, a
basic technique is presented in which the signal ensemble is described indirectly in
terms of the fixed waveform and the time structure by which these waveforms are
assembled. The receiver design is obtained by realizing the likelihood ratio in a
sequential manner rather than by postulating a sequential learning model per se.
Therefore, the use and proper updating of the contents of the temporary receiver
memory are specified by the design procedure.

Although equivalent for detection purposes, different realizations of the same

optimum receiver appear to operate in different manners. Receiver designs are

xvii



presented in which the receiver appears to "learn" the fixed waveform which is being
transmitted. Such a receiver was simulated for a special but useful case to illustrate
its operation. Other receiver designs are presented which, although optimum, do not
incorporate this learning feature in an obvious manner. The important feature of the
adaptive realizations is their fixed-size memory requirement and availability of a
classification output.

The effect on detectability of the uncertainty in arrival times of the fixed wave-
form is investigated. The detection performance for the case of a fixed waveform, known
exactly, that recurs with a Synchronous-Poisson Time Structure is presented in terms
of the receiver operating characteristic (ROC) as a function of average duty factor, :2;5 ,
and time. Ec is the energy in the ﬁxed warveform and N0 is the noise power per unit °
bandwidth, ThlS i8 a uéeful case since its performance is an upper bound onthe attain-
able performance when the fixed wa#e‘form is uncertain or recurs with the Sporadic-
Poisson Time Structure. The performance results show that even when the fixed wave-
form is known exactly, the uncertain arrival times can have a substantial effect on
detectability.

The importance of storing and updating likelihood ratio terms in the temporary
memory was investigated by comparing the performance of the optimum receiver with one
that simply recirculates the input waveshape. It was found that storing and updating
likelzi]lzlood ratio terms rather than recirculating input waveshape becomes more important

c .
as 47— increases and the average duty factor decreases.
o

xviii



CHAPTER I

INTRODUCTION

1.1 Nature of the Problem

The problem of reception of a signal buried in noise is common to sonar, radar,
and communication situations in general. In some cases, such as arise in the reception of
speech? the goal is that of recovering the signal so that its waveshape is as close as possible
to the qrigiﬁél transmitted signal. . However, in many applications the primary goal is often
deciding whether é signal is present or not, and there is no particular need to reconstruct
the original waveshape, 7

In the early 1950's several authors formulated a theory of signal detectability in
which the making of the best possible decisions was the primary goal (Refs. 1-3). Since
the noise is considered known only in a probabilistic sense and since there are uncertainties
regarding the signal, one cannot decide with certainty whether or not a signal is present in the
noise. The early work in signal detectability theory recognized the detection of signals in
noise as a problem which could be solved by the application of statistical decision theory.

Signal detection theory encompasses receiver design and performance. The branch
of signal detection theory that is given primary emphasis in this study is the design of re-
ceivers that are optimum in the sense of making the best decisions. In particular, rather
general techniques of designing optimum receivers which operate in a sequential mode are
considered. Such receivers frequently exhibit adaptive characteristics.

Both the design and performance of an optimum receiver depend upon the signal
uncertainties and the noise. The optimum receiver usually takes on its simplest form at
either of the two extremes of knowledge regarding the signal; i.e., precise knowledge of the
signal on the one hand, or at the other extreme, a large amount of initial signal uncertainty
in which parame:ters of the signal cannot be learned. The performance of the optimum re-

ceiver usually decreases as the amount of signal uncertainty increases.



Most of the literature on signal detectability has been concerned with periodic
signals which may be, for example, uncertain in amplitude and phase. This is understand-
able since a primary application of signal processing is to active sonar and radar systems
where a periodic transmission is characteristic. The knowledge that the signal is periodic
or nearly periodic is definite information that a receiver designer can use to advantage,.

One class of signals studied here is a type that is more likely to be encountered in
a passive situation. Here, the signal emitted is beyond the control of the designer of the
over-all transmitter-receiver system and is often nonperiodic. A broad class of such
signals is one in which a fixed but quite unknown waveform is emitted recurrently in a non-
periodic and‘ quite unknown way. The interest is in detecting the presence or absence of the
-entire récui'rence phenomenon ratherrr Vthan}making a local detection of the presemje or absence

- of an individual 'ﬁxe'd waveform. - If the signal—to-noise ratio were high, individual Ia’cé} B
detections‘ could be made relatively easily. However, a case of special ,intefest is when the
unknown waveform has a low signal-to-noise ratio and a low duty factor. Then, local detection
becomes difficult. If one has sufficient time to observe the receiver input, however, the
recurrence of the same waveform permits the possibility of '"learning’ or "adapting to'' the
waveform sent. This learning or adaptation must be done in spite of the noise and the
"unknown'' epoch of the waveform.

The general type of signals considered are shown in Fig. 1. 1. This sketch shows
possible noise-free signals that might appear at the receiver input. The particular local
waveform that is sent in a given signal burst is uncertain and is one out of a finite number
of local waveforms. Although the same local waveform is recurrent in sach signal burst,
the precise times of recurrence are uncertain, It can be seen that a w{de variety of signal
bursts can result; the receiver must be designed to detect any one of them.

Three basic types of recurrence-time processes are considered. They are:

1. Sporadic-Poisson process
2. Synchronous-Poisson process
3. Periodic process.
These three processes differ in that they represent three degrees of knowledge regarding the

manner of recurrence of a waveform. The Sporadic-Poisson process involves the least
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Fig. 1.1, Four "typical bursts of signal.

amount of knowledge regarding the structure of the signal in time. The Periodic case,
representing the most knowledge regarding the time recurrence, is included in this study for
comparison purposes. Precise mathematical formulation of the possible signals that could
occur is postponed until Chapter IV.

The basic technique of designing adaptive or sequential realizations of optimum
receivers is considered in this study. As we shall see, there is no unique adaptive realiza-
tion. Adaptive realizations of the optimum receiver are presented, in general block diagram
form, for each of the three basic recurrence-time structures discussed above. The
receiver is designed to be optimum in the sense that it makes the best decision as to presence
or absence of the entire recurrence phenomenon. It is provided, sequentially in time, with
two outputs; a decision output and a classification output, The detection output provides
information for deciding presence or absence of the recurrence phenomenon and the classifi-

cation output provides updated probabilities of the various possible fixed waveforms that

could occur.,

When the recurrence time process is nonperiodic, the design of the optimum receiver
is complicated by receiver memory requirements. A nonsequential realization of the optimum
receiver requires an exponentially growing memory. It will be shown that this difficulty can

be eliminated by realizing the receiver in a sequential mode.



1.2 Background of Previous Work

The foundation of this study is the theory of signal detectability as developed by
Peterson, Birdsall and Fox (Ref. 1), This theory emphasizes the central role of likelihood ratio
in the receiver design. Related basic material can also be found in Helstrom (Ref. 5).

A number of authors have applied "'adaptive' techniques to the problem of the detec-
tion of signals in noise (Refs. 10, 11, 15, 16, 17, 18). The problem of designing an adaptive
filter for a fixed waveform whose time of arrival is unknown has been considered by Glaser
{Ref. 10). In this work a statistical decision theory approach is used. Local waveform
uncertainty is expressed in terms of an a priori probability density function but recurrence
time uncertainty is not. The epoch is instead detected on a local basis and the assumption
is made that the epoch meﬁsurement is accurate.

Jakowatz, Shuey and White (Ref. 11) have proposed an adaptive filter for detecting
a recurrent fixed waveform. A simplified block diagram of their original adaptive filter is
shown in Fig. 1.2. The basic operations of this filter as described by Jakowatz are:

(1) comparison of a sample of the incoming waveform, x(t), with an estimate, m(t), of the
unknown signal, s(t),by correlation of x(t) and m(t), (2) on the basis of the correlator output,
B(t), guess whether or not a signal is contained in the current sample of x(t), and (3) at
those times when a signal is guessed to be present, form a new estimate of the signal which
consists of a weighted average of that sample of the input with the prior estimate.

Although basic guidelines from signal detection theory are used in the adaptive
filter of Jakowatz et al, the design approach is not an optimal one as the authors indeed
recognized. Two characteristic features are apparent in this aaaptive filter. First, a
local detection is required before ény modification of the memory is made. Secondly, | the
receiver memory is used to remember a single waveform. This is undoubtedly an
inadequate memory for the receiver to be optimum. Their adaptive filter may be, however,
a practical receiver when the local waveform signal-to-noise ratio is large enough to
permit good local detection. In such cases the simple implementation of a receiver with
a single waveform memory may justify its suboptimum detection performance.

Several authors have considered a local detection problem in which a fixed local
waveform recurs in a synchronous manner (Refs. 15 and 18). In the local detection case

the problem becomes that of detecting where each of the local waveform recurrences are,
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Fig. 1.2. Jakowatz, Shuey and White original adaptive filter.

using all past information. The approach is Bayesian and one of optimum receiver design.
One central problem is common, however, and that is the problem of implementing an
optimum receiver which requires an exponentially growing memory. As Scudder (Ref. 18)
points out, the standard nonsequential realization of the optimum receiver is very complex,
grows exponentially with time, and the analysis of its performance is close to impossible
even using present day computers. Marcus and Swerling have recognized a similar problem

of providing sufficient receiver memory in regard to a multiple-resolution-element radar

problem {(Ref. 12).

1.3 Method of Attack of the Problem

The Bayesian viewpoint is adhered to in this work. That is, it is assumed that

some knowledge is available to the receiver designer regarding the signals and noise that

will be received. The particular knowledge available must be expressible in terms of

probability distribution functions.

Since the primary goal is the making of the best decision about the presence or ab-
sence of the entire recurrence phenomenon, rather than determining the location of each

recurrent waveform, the problem is to decide between the two hypotheses; presence of

recurrence phenomenon and noise or noise alone, If one prefers correct decisions to mis-



takes, Birdsall (Ref. 9) has shown that the optimum receiver is one which realizes the like-
lihood ratio of the observation and this fact does not depend on any specific quantity to be
maximized or minimized.

Likelihood ratio plays a central role in the design of adaptive receiver realizations
as it did in the design of optimum receivers in classical detection theory. The adaptive
receiver realization is obtained by forming the likelihood ratio of the observation which is
optimum for deciding the presence or absence of the entire recurrence phenomenon and then
realizing this likelihood ratio in a sequential manner. It is interesting that receivers
designed on the basis of sequentially realizing the optimum receiver often exhibit "adaptive"

characteristics. The adaptive feature is, however, a result of the particular form of the

realization chosen. This approach to the problem is in contrast to ones in which a block

diagram of a receiver is chosen by analogy to a biological adaptation mechanism, or by

extension of electronic techniques used in tracking devices.

1.4 Organization of Material

Chapters I and II provide background material for this work. Chapter II is a review
of the basic signal detection theory that is relevant to the problem considered here. This chapter
introduces the problem and expresses the importance of approaching optimum receiver
design via likelihood ratio. In Chapter II the extension of the fixed time theory to a time
varying situation is presented as well as methods of realizing the optimum receiver with an
adaptive form. The inherent role that the classification problem plays in the optimum
detection is also pointed out. In Chapter IV the particular types of transmitted signals
considered are described in detail and defined. In Chapter V the optimum adaptive receiver
design is developed in detail. Four realizations are presented for each of the three basic
types of time uncertainty. This demonstrates the necessity of the adaptive receiver design
for the sporadic and synchronous cases due to practical memory requirements. This is
contrasted with the periodic case where no such memory problem exists. Chapter VI
presents some special but interesting cases of the receivers of Chapter V.

In Chapter VII the detection performance of the optimum adaptive receiver is
presented in terms of the ROC (receiver operating characteristic) for some specific cases,

primarily for the Synchronous-Poisson time uncertainty. Also included in this chapter are



Monte Carlo runs which demonstrate the "adaptive' features of the adaptive realization.

In Chapter VIII conclusions to this work are presented.



CHAPTER II

REVIEW OF BASIC SIGNAL DETECTION THEORY

2.1 Classical Signal Detection Theory

Since the basis of optimum receiver design is the work of Peterson, Birdsall, and
Fox (Ref. 1), it is appropriate that it be reviewed. This theory is now called classical,
fixed-time detection theory. It applies to situations where the receiver input is observed
over a fixed interval of time and a decision is then made concerning the presence or absence
of signal during that interval. A block diagram is shown in Fig; 2.1. The transmitted signal
and added noise or noise alone is presented to the receiver input. The question is whether

the switch is open or closed. Classical detection theory encompasses optimum receiver

design, receiver realization, and evaluation of receiver performance.

Signal Optimum

Transmitter p—pm—- Receiver

Noise

Fig., 2.1, Basic detection problem.,

Optimum receiver design is approached frgm a decision theory viewpoint. When
the input waveform to the receiver is bandlimited, it can be characterized by sample values
(Ref. 1). Typically, there are 2WT independent observation samples, (xl, Xy o - - ,XZWT),
if W is the bandwidth over which the observations are defined and T is the total length of
observation. The total observation, (XI’XZ’ ... ,xsz), is considered to be made on either
noise alone or signal plus noise. At the end of the observation interval, a single terminal

decision is made by a device which can make two alternative decisions; conclude that



signal was present during that entire observation interval or conclude that signal was not
present during the entire observation interval. The time sequence in which observations
and decisions are made in the fixed time theory are represented in Fig. 2.2. When the

actual cause is signal plus noise, the decisions correspond to a detection and a miss,

respectively. Similarly, when the actual cause is noise, there are a corresponding correct
and incorrect decision. There are, therefore, two correct and two incorrect responses.
There are values and costs associated with these four possible responses, and the theory
prescribes the optimum receiver which makes the balance between correct and incorrect

responses which optimizes some function of these values and costs.

x(t) |start observation
\ stop observation

: make terminal decision

AN 4 » time

t V‘V v T Np - ~ 7
o l t +T
0
Fig. 2,2, Observation-decision scheme for fixed time theory,

The cost of making an observation is not considered in this theory. As a result no
premium is attached to making decisions rapidly. The theory of sequential analysis (Ref. 7),
or deferred decision theory (Ref. 8) considers such a cost of observation. In the classical
theory, the optimum receiver is one which calculates the likelihood ratio of the input observa-
tion. A decision level or threshold is then put on the likelihood ratio. When the likelihood
ratio exceeds this threshold the response is "signal present’ and when it falls below this
threshold the response is ''noise alone”. The receiver design is still that of a likelihood
ratio processor in deferred decision theory, but the simple output threshold is replaced
with a time-~varying comparison function.

Receiver realization is specification of equipment, in block diagram form, that
realizes the likelihood ratio. In general there is no unique way of specifying a block diagram
which realizes a mathematical equation. However, one realization may have an advantage

over another in terms of equipment complexity or cost. There is no procedure at present
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for selecting a "'best’ receiver realization. Such a theory would need to incorporate an
equipment cost perhaps best characterized by memory cost.

An important aspect of detection problems is evaluation of detection performance.
It is often useful to evaluate the performance of suboptimum as well as optimum receivers.
The evaluation of optimum receivers puts an upper bound on attainable performance. Evalu-
ation of suboptimum receivers may reveal a receiver whose performance justifies its
simpler form. In the fixed time theory, the error performance for all possible likelihood-
ratio thresholds is the complete evaluation, and this is summarized by the receiver operating
characteristic (ROC). This is a plot of probability of correct detection versus the probability
of false alarm.

Analytical evaluation of receivers frequently becomes a difficult task. An alternative
technigue is an experimental approach such as simulation on a computer (Ref. 22). In the
present study, a digital computer simulation of seve;'al receivers was employed {See

Chapter VII).

2.2 Optimumness of Likelihood Ratio

In the formulation of the detection problem one considers the input to the receiver
as being due to either of one of two causes; i. e., noise alone or a mixture of signal and noise.
One of the primary conclusions that has resulted from the fixed observation theory is that
the optimum receiver is one which realizes the likelihood ratio. In fact, it has been proved
that the optimumness of likelihood ratio does not depend on any specific quantity to be

maximized or minimized, but only on the condition that one prefers correct decisions to

mistakes (Ref. 79). This is a powerful result which gives perspective to any investigation of
new processing techniques since the likelihood ratio receiver puts an upper bound on attain-
able performance. Although the optimumness of likelihood ratio is not restricted to additive
noise, most of the examples in this study will assume added white Gaussian noise.

The likelihood ratio for the fixed observation time detection problem, when the

signal is known exactly, is given by

f(x,,X0,...,X s, SN)
1’72 2WT (2.1)

I(XI’XZ""’XZWT'S): - N
XppXgr oo Xowr
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where f(x s Xg @ s, SN) is the probability density function of the joint observation

12 Xgs - -
(xl, Xgyeos ,XzWT) under the condition the signal is known exactly and signal plus noise is
present and f(xl,xz, <o g IN) is the density function of the joint observation

(Xl’ Koo o e ,XZWT) under the condition noise alone is present. The entire signal vector,

(sl, Soyee- ’SZWT) is denoted by s. As an example, in the classic case of a signal known
exactly in added white Gaussian noise one may work with the logarithm of the likelihood ratio
(also optimum since it is a monotone function of the likelihood ratio) yielding the familiar
crosscorrelator as the optimum receiver. In this case

2WT si2
fnﬁ(xl,xz,...,xzw,rls) = %1 (xisi - ) (2.2)

where s, are the sample values of the known signal.

2.3 Composite Hypothesis Problems

In the signal-known-exactly example, the likelihood ratio gives the optimum strategy
for choosing between two hypotheses: (1) observation was due to noise alone, N, and
(2) observation was due to signal mixed with noise, SN. For the signal-known-exactly

case, both hypotheses are termed simple hypotheses. If, however, the observation under

either hypothesis depends on some parameter, that hypothesis is called a composite hypo-

thesis. An example of a composite-signal-hypothesis problem that has appeared in the liter-
ature is the problem of detecting a signal known exactly except for phase, There the parameter
is the unknown phase angle, 6.

The sporadic problem which will be formulated later is a composite-signal-hypothesis
problem; the parameter is the signal vector, s. The optimum receiver is then one which

realizes the average likelihood ratic

ﬁ(xl,xz, .. ’XZWT) = a%l f(xl,xz, cee s Xg o I's) po(s |SN) (2. 3)
seS
The probability po(slSN) is the probability a signal s = (Sl’ Bore - ’SZWT) is sent under the

condition that some signal-plus-noise is sent. It is based on information available prior to
the observation (i. e., at time to). The likelihood ratio, ﬁ(xl,xz, e ,XZWTIS), is the

likelihood ratio of the joint observation, (xl, Koy« o e ,XZWT), conditional to each specific
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signal s that could occur. The entire ensemble of signals is denoted by S. Formally,
Eq. 2.3 says that the detection output of the optimum receiver is obtained by forming the
individual likelihood ratios, IZ(xl, Kgreoe ,XZWTIS), for each signal and averaging them
over the a priori probabilities of the various signals that could occur.

As remarked earlier, the theory of signal detectability is a theory which provides
for the insertion of the a priori knowledge. It can hardly be doubted that the designer of the
receiver has some knowledge about the types of signals for which the receiver is being
designed to observe. This a priori knowledge appears in equations for likelihood ratio in
the form of the probabilities, pO(s [SN). A wide range of initial knowledge about the signal
can be specified by describing the entire signal class, S, and assigning values to the praba-
bilities, po(sISN). 7 As a special case, this receiver reduces to a single crosscorrelator
when only one possible signal could be sent, since po(slSN) = 1 for that signal and zero for

all others.

2.4 Memory and Signal Detectability

The classical theory of signal detectability is a full memory theory: the implicit
assumption is that an unlimited amount of memory is available with which to realize the
optimum receiver. The cost of providing such a full memory is an obvious practical
problem in certain situations. The optimum receivers for the synchronous and sporadic
recurrent waveforms present this problem. Unless special care is taken in obtaining the
proper receiver realization for these cases, an impractical amount of memory may be
required., It turns out that realizing such optimum receivers in a sequential form results in
receivers with practical memory requirements.

Although optimum receiver design in this study will be based on the full memory
theory, emphasis is placed on obtaining optimum receiver realizations with adequate but
practical memory size. There is no theory yet developed on the proper utilization of
receiver memory but the study of the manner in which the memory is utilized in adequate
and full memory receivers should contribute to an eventual theory of the use of memory in

signal detectability.



CHAPTER I

ADAPTIVE REALIZATION OF THE OPTIMUM RECEIVER

3.1 Adaptive Receiver Design Philosophy

Qualitatively, the term adaptive receiver conveys the requirements of a time-varying

structure and a "learning" feature. As is evident from scanning the literature, adaptive

processing schemes are not unique. The philosophical discussion of what constitutes a "true"

adaptive device is not considered here.

In fhis chapter, a technique is developed for the design of fuil—memory, adaptive,
optimum receivers. In the full-memory theory evolved here, the term "adaptive' or
"adaptive realization' is used to label forms of optimum receivers which exhibit adaptive
characteristics. Although not considered here, a different theory of adaptation would
undoubtedly result if a receiver were to be designed with an inadequate memory.

Full-memory adaptive receiver design may be approached from the basic viewpoint
of classical signal detection theory. The theory must center on the primary goal of making
the best decisions. The mathematical operations that an adaptive receiver must make are
then specified by the theory. It will be shown how the existing theory of signal detectability,
because of its fundamental approach, enables the synthesis of addptive realizations of the
optimum receiver. This puts full-memory, adaptive signal processing within the framework 7
of the theory of signal detectability. It has already been pointed out in the previous chapter
that the optimum receiver under many criteria is one which realizes the likelihood ratio.
There may be several different realizations, equivalent in that each processes the input to
realize the same required likelihood ratio, or a monotone function of this likelihood ratio.
The performance of these realizations may be equivalent; however, the different realizations
may have unique advantages or disadvantages from a practical point of view. It will now be

shown how the likelihood ratio can be realized in an adaptive manner.

13
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It is convenient to consider first the adaptive receiver form for directly described
signals. Direct description is the traditional description of signals in the classical theory.
It becomes more convenient to use an indirect signal description in subsequent chapters.
There the signal will be described indirectly in terms of a smaller ensemble of waveforms

and a time structure whereby these short waveforms are assembled.

3.2 Adaptive Realization of the Optimum Receiver - Directly Described Signal Ensemble

The adaptive receiver realization which will be developed in this section operates
sequentially, so that in every L] seconds the observations in the past LY seconds are processed.
Except where otherwise noted, the notation used throughout is that Xk denotes x(t) for
0< tg le -and X denctes x(t) for (k- 1)'r1 <t< le. In other words, a capital letter
indicates the observation from the beginning of time to now (i. e., kTI) and the lowef case
letter refers to the present observation which is to be procgésed as a unit, Sequentially
in time the receiver‘ruprdates whether the signal was or was not present in the entire

observation, X , and the opinion is updated as to which signal it is if indeed signal is present.

K
Classical signal detection theory is a fixed-time theory That is, much of the work
in the past involved receiver design in which the processing time was chosen before building
the receiver. However, in an adaptive approach the processing time remains variable,
Actually, classical fixed-time theory only appears to specify a fixed observation, Xk
The theory is easily generalized to permit a receiver which operates over a variable time
interval. In particular, if the optimum receiver is to be designed to work on the time
interval (0, k‘rl), then the 6ptimum receiver is one which realizes the sequence of the
likelihood ratios,’ E(Xl), 12(X2), cens f(Xk). This receiver provides the output which is
necessary for making the best decision as to presence or absence of signal from time zero

to time k7., and does so in a running or sequential fashion. The optimumness of likelihood

1
ratio guarantees that all available information prior to time zero, along with that available
from the observation itself, has been used to make an optimum decision as to presence or
absence of signal in the entire running time interval (0, le). This is called a long-term
detection problem.

The sequence of likelihood ratios, !Z(Xl), Q(Xz), ce. ,f(Xk), could be obtained at

each time k'rl by repeated application of Eq. 2. 3. This equation suggests, however, that
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one store all past observations as well as all the probabilities up to time k7 A gross

1
block diagram of this realization is shown in Fig. 3.1. The samples of the observation
are stored in an input memory. In addition, it is necessary to make provision for storage

of all the a priori probabilities, po(slSN). The storage requirements for both these purposes

increase as time increases, which makes this type of realization impractical in many cases.

Input, Xk
———e ] Xk Input Memory
|
Likelihood Ratio Computer }—— Detection Output
29X, )
4 k
Memory for Probabilities
po(s ISN)
Fig. 3.1, Gross block diagram of a nonsequential receiver realization.

Another way of forming these likelihood ratios is to derive I’(Xk) from the previous
one, B(Xk_l), together with the kth observation, and a set of updated probabilities. Several
of the forms which these realizations can take will be considered later. This study is con-
cerned primarily with this approach and its implementations. This approach is especially
interesting because it leads to realizations which exhibit the features of an adaptive type of
processor. First, however, these full-memory adaptive realizations are shown to be
related directly to the original likelihood ratio by an equivalence transformation.

3.2.1 Sequential Realization of Likelihood Ratio - Independent Observations

Conditional to SN. Many classical detection problems have dealt with the situation where

either the signal transmitted was independently chosen from the signal ensemble in each

unit of observation, X;, or where only one possible known signal could be transmitted
throughout the entire observation, Xk' The latter is the classic SKE (signal known exactly)
case, Under certain conditions, this results in a simple recursive equation for obtaining the

likelihood ratio of the observation, Xk’ from the likelihood ratio of the observation Xk-l
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To illustrate this, consider that the likelihood ratio of the observation, Xk’ is by
definition

f(Xk 8N)

Q(Xk) = W (3. 1)

It is assumed that the observations are independently distributed under the background

condition of noise alone. The independence of the observations under noise alone permits
computation of the probability density function for a section of observation from a similar
probability function for shorter sections multiplied by the probability density function for

the most recent section. Thus
HX N =»I(Xk_,11N) f(x, 1) (3.2)

Since the observations are assumed independent under the condition SN, the probability
density function of the observation under the condition signal plus noise can be similarly

separated so that
f(XKISN) = f(Xk-l 1SN) f(xleN) (3.3)

Substituting Eqs. 3.2 and 3. 3 into 3. 1, the likelihood ratio can be written as

#(x, L IsN) | | e 1sN)
2(x ) o —&1 "k (3. 4)

x| | 9

Applying Eq. 3.1, which is the definition of likelihood ratio, Eq. 3.4 can be written as
26 = 00X, 1) £05) (3.5)

For independent observations under SN with independent noise, the likelihood ratio of the

1
total observation, Xk’ is the product of the likelihood ratios of the independent parts.

1For example, this is the assumption in Helstrom, Statistical Theory of Signal Detection,
Chapter III, Section 4, "Sequential Testing of Hypotheses. "
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Input Detection Output

sl Compute £(x. ) P Product —p
X k Q(Xk)

I

Memory
M y)

Delay

Fig. 3.2. Optimum sequential receiver, independent observations,

A simple block diagram of a receiver which realizes Eq. 3.5 is shown in Fig. 3.2.
After the first unit of observation, a likelihood ratio I(Xl) is computed. This is stored.
Then the likelihood ratio f(xz), of the next unit of observation is computed and multiplied by
Q(Xl) to form !Z(Xz) which is stored. This procedure is iterated. This is a sequential form

of an optimum receiver.

3.2.2 Sequential Realization of the Likelihood Ratio - Dependent Observations

Conditional to SN. 1In this section it is shown how the likelihood ratio of the observation over

an interval (0, le) can be realized, in a fashion equivalent to the above, for cases where
the observations, X;, are dependent under the h&pothesis SN. This is the situation in a com-
posite hypothesis problem. The derivation begins with the likelihood ratio, I(Xk), of the
entire observation, Xk’ which is known to be optimum under many criteria, and transforms
E(Xk) into an equivalent sequential form.
Once more, we start from the likelihood ratio of the observation Xk’ given by
f(Xk |8N)

E(Xk) = —————— (3.1)
f(kaN)

As before, the observations, X;, are assumed independent when noise alone is present, so

Eq. 3.2 applies. In composite signal hypothesis problems, however, Eq. 3.3 does not hold
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and f(XkISN) is written, instead, by definition of conditional probabilities, as

H(X, ISN) = £(X, | I1SN) f(x, | SN) (3.6)

Xk-l’

Thus, I(Xk) can be written as

f(X, 1SN || f(x, IX,_ ., 8N)
2°x) = f(xl;:im) fz{xj;)l (3.7
or
(%) = X M 1% ) (3.8
where we have defined | i |

Note that Eq. 3. 8 is similar to Eq. 3.5 except that the function E(kuXk_ 1) is dependent on
the entire past observations in addition to the unit observation, X -
Let us now determine ﬂ(kuXk_ 1). To do this, let us consider in more detail the

numerator, f(xlek_l, SN), of Eq. 3.9. Solving Eq. 3.8 for f(xkixk_l, 8N) one obtains

f(XkISN)
f(xk‘ixk_l,SN) = — (3.10)
S xyIsn
The numerator of Eq. 3. 10, by definition of a composite signal hypothesis, is
f(X, |SN) = fs f(X, Is,5N) p _(sISN)ds (3.11)

where f(Xkls, 8N) is the probability density function of the observation Xk under the condition
SN and where a specific signal, s, is being transmitted. At the start of the observation,
specified as time to’ the observer is uncertain as to the specific signal to be sent. This
uncertainty is expressed by the probability density function, po(sISN). If the signal is simply

added to the noise, then the observations, conditional to a specific signal, 8, are independent.



19

Thus
f(Xkls, SN) = f(Xk_Ils, SN) f(xkls,SN) (3.12)
Substituting Eq. 3. 12 into 3. 11 results in
f(X, ISN) = é f(X, _,!s,8N) f(x, |s, SN) p_(sISN) ds (3.13)

Equation 3. 10 therefore becomes

f(X,_Is,SN) p_(sISN)
1%, 1,8 = [ He-1 i

f(xkls, SN) ds (3.14)
s f(x,_, 18N

where f(Xk_1 [8N) has been incorporated in the integrand since it is independent of the variable
of integration. It is natural to define a new probability function for the signal ensemble based
upon all the observations up to time (k- 1)71. This is done by singling out the bracketed term

of Eq. 3. 14 and defining it as

X, _!s,8N) p (sISN)
Py.1(sISN) = (3.15)
€(X,_,ISN)
Substituting Eq. 3. 15 into 3. 14, one can write f(xklxk_l, SN) as
fx, X, _;,SN) = fs f(x, |s,8N) p, _;(sISN) ds (3. 16)

which is in direct parallel to Eq. 3. 11, except that the weighting probability is not the
original defining density at to but is an up-to-date probability function based upon the obser-
vations over all the time up to the last unit of observation. The probabilities, pk(s ISN),

can also be obtained from pk_l(s ISN) rather than po(slSN). We can rewrite Eq. 3. 15 with

the subscript indexed ahead by one,

f(Xkls, SN) po(s [SN) 5. 17)

pk(s 1SN) =
f(Xk | SN}
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Solving Eq. 3. 15 for po(slSN) and substituting this into Eq. 3. 17 results in

(X, Is, SN) £(X,_1SN)

pk(s [SN) = s|8N) (3.18)

P — ———— | P4
f(X,_;!s,5N) (X, SN)

The ratio in the first bracket is conditional to the signal s and so Eq. 3. 12 holds. Similarly
the reciprocal of the ratio in the second bracket is f(xlek_l, SN) by Eq. 3.6. Therefore
Eq. 3.18 becomes

f(xkls, SN)

fpk(s ISN) =

f(xk{er_l,r

py_4(818N) (3.19)

SN)

We have still to get the form of Eq. 3. 8 for likelihood ratio. Using Eq. 3.9 for the

definition of B(Xk 'le_l) along with Eq. 3. 16 one gets

f(xki s, SN) : (
21(x, 11X, )= | p, ,(s!8SN)ds 3.20)
k k-1 -/; f(x, IN) k-1

where f(xklN) has been brought inside the integral since it is independent of the variable of
integration. Define a likelihood ratio of the unit observation, Kpes conditional to a specific
signal as

f(xk!s, SN)

ﬁ(xkls) = W 3 (3.21)
*x

then the conditional likelihood ratio, B(xklxk_ 1) can be written as

0(x, 1%, )= fs #(x, s) p,_,(sISN) ds (3.22)

Similarly, if numerator and denominator of Eq. 3. 19 are divided by f(xk]N) and Egs. 3.9 and

3.21 are used, the updating equation can be written as

ﬁ(xkls)
pk(slSN) =} ———— pk_l(slSN) (3.23)

ﬂ(xlek_ 1)
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Equations 3.8, 3.22, and 3. 23 form the basis of design of the sequential receiver. Table 3.1
summarizes the basic sequential receiver design equation for both dependent and independent

observations under SN.
TABLE 3.1
BASIC RECEIVER DESIGN EQUATIONS

SEQUENTIAL REALIZATION OF THE LIKELIHOOD RATIO

Independent Observations Conditional to SN

Detection Output

0x) = 60X, e(x) (3.5

Dependent Observations Conditional to SN

Detection Output
2H(X) = ux, ) !Z(xkixk_ N (3.8)
Sequential Average Likelihood Ratio

ox, X, 1) = fsll(xkls) Py (sISN) ds (3.22)

Classification Output

5
pslsN) = —=—  p,_(sISN) (3. 23)

By comparing Egs. 3.22 and 3. 23 we observe the primary earmark of adaptive
operation: the feedback of results to modify the processing of subsequent observations.
Thus, from po(s ISN) and X, one can calculate pl(s [SN). This is used to determine the
weighting on X, (Eq. 3.22) which in turn is used to compute pz(s SN) and so forth., The

quantities calculated are shown in Fig. 3. 3.
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“"‘k-ﬂ 2(x,)
i i } 1
L] x L x 3 1
k-1 k Xkl
time
R o
Fig. 3.3. Sequential realization representation,

It is likely that one could arrive at Eqs. 3.22 and 3. 23 by proper application of
Bayesian logic. The author has overtly chosen not to do thié 80 that it is obvious thét the
aforementioned equations for conditional likelihood tatib and for updating knowledge are a
result of simplé'mechanical manipulation of the formula for ylikélihgod ratio of a complete
observation, Xk' 7

A block diagram indicating the operation of this adaptive receiver is shown in Fig. 3. 4.
The likelihood ratio of the incoming observation is computed for each pcssible signal that
could occur. These individual likelihood ratios are then weighted by up-to-date probabilities,
pk_l(s I8N), as to which signal is being transmitted, and these products are added over all
seS to obtain the conditional likelihood ratio ﬂ(xkixk_ 1). The information regarding which
signal is present, as expressed by Py 1(s), is then updated using the quantities !Z(xk!s) and
!Z(xk!Xk_l) which contain new information from the kth observation as to which signal is being
transmitted. This forms the up—f:o-date probabilities, pk(slSN), which ;wirll be used for

weighting the individual likelihood ratios of the (k+)st observation. In addition, p, (s18N)

X
can be displayed to provide classification information. The purpose of this section has been
to show how to design optimum detection equipment which has a property normally associated
with adaptive equipment: namely, the property of utilizing observations to increase know-
ledge and using this knowledge in interpreting subsequent observations.

We have seen how the equation for updating knowledge as to which signal was being
transmitted (Eq. 3.23) gave a "learning' feature to the receiver design. This feature was

absent in the realizations discussed in Section 3. 2. 1 since it was assumed that either (1)

the signal was known exactly, in which case only the central question of its existence remains,
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or (2) the signal samples in successive observation units were independent, in which case
what is learned in one unit is irrelevant to observations in any other unit.

3.3 Classification of Signals in Noise

Frequently, more than just presence or absence of signal information is wanted from
the receiver. In classical detection problems, information as to which signal was being
transmitted was often suppressed. This resulted from the fact that the receiver was designed
to answer the question of presence or absence of signal regardless of the particular signal
transmitted. The realization of Fig. 3.4 displays the classification information which has
always been inherent in the formation of the receiver detection output.

po(s I8N) is the probability density fﬁnction‘ti’)at represents our opinion, prior to
any observation, as to which signal will bé ,presrent.‘ This is thé classification output at time
to‘ As has been shown in iﬁe 'pteviqué ‘séétion,' updated versions of this density funéi:ion,
pk(s I8N), are obtained sequentially in time by the réeeiver and used to form the detection

output, i.e., the likelihood ratio. Thus, the detection and classification outpruts are obtained

simultaneously and are intimately related.



CHAPTER 1V

INDIRECT DESCRIPTION OF SIGNAL ENSEMBLE

In Chapter II it was shown that an optimum, full-memory, adaptive receiver design
could be put within the framework of classical fixed-time theory, The basic form for an
optimum, full-memory, adaptive receiver was obtained there for the case where the signal
ensemble is described directly. If the design equations {Egs, 3. 8, 3.22 and 3. 23) are applied
directly to the case of recurrent waveforms, the resulting realizations stillr require a contin-
ually growing memory for storing updated probabilities, as we shall see in Ché.,pter V.

in the next two chapters, it will be shown that optimum "adequate~-memory’’ adaptive
receiver designs will be obtained for detecting the recurrence phenomenon, An optimum
"'adequate-memory'’ receiver is one that has sufficient memory. In developing a theory for
the design of an "adequate-memory" receiver, an indirect description of the signal ensemble

proves useful,

4.1 Component Ensemble and Time Structure

The input voltages to the receiver, which are functions of time, are assumed to be
defined for all times t in the observation interval, 0 £ t= T. They are assumed to be
limited to a band of frequencies of width W. By the sampling theorem, each receiver input
can be thought of as a point in a 2WT dimensional space, the coordinates of the point being
the value of the function at the sample points t = 2—‘%? , for 1 = js 2WT. The notation
Xk denotes a receiver input, (xl, Koy oeo ,xk), where k = 2WT and xj denotes the jth sample
value, or coordinate,

To state the problem of detecting presence or absence of the recurrence phenomenon
within the terminology of signal detection theory, it is necessary to clarify what is meant
here by the word "signal. " This word is often used loosely and sometimes means the noise-

free emission from a transmitter, whereas at other times it refers to the noise-contaminated

25
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waveform at the receiver input. In this study a signal is the voltage waveform at the receiver
input when noise is not present.

In Fig. 1.1 four "typical" segments of signals of the type of interest here were
shown. A possible signal is shown in Fig. 4. 1. There are intervals of no energy interrupted
by occasional occurrences of the same waveform. This short waveform is called a signal
component or simply a "'component. " A signal consists of a recurrence of the same

component and the blank spaces in between.

Component
Occurrences

Fig. 4.1. A signal composed of components.

The notation s denotes the signal, (s 1789109 Sk)’ as it would appear at the receiver

input in the absence of noise where sj denotes the jth sample value, or coordinate, Ci

denotes a particular component, ,(ci 1S 9 c ), where c, , denotes the jth sample of
¥ L]

L]

the ith component. Any value, including zero, can be assigned to these samples. By the

i, n,

sampling theorem, a component can be thought of as a point in a ZW'I‘1 dimensional space,
where T1 is the duration of the component. Since the duration, Tl’ of a component can be
different for each component, the number of component samples or coordinates in a component
is denoted by n, where n, is equal to 2WT1 for the ith component. For example, if the
component in Fig. 4.1 is labeled Cl, then n, = 7 and it is written as C1 =(-1,1,1,-1,-1,1,-1)

and the signal in the interval (0, t 45) is written as
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s =(0,0,-1,1,1,~-1,-1,1,-1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,-1,1, 1,

-1,-1,1,-1,0,0,0,-1,1,1,-1,-1, 1, -1,0, 0, 0, 0) (4. 1)

In order to define the detection problem it is necessary to specify the initial signal
uncertainty., This is most conveniently done by describing the signal indirectly in terms of
components and their timing, thus distinguishing two types of uncertainty: uncertainty as to
component character and recurrence-time uncertainty, Consider the block diagram shown
in Fig. 4.2. One component out of a finite class of b components is chosen by the component
generator to be characteristic of a transmission at its outset. Transmission of the character-
istic component occurs only upon command by the trigger generator which introduces the
recurrence-time uncertainty. Triggers may occur only at discrete times and may not occur
within a component. Three basic distributions of recurrence-time intervals are considered;
the Sporadic~Poisson, the Synchronous Poisson, and the Periodic, 8ignals of the three types
are illustrated in Fig. 4. 3 and defined below. The component is not restricted to a binary
waveform but is shown as such for illustrative purpeses. In particular, a component can

have zero sample values, thus permitting signals composed of periodic pulses to be described.

Trigger Component Signal

Generator Generator

Fig. 4.2. Block diagram of signal generator.

The simplest temporal distribution of components within a signal occurs for a
Periodic Time Structure. In this case a component is transmitted periodically with period
Tl’ where T1 is the duration of a component. Such a signal is shown in Fig. 4.3 ¢. With
the Sporadic-Poisson Time Structure, there is a probability of initiation of a component at
each of the times tk = k'rl that is zero within a component and invariant at other times, This

type of signal is shown in Fig. 4.3 a. For the Synchronous-Poisson Time Structure, there
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a. Sporadic-Poisson Process

time

b. Synchronous-Poisson Process

c. Periodic Process

Fig. 4. 3. "Typical" signals.

is a probability that a trigger will occur at times T1 seconds apart. In the next three sections

the three types ot time processes will be mathematically defined.

4;72 Sporadic-Poisson Time Structure

The signal ensemble for this time structure can be indirectly described in terms of
the components and time structure. The kth sample of the signal, 8, can be defined in

terms of the (k-1)st sample, s and a set of transition probabilities, In other words, the

k-1’
signal can be defined by a one-step Markov process. In the sporadic case, a sample of the
signal can be in any of the states c.l’ 1 ci, gre e ci’ n, fori=1, 2,...,b, where ci,j corres-
ponds to the jth position of the ith component. There are b components in the component

ensemble and the ith component has n, sample values. One other state is possible and that

is where the ith component has been selected but is off. This is designated by ¢ o
’
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Only certain transitions from one state to another are possible, For example, if
the component has seven samples and Sk—l = ci’ 3 then Sy = ci, 4 with probability one, This
is a result of the fact that once a component starts it must be completed and also no new
component may start until a component is completed. The various possible transitions are

visualized with the aid of Fig. 4.4. This figure shows the possible states of the (k-1)st and

i,0
c, Ci, 1
c, ci, 9
c
c, C.
i,n

Fig. 4. 4. Sporadic~Poisson process for the ith component,

kth signal samples. The arrows indicate the possible transitions. Also included on the
diagram are the probabilities of the various transitions. More specifically, the properties of

the Sporadic-Poisson process are defined as:

- _ N
% = %, 00 5k-1" %, 0
g(s, 'Sk-—l’ SN) = 1-11i fo > (4. 2)
"k~ %0 P17 n, J
_ B N
ST 1 Ske17 %0
g(sk[sk_l, SN) = v, for (4. 3)
SkT%, 1 Sk-17 6, n,
g(sk]sk-l’SN) =1 for s, = Ci,j’ 811 = ci,j-l

(4. 4)

for j=2,3,...,n
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g(sklsk_l, SN) =0 otherwise (4. 5)

The interpretation of Eq. 4. 2 is that if the ith component is either off, ci’ o’ ©°F at its last
component position, ci, ni, at time tk-l’ then it is off at time tk with probability l-vi.
Similarly, from Eq. 4.3, if the ith component is either off or at its last component position
at time tk-l’ then the ith component starts again at time tk with probability Vi Equation 4. 4
says that if the (j-1)st position of the ith component is present at time tk-l’ then the jth

sample of the ith component is present with probability one at time tk’ Equation 4. § says

that no transitions other than the ones expressed by Eqs. 4. 2 through 4, 4 are possible.

4.3 Synchronous-Poisson Time Structure

The Synchronous-Poisson Time Structure i5 intermediate in recurrence time
uncertainty between the periodic and sporadic processes., The component selected at the
start of transmission is one of a fipite number of b possible components. Due to the
synchronous nature of the time structure, there is no detailed positional uncertainty of
components as was true in the sporadic case, If a component is triggered, the time
position of component samples is known exactly. This enables the component sample values
to be combined into one state. Ci, 0= (ci, o ci, 0 ci, 0) is the state that results if the ith
component is selected but the component is off, C, , =(c, ,, ¢, ,,...,C ) is the state

i, 1 i,1” "i,2 i, n,

that results if the ith component is selected but the component is on. The signal vector can

be "blocked off' into ni-dimensional segments, each segment being designated by Sk' For

example, if the component in Fig. 4. 3 b is labeied Cl, then this signal is

8= (81,89,55,5485) = (C; :C; 1€ 0:C1,00C1 1) (4.6)

The possible states and transition probabilities are shown in Fig. 4.5. The properties of

the Synchronous-Poisson process are defined as:

g(Sk|SN) = 1-1/i for Sk = Ci,O (4.7)

g(SleN) = v for § = Ci 1 (4.8)
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k-1 k
Ci, 0
Ci, 1
Fig. 4.5. Synchronous-Poisson process for the ith component,

The above two equations express the fact that Y is the probability that a component will
Aappear'in the kth synchronous interval amd,l--yi is the probability that it will not appear in

- the kth interval independent of its presence or absence in any other synchronous interval,

4.4 Periodic Time Structure

The periodic process represents the least amount of time uncertainty of the three
types considered. One of a finite number, b, of components is selected and recurs period-
ically. This recurrence process is completely deterministic. The possible states of Sy and
the transition probabilities are shown in Fig. 4.6. The properties of the Periodic process

are:

g(sklsk_l,SN) =1 for B = It Bl ci,j-l;

)

(4.9)
3=2,3,...,ni
g(sklsk_l, SN} = 1 for 8, = S 1 By T ci, n, (4. 10)
g(sklsk_l, SN} =0 otherwise (4. 11)

Equation 4.9 expresses the fact that the jth component sample of the ith component occurs at
time tk if the (j-1)st component sample of the ith component is present at time tk-l' The
interpretation of Eq. 4. 10 is that the first component sample occurs at time tk if the last
component sample occurred at time tk-l' Equation 4. 11 states that no transitions other

than the ones defined by Egs. 4.9 and 4, 10 are possible.
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In the next chapter the design of optimum adaptive receivers will be presented for

each of these three time structures.

k-1 k

Fig. 4.86. Periodic process for ith component,



CHAPTER V

OPTIMUM ADAPTIVE RECEIVER DESIGN

In this chapter optimum adaptive receiver design is considered for a component that
recurs with Sporadic-Poisson, Synchronous-Poisson, and Periodic Time Structures. A

summary of the signal categories considered are shown in the chart of Fig. 5. 1.

One of b possible components that

recurs throughout a transmission

Sporadic Time Structure Synchronous Time Structure

1. Uncertain time of occurrence 1. Uncertain time of occurrence
2. Uncertain component length (synchronous times)
3. No component overlap 2. Known component length

(Eqs. 4.2 - 4.5) (Egqs. 4.7, 4.8)

Periodic Time Structure

Uncertain repetition frequency,
fixed throughout transmission

(Eqs. 4.9 - 4.11)

Fig. 5. 1. Summary chart: signal categories.
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It is necessary to consider the adaptive realization for the Sporadic-Poisson and
Synchronous-Poisson Time Structures because of practical memory requirements, This is
a facet of optimum receiver design that did not exist in the periodic case, In the Periodic
Time Structure, for components of duration Tl’ there are the same number of signals in the
signal ensemble as components in the component ensemble after observing for a time le.
For the Synchronous-Poisson Time Structure, however, there are ok times as many signals
in the signal ensemble as there are components in the component ensemble after a time le.
In this latter case, the receiver designer is faced with an exponentially growing signal ensemble,

If the receiver design is a nonsequential one, Eq. 2.3 is realized directly, This is the reali-

zation represented in Fig, 3.1 and it requires an exponentially growing memory for

po(s¥SN). Thg nonsequential realization is therefore usually too complgx to be practical,

The Questibﬂ arises as to whether an adaptive realization might provide a practical
optimum receiver design. The optimqm adapﬁve reglization was discussed in Chaptér 1L
The basic equations for the adaptive realiéations are summarized in Table 3. 1 and presented
in the block diagram of Fig. 3.3. The form of the adaptive design equations in Table 3.1 is
unsatisfactory since an updated probability, pk(siSN‘), of éach of the entire signal vectors, s,
up to time tk must still be stored, and this requires an exponentially growing memory.

In this chapter design equations are obtained of optimum receiver realizations which
have a memory that remains fixed in size. The order of presentation of the receivers is from
the one for the least certain time structure, the Sporadic-Poisson, to the most certain, the
Periodic, Four realizations are presented for each of the three time structures. These
realizations of the optimum receiver show how the detection output can be formed in many
different ways. The derivation of Realization I is presented in this chapter in detail for
each of the three time structures, as are the results of Realization IV. The remaining
realizations are presented in Appendices A through C, Following the presentation of the

receiver realizations for each time structure, the operation and use of the memory are

discussed.

5.1 Optimum Adaptive Receiver Design, Sporadic-Poisson Time Structure

In this section an adaptive realization of the optimum receiver is presented for
detecting signals with a Sporadic-Poisson Time Structure. One of b components is selected

for transmission and the same component recurs throughout a total observation, Xk' The
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components need not have the same duration nor recur with the same duty factor. Due to the
Sporadic-Poisson Time Structure, there is local positional uncertainty of a component
occurrence. The probability of triggering a component at any of the times le conditional
to selection of the ith component is Vi unless a component is in progress. The state diagram
for the ith component has been shown in Fig. 4. 4.
To review, the following basic steps are followed in the derivation of the optimum

adaptive receiver realization:

1. Form the likelihood ratio, ﬂ(Xk), of the total observation, Xk
(Eq. 2.3).

2. Obtain equivalent sequential realization of the likelihood ratio,
I(Xk), in which the receiver updates information after each unit observation, X, (Egs. 3.8,
3.22 and 3. 23).

3. Describe signal ensemble in terms of components and a time
structure {Chapter IV).

In this section the properties of the Sporadic~Poisson Time Structure signal are

used along with Egs. 3.8, 3.22 and 3. 23 10 obtain the adaptive receivers.

5.1.1 Sporadic-Poisson Time Structure, Realization I.  The derivation of this

sequential realization begins with the specification of the likelihood ratio of the observation

over the interval, (0, tk), which is known to be optimum. This likelihood ratio is

2%y = alfl #X, Is)p (sISN)ds (5. 1)

s€eS

In Chapter III, it was shown that this likelihood ratio could also be realized in a

sequential fashion. The result was

0K = 00X, _ox X)) (3. 8)



36

where

= 3.22
ﬁ(xlek_l) afu I(xkls)pk_l(slSN)ds ( )
s€S

and the information regarding which signal is present is updated by

(x, Is)p, .(sI8N)
p,(sI8N) = T " Pk-1 (3.23)
P(kuXk_ 1)

For a finite number of possible signals, the average sequential likelihood ratio as given by

Eq. 3.22 can be written as

9=, 1%, ) = sgsp (x, 18)p, _,(815N) {5.2)

where the integration has been replaced by summation. If the likelihood ratio of the kth
sample of the observation depends only on the kth sample of the signal, then P(xk i8) = f(xki sk).
This is a condition which holds for signals in added noise. In this event, the average sequential

likelihood ratio of Eq. 5.2 can be written as

2x, X, ) = Sgs 0(x, s )p,_4(s18N) (5. 3)

This is still a summation over all the possible signal vectors that could occur during the
observation Xk One can rewrite pk__l(sl SN) so as to include the generator process. The

vector s in sampled form is
pk_l(s!SN) = pk-l(sl’ gy v ,sleN) (5. 4)

By cefinition of a joint probability, pk_l(slSN) becomes

pk_l(sfSN) = pk—l(sl’ 8o ,sk_llSN) pk-l(sklsl’SZ’ R T SN) (5. 5)

Now, pk_l(sk| 81189+ 8 1, SN) is the probability, before taking the kth observation, of
the kth sample of the transmitted signal under the condition that signal and noise are present

and one has exact knowledge of the k-1 samples of the transmitted signal., This probability
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is not a function of the observation but only of the previous samples of the signal, However,

the state of the kth sample of the signal depends only on the state of Sk-1° In other words,

pk_l(sklsl, Sgree- ’Sk-l’SN) = g(sklsk_l, SN) (5. 6)

since the state of Sy is independent of the states of Spr8gren, k-9 Therefore Eq. 5.3 can

be written as

0(x, 1%, ) =S§S Hxyls) oy y(sy.8y,-.. 8 (ISN) glsy Is, 1,8N)  (5.7)

Now, the summation is over all the vectors, s, in the total space 8 of signals that could

possibly occur. Expanding this summation to sum over one dimension at a time of the signal

vector for eééh of the k possibleks,amples gi\}es

ci, n, cl, n, i, n,
b i ! i
HESD S EDID) YooY Uy I8 Jelsy Isy 1. SNIp_ (8,85, ..,5, _;18N)
i=1 s,=c §,=C s, =C,
1 7,072 7i,0 "k 1,0

(5. 8)

Since the sums are finite, the order of summation may be interchanged in any desired

fashion. Thus, Eq. 5.8 can be written as
c, c, . . .
1,ni i,n, i, n, i, n, i, n,

TR I A R

=11 $17% 0 Sk-17%,0 517, 0 52754, 0 5k-27%4, 0

ﬂ(xklsk)g(sklsk_l, SN)pk-l(sl’ Sgre- ,sk_llSN) {5.9)

Now Q(xklsk) depends only on the summation over S and g(sklsk_l, SN) depends only on the

summation over 5y and Sk-1 Factoring these terms out gives

C, C, C. C, C,
b Ln i, n, i,n i,n,; 1,ni
a(xklxk_l)=i;1 . ;c £(x, Is,) . Z—c g(sklsk_l)s zc s% Z_ Be1(5p - -8 ¢SN)
L8 0 k-17%, 0 17,0 %27%, 0 %k-27%, 0
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The term in brackets is a joint probability of k-2 variables summed over the first k-2

variables. This, by definition of marginal probabilities, can be written as

< ¢ C.
n; i,n,

n
Z Z—C Pyo1(81: 89028, _118N) = p_ (s, ;ISN) (5. 11)
€,0%27%,0 Sk-2 i,0

um.

This permits us to write Eq. 5.10 as

b Lny “iny
- 5
fx X)) ’.Z Lo Mxylsy) L els s, 1 SNp,_4(s, ;1SN (5. 12)
i=l1 s =c, 5, .=C,
k "i,0 k-1"71,0

Many of the g(sk k- l,SN) terms of Eq. 5.12 may be zero, depending opon the generator
process. From Chapter IV the properties of the generator process for the Sporadic-

Poisson process are:

k™% 0 Sk-17%,0
g(sk k- 1,SN) = 1-1/i for< (4. 2)
Bk~ %,00 fk-17%;n
f - —
[®x™%, 10 Sk-17%,0
g(sklsk_l,SN) = v, f0r< (4. 3)
Gk ™%, 1,  Sk-17G, n,
g(sk K- 1,SN) =1 for sk'ci,] 8,17 i, -1
(4. 4)
i=2,3,. ny
gls, s, 1, SN) =0 otherwise (4. 5)

Substituting these generator properties into Eq. 5. 12 gives
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o

Fo0 0K = 2 Q0= o (8 y=¢ oSN+ py (s j=c; n | SV £ Is=e; o)

i=1

+ Vif(xk!sk=ci’ 1) pk—l(sk-lzci, 0ISN) + pk—l(sk-lzci, niISN)

n

Bl

+ 4 ﬂ(xkl Sk:ci, j)pk—l(sk-lzci, i-1 | SN) (5. 13)

Now, o has the value zero and for a known signal in added white Gaussian noise,

2
k

1 8
— S - [ —
g is)=e N kT2 (5. 14)

where N is the noise power in the bandwidth W. Therefore

;(?(xklsk = ci’ 0) = 17(xklsk =0)=1 (5. 15)

For convenience, let us use the notation

b ) = pls, = ¢, 1SN (5. 16)

The interpretation of the probability, bi, j(k) is that it is the probability that the signal sample
at time tk is the jth sample of the ith component under the condition that signal and noise are
present and that the previous k observations have been seen. Using the bi, J.(k) notation

along with the definition of l(xkl 8, = Ci, 0) for signals in added white Gaussian noise as given

by Eq. 5.15, one obtains

b
? (xk ka~1) = Z (l-ui)[bi’ 0(k- 1)+ bi, ni(k— lﬂ+ uif(xklsk = ci’ 1) [bi, O(k-l) + bi, ni(l(~1)]

n

i
+j}:2 ox, I, = ¢ § by 4_fk-1) (5. 17)
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Factoring out b.1 O(k— 1)+ bi n (k-1) permits Eq. 5. 17 to be written as
y 3 i

. .
¢ (kuXk_l) = 2:11{&’ 0(k-l) + bi, ni(k—lﬂ El—vi) + viﬂ(xklsk = Ci, 1{'

(k-1) (5. 18)

n,
1
' JZ=2 folog = 9 By jg

which is the expression for the average sequential likelihood ratio for the Sporadic-Poisson
generator process.
In this realization the probabilities b, j(k) must be updated as each unit observation,
R k3

Xy is taken. In Chapter III the general equation for updating information was shown to be

) Py 1(s {SN)4 (xkfl s)

py (s I8N) = (3. 23)
g 1% )

We now need to put this in the form of the bi, j(k) probabilities as in Eq. 5. 18.

Note that the denominator, £ (xlek_ ]), is a normalizing factor given by Eq. 5. 18.
Also, as before, let Q(xkls) = B(xklsk). As remarked earlier, this assumption holds for
problems of signals in added noise. Expanding the signal vector, s, in terms of its samples

permits Eq. 3. 23 to be written as

pk—l(sl’ Sgre e skISN)!Z(xklsk)

L 1%y

(5. 19)

pk(sl, Sgsn s skISN) =

Let us now sum both sides of Eq. 5.19 over the first k-1 samples of the ith component,

i
% V) pk(sl,sz,...,skISN)z

c
i, n, i,n, i,n,
i i i pk-l(sl’ Sope- ,sleN)ﬂ(xklsk) (5. 20)

=c, ﬂ(xlek_l)
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The sequential average likelihood ratio, ¢ (kuXk__ 1), is independent of the summation over
the k-1 sample values of the signal so that the denominator may be removed from the sum-
mations. £ (xkl sk) is also independent of the summations and can be factored out. This means

that Eq. 5. 20 can be written

c c, c
i,n, i,n i,n,
i

A} ‘—‘ _
Szzc S;Zc S L;c pk(sl,sz,...,sleN)—
7%, 0 %27%,0 %k-17%,0

4 ¢ c,
p(xklsk) Ly by by Iy

)

p, (s4,8,,...,8 {SN) (5. 21)
, L L k-1(51 52 K
21Xy ) 817 o 897¢ ¢ Sk

c,
i,0

it

The left hand side of Eq. 5.21 is by definition of marginal probabilities

C. [V C.
i,n, i, n, i, n,
1 1 1
Z_ Ec o EC P(s1 59,08, 1SN) = py (5, 1SN) (5. 22)
517%,0 %27%, 0 Sk-17%,0

Therefore Eq. 5.21 becomes

c c c,
i, n,

i, n, i, ni i
jz(xklsk) Z_ Z Z_ pk_l(sl,sz,...,skiSN)
S17% 0 5%27%,0 %k-1"%,0
p, (s, ISN) = : : : (5. 23)
{CSHD Y

As before, by definition of a joint probability, we can write

pk~1(s1, Sgpeee ,sleN) = pk-l(sl’s2’ - ,sk_IISN)pk_l(sklsl, Sgrec Sy 1 SN)
(5. 24)

Now considering generator processes, which can be expressed as a function g(skl 81’ SN),

we can write Eq. 5. 24 as

pk-l(sl’ Sge e ,sleN) = pk—l(sl’ Sore e ,sk_IISN)g(sklsk_l,SN) (5. 25)

Inserting this expression into Eq. 5. 23 results in



42

C. C. C.
i, n, i, n, i, n,
1
E(xklsk)sz_c sgc - Z_C Pr-1(51Sq, - -5, _11SN)g(s, I8, 4, SN)
1774,0 °27%,0 "k-1774,0

Pl 150 - 2(x, 1%, )
k k-1

(5. 26)

Since this equation involves finite summations, the order of summation can be interchanged.

Summing with respect to 81-1 first and factoring out g(skl 81’ SN) from the summation

over the first k-2 samples of the signal, since it is independent of that summation, results

in
ci,ni —ci,ni Si,n, ci,ni
17(xklsk)s Z:c g(skisk_l,SN’)sgc Sgc - chpk_l(sl,sz,..,,sk_llSN)
p, (s, 18N) = k-1 71,0 174,072 71,0 k-2 74,0
Kk o(x 1X )
k' k-1

(5. 27)

Once more by definition of marginal probabilities, the summation in the numerator over the

first k-2 samples can be written as pk—l(sk—l [SN). Therefore Eq. 5.27 can be written as

ci, ni
ﬁ(xkl sk) Z g(skI Si_1° SN)pk_ 1(Sk-1 [SN)
Fk-1"%, 0
2 (5. 28)

pk(sleN) =
£ (x 1X )
k k-1

Insertion of the generator process, g(skl sk_l,SN), for the Sporadic-Poisson process results

in a reduction of terms under the summation since only certain transitions are permitted.

These properties were previously defined by Eqs. 4. 2 through 4. 5. Equation 5. 28 then takes

on three basic forms:

(1-v;) [pk-l(sk-fci, 0!8N) +py (8 y=¢; ni'SNﬂ

1z 1% o) (5. 29)

pk(skzci, OISN) =
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Vil}k—l(sk-lzci, 0!SN) + g8y q=¢; nilsﬂ”xk' Sk=¢q. 1)

pk(sk:ci 1 I8N) =

’ 0(x, 1X )
M1 (5. 30)
(s, =c, . JISN)#(x Is =c. .)
pi(smc; 515N = Pr-1%%"%, j-1 k kUi j (5.31)
' £x X _q)

forj=2,3,...,ni

If we use the bi j(k) notation as defined by Eq. 5.16, Egs. 5.29, 5.30 and 5. 31 become
b

[bi, O(k-l) + bi, ni(1{;-18

(1- y)
bi,O(k) =

(5. 32)
o 1%y
ViE)i, 0(k—l) + bi, n.(k_lﬂ ﬁ(xk[sk=ci’ 1)
b, (k) = 1 (5.33)
’ 100 1%y )
b, . (k-1)0(x, Is, =c, )
b, (k) = —Llo k Kk ij (5. 34)
& 11X, )

for j = 2,3,...,ni

5.1.2 Operation of the Adaptive Receiver. The basic equations of Realization I for

the Sporadic~Poisson Time Structure are summarized in Table 5. 1, These equations can be
interpreted by considering a simplified, illustrative example. Suppose there are two possible
components, C1 and C2, each with three possible sample values; i.e., b= 2 and ny=n, = 3.

Table 5. 2 summarizes the receiver design equations for the example.
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TABLE 5.1

BASIC RECEIVER DESIGN EQUATIONS, SPORADIC-POISSON TIME STRUCTURE
REALIZATION 1

Optimum Detection Output

00X = 0%, ) Hx, X, ) (3.8)

Sequential Average Likelihood Ratio

b
l(xklxk_ 1) =i§1 {E)i, 0(k- 1) + bi, ni(1«:—1} [l—vi + Viﬂ(xk|sk=ci’ lﬂ

n,
1
+

bi’j_l(k-l)ﬁ(xklsk =c, ) (5.18)

5 i, ]

—

Classification - Component Identification and Position

(l—vi) l:bi’ 0(k-l) + bi, ni(k—l;_l

b, oK) = (5. 32)
’ ﬂ(xlek_l)
“iE’i, olk-1) + by n.(k'l]f(xk’ 8¢ 1)
b, (k) = ! (5. 33)
’ 202 1%y )
b, . (k-1o(x s =c. )
R LIS (5. 34)
’ £y 1 X y)
for j = 2,3,...,ni
Classification - Component Identification
Y
p(CISN) = ) b (K (5. 35)

Sy b
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TABLE 5. 2
ILLUSTRATIVE EXAMPLE OF THE BASIC EQUATIONS

SPORADIC-POISSON TIME STRUCTURE
REALIZATION 1

Optimum Detection Qutput

0% = 2% _)oGe X, ) (3.8)

Sequential Average Likelihood Ratio

f(xk]Xk_l) =E1’ o(k-l) + bl, 3(kf1_z] (l-vl)f{i)l’o(k—l) + bl, 3(k—18 vlif(xk] sk=c1, 1)

+ bl, l(k—l)f(xkisk=c1’ 2) + bl, 2(k-l) P(xkiskzcl,;a)

+ E)Z, 0(k—l) + bz’ 3(k—1£] (l-uz) + EJZ, 0(k—l) + b2, 3(k-lﬂ Vzﬂ(xklsk=cz’ 1)

+ b2, l(k—l)f(xklsk=c2, 2) + b2, 2(k— l)ﬁ(xk!sk=c2’ 3) (5. 36)

Classification - Component Identification and Position

b, (k-1) +b (k~lﬂ(l-V )
b1 0(k) = [ 1,0 1,3 1 (5. 37)
’ Lo 1% y)
l:b (k-1) + b (k-lguf(x Is. =¢c, )
b1 1(k) . 1,0 1,3 1 7k Tk 11 (5. 38)
’ ﬁ(xlek_l)
b, (k-1)¢(x is =c, )
bl g(k) - 1,1 k' "k 71,2 (5. 39)
’ 2z 1X, )

b, (k-1)8(x, [s =c, .)
b a(k) = 1,2 k k1,3 (5. 40)

’ 101X, _y)
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[bzzo(k» 1) + bz’ 3(k— lil (1-V2)

b, (k) = (5. 41)
2,0
ﬁ(kuXk_l)
[:b (k-1) + b (k-lzl v i(x, ls =c, .)
b, () = 2,0 2,3 2 'Sk 1 (5. 42)
R Y
b, (k-1)0(x, Is =c, o)
by oK) = ~2:1 Tk k02,2 (5. 43)
’ g (xlek_l)
b, (k-1)2(x I8 =c, )
by 410 = 2,2 k' F"C 3 (5. 44)
’ X,y
Classification - Component Identification
p(ClisN) = by ol + by 49 + by () + by 4 (5. 45)
P(C7ISN) = by (0 4 by 4(K) + by H(I) + by 400 (5. 46)

Each term in the sum of Eq. 5.36 and each numerator of Eqs. 5. 37 through 5. 44 is
the product of three basic factors. One factor is a probability or combination of probabilities
of the bi, j(k- 1) type. These probabilities contain all past information relevant to the optimum
detection. The second factor is a probability associated with the generator process which is
i, j)' This
is the factor which extracts the proper new information from the unit observation, Xy In
addition, a normalizing factor, f(xklxk_ 1), appears in the denominator of Egs. 5. 37 through

Vs Vg l-vl, 1—v2, or 1. The third factor is a likelihood ratio term, l(xklsk =c

5.44. In Fig. 5.2, the sequential quantities that are calculated are represented on a time axis.

The bi j(k- 1) terms relate to the time just prior to the kth observation. The probability
associated with the generator process is combined with the bi J.(k) terms to obtain an

a priori probability about what will occur during the observation x These are combined

.
with a ﬂ(xkl Skzci, j) term to get f(Xk) and a new set of bi J.(k) terms,

)
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o(x, ) 0x,)
b, (k-1 b, (k
1,1( ) i, J( ) —\
L 1 1 L
] T 1 1
Xg-1 X ¥+ 1

Fig. 5.2,

Sequential quantities, Sporadic-Poisson receiver, Realization L

In Fig. 5.3 a state diagram is shown for our illustrative example. Using this figure

as a reminder of the various possible component positions let us interpret each term in the

sum of Eq. 5.36. The term b1 0(k- 1+ b1 3(k-1) is the probability after k-1 observations
- H 3 . . .

k-1 i k

Fig. 5. 3. Sporadic-Poisson process, illustrative example,
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that component C1 has been selected but is either off, ¢ g OF at its last component sample,

at time t This is multiplied by the probability, l-ul, that the component will not

C1, 3 k-1
start at time tk under the condition component C1 has been selected. This is then multiplied
by the likelihood ratio of the kth observation if the component C1 had been selected but is off
at time tk' This likelihood ratio has the value one
The interpretation of the second term in the sum of Eq. 5.36 is that
[bl, 0(k—l) + bl, 3(k— 1-)J y is the probability after k-1 observations that component C1 has been
selected and will start at time tk This probability is multiplied by the likelihood ratio of the
kth observation if the first sample of the component Cl, which is Cl, v is present at time tk
In the third term of Eq. 5. 36, bl, l(k- 1) is the probability after k-1 observations
that the first sample of component AC1, denoted by Cl, 1 was p;-esent at time tk-l Also
hidden is a factor of one which is the probability thai the secona sample '0f component Cl,
kcl’ g OCcurs at time tk if the first samble of componént Cl, cl, 1 occurred at time tk—l'
This is then multiplied by the likelihood ratio B(xkl sk=c1’ 2), of the observation, x,. This is
the likelihood ratio of 8y had the second sample, CI, 9 of component C1 occurred at time tk'
The interpretation of the fourth term of Eq. 5. 36 is analagous to that of the third
term. The fifth through eighth terms refer to component Cz, and their interpretation is
analagous to that of the first four terms. The reader will notice that terms of Eq. 5. 36
appear individually in the numerators of Egs. 5. 37 through 5. 44. The denominator, P(kuXk_ 1),
is a normalizing factor. All eight probabilities bi, j(k) could be displayed as a classification
output, but it is more likely that the only information wanted is which of the two components
is presented. The component identification output, which can be displayed is given by
Egs. 5. 45 and 5. 46 in Table 5. 2.
In Fig. 5.4 a block diagram of Realization 1 is shown for the general case. This
receiver operates sequentially in time, extracting and updating information after each
sample of the observation, Xy Two outputs are provided sequentially in time. One is the
logarithm of the likelihood ratio from time zero to time tk’ which is fnJ (Xk), the detection
output. This output is used to decide presence or absence of a recurrence phenomenon in the
interval (0, tk). The other output is the classification output, pk(CiISN). This output provides

information, in the form of updated probabilities, as to which component has been recurrent

from time zero to time tk
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The summer stores a number which represents the logarithm of the likelihood ratio
of the observation xk-l' When the next observation, xk, is made, the possible component
waveform samples, Ci, i stored in fixed memory are used to form the likelihood ratio of the
kth observation for each of the possible components and component positions. These individual
likelihood ratios are weighted by the updated probabilities of the various components and
component positions which are stored in the temporary memory and which are the result of

combining initial knowledge and information from the observation, X This weighting is

k-1’
performed in the box labeled Qn(kuXk_ 1). The output of this box is added to ﬂnﬂ(Xk_ 1),
which is already in the summer to form fnﬂ(Xk), the detection output over (0, tk). This output
is compared with a threshold to provide a yes-no decision.

Simultaneously, information frOm the obsei‘vétiop, X, s provided at the oufput of
the average likelihood ratio qu "11s'combined with classification information from the observa-
tions, Xk-l’ in the probability updater. The probability updater performs the operations
specified by Egs. 5.32 through 5. 34. The updated probabilities, bi, j(k), replace bi, J.(k—l)
in the temporary memory, and the receiver is ready to accept the k+1 observation. A
classification output could be taken directly from the temporary memory. It is more likely

that a display of the updated probabilities, pk(CilSN), Eq. 5.35 in Table 5. 1, is wanted and

this can be obtained by summing b, J.(k) over all j.

5.1.3 Other Receiver Realizations and the Use of Memory. In Section 5.1.1, a

realization of the optimum receiver for a sporadic-recurrent component is presented.
Although the receiver realization discussed here was obtained by formal manipulations of a
likelihood ratio equation, its néture is intuitively sgtisfying. It uses each observation, x, ,
to "learn' as much as possible which component is present. This information is stored in
the form of the bi, j(k) matrix in‘ the temporary memofy. This knowledge is kept current by
combining knowledge of the generator process, the information contained in all previous
observations, and information obtained in the kth observation. As time progresses, this
receiver "'adapts'' to the particular component waveshape that is recurrent, and it "adapts"

locally to position within a component.
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In this realization bi, j(k—l) must be kept up to date as each observation is taken.
These probabilities express up-to-date knowledge on which component is present as well as
component positional information. Although the receiver takes into account all the possible
time patterns of components, its memory need not store all of these patterns. Realization I

b
has a temporary memory which is continually updated and which has a finite size of Z n,

words. This finite memory is a primary practical feature of this realization. i

Realization I is not unique. In Appendix A, three other realizations of the optimum
receiver are presented. Realization II (see Appendix A. 1) is similar to Realization I except
for the fact that information about component identification and component position are
updated separately. Therefore, Realization II requires a finite-size temporary memory of

% n, words fbr component positional infofmation and b words for componént identifcation

i?;irmation. 7

Another receiver realization is Realization III (see Appendix A.2). This is a
receiver which has a channel for each of the b possible components. Each channel calculates
the likelihood ratio of the observation conditional to presence of the ith component and the
channel outputs are then weighted by the a priori probabilities, pO(CiI SN), of the selection
of each of the components, and then summed. This receiver looks ''less adaptive" since

. b
pO(CllSN) is not explicitly updated at each step in time. Z n, words of temporary memory

are needed to Store component identification information ani; 1positional information and b
words to store !Z(Xk !Ci) terms.

An important practical realization is Realization IV (8ee Appendix A. 3), Itisa
b-channel receiver that appears to require the least number of computations of the four
realization presented. The basic design equations are summarized in Table 5.3 and a
block diagram is shown in Fig. 5.5. By comparing Table 5. 3 with Table 5. 1 one can see
the simplification in computations of Realization IV. In this realization a quantity
Qi, J.(k) = ﬂ(Xk)bi’ j(k), instead of bi, j(k), is stored in tempora}x)ry memory for each possible
component and component position. A finite-size memory of Z n, words is needed to store
the Qi, ].(k) terms. The updating equations for the Qi, j(k) ter;; are, however, simpler than
those required for the bi, j(k) terms in Realization I. Moreover, in Realization IV, the

likelihood ratio is calculated by simple addition of the Qi j(k) terms and the classification

output is obtained almost as simply.
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TABLE 5.3

BASIC RECEIVER DESIGN EQUATIONS, SPORADIC-POISSON TIME STRUCTURE
REALIZATION IV

Optimum Detection Output

b 4
X)=) L 9

(k) (A. 38)
i=1 j=0 “J
Information Updating
Qi, i:(?) =Egi’ O(kti) + "Qi, ni{k-li vt (xkiskf 2 7 (A 38)

Qi, j(k) = Qi, j_l(k— 1) f(xklsk=ci’ j)

{A.37)

forj=2,3,...,ni

Classification - Component Identification and Position

Q, (W

_ i
b j(k) = T’(%;;Y (A. 45)

Classification - Component Identification

n,
1
N L9 W '
p(C1SN =} b () = = U (A. 46)
=0 “! ’(x,)

Figures 5.6 and 5.7 show a more detailed block diagram of Realization IV for signals
in added white Gaussian noise. Figure 5.6 shows one channel of the first portion of the
receiver which computes !Z(Xk) pk(CllSN). Each channels only "looks'" for the ith component,

taking into account all possible time patterns of that component. Figure 5.7 shows how each
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of these channel outputs are combined to form the detection and classification outputs. This
realization uses the logarithm of Eqs. A. 35 through A. 37. New information obtained in the
unit observation, Xies is combined with information obtained from previous observations in the
series of adders shown to the left of the LB delays where T is the smallest possible time
shift on a component. The unit observation, Xpr is first processed to determine how likely

it arose from the various possible positions of the ith component. This processing consists
of correlating Xy with each of the possible positions that a component could be in and adding
bias terms, I?nui - Ci, ].2/ 2. These outputs are then applied to a series of adders, each
separated by a T delay. The outputs of these adders are the logarithms of the Qi, J.(k) terms
which contain all the information about the likelihood of the jth position of the ith component
‘being present during the kth observation. These terms are summed over j giving the likelihood
that the ith component has been recurrent. As one can see from Eq. A: 37, the Qi, j(k) term
is obtained at time tk’ and it is calculated from a similar Quantity, Qi, j(k- 1), at time tk—l'
The T delays provide the memory delay for this computation. The "loop' on the far left in
Fig. 5.6 calculates Qi, O(k) + Qi, n.(k) along with its logarithm which is used to make the
computations specified by Egs. A.l35 and A, 36.

The output, Q(Xkl Ci)pk(CiISN), becomes one of the inputs to the remainder of the
receiver shown in Fig. 5.7. The detection output, fnﬂ(Xk), is obtained by summing the
terms, Q(Xkl Ci)pk(Ci| SN) of the b channels. The classification outputs are obtained by
taking logarithms of ﬂ(Xkl Ci) pk(CilSN) for each channel and subtracting the logarithm of the
detection output, 9n!Z(Xk).

Figure 5. 8 shows another version of one of the input channels, which could be used
in place of the realization shown in Fig. 5.6. It is quite similar except it implements
Egs. A. 35 through A. 37 directly, rather than the logarithm of these equations. As a result
some of the adders must be replaced by multipliers.

The important feature in common to all four realizations is the fact that the size
of the temporary memory remains fixed and "slides' in time. This is of practical importance
not only for receiver design but also for receiver evaluation. A nonsequential realization
would have required a growing memory. Such a realization is impractical to build. A
receiver must be designed before it can be evaluated; the sequential or adaptive realizations

provide simpler expressions to work with.
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5.2 Optimum Adaptive Receiver Design, Synchronous-Poisson Time Structure

In this section an adaptive realization of the optimum receiver is presented for
detecting signals with a Synchronous-Poisson Time Structure. This time structure provides
interesting cases in that the amount of time uncertainty is between the periodic and sporadic
time processes. The uncertainty is in the exact component waveform transmitted and in the
component recurrence times associated with the Synchronous-Poisson Time Structure. One

of the b components is selected for transmission and the same component recurs throughout

a total observation, Xk' Primarily for convenience and simplicity, it is assumed that all

components in the finite ensemble are of common duration and the possible starting times of

a component are known.
Due to the synchronous nature of the time structure, there is no positional uncertainty
of components. Therefore, the component samples can be combined into one state. Thus,

C represents absence and Ci, 17 (ci’ 1 ci’ PERRERE n.) represents

i,():(ci,()’ci,O""’ci,O) ion,

presence of the ith component. The probability of triggering a component, conditional to
selection of the ith component, is vy The state diagram for the ith component has been shown
in Fig. 4. 5.

The basic steps in the development of the receiver realization for detecting signals
with the Synchronous-Poisson Time Structure began with steps 1-3, given on page 35. In this
section the properties of the signal for the Synchronous-Poisson Time structure are combined

with Eqs. 3.8, 3.22 and 3. 23 to obtain the adaptive receiver.

5.2.1 Synchronous-Poisson Time Structure, Realization I. In the Synchronous-

Poisson case, component position is known exactly, but whether a component is present or
not is‘ uncertain. Therefore the receiver can operate sequentially in time blocks equal to a
component duration. In this section X is an ni-dimensional observation having the duration
of a component and Sk is an ni—dimensional segment of the signal, s = Sl’ ’Sz, .o ’Sk’ which is
either the ith recurrence phenomenon with the component on, Ci, P or the ith recurrence
phenomenon with the component off, Ci, o With this change in the notation, the sequential
average likelihood ratio analagous to Eq. 5.2 is

2%, 1%, o) = ;sz(xkl s)py_¢(s1SN) (5. 47)



59

The signal ensemble space, S, can be partitioned into b disjoint subspaces, Si' Each Si
subspace contains all those signals that might result from the ith component alone. This is
a result of the restriction that a given component, Cl, is selected and fixed at the beginning

of each long transmission. Thus, Eq. 5.47 can be written as

b . .
- ' i i
1(x 1%, ) “121 S%S I(x, Is)p,_4(s1C",8N)p, _,(C'IsN) (5. 48)
g i

Expanding the vector, s, into sample form, Eg. 5. 48 becomes

1 S S

b ’
{CD N EDND) L .. ) #x IS8 .....S)
k' ¥k-1 k' 510 Sy K
=1 51=C; 0 5°C,0 5%=C; 0

i, i
pk_l(Sl,Sz,...,SkIC ’SN)pk-l(C |8N) : (5. 49)
Since s is the receiver input if there were no noise,

ﬂ(xklsl,sz,...,sk) = ﬁ(kuSk) (5. 50)

Due to the independence of the signal recurrence (see page 30), we write
i ~ i i
pk-l(sl’ SZ’ e ,SkIC ,SN) = pk—l(sl’SZ’ L. ,Sk_llC ’SN)pk-l(SkIC ,SN)  (5.51)

Substitution of Egs. 5.50 and 5. 51 into Eq. 5. 49 results in

) %1 G110 G
i
251X, ) =) ] '_Z s ch o 2 £0x, 18)p,_1(51,8,,...,8, _;1C",sN)
=1 8:=C; 0857C 0 8%=Ci 0

(5. 52)

P, 1(8,/C",sNp, _(ClIsN)

Since we are dealing with finite sums, the order of summation can be interchanged. Re-

ordering the summations and factoring, Eq. 5.52 can be put in the form
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C,
b i1
_ v i i
ﬁ(kuXk_l) = L pk_l(C [SN) Z 9(xklsk)pk_1(SkIC , SN)
i=1 Sk=Ci 0

¢ Cit Ci1

17 1 ir
) 2.
1 -

i
S,.11C" 8N (5. 53)

=C

S P-18p 5o
i,0

Ci, 0 szzci, 0 Sk

where the term in brackets is equal to one. Therefore

b
~ i B ~ i
ox, X, _y) -igl py_1(C1SN) [p(xkxsk_ci’ O)pk_l(sk—ci,oic , SN)

. ) i
+ 00, 18,=C; Ppy_(8,=C, 4IC sugl (5. 54)

By definition of the signal generator process considered here, (Egs. 4.7 and 4. 8),
_ i 1 _ i _ . .
pk—l(sk'ci, 0IC ,8N) =1 v and pk‘l(sk_ci, 1IC ,SN) = V.. Also for zero energy signals in

added noise, 17(kuSk=C‘.L 0) = 1. We can then put Eq. 5. 54 in its final form.

b .
—_ 1 - =
0(x, 1%, ) _;/jl py_1(C 1SN |1y, + v 0(x, 18,=C; lﬂ (5. 55)

It is also necessary to obtain equations that update which component is being

transmitted. The updating equation is

2(x, 18) (s18N)
. p(sISN) = —=& -1 (3. 29)
Mz 1%y )

Using the definition of conditional probabilities, this equation can be written as

An expression similar to Eq. 5.55 withb =1 (in which case pk_l(CllSN) = 1) arose from a

Synchronous-Poisson trigger process in the paper, "A Sequential Test for Radar Detection
of Multiple Targets, " W. B. Kendall and L. S. Reed, IRE Trans. on Information Theory,

Vol. IT-9, January, 1963.
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1(x, 18)p,_4(s1C", SN)p,_{(C'ISN)

i i
p(s1C’,SN)p, (C'ISN) = (5. 56)

ﬂ(xk}Xk_l)

Writing s in sample form and summing both sides of Eq. 5. 56 over all possible signals for

the ith component gives

‘o1 S Sia
i i
p,(C'ISN) Y L P88y .. .8, 1CY,8N)

$;7C; 0 89°C; o 5Ci 0

C C

i1 %1 S G
, o i
D 2(x, 18 py -4(8, 1CY,8N) T DT Py_1(8, 85, ., 8 _4IC",8N)
=C, 8:=C; 0 557C; o S 1=C;
- o (Clsn)K 1,0 i,0 i,0 “k-1"71,0
pk"l 7
(b )

(5. 57)

The bracketed terms on each side of Eq. 5. 57 are equal to one so that we have

_ _ i _ _ i
E’(xkisk_ci’ O)pk-l(sknci, 0 I1C", SN) + ﬂ(xkl Sk—Ci’ I)pk_l(Sk—Ci’ 1‘ C, SNE,

1o 1% y)

p(CHISN = p_ (ClisN)
(5. 58)

The terms in brackets in the numerator of Eq. 5. 58 become, as before, l-vi + viﬂ(xkf Sk=Ci 1).

The updating equation for component information is

. 1-y, + v 0(x, IS =C, ap _(clisN)
pk(C1|SN)=[ i ik k7,1 )%k-1 (5. 59)

P(xlek_ 1)

Equations 5. 55 and 5. 59 are the basic equations for the adaptive realization. Defining the

component conditional sequential likelihood ratio as

i -
P(xlek_l, C) = 1-1/.1 + Vif(xk|sk—ci’ 1) (5. 60)
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one can put Eq. 5. 55 into the form

b . \
=¥ 1 L .
P(kuXk_l) = ifl pk_l(C ISN)P(kuXk_l, cH (5.61)
and Eq. 5.59 can be put in the form
. p, (ClisNyrx, 1 ., Ch
pk(CllSN) . k- 1 k k 1 (5. 62)

My 1%y )

The basic receiver design equations for this realization are summarized in Table 5. 4.

TABLE 5.4
BASIC RECEIVER DESIGN EQUATIONS, SYNCHRONOUS-POISSON TIME STRUCTURE

{COMMON COMPONENT DURATION)
REALIZATION I

Optimum Detection Qutput

Q(Xk) = ﬂ(X )lz(x k 1) (3.8)
Sequential Average Likelihood Ratio
b
ox, 1X, ) = Z pk 1(c ISN)f (x, 1%, _,, C (5.61)
Component Conditional Sequential Likelihood Ratio
i -
ﬂ(xk k-1’ CH = l—ui + vip(xklsk-ci’ 1) (5. 60)
Classification - Component Identification
: p,_(ClISN)(x, | , C
p(Clisn) = S (5.62)

I (xk | Xk- 1)
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5.2,2 Operation of the Adaptive Receiver, Figure 5.9 is a block diagram of

Realization I for components in added white Gaussian noise. In this case

C,1 %1
T Tl

P(kuSk=C. = e (5. 63)

i, 1)

where N, the noise power in the receiver bandwidth, is one. The receiver input, Xy is
correlated with each possible component that could occur, and the bias Ci 1 Ci 1/ 2

subtracted. These outputs are then passed through a nonlinearity,

[ Ci 1% 1]
G- 2

mox X, _|,C) =141y, + ve , (5.64)

This nonlinearity depends on the trigger probability, Vi which is also Vthe duty factor in the
Synchronous-Poisson Time Structure. This nonlinearity is called the "v nonlinearity. " One
could write this equation in words as ﬂ(kuXk_ 1) = (1‘1/1) (likelihood ratio of X, given the
selection of the ith component but no component occurrence) + v (likelihood ratio of Xy
given the selection of the ith component and component occurrence). Thus, the likelihood

ratio of the observation, x,, is computed as if a component occurred and this is "'watered

k’
down" because of the recurrence uncertainty. Figure 5. 10 shows a plot of the v nonlinearity

for several values of v.

The outputs of these nonlinearities, B(xkl Xk—l’ Ci), are then weighted by updated
knowledge, p, 1(Cii SN), as to which component is being sent. This forms the sequential
average likelihood ratio, P(xklxk_ 1), which is combined with f(Xk_ 1) to provide the detection
output, ¢ (Xk) .

The receiver also updates Py 1(Ci(SN), the component information, to pk(CiISN) and
stores these updated probabilities in preparation for the next observation, These probabilities

can be read out to form a classification output,

5.2.3 Other Receiver Realizations and the Use of Memory. In Section5.2.1, a

realization of the optimum receiver for a synchronous-recurrent component is presented.

Realization I has a temporary memory which is continually updated and which has a finite
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size of b words. Although the receiver takes into account all the possible time patterns of
components, its memory need not store all of these patterns. This finite memory is a
primary practical feature of this realization.

Two other realizations of the optimum receiver are derived in Appendix B,
Realization III (see Appendix B. 1) is a b-channel receiver. The likelihood ratio of the
observation Xk conditional to presence of each of the b components is computed sequentially
in separate channels and the outputs are weighted by the a priori probabilities, pO(CilSN),
of the selection of each of the components and then summed. In this receiver b words of
memory are needed to store the likelihood ratios, I?(Xkl Ci).

Realization IV is an important practical receiver since it appears to be the simplest
{see Appendix B. 2). The basic design equations are summarized in Table 5. 5 and a block

diagram is shown in Fig. 5.11. This is a b-channel receiver. The ith channel correlates
TABLE 5.5

BASIC RECEIVER DESIGN EQUATIONS, SYNCHRONOUS-POISSON TIME STRUCTURE
REALIZATION IV

Optimum Detection Output

b
’(xy) = i};__l Q,(k) (B. 19)

Information Updating

Q) = Qk-1) [1~vi + vl 18,-C 1):] (B.17)

Classification - Component Identification

Q.(k)

p(C'ISN) = szk) (B. 20)

the input with the ith component and subtracts a bias term c Ci/ 2. This quantity is then
fed into a v nonlinearity to form Qi(k)‘ The Qi(k) terms are stored and accumulated for each
of the components by means of the channel adders and the T1 delays. These terms are

exponentiated, summed, and the logarithm formed to obtain the detection output. The
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classification output is obtained by subtracting ﬂnﬂ(X.k) from the output of each of the recir-
culating delays. By comparing Table 5. 5 with Table 5. 4 one can see the simplification in
computation of Realization IV. In this realization b words of memory are required to store
Qi(k) = p(Xk)pk(CilSN) in temporary memory.

The receivers presented in Section 5. 2 are different realizations of the optimum
receiver. The particular realization of the optimum receiver chosen determines whether
the receiver 'looks' adaptive. Realization I has an adaptive feature in that component
information is updated. On the other hand, Realizations III and IV have a separate channel
for each possible component and the i'learning” of which component is being sent is not an
obvious feature.

A problem in receiver design tha',tr has emerged whenr dealingr with time: uncertainty
and nonperiodic components is the problem of receiver 'complexityror memory. Bince it is
uncertain whether a cémpoﬁent wili staft or not, the receiver deéigner ris prééented with an
exponentially growing number of time patterns or signals. In the Synchronous-Poisson Time
Structure, the ensemble of possible signals grows like b2k where k is the index on time and
b is the number of components in the component ensemble. The implementation or simulation
of such a receiver designed on the basis of this growing ensemble can rapidly become imprac-
tical. On the other hand, the adaptive or sequential realizations presented have been designed
by describing useful signal ensembles indirectly in terms of components. The result is a
receiver design which utilizes a fixed size memory. The important reason for wanting
sequential or adaptive realizations is not their adaptive-looking nature, but the fact that this

is a way of 'realizing the optimum receiver with a fixed size memory.

5.3 Optimum Adaptive Receiver Design, Periodic Time Structure, Unknown Repetition

Freguency.

In this section an adaptive realization of the optimum receiver is presented for
detecting signals with a Periodic Time Structure. This is the most certain of the three time

structures considered and it differs from the sporadic and synchronous cases in that it is

learnable. One of b components is selected for transmission and the same componett recurs

periodically throughout a total observation, Xk' The repetition frequency and start of the

period are initially unknown but fixed throughout a transmission.
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The development of the receiver in this section is similar to the development of
the receiver designed for the Sporadic-Poisson Time Structure (see Section 5. 1). The
first three steps are given on page 35. In this section the properties of the signal for the
Periodic Time Structure are combined with Egs. 3.8, 3.22, and 3. 23 to obtain the adaptive

receiver.

5.3.1 Periodic Time Structure, Unknown Repetition Frequency, Realization I. This

realization follows the development of the receiver for the Sporadic-Poisson Time Structure

given in Section 5. 1. 1 up to Eq. 5. 12. That equation for the sequential average likelihood

ratio was
C, C,
b i, ni i, 1’1i
Mx X )= ) L A s Y elsls, 18N p_y(s,_,18N) (5.12)
=1 5.2¢; o Sk-17%,0

Recall that the signal properties are defined in terms of the generator process, g(sk( k-1’ SN),

by Egs. 4.9, 4. 10, and 4. 11. The possible states of a signal sample, s, , are the possible

k?
component samples, < § fori=1,2,...,bandj=1,2,... )0y The number of samples, n,
of a component can in general be variable 50 that b possible components can be defined to

represent b possible repetition frequencies. 0 is not an allowed state in the periodic case

since some portion of a component is always present. If the development in Section 5. 1.1

up through Eq. 5. 12 is modified for the periodic case by summing over the allowed states,

Ci, v ci’ PIERE ,ci, ni’ an analagous equation becomes:
b <, n, Ci,ni
NP N ED) Y P(x, |s) 7 els Iy SN py (s 1SN (5.69)
=l 8cy g %k-17%,1

The properties of the generator process for the Periodic Time Structure are:

g(sklsk_l,SN) =1 for 8,.7C, for j=2,3,...,n

i %k-17%, 31
(4.9)
g(sklsk_l,SN) =1 for skzci’1 Sk-lzci,n (4. 10)

g(sklsk_l, SN) =0 otherwise (4. 11)
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Using these properties and the notation of Eq. 5. 16, bi .
’

](k) = Pk(Sk=ci,leN), one can write

Eq. 5.65 as
b i
1%, 1%, ) :@ bi,ni(k-l)!’(xklsk=ci, L j;z b, j.q(k-Dox s, =c; ) (5. 66)

This is the equation for the sequential average likelihood ratioc.
The equations that update component identification and positional information are
obtained by following steps similar to those that lead to Eqs. 5.32, 5. 33 and 5. 34 for the

Sporadic-Poisson Time Structure. In the periodic case the sums are only over the states

ci’ l’ci,2" "ci,ni Thus Eq. 5.28 becomes
C,
i,n,
fx,ds) ) P_1(8,_1 /SN gls, ls, 1, 8N
8k-17%, 1
p, (s, 18N) = : (5. 67)
Kk Sx X )
k' “k-1

Substituting the properties of the generator process (Egs. 4.9, 4. 10, and 4. 11) into Eq. 5. 67
and using the notation b, J.(k) = pk(skzci jISN), one can write the component updating

equations as

bi, n.(k' l)p(xkl sk=c.l’ 1)

b, (k) = ! (5. 68)
" A 1%,y
b, . (k-1e(x I8 =c. )
b, (k) = —Ld=l k k] (5. 69)
L3 (1%, _p)

for j=2,3,...,n
where component identification information is obtained by forming
n,
i i
p(CTISN) = ) b, (k) (5.170)
=1 L]

The design equations for this realization are summarized in Table 5. 6.
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TABLE 5. 6
BASIC RECEIVER DESIGN EQUATIONS, PERIODIC TIME STRUCTURE

UNKNOWN REPETITION FREQUENCY
REALIZATION 1

Optimum Detection Output

1KY = 1K 1K) (3. 8)

Sequential Average Likelihood Ratio

b it
Hx X )= ) bi,ni(k—l)f (Isy=c; 1)+ ,Z=2 b, joqlk-Dox

ki 8k=ci, j) (5. 66)

Classification - Component Identification and Position

b, ni(k-1) fx, | 5,7, 0
bi 1(k) = (5.68)
L’(xkiXk_l)
b, . (k-1)#(x, Is =c, )
bi j(k) _ i, j-1 kK "k i, j (5. 69)
’ !’(xlek_l)
for j = 2,3,...,ni
Classification - Component Identification
R
p (CISN) = )7 b (k) (5.170)
j:]- 17 J

5.3.2 Operation of the Adaptive Receiver.

In Realization I, the Periodic Time

Structure, the optimum receiver stores information obtained from the past observations, Xk-l’
and initial knowledge of the situation, in the form of probabilities, bi j(k-l) (see Table 5. 6).
Since the interpretation of the terms bi j(k-l) and ﬁ(xklsk=c. J.) is similar to that given for

the Sporadic-Poisson Time Structure in Section 5. 1. 2 it will not be repeated. Note that in the
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periodic receiver there is no state, < o This is reflected in the absence of bi O(k— 1), l-vi

’

and vy terms in the receiver operations.

5.3.3 Other Receiver Realizations and the Use of Memory. In Realization I, com-

ponent identification and positional information are stored in a temporary memory as the

probabilities b,
b b
Z n, words of memory are needed to store these probabilities.
i=1

j_l(k— 1), These probabilities are updated after each unit observation, Xy

In Appendix C, three other realizations of the optimum receiver are presented. In
Realization II (Appendix C. 1) component identification and positional information are
updated separately. i n words are required in a temporary memory to store component
positional informatim::;nd b words to store component identification information.

In Realization III, there is a channel for each of the b possible components. Each
channel computes the likelihood ratio conditional to presence of the ith component and the
channel outputs are then weighted by the a priori probabilities of each of the possible
components that could occur. i n words are needed to store component identification and
positional information and b wol:c}s to store the E(Xkl Ci) terms.

Realization IV (Appendix C. 3) is the simplest of the four realizations. These receiver

design equations are summarized in Table 5. 7 and a block diagram is shown in Fig. 5. 12,

TABLE 5,7
BASIC RECEIVER DESIGN EQUATIONS, PERIODIC TIME STRUCTURE
UNKNOWN REPETITION FREQUENCY

REALIZATION IV

Optimum Detection Output

p
Q(Xk)zigl j:zl %, i (€19

Information Updating

Qi, (&) = Qi, Ili(k- 1) olx, | 8=y Y (C.11)
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Qi, j(k) = Qi, j—l(k_l)p(xk'sk:ci, j) (C. 12)

for j=2,3,...,n

Classification - Component Identification and Position

Q, .k
b (k) = —H— (A. 44)
’ 2(X,)
Classification - Component Hentification
n,
B | :
L 9w :
p, (CHISN) = B |  (A.%5)
0(x,)

Here the receiver updates the quantities Qi j(k) = lz(Xk)bi ].(k) directly using Egs. C.11 and
1 b
C.12. From the Q.1 j(k) terms the likelihood ratio can be calculated by simple addition.

b
Z n, words are required to store the Qi j(k) terms just as in Realization I. However, by
i=1 '

comparing Tables 5.6 and 5.7, it can be seen that the operations performed by Realization IV

are much simpler,

In all four receiver realizations for the Periodic Time Structure, the receiver
memory is finite, This result is not surprising here since this signal ensemble does not

grow with time.

5.4 Optimum Adaptive Receiver Design, Periodic Time Structure, Known Repetition Frequency

In this section an adaptive realization of the optimum receiver is presented for
detecting signals with a Periodic Time Structure in which the repetition frequency and the start
of the period are known. This is the usual classical periodic case. One of b components is
selected for transmission and the same component recurs periodically throughout a total
observation, Xk’ In this case the observations can be processed in blocks of time equal to

a component duration. The notation used is the same as that used in the Synchronous-

Poisson Time Structure. In other words, Xy is an ni-dimensional observation having the
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duration of a component and Sk is an ni-dimensional segment of the signal. The optimum
receiver is the same as that which would result if v; were set equal to one in Eq. B. 17,

Table 5.5. The equations for the receiver design are presented in Table 5. 8.

TABLE 5.8
BASIC RECEIVER DESIGN EQUATIONS, PERIODIC TIME STRUCTURE
KNOWN REPETITION FREQUENCY, KNOWN START OF PERIOD

REALIZATION IV

Optimum Detection Output

, b |
K = '21 QK ‘ (B. 14)
1=

Information Updating

QK = Qi(k-l)ﬂ(xklsk=ci) (5.71)

Classification - Component Identification

. Q.(k
pk(CIISN) = ﬂl—xp (B. 20)

Let us consider this receiver in more detail for the case of added white Gaussian

noise. In that case, for the noise power, N, equal to one,

E(_Ci _cl c‘}
9(xk|sk=ci)= el K 2 (5.72)

and so

[x ol chd ]
Q) = Q(k-1) ek * 2 (5.73)

But by repeated application of Eq, 5.73, Qi(k) can be written as
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Q;(k) = Qi(O) e (5.174)
and
Cl Ci i k
b -k 5 +C 21 x]}
(X)) =), Qe = (5.75)
i=0

From this equation one can see that the observations themselves can first be added in
synchronous intervals and this sum correlated with each of the possible components.
When the component' is known exactly, a monotone function of the likelihood ratio,

which is also optimum, is simply
i k
M(X)) = C - Y ox, (5.76)
=1 1

In this case, the observations themselves may be simply accumulated and the sum correlated

with the known component, ct.

5.5 Comparison of Receivers for Synchronous-Poisson and Periodic Time Structures

1t is interesting to compare the optimum receivers for the Synchronous~Poisson
and Periodic Time Structures when the repetition frequency is known. First, consider the
case of component known exactly (CKE) in added white Gaussian noise. A block diagram
of the optimum receiver for the Periodic Time Structure, obtained by setting b = 1 in the
equations of Table 5. 8, is shown in Fig. 5. 13a. A realization of the optimum receiver for
the Synchronous-Poisson Time Structure, obtained by setting b = 1 in Table 5.5, is shown

in Fig. 5.13b.

In the periodic case, the adder and T1 delay recirculate the input waveshapes,
XqrXgy oo Ky Recall that in this periodic case, X, represents an input observation of 2WT1
samples. After the observation Xy the receiver has formed Ky +hgh. .. Ry and this average
waveshape is correlated with the component.

The optimum receiver (see Fig. 5. 13b) for the Synchronous-Poisson Time Structure

does not simply add the input waveshape in synchronous intervals. Instead, a more abstract
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quantity, a likelihood ratio, is recirculated. The observation, Xy is first correlated with the
known component waveshape, a bias term is subtracted, and this quantity is then fed into a
v nonlinearity, which is a function of the duty factor. The synchronous sum of such non-
linear functions of the input signal and noise waveshapes are stored.

Next, let us compare the optimum receivers for the Synchronous-Poisson and Periodic
Time Structures when the componeant is known statistically (CKS). A block diagram of the
receiver for the Periodic Time Structure was shown in Fig. 5. 12 and the receiver for the
Synchronous-Poisson Time Structure was shown in Fig. 5.11. The receiver for the periodically
recurrent component is simpler in two respects; the number of recirculating delays and the
nonlinearities. In the periodic case, the observations are recirculated by means of a
single adder and a T1 delay. These outputs are fed into b parallel channels where they ’
are correlated with each of the possible components that could occur, expnuentiatgd, and
summed in a final summer. Iﬁ the receiver for the synchronous case, however, a likelihood
ratio, rather than an input signal plus noise waveshape, is circulated. The input observation
is correlated with each of the possible components, fed into a nonlinearity which depends on
the duty factor, v, and then stored and recirculated. These outputs are then summed to

form the detection output. Thus, the receiver for the periodic case is much simpler since

the input waveshape can be recirculated with a single adder and delay.

T
Delay
N
Input L Detection
Input)- C
Xy -+ > $  (Input) — Output

Fig. 5.13a. Optimum receiver, CKE, Periodic Time Structure
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Tl
Delay
Input y
pu . CC v Detection
x, =~ —H x C-5 + >
k Nonlincarity Outpui

Fig. 5.13b. Optimum receiver, CKE, Synchronous-Poisson Time Structure

5.6 Summary of Chapter V

In this chapter optimum receiver designs have been developed to detect a recurrence
phenomenon in noise. The receivers are time varying in the sense that they are capable of
processing an increasingly longer obéervation and are capabie of making a corresponding
optimum decision as to presence or absence of the recurrence phenomenon in that observation.
There is uncertainty in which component, out of a finite class of components, will be selected

and there is uncertainty in the recurrence times of a component. Three basic types of
recurrence-time uncertainty are considered; Sporadic-Poisson, Synchronous-Poisson, and
Periodic.

The approach used in designing the receiver has been to solve an over-all optimization
problem and then to realize this optimum receiver in a sequential manner that works on a
component basis. In other words, since the primary goal is detecting the recurrence
phenomenon during the observation, Xk the likelihood ratio of the observation, Xk’ is formed
and put into an equivalent form in which component information is ﬁpdated. Since the
receiver develbpment starts with the likelihood ratio of the ohservatidn, Xk’ it is optimum.
We are assured that the operation of the receiver on a local component basis is correct since
the receiver design is a result of transforming this likelihood ratio into an equivalent form.
A contrasting method of attack would be to formulate the detection problem on the basis of
detecting a single component and to then combine these results in a manner that would result
in an optimum decision over the entire observation.

Providing the required amount of receiver memory is a basic difficulty which emerges

in the design of the optimum receiver for nonperiodic components. There are as many signals
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in the signal ensemble as there are components in the component ensemble multiplied by the
number of possible component time patterns. This is a fixed-size ensemble for all time for
components recurring with a Periodic Time Structure. However, for the Sporadic-Poisson
and Synchronous-Poisson Time Structures, the signal ensemble grows with time. If the
receivers are designed using classical terminology, they become too complex. To obtain
receivers with a fixed-size memory or receiver structure, the signal ensemble is described
indirectly in terms of components and the time structure. Other time structures besides the
three considered could be studied.

We have seen how the optimum receiver can be put into different forms. Different
aspects of the receiver operations are explicitly displayed by the particular realization
chosen. Itis an iﬁteresting sidelight that sequential realizations, such as Realizations I

- and II, often appear to work in an adaptive manner. These realizations display an explicit
updating of component information, giving them a "learning' feature. On the other hand, in
Realizations Il and IV, it i5 not so obvious that the receiver is learning the component
selected since the receiver does not explicitly work with component quantities, In any of
the realizations, classification information can be obtained regardless of whether the receiver
appears to use it or not.

The quantities stored in the receiver memory depend on the time structure of the
signal and the particular realization chosen. For the Sporadic-Poisson Time Structure,
component identification and local component positional information are stored and updated.

b

In Realization I this information is combined in the bi j(k) matrix, Z n, words are
’ i=1
required in a temporary memory to store this information. In Realization II, component

identification, pk(Cil 8N), and local %omponent positional information, b'i’ j(k), are stored
in separate temporary memories. 21 n wordsbof memory are needed for b'i, j(k) and b
words for pk(CilSN) terms. In Reai;zation 111, 'Zlni words of temporary memory are needed
to store component identification and positionaihinformation and b words to store ﬂ(Xkl Ci)
terms. In Realization IV, il words of memory are needed to store Qi, j(k) terms.
For the SynchronouI;-Poisson Time Structure, only component identification information

must be stored since there is no uncertainty about component position. In Realization I this
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information is stored as pk(CIISN) and b words of temporary memory are required. In
Realizations III and IV, b branches are needed for each of the possible components,

For the Periodic Time Structure, unknown repetition frequency, component
identification and local positional information are stored in a temporary memory. In
Realization I this information is combined in the bi, j(k) matrix and i\; n, words are needed to
store this information. In Realization II, component identification and positional information
have been separated so that ‘51 n, words are needed to st%re positional information and b
words for identification info;—mation. In Realization III, Z n words are used to store
component identification and positional information and b ;:olrds to store Q(Xk | Ci) terms.

In Realization IV, il n words are used to store the Qi, j(k) terms. When the repetition
frequency is knou}n:s well as the staft of the period, only b words of componentaidentiﬂcation
info'rmatien ‘must be stored. -

The fixed-size memory or receiver structure of the adapti'vé realizations pfesentéd
in this chapter is important for two reasons. First, it is a necessary realization in terms
of providing a practical receiver implementation. The second interest is in regard to optimum
receiver performance. In order to examine the effects of time uncertainty on detectability
for the optimum receiver it is first necessary to design this receiver. The adaptive
realization provides a receiver that is more manageable, in many cases, and can therefore

be evaluated analytically or by simulation techniques with a digital computer. The much

simpler adaptive realizations enable us tc study how time uncertainty affects the performance

of the optimum receiver. This is an area of study that begins in Chapter VIL



CHAPTER VI

OPTIMUM RECEIVER DESIGN - SPECIAL CASES

In Chapter V the design of optimum receivers was carried through in rather

general terms. In this chapter several miscellaneous cases of receiver design will be

considered. (The reader who is interested in receiver performance and the effect of time

uncertainty can go to Chapter VII without loss of continuity. )

6.1 Finite Class of Periodic Equal Amplitude Pulses, Known Exactly Except for Repetition

Frequency.

Consider the problem of optimum detection of a periodic pulse sequence when the
pulse waveshape is known exactly but the repetition frequency can be one of a finite number
of values. This class of signals can be thought of as a finite class of periodically recurrent
components where each component has ny sample values. Each component is then of the
form Ci = (Ci, 1 0,0,0,...,0) in which the number of component samples is equal to n..

The various possible repetition frequencies are specified by stating the class of Iy values.

Any of the basic four realizations could of course be considered, but Realization IV
is the simplest and we will consider it. From Table 5.7 the information updating equations

are given by

Qi, j(k) = Qi, ni(k-l)ﬂ(xklsk=cL 1) (C. 11)

Qi, j(k) = Qi, j-l(k- l)f(xklskzci’ j)

(C.12)
for j=2,3,...,n
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But for signals in added white Gaussian noise

ﬂ(xk K= 1’j)=lforj:2,3,...,ni (6. 1)
so Eq. C. 12 becomes
Qi, J.(k) = Qi,j-l(k—l) forj=2,3,... » 0 (6.2)
The detection output, the likelihood ratio of the observation Xk’ is given by
b ni
20X = Y Q (K (C. 13)
=1 j=1 bJ
which can be written using Eq. C, 11 and 6.2 as
; Y o 'n o o
§(x) = 2 ] Ax, is ) 1) Q (k-l) + }j Q gk (6.3)
i=1

If all pulses are of equal amplitude "a"", then ¢ 1= a for all i and Eq. 6.3 can be written as

Y

b b
0K = Ixls =a) ) Q  (D+) ) Q. (k1) (6. 4)
=1 b i=1 j=2 "

But

ZQJl(kl—l— Q (k1) (6. 5)
i

' So Eq. 8.4 can be written

b
X)) =b+ [I(xkl 5, = 2) -1] 121 Q, p (k-1 (6.6)

From Eq. 6.6 one can see that the optimum receiver forms the likelihood ratio of the unit

K’ given a pulse is present and subtracts from this the value one. This is
b b
multiplied by the sum El Q i(k-l), which is P(Xk_l) 12::1 pk~1(sk-1=ci, 1. So 1—21 Ql n,
has the interpretation of bemg the likelihood ratio of the observation Xk-l times the probability

observation, x

after taking the (k-1)st observation that the(k-1)st observation is the last sample value just

prior to a pulse occurrence. Even though !?(Xk) requires only the sum, Z Q (k—l),
i=1 Ny
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both component identification and positional information must be updated to keep the sum

up to date.

6.2 Unknown Duty Factor

The possibility of a component recurring with a duty factor which is one of b
possible duty factors has already been incorporated into the receiver design equations since
v; can have a different value for each possible component. For example, if the component is
known exactly (CKE) and the time structure is Synchronous-Poisson, Realization IV becomes
a single crosscorrelator that correlates the unit observation, Xy with the component C and
subtracts the bias term C-C/2. This is then fed into b parallel v nonlinearities and these

outputs are summed. The block diagram of such a realization is shown in Fig. 6.1.

6.3 Overlapping Recurrent Component Versus Nonoverlapping Recurrent Component,

Example

In previous sections, all signals considered have been assuméd to be composed of
nonoverlapping recurrent components. Qverlapping component examples can be formulated
in a similar manner. The receiver design, however, rapidly increases in complexity
since overlapping means many more states are now possible,

To illustrate an overlapping component case, consider a two-sample sporadically
recurrent component. Since there are only two samples to the component, there is only
one possible overlap position. This overlap situation is defined as the Ci, z state. The

state diagram for this case is presented in Fig. 6. 2. The updating equations follow the same

general patterns as before. The results for Realization IV are

Qi, O(k) = EQL O(k-l) + Qi, 2(k-lﬂ (l—ui) (6.7)
Qi, l(k) = EQi’ O(k-l) + Qi, z(k- lﬂ vif(xklsk=ci’ 1) (6. 8)
Q 5 = [Qi’ (k1) + Q. z(k_lﬂ -ils=e ) (6.9)

i,z

Qi’ Z(k) = E‘Qi, 1(k-l) + Qi, z(k-lﬂ uiﬁ(xklsk=c. ) (6.10)



84

wwc ¥

mding uotyoele

o

wng

*I0)ae} £3np umouyun ‘9Injongg
auIl], commwc&wmaocchaoﬁmw ‘IO ‘UOlIBZI[BSI JI9A19001 3Aldepy

AeleQ

ANxesutuon

4,

‘19 314

& 5.
55 0
amdwoy

||l|‘|'

AjlIBaUITUON

€

AJ1Ie3UITUON

T4

X

ndug



85

Fig. 6. 2. Sporadic-Poisson process for ith component, overlapping components.

and the over-all likelihood ratio, F(Xk), becomes

b
Q(Xk) = igl {[Qi, O(k- 1) + Qi, Z(k-l):, El-ui) + viﬁ(xkl Sk:Ci, la

+ [Qi, 1(k- 1) + Qi, Z(k- 1‘)] El-ui)ﬂ(xklsk:ci, 2) + Viﬂ(xklsk=ci’ zﬂ (6.11)
The state diagram for two nonoverlapping components is shown in Fig. 6.3. Now, the
updating equations for Realization IV become
Qi,()(k) = [:Qi’o(k-—l) + Qi, 2(k—lﬂ (l-ui) (6.12)
Qi, 1(k) = [Qi, 0(k-l) + Qi, 2(k-1)]vi9(xklsk=ci, 1) (6.13)
(6. 14)

Q o0 = Q (k-Dilxy |5 =c; ,)

and the detection output is
b
! (Xk) = 121 %i’o(k-l) + Qi, 2(k-lﬂ [l-vi + viﬁ(xklsk=ci’ 1ﬂ+ Qi, l(k—l)ﬂ(xklskzci’ 2)

(6. 15)
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¢, 0 0
i1 1
€, 2 €2
Fig. 6. 3. Sporadic-Poisson process for ith component, nonoverlapping components.

’ Comparing Egs. 6. 11 and 6. 15 it is apparent that if component overlap is possible
the receiver complexity increases. It is important to note, however, that the receiver can

still be realized with a fixed size memory when component overlap is possible.



CHAPTER VII

PERFORMANCE OF THE OPTIMUM ADAPTIVE RECEIVER

Chapters V and VI considered several optimum receiver designs. Although these
receivers are optimal for signal detection, the detection performance remains to be investi-
gated. Detection performance, which may be summarized by a receiver operating
characteristic (ROC), depends upon waveform uncertainties and noise of the particular
problem. The receiver designs in Chapter V are rather general; In this chaptef the
performance of the optimum receiver is evaluated for several specific signals. Emphasis
will be placed on evaluation of some special, useful examples of the Synchronous-Poisson
and Periodic Time Structures. The evaluation of an optimum receiver for the detection of a
signal with a Synchronous-Poisson Time Structure is new work. The evaluation of the
receiver for a Periodic Time Structure signal is taken from the literature and is included for
comparison purposes (Ref. 1).

We are interested in the following items:

1. The operation of an adaptive receiver realjzation.
2. Detection performance of the optimum adaptive receiver for some

special cases.
3. Effect of component uncertainty on detectability.

4, Effect of component recurrence time uncertainty on detectability.
5. Comparison between the optimum adaptive receiver and the simple

energy detector.,

6. Comparison of the performance of other suboptimum receivers
with the optimum receiver.
Before considering these items, let us briefly review the basic techniques of receiver

evaluation.

87
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7.1 Review of Receiver Evaluation

The detection performance of a receiver performance may be summarized on a

receiver operating characteristic (ROC). The ROC is a graphical means of portraying the
quality of detection in a situation involving signal, noise and a receiver (Refs, 1 and 19).
When noise is present, the detection process is always accompanied by the possibility of
making errors. In the basic decision problem there are two types of errors, false alarms and
misses, and two types of correct decisions, correct detection and correct rejection. A false
alarm is the result of responding '"'signal present' when the noise was actually the cause and
a miss is the result of responding ""signal absent” when signal was indeed present, A correct
detection is the result of responding "'signal present' when signal was actually present, and
a correct rejection is the resuit of responding "'signal absent" when signal was indeed
absent. In a detection problexh there are probabilities associated with each of these types of

errors and correct decisions. The notation used for these probabilities is:

P(AIN) probability of false alarm
P(BISN) probability of a miss
P(AISN) probability of a correct detection
P(BIN) probability of a correct rejection
where
A is the response ''signal present’
B is the response ''signal absent"
SN the hypothesis "'signal mixed with noise"
N the hypothesis '"noise alone"

The probabilities of errors and correct decisions are not independent since

P(AISN) + P(BISN) =1 (7. 1)

and

P(AIN) + P(BIN) = 1 (1.2)

Therefore all of the available information can be conveyed by a plot of the relationship
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between the probability of detection, P(A] 8N), and the probability of false alarm, P(AIN).
Such a plot is made by determining the probability of detection versus the probability of
false alarm for all possible threshold settings on the receiver output,

An ROC is called "normal" if it can be parameterized by the normal probability

distribution as follows:

N _ (u-l»d')2
PAISN) = ——— [ e 2 (7.3)
27 ~o0
when
2
‘ N oo
PAIN - —L [ o 24, (7.4)
27 -0
If we use the notation
2
t v
1
D (t) = [ e % du (1.5)
27 -0
then it becomes convenient to described the normal ROC as
P(AISN) = ©(» + d'), when P(AIN) = D(A) (7.6)

Therefore, when the ROC is normal we can characterize the entire curve by the parameter,
d'. It is frequently convenient to plot the ROC on double probability paper which linearizes the
normal ROC curves.

It is interesting that for signals in added white Gaussian noise, the two extremes of
knowledge regarding the signal results in a normal ROC. If a signal of energy E is known
exactly and the noise power per cycle per second is NO, then the ROC for the optimum receiver

is normal and the parameter d' has the value

(7.7)
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This case is a valuable reference case since it is an upper bound on possible detection per-
formance, It is sometimes convenient to plot the ROC as a function of the parameter d =(d')2.
The ROC's for the signal known exactly case for several values of the parameters d = (d')2 are
plotted in Fig. 7. 1.

When the parameters of the signal waveform are very uncertain and distributed
over wide ranges we are at the other extreme of knowledge regarding the signal. The
normal ROC is frequently a limiting curve in such situations, For example, when the
signal itself is a sample of white Gaussian noise of T seconds duration in a bandwidth W
cycles per second wide, and the signal-to-noise ratio is sufficiently small and WT is

sufficiently large, then d' is approximated by (Ref. 1)

d' =/ W

2|

) (7. 8)

in
where (%) is the input signal-to-noise ratio.
in

In general, in order to evaluate an optimum receiver, we need the distribution of
the likelihood ratio, or a monotone function of it, under both signal and noise and noise alone.
These density functions may be as shown in Fig. 7.2. For a given threshold setting, the
striped area under the £(s(t) + n(t)) curve is equal to P(A ISN) and the cross-hatched area under
the £(n(t)) curve is equal to P(AIN). An ROC is obtained by plotting P(AlSN) versus P(AIN)
for all possible threshold settings. In practice, there is often considerable difficulty in
expressing analytically the probability density functions of the likelihood ratio under signal
and noise and noise alone. Although the appropriate integrals can be specified, their
evaluation frequently becomes difficult. |

An alternative technique for receiver evaluation is one in which a digital computer
is used as an experimental tool. This is Monte Carlo technique. The receiver operations are
simulated on the digital computer and the signal mixed with noise and noise density functions
are sampled. Even though this technique is an approximate one, it is quite useful. However,
the usefulness of this method is limited by the number of trials that can be run feasibly on

the computer.
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Fig. 7. 1. ROC for signal known exactly in added white Gaussian noise,.

. 80



92

Probability | Threshold Pmb;‘fbimy
of
f(s(t)+n(t
4(n(0) : (s(t)+n(t))
¢

Fig. 7.2. Probability density function of likelihood ratio under noise and signal
plus noise,

In this chapter, the evaluation of the receiver is done analytically where possible
and supplementéd by results from the Monte Carlo method. Before obtaining the ROC for

several cases, we wish to display the operations of an adaptive receiver realization.

7.2 Simulation and Operations of an Adaptive Receiver Realization

Although the design of the optimum adaptive receiver realization has been developed
for a number of cases in previous chapters, the question remains as to how it operates.
Recall that the approach to adaptive receiver design has been an optimal one. The adaptive
design is a result of realizing the optimum receiver in a sequential manner. Although the
detection performance of various realizations of an optimum receiver are equivalent, the
receiver form and the operations performed by these receivers may appear quite different.
In this section we consider simulating an adaptive receiver on a digital computer for a
rather specific case to observe' how the detection and classification outputs grow or decay
with time.

An optimum adaptive receiver realization was simulated for a signal having a
component ensemble of eight orthogonal components and a Synchronous-Poisson Time
Structure. Both a detection output, ﬂn!?(Xk) and a classification output, pk(CiISN), were
printed out sequentially in time. The receiver simulated was that of Realization IV, whose
operations are summarized in Table 5.5. Of course, ﬁnﬂ(Xk) and pk(CiiSN) are available
from any of the four realizations. The adaptive receiver simulation was programmed for

an IBM 7090 digital computer. Because of the large amount of output data, the digital
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results were converted to analog form in a digital-analog converter and the results printed

out on a pen recorder.

The component ensemble chosen consists of eight equal energy orthogonal components.

That is,
T
/ cdwdwa-r 5 (7.9)
0 c i,j
where
EC is the component energy into 1 ohm
Cl(t) is the ith component waveform
T1 is the component duration
ai j is the Dirac delta-function

The noise alone and signal plus noise‘density functions were approximated by a representative

set of 50 discrete probabilities. Details concerning the computer simulation techniques are

contained in Appendix D,

One hundred runs were made. The triggering probability, v, was .1 and

ZEc
No =1,
A priori each of the eight possible components was assumed equally likely. Figures 7.3

through 7. 13 show the result of these runs. Twelve functions of time are displayed simul-

taneously for each run. The total duration of each of the runs plotted is 1000 times a

component duration. Let us define each of these functions. The function labeled "signal
energy" is the total accumulated signal energy from the start of transmission. Full scale
corresponds to 64 occurrences of the component. After 64 occurrences the pen is reset to
zero; i. e., the signal energy is plotted mod 64.

The third column, labeled Log #(x(t) + n(t)), is the sequential detection output when
signal plus noise is present. The scaling of the detection output is from -5 to +9. This
output is the value of the logarithm of the likelihood ratio at each time, tk’ for the particular
set of observations obtained up to that time.

The fourth through eleventh columns are classification outputs. The scaling is
from zero to a full scale of one. Each of the columns, labeled P(CiISN) fori=1,2,...,8
is an updated probability of presence of the ith component conditional to the fact that signal

plus noise (i. e., the recurrence phenomenon plus noise) is present.
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The final column, labeled MAX P(CiISN), is a function constructed from the
classification outputs. It is obtained bly picking the largest of the eight classification
outputs at each instant in time. The scaling goes from zero to one. The second column,
labeled Log f(n(t)), is the sequential detection output when noise alone is present to the
receiver input., (The initial negative pulse in each of the traces of detection and classification
outputs should be ignored.)

In runs 0 through 99, component C1 was the actual component transmitted and it
was recurrent in all of the runs. A wide variety of detection and classification responses
resuit. The reader can obtain an idea of the number of component arrivals by looking at the
signal energy plotted as a function of time in the first column.

Since each of the eight components was assumed equaily likely at the start of a
~iransmission, the probabilitiés, P(Cil SN), were each initially set at 1/8. Ina majority
of runs, the classification output, P(CilsN), rises abruptly after a sufficient number of
components have recurred, Due to the noise and the fluctuations in total signal energy
from run to run, the time of rapid build-up of P(Ci ISN) varies, For instance, in runs 0,
3 and 71 the abrupt changes occur early whereas in a run such as 70 there is a considerable
delay before the receiver "learns' which component is being transmitted, On the other
hand, there are runs where no abrupt rise in the classification output, P(CilSN), occurs
even though C1 is being transmitted. Such cases are shown in runs 20, 26, 35, 59, 68 and 74.
There are, in fact, a few runs in which the receiver has "learned" the wrong component.
This has happened in runs 64 and 92.

To see how the detection and classification outputs respond to noise alone, an
additional set of 27 runs were made. These runs are shown in Figs. 7.14 through 7. 16
as runs 100 through 126. The labeling and scaling in these runs is the same as in the first

100 runs except an additional quantity, labeled "Selected i", is plotted in the last column,
This is a plot of the component whose probability, P(Cil SN), is a maximum at each instant
of time. The scaling on the "Selected i" column is quantized in unit steps from zero to eight.
In the noise alone runs of Figs. 7. 14 through 7. 16 the detection output, in general, drifts
downward. In general, the classification outputs, P(CiISN), give uo consistent indication
of any particular component. There are occasions, such as runs 115 and 122, where the

receiver "learns a component even though noise alone is present. The fact that the
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adaptive realization occasionally indicates the ""wrong' component is of course not a fault
of the adaptive realization but a reflection of the statistical nature of the noise and signal
uncertainties,

The 127 individual runs have been displayed in Figs. 7.3 through 7. 16 in order to

observe how an optimum receiver which has been realized by an adaptive realization operates.
Recall that an important motivation for the development of an optimum adaptive receiver is
the complex nature of the nonsequential realization (see Chapter V), In the problem simulated

here, there are eight possible components in the component ensemble and 21000

possible time
patterns of component occurrences. In terms of a formal nonsequential receiver realization,
this would require the storage of a priori probabilities for 8 - 21000 thousand-dimensional
signal vectors aleng with 8 - 21000 multipications of each of these probabilities by the
likelihood ratio conditional to each of the time patterns. Sucha reéeiver realization i8 much
too compléx to be simulated even on modern digital computers. Such a realization also
appears "'nonadaptive. " On the other hand, by going to the adaptive mode, the optimum
receiver has been simulated by storing eight probabilities, P(CiISN), and continuously
updating them as the observations come in. Although the primary reason for operating the
optimum receiver in the adaptive mode was to greatly reduce receiver complexity, the
resultant adaptive realization displays "learning' features which are hidden in the nonsequential
mode of operation,

Although it is interesting to look at each of the runs of the adaptive receiver, the
variety of receiver outputs is too great to tell just how well the receiver is performing.
In order to evaluate the adaptive receiver properly we need to obtain the ROC (receiver
operating characteristic). This can be done by properly using the data from all 100 runs
to obtain the approximate ROC at several points. From these ROC s we can obtain a

meaningful estimate of the way the detectability builds in time. This will be deferred to

Section 7. 3. 2. 3.

7.3 Receiver Performance

In Section 7. 1 the basic problem of receiver evaluation in terms of the ROC was
reviewed. In Section 7.2 individual operating runs of an optimum adaptive receiver are

displayed. The ROC for a number of cases will be obtained in this section.
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It is necessary to determine the probability density function of the likelihood ratio
or a monotone function of it under both hypotheses in order to obtain the ROC for the optimum
receiver. Two approaches can be used to obtain these density functions -- an analytical
approach and an experimental approach. While the analytical approach can lead to "exact"
answers, considerable difficuities in performing the necessary integrations frequently result.
The experimentalapproach referred to is a Monte Carlo technique using the digital computer
as an experimental tool. In this approach it is necessary to represent the input noise and
signal plus noise density function by a discrete set of probabilities. It is also necessary to
make a sufficient number of runs in order to obtain confidence in the results. The total
number of runs, however, is limited by the cost of computing time.

The receiver evaluation is separated into three parts according to the time
structure; the Periodic, Synchronous-Poisson, and Sporadic-Poisson Time Structures. The
simplest time structure is the periodic structure. This type of time structure is characteristic
of many active detection and ranging systems working in a stable medium; the detection of
such signals has been well understood for a number of years. It is included here so
comparisons can be readily made. The next order of complexity in time structure is the
Synchronous-Poisson Time Structure. It is like the periodic case in that if a component
occurs, it starts only at synchronous times. That is, it starts only at integral multiples of
a component duration, If it were always triggered a periodic signal would be generated.
However, it is only triggered some small percentage of the time. The third order of time
structure complexity is the Sporadic-Poisson Time Structure. In this time structure a
component can start at times other than multiples of a component duration,

The component uncertainty is represented by a component ensemble consisting of
equal energy orthogonal components. There are M components of common duration Tl' The
minimum bandwidth must be z—gll— so that 2WT, is at least M.

In this chapter a number of experimental ROC's have been obtained for the
Synchronous-Poisson Time Structure. These will be compared with the known performance
for the Periodic Time Structure. Since uncertainty increases in going from the Periodic to
the Synchronous-Poisson to the Sporadic-Poisson Time Structure, and since performance
necessarily drops as uncertainty increases, the results of the Synchronous-Poisson case

can be used as an upper bound on the detection performance for the Sporadic-Poisson case.



111

We are especially interested in cases where the duty factor is low and the input signal-to-noise
ratio is sufficiently small so that a receiver could not make a good decision on the basis
of a single component occurrence.

In the classical theory, the SKE (signal known exactly) is an important reference
case, For this case there is no uncertainty regarding the signal. In the recurrent component
problems we will use the CKE (component known exactly) for various time structures as a
basic reference case. Since component uncertainty creates a more difficult receiver
evaluation problem, it is useful to have the detection performance of the CKE case as an
upper bound.

7.3.1 Receiver Performance - Periodic Time Structure {Known Period, Known

Start).

7.3.1.1 CKE {Component Known Exactly). When a known component

recurs in time, and the period and starting time of the component are known, the signal is

known exactly. This is then an SKE (signal known exactly) case and the detectability is

ZEC
d=k N (7. 10)
o}
where
k is the number of components observed

Ec is the energy of a single component of duration T1
No is the noise power per unit bandwidth

Since k is a measure of time, this equation shows that d increases linearly with time.

7.3.1.2 CKS (component known statistically), One of M Orthogonal

Components. This is a case in which there is uncertainty about the component, but the
period and start of the component are known, This is one of M orthogonal signals, and one
can use the results in the literature to obtain the detectability, d (Ref. 1). At time tk the
total signal energy is k Ec and the detectability is
2E
1 1 c

d=fn [1 —_ﬁ_ + —-M— exp( —NO—>] (7 11)

where M is the number of orthogonal components in the component ensemble. By varying

M an idea of the effect of component uncertainty on detectability can be obtained.
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7.3.1.3 Performance of the Energy Detector. A very simple detector

which is not optimum is the power or energy detector. It is interesting to compare the
optimum receiver to it, in order to see how much performance is gained by the more
complex optimum receiver. For small signal-to-noise ratios, the performance of the

energy detector is (see Appendix E)

d= —= (1. 12)

7.3.1.4 Effect of Component Uncertainty. The effect of component

uncertainty is shown in Fig. 7.17. Using Egs. 7.10 and 7. 11, the detectability is plotted as
a function of time for no component uncertainty, (CKE), and two degrees of uncertainty,
(CKS, one of eight and one of 100 orthogonal components). There is no uncertainty in the
time structure since this is a periodic case in which the period and start of the component is
known. The detectability for the CKE case rises linearly with time. There is a threshold
effect for the two CKS cases plotted. The slope of the detectability curves for CKS
approaches the slope of the CKE curve after the receiver has obtained sufficient evidence that
a particular component has been transmitted. The effect of component uncertainty is a
rather mild function of M in that the vertical displacement of the CKS from the CKE curve

is #nM for large processing times. If one compares the detectability of the CKE and CKS
case, the ratio eventually approaches unity. In either case, the CKE curve provides a useful
upper bound on detectability.

7.3.1.5 Performance of a Receiver That Does Not Utilize Repeat-

ability of a Component. The optimum receiver for M orthogonal components, whose

performance is given by Eq. 7. 11, would look as though it "learned" which component is
being sent if it had been realized with an adaptive realization. Let us now consider the
performance of a suboptimum receiver that is optimum for a component duration but which
does not utilize what it has "learned" about the component to process subsequent information.
In other words, at the start of each occurrence of the periodic component the receiver
anticipates one of M orthogonal components and it can use no component information obtain

from the previous observations, The detectability for each interval T1 (a component
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duration) is then

2E
In 1-—1— + L exp——q—
M M NO

and the detectability at time tk is given by

1 1 2Ec
d=kfn I—T4—+—M—exp—l\? (7. 13)

The performance equation of this suboptimum receiver differs from that of the optimum

receiver in the argument of the exponential. In Eq. 7. 13 the argument of the exponential is
2E
simply N ¢ , a quantity associated with a time interval equal to a component duration.

o
The variable k, representing time, is outside of the logarithm and so the detectability

eventually rises linearly with time although locaily there are exponential segments. In the
case of the optimum receiver, the time variable, k, appears in the exponential of Eq. 7. 11
which gives rise to the knee in the detectability curve for the optimum receiver. A
comparison of the detectability of the optimum receiver, which makes use of what has been
"learned' about the component sent, with the suboptimum receiver, which does not, is

shown in Fig. 7. 18,

7.3.1.6 _Comparison of the Optimum Receiver with the Energy Detector.

In Fig. 7.19 the performance of the optimum receiver for one of eight orthognal components
is compared with the performance of the energy detector. Once past the "threshold, " the

detectability of the optimum receiver increases rapidly over the energy detector.

7.3.2 Receiver Performance, Synchronous-Poisson Time Structure, {Common

Component Duration), In the previous section receiver performance was obtained for detecting

a component generated by a periodic triggering process. In this section, the Synchronous-

Poisson triggering process is considered. That is, the probability that a component will

occur in a synchronous interval is v, the probability that it will not occur is 1-v, and the

occurrences are independent from one interval to another. In the Synchronous-Poisson

Time Structure v is also the duty factor and the average signal energy in tk seconds is ukEc.
Most of the ROC curves presented in this section were obtained by using the

digital computer as an experimental tool. This is an approximate but useful technique, The
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performance of the optimum receiver for CKE will occupy much of this section. Comparing
this performance with the performance where the occurrence times of the component are
known exactly shows the effect of the Synchronous-Poisson Time Structure on detectability.
Also, the CKE case puts an upper bound on performance when there is component uncertainty.

7.3.2.1 CKE (Component Known Exactly). When the component is

known exactly and the time structure is Synchronous-Poisson, the optimum receiver cross-~
correlates the input observation with the component waveform and subtracts a bias. This is
fed into a "v nonlinearity” and its output integrated. A block diagram of this receiver was
shown in Fig. 5.12b, The performance of the optimum receiver for the case of a component
known exactlsé ;ﬂvas experimentally determined on the digital computer for values of v {(duty

factor) and Nc shown in Table 7. 1. For each set of parameters, 500 simulation runs
e}

TABLE 7. 1

VALUES OF PARAMETERS RUN
CKE, SYNCHRONOUS-POISSON TIME STRUCTURE

2EC

) N
. 0125 1
. 0707 2
. 0707 4
1 4

1 .02
.1 1

1 1.3
1 2
1 4
. 1414 2
. 1414 4
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were made on the digital computer to determine the ROC, The duration of a run depended on
2E

the particular set of parameters. For example, for v = .1 and T\I—E =1, a run lasted 1000
o

times a component duration. The probability distribution of the optimum receiver output (the
likelihood ratio) was obtained for several points in time under both hyptheses, SN and N. Time
is indexed by k, the number of synchronous intervals. From the probability distributions of the
receiver output the ROC was obtained. A normal approximation to the data points was made.
Further details on the computer simulation are discussed in Appendix D.

The ROC's for the parameters listed in Table 7. 1 are presented in Figs. 1. 20 through
2Ec
No
detectability builds in time as k increases, It is easier to show this effect if we read the ROC

7.30. For a given set of parameters, v and , one can see from the ROC's how
along the negative diagonal (i. e., read the ROC where the probability of each of the two
possible types of errors are equal) and plot this detectability, d, as a function of time. This

has been done in Figs. 7. 31 through 7. 33 for the parameters listed in Table 7. 1, except for

2E
v=,0125 and N € = 1. From these curves one can see that detectability is nearly a linear
o
function of time. In Fig. 7. 31 detectability, d, is plotted as a function of time for v = .1

2E
N €. .02, 1, 1.3, 2, and 4. As < increases, the slope of the curves increase, as
o o
one would expect. In Figs. 7.32 and 7. 33 detectability is plotted versus time with the duty

and

factor, v, as a parameter. These curves are also nearly linear and increase in slope as the
duty factor increases. Using this data, the effect of the Synchronous-Poisson Time Structure
and component uncertainty on detectability will be investigated in subsequent sections.

7.3.2,2 CKS (One of Eight Orthogonal Components). ROC curves are
2E
plotted in Fig. 7. 34 for the case of one of eight orthogonal components for v = . 1, —L - 1,

N
o

and k = 100, 250, 500, 750, and 1000. The data for these ROC curves was obtained from the

receiver simulation displayed in Section 7,2, These ROC's were obtained from 100 runs
rather than the 500 runs for the ROC's of the CKE case.

7.3.2.3 Effect of Component Uncertainty, A preliminary idea of the

effect of component uncertainty on receiver performance for the Synchronous-Poisson Time
2E
c

Structure is obtained by comparing the CKE and CKS curves for v=.,1, T - 1.

o
This comparison is made in Fig. 7. 35 in which the detectability is plotted as a function of time.

The CKS curve exhibits a threshold effect. After approximately k = 100, the detectability
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rises almost linearly. The slow rise in d, below k = 100, occurs during the time when the
receiver is "learning' which component is being sent. The effect of component uncertainty

on receiver performance appears to be relatively small once a sufficient processing time

has elapsed. There is undoubtedly a tradeoff between component uncertainty and the time it
takes for detectability to reach a constant slope. These effects are similar to those observed
in the periodic case shown in Fig. 7.17. The tilt in the ROC curves for high k values and the
fact that the slope of the CKS curve in Fig. 7.35 does not quite approach the slope for the CKE
curve may be due to the smaller number of runs {100) used for the CKS data as compared to
the 500 runs used for the CKE curves. This analysis is only the start of a study of the eifect

of component uncertainty on detectability.

7.3.2.4 Effect of the Synchronous-Poisson Time Structure on

Detectability. The CKE is an important case, The performance of the optimum receiver,
when the component is known exactly, putsan upper bound on attainable performance when
there is initial component uncertainty, In other words, the performance of the optimum
adaptive receiver designed for a relatively known component ean never exceed the performance
of the optimum receiver designed for a component known exactly even after the adaptive
receiver has "learned'’ which component is being sent. Even then, the receiver is still

faced with uncertain component arrival times. We now wish to investigate the effect of the
uncertainty in component arrival times on the detection performance of the optimum receiver.
To do this we will need to know the performance of an optimum receiver had the arrival times
been known exactly.

When the component and arrival times are known exactly, the optimum receiver is
one which gates on only when a component is known to occur, and at those times crosscor-
relates the input observation with the component waveform and subtracts a bias term
proportional to the component energy. These outputs are then integrated to form the detection
output. Although the signal is known exactly in any given transmission, the number of
components that occur in an interval, (0, tk) varies from one transmission to the next. In
fact, the number of components that occur is described by the binomial distribution. The
detection performance is then a performance averaged over the various number of components

that could occur,
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2E
This case was simulated on the digital computer for v = .1 and —N——C— =1, 2,4, and
o
the resulting ROC's are plotted in Figs. 7. 36 through 7. 38. The detectability, d, is read off

these curves along the negative diagonal and plotted as a function of time. This is shown in

2E
Fig. 7.39 for v = .1, and NJ: =1, 2, and 4.
0

The average number of components that occur in the interval (0, tk) is vk. If the
actual number of components that occurred on each transmission were equal to the average

number, the detectability would be given simply by

d= vk~ (7. 14)

This analytical approximation is plotted in Fig.” 7. 39 along with the experimental curve.
Both the analytical equation and the curve that results from the experimental runs are

approximations to the true curve. The agreement between the two approximations is best

for N € -1. The simplicity of Eq. 7. 14 makes it a useful rule of thumb equation for the
o
performance of a receiver which knows the component arrival times exactly.

The analytical equation for detectability for the CKE, known arrival times, case is

compared with the detectability for the CKE, Synchronous-Poisson Time Structure in Fig. 1. 40.
2E
These performance curves are shown for v = .1 and _N_c = 1,2,4. The difference in the
o}

detection performance is due to the uncertain component arrival times. This shows that
even when the component is known exactly, a fairly high price must be paid in the detectability

by even the optimum receiver when the recurrence times of the component are this uncertain.
For example, when ZNEC = 1, for the same detectability, signal processiug time must be
increased 6, 85 times tﬁat required if the component recurrence times are lmown exactly.
2;:‘: = 2, it is 5.7 times longer and for 2:;
it is at lgw component signal-to-noise ratios whe(:'e component recurrence time uncertainties

C

For = 4 it is about 3. 4 times longer. Thus,

affect detectability the greatest.
2E

Figure 7. 41 shows the same comparison for S ¢ = 2, and v = ,0707, .1, and . 1414,
o
For v = .0707, anincrease in processing time of about 6. 4 times longer is required, in order

to attain the same detectability, than would be required if the component recurrence times
were known exactly. For v = .1, it is 5.67 and for v = . 1414 it is 4.74. These curves
indicate that component recurrence time uncertainty affects detectability the most at low

duty factors.
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In general, it can be seen that the effect of Synchronous-Poisson time uncertainty on
2E
c
No
here. Component recurrence time uncertainty, of the Synchronous-Poisson Time Structure,

detectability is substantial for the range of values of duty factor, v, and considered

degrades performance the most at low component signal-to-noise ratios and low duty factors.

7.3.2.5 Comparison of the Performance of the Optimum Receiver with

the Energy Detector (One of Eight Orthogonal Components). The optimum adaptive receiver

has already been discussed for the case of one of eight orthogonal components (see Section 7, 2).
It uses a temporary memory for storing probabilities of each of the eight components and
continually updates these probabilities with new information obtained in subsequent observations.
On the other hand, the energy detector has one square-law nonlinearity followed by an
integrator. The energy detector also has no classification capability. It is interesting to

see how the detection performance of such a limited memory receiver compares with the
performance of the optimum receiver. The performance of the energy detector for the

Synchronous-Poisson time uncertainty signals has been derived in Appendix E for one of M

2E
orthogonal components, and for small K_c it is
0
uzk 2Ec 2
d = i No (7. 15)

The performance of the energy detector is degraded by a factor of uz which is the duty
factor squared, and by the component uncertainty, expressed by M. Figure 7,42 is a
comparison of the detectability of the optimum receiver and the energy detector. After
about k = 100, the detectability of the optimum receiver increases rapidly over the energy

detector. This shows the value of the optimal use of the receiver memory.

7.3.2.6 Effect of the ""v Nonlinearity' On Receiver Performance.

When the design of the optimum receiver for the Synchronous-Poisson Time Structure was
compared with the optimum receiver for the Periodic Time Structure, many striking
similarities were found (see Section 5.4). In fact, the primary difference was the presence
of a "v nonlinearity' in the receiver designed for the Synchronous-Poisson Time Structure

(see Fig. 5.13Db), In the optimum receiver for the Periodic Time Structure, X, C - -9—2—9-
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was circulated through the delay forming

Since this can be written as

k ) k
C-C kC*C
2(X,) = 121 X C- 5= = - 25 + C'.Z X (7. 16)
= b

one can see that for the periodic case the observations themselves could be simply added in
synchronous intervals and this sum, i X, correlated with the component C. In the optimum
receiver for the Synchronous-PoissoxT’Il'ime Structure, however, the observations must first
be correlated with the component, passed through a v nonlinearity and then summed. A
natural question arises as to how important this nonlinearity is. Since the input to the
nonlinearity is a random variable, more than just the shape of the nonlinearity must be
examined. In this section the effect on detectability of the p nonlinearity will be studied by
evaluating the detection performances of two receivers. These two receivers are: (1) the
optimum receiver for CKE, Synchronous-Poisson Time Structure, (Fig. 5.13b) and (2)

a suboptimum receiver for the CKE, Synchronous-Poisson Time Structure (Fig. 5.13a).

The first receiver is optimum and includes the v nonlinearity and the second receiver (which
is suboptimum for the synchronous case but happens to be optimum for the periodic case)
does not have a nonlinearity. The optimum receiver has already been evaluated using
Monte Carlo techniques. The suboptimum receiver has been evaluated analytically and the

derivation of this result is presented in Appendix F. The performance of this suboptimum

receiver is

2E

d=1°k NOC (7.17)

The performance of this receiver is affected by v squared. One v accounts for the fact that
signal energy is reduced by v and the other v accounts for the uncertainty in recurrence times
of components.

In Figs. 7. 43 through 7. 45 the performance of the optimum and suboptimum receivers

are compared. The performance curves for the optimum receiver are obtained from Monte
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Carlo runs (see Figs. 7. 20 through 7. 30), and the performance of the suboptimum receiver

is given by Eq, 7.17. Let us discuss each of these three figures. In Fig. 7.43 detectability

2E
c

N
o}
processing time necessary for the suboptimum receiver to reach the same level of detection

vs. time is plotted for the two receivers for v = .1, =1, 2, and 4. The increased
performance as the optimum receiver can be determined by comparing the performance of
the two receivers at a constant d. The ratio of optimum receiver processing time to sub-

optimum receiver processing time required to reach the same detectability is:

2E Ratio of optimum to
NC suboptimum receiver
[} processing time,
1 1. 46
2 1.76
4 2.25
2Ec
This data shows that the importance of the v nonlinearity increases as N increases,
o
In Fig. 7. 44 the performance of the optimum and suboptimum receivers are
2E
plotted for Nc =2and v =.,0707. .1, and . 1414. In Fig. 7. 45 similar data is presented
2E ° '

=4 and v=,.0707, .1, . 1414, and .2. The ratio of processing times required by

for NC

o
the suboptimum and optimum receivers to reach the same detectability is plotted in Figs.
7.46 and 7,47, The ratio of processing times for v = 1 is one since then the two receivers
are identical., It is difficult to obtain data for very low values of v because of the longer runs
required on the digital computer. Figures 7. 46 and 7. 47 show that the importance of the v
nonlinearity increases as the duty factor, v, decreases.

In conclusion, the importance of the v nonlinearitv in the ontimum receiver increases
2E

N € increases and the duty factor decreases.

o

as
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7.4 Summary

In this chapter an adaptive receiver realization was simulated on a digital computer
for one of eight orthogonal components, Synchronous-Poisson Time Structure, Individual
runs of the detection and classification outputs as a function of time were displayed to illustrate
how such a receiver operates. However, it is difficult to judge receiver performance from

the individual runs.

The performance of the optimum receiver for a CKE, Synchronous-Poisson Time

Structure was evaluated experimentally on the digital computer for various values of the
parameters v {(duty factor), —:2;—:2 , and k (time). The detectability builds up in time in
a nearly linear fashion. The signal detectability is reduced when the arrival times are
uncertain, For example, for Zlf € ~landa duty factor of 10%, the processing time
required to reach a specified detegtability is 6. 85 times longer than would be required if

the component recurrence times were known exactly. This extra required processing time
increases as component signal-to-noise ratio and duty factor decrease.

By comparing the detectability for one of eight orthogonal components with the CKE
case, it was found that component uncertainty affects detectability in a rather mild manner
after sufficient processing time has elapsed. This effect is similar to that which occurs
when the component recurs periodically. The performance of the optimum receiver for one
of eight orthogonal components was compared with the energy detector to show the value of

the optimal use of the receiver memory.

The importance of the v nonlinearity in the optimum receiver for the CKE, Synchronous-
Poisson Time Structure was investigated by evaluating a suboptimum receiver which does not
contain the v nonlinearity. It was found that the importance of the v nonlinearity increases as

2E

f—z increases and the duty factor decreases.
o



CHAPTER VIII

SUMMARY

8.1 Conclusions

An exciting new area of research is the application of adaptive processing techniques
to the problem of detecting signals in noise. Adaptive techniques have been considered by
several researchers in regard to detecting an unknown, but fixed, waveform that recurs
randomly in time. For such a detection situation it Seems quite natural to postulate an
adaptive device to "learn' this waveform in order to aid the detection process, However,

a basic contribution of this study has been to show how the theory of signal detectability can
be extended to include techniques of optimum receiver design for problems of this type.

Most past work in detection theory considers signals whose time structure is
periodic. In the usual radar problem, the time structure is basically periodic of known
repetition frequency but unknown start of the peridd and parameters such as amplitude are
assumed unknown. A significant difference in this study is in the consideration of the
detection of signals in noise in which the time structure is nonperiodic.

A rather general problem is considered to which adaptive techniques have been
applied by others. A fixed waveform, called a component, is initially uncertain but
learnable. One of b components is selected prior to the start of transmission and the
same component recurs at uncertain times which are unlearnable. The receiver must be
capable of detecting such a recurrence phenomenon in noise. This problem is formulated as
an over-all optimization problem in detection theory rather than as a problem in which an
adaptive receiver is postulated. Detection theory provides a mathematical model in which
initial knowledge about component and recurrence time uncertainties are expressed in terms
of a priori probabilities. The component is uncertain in the sense that one of a finite
number of b components is selected for transmission. The recurrénce-time uncertainties

studied are of three basic types: Periodic, Synchronous-Poisson, and a Sporadic-Poisson

153
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Time Structure. The basic philosophy is to design an optimum receiver which makes the
best decision as to presence or absence of the recurrence phenomenon in the entire
observation, Xk’ and to realize this optimum receiver with an equivalent adaptive realization.

From detection theory it is known that the optimum receiver forms the likelihood
ratio, Q(Xk), of that observation. If the receiver is to run in time, it must keep forming
the likelihood ratio of the entire observation as k increases. In Chapter III it was shown
how this optimum receiver could be realized in an alternate equivalent form. This is a form
in which the likelihood ratio of the observation, Xk’ is realized in a sequential manner. The
operations performed by the sequential and nonsequential receivers appear quite different
although the receivers are equivalent for detection purposes. The sequential receiver
is called an adaptive realization because of the explicit manner in which it updates knowledge
of the situation. A classification output, which is a set of updated probabilities, can be
conveniently made available.

A basic difficulty in receiver design emerges when considering signals with a
nonperiodic time structure which does not appear in the classical periodic cases. This is
the problem of providing sufficient receiver memory to store probabilities of signals in an
ensemble that grows rapidly in time. To design a practical optimum receiver, it was found
necessary to develop an indirect description of the signal ensemble. In an indirect description,
the signal ensemble is described in terms of a component ensemble and a time structure.
Optimum adaptive receivers were designed for the Sporadic-Poisson, Synchronous-Poisson,
and Periodic Time Structures using this technigque and the sequential realization.

The proper use and updating of the contents of the temporary memory for the
adaptive realizations are specified by the design procedure. When the time structure
is periodic, the starting times of the component are known, and the possible components
are of common duration, the temporary memory of the optimum receiver stores and sums the
input waveshape to the receiver. If the period is unknown or if the time structure is
Synchronous-Poisson, then the temporary memory stores a more abstract quantity such as
an updated probability of each possible period or component. Finally, in the Sporadic-
Poisson Time Structure, the adaptive realization stores and continually updates component
identification and local component positional information in its temporary memory. The

updating processes have been formalized and presented.
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An adaptive receiver realization was simulated on the digital computer, and its
operation was displayed for a number of runs. These displays show the "adaptive’ nature of
this type of realization. However, it was found difficult to judge receiver performance from
any single run. Instead, performance is presented in terms of the ROC (receiver operating
characteristic).

This study also contributes to the understanding of the effect of time uncertainty on
detectability. Since the adaptive realization provides a receiver of manageable form, it
becomes feasible to evaluate its performance. Evaluation of the performance of the optimum
receiver for a particular time structure then sets an upper bound on the performance of any
other receiver in that same environment. The effect of Synchronous-Poisson Time Structure
uncertainty on detectability for the case of a component known exactly (CKE) was investigated.
This is an important firs:t case. Even when the comppnent is initially uncertain and has béen
"learned" the performance of the optimum receiver for that case cannot exceed the CKE case.
The performance of the optimum receiver for the CKE, Synchronous-Poisson Time Structure,

2E

was presented in terms of the ROC for various values of the average duty factor, Nc ,
o

and time. The detectability, d, builds almost linearly in time.
The price in performance that must be paid by even the optimum receiver, because

component arrival times are not known exactly, was investigated. For example, for a

2E

_ITg = 1 and an average duty factor of 10%, the receiver processing time required to reach
o

the same detectability is about 6. 85 times longer than would be required if component recur-

rence times were known exactly. This extra processing time required is a decreasing
2E
function of 7 € anda decreasing function of average duty factor. These results show that
o .
even when a component is known exactly, the effect on detectability can be substantial.

The results of comparing the detectability for one of eight orthogonal components
with the CKE, Synchronous-Poisson Time Structure, suggest that component uncertainty
affects detectability in a rather mild manner after a sufficient amount of time has elapsed.
This situation is similar to that of the periodic case. The performance of the optimum
receiver for one of eight orthogonal components was compared with the energy detector to

show its superior performance.
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The importance of storing and updating probability or likelihood ratio terms in the
temporary memory for the optimum receiver, CKE, Synchronous-Poisson Time Structure,
was investigated by comparing its performance with a receiver which stores and modifies
input waveshape. From these results it was found that storing probabilities or likelihood

ratios in the temporary memory rather than input waveshape became more important as

2E 2E

—N—C increased and the average duty factor decreased. For example, at N € -~ 2andan
o (o}

average duty factor of . 0707, about twice as much processing time is required by the

receiver that circulates input waveshape to obtain the same detectability as the optimum

receiver.

8.2 Future Work

There are a number of directions in which future work can go. First, the eﬁéct of
time ﬁncertainty on detectability has just begun. Although the optimum receiver has been
designed, its actual pérformance in terms of the ROC remains to be determined. The
effect of the Sporadic-Poisson Time Structure and component uncertainties on detectability
remains to be investigated.

The problem of optimum receiver design for an infinite component ensemble
with a learnable parameter and a Synchronous-Poisson or Sporadic-Poisson Time Structure
is an area of investigation. At present, such a problem could be attacked in an approximate
manner by representing such a component ensemble as finite and using the receiver design
techniques presented in this study.

Another area of investigation is the design of optimum receivers for learnable time
structures which are initially uncertain. In this study the design of the optimum receiver for
detecting a recurrence phenomenon of unknown period was presented and this could be
extended to more complicated time structures,

Three basic time structures have been considered: the Periodic, Synchronous-
Poisson, and Sporadic-Poisson. The extension of the same optimum receiver design

approach could be considered for many other types of time uncertainty.



APPENDIX A

OPTIMUM ADAPTIVE RECEIVER REALIZATIONS
SPORADIC-POISSON TIME STRUCTURE

A.1 Realization II

The optimum adaptive receiver realized in Section 5. 1. 1 is not unique A slight

modification of Realization I results if one writes the joint probability, bi j(k) as

' i
bi, j(k) = b i, j(k) pk(C 18N) (A.1)

where b’i j(k) is the probability of the jth component sample under the condition that the ith
k3
component and 8N are present and that k observations have been taken, Writing bi (k)
)
in this manner emphasizes the classification output, pk(leSN). Substituting Eq. A. 1 into

Eq. 5. 18 for the sequential average likelihood ratio results in

b .
B(xklxk_l) =i>=:1 pk-l(ClISN){E"i,O(k-l) + b'i’ rli(k—l):l El-vi) + uilz(xklsk = ci’ lﬂ

b
+ Z b'i, j_1(1«:-1)12(;-:1{!5k = ci’ J.) (A.2)
j=2

where pk(Ci!SN) has been factored out. We can therefore define a conditional sequential

. i
likelihood ratio, P(xkl X, .1 C )

E(xlek_l, Ci) = [b'i’ O(k—l) + b'i’ ni(k-l{l El—ui) + yiﬂ(xkisk = Ci, IE]

n,
1
“ 2y VgDl = ey “-9

157
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The preceding equation gives the likelihood ratio of the observation X assuming the ith
component has been recurrent. Substituting Eq. A, 3 into Eq. A, 2 results in the average

sequential likelihood ratio, ﬂ(xk !Xk_l), becoming

b . .
0x 1%, ) = i; p_1(C I8N a(x, 1X, 1, C) (A.49)

The updating of component information still requires equations similar to Eq, 5. 32

through 5. 34. If one makes the substitution
= h' - i
bi, j(k—l) =D i, j(k l)pk_l(C ISN) (A. 5)
and factors out pk_l(CilSN), then Egs. 5. 32 through 5. 34 become
. ] ) .
(1-v) [b e R 12’ p_y(Clism)

205 1% )

(A.8)

' i -
b'; oWIp(C [SN) =

' - i -
Vil:b i 0(k-l) + bi, ni(k 1;J pk-l(c ISN)Q(xklsk = ci’ 1)

by l(k)pk(CiISN) =
2 1% p) (A.7)

' i _
b ilj_l(k-l)pk_l(C !SN)z(xklsk = ci’j) 5.8

\ i an) =
b, (Wp (C1ISN)

l(xk | Xk- 1)

forj= 2,3,...,ni

; ) i . i
Instead of updating products of the form b i j_l(k—l)pk_l(c ISN), b i J._l(k- 1) and pk_l(C 18N)

can be updated separately by noticing that

(1- vi) [ 'i, O(k-l) + b'i, ni(k-lﬂ

0 1%, ch

bri’ O(k) =
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Component Conditional Sequential Likelihood Ratio

i 1 A —
2x, 1%, _4,C) = E) i,O(k-l) +b i ni(k-l):] [l—yi + v (x, s, = ¢ 1{'

n,
1

+ ;2 b'i’ j_l(k—l)lz(xk!sk =c J,) (. 3)

Classification - Component Position

(1-vi) [ '1,0(1(-1) + b'i, ni(k-lil

b'i O(k) = T - {A.9)
£
2= 1%, _4,C)
- [ -1y . ' : ;7 = -
ifiE) i,O(k 1H+b i, ni(k lgl ﬂ(xklsk ci’ 1) ,
b'i 1(k) = : (A, 10)
’ E(xklxk_l, CcH)
b'. . L (k-1e(x Is _=c )
by g = —Led 1 £k L (A. 11)
by 2x, 1%, _;,C)
forj=2,3,...,ni
Classification - Component Identification
i i
. p,_(CISN)e(x, IX .,C)
pk(C‘!SN) st kel (A.12)

20 1%y o)

A block diagram of the realization is illustrated in Fig. A, 1, This realization is
basically the same as Realization I in Section 5. 1. 1. In Realization II, however, the informa-
tion regarding which component is present is kept in a temporary memory separate from the
updated component positional information. This means that Realization Il requires a greater
amount of temporary memory. On the other hand, Realization I requires a summer,

Z bi j(m) to calculate the component classification information.
o
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A, 2 Realization III

There is a third adaptive receiver realization which is a "b" channel receiver in
which each channel "looks' for one of the components. For a finite number of signals in

the signal ensemble the integral in Eq. 5.1 becomes a sum so that the likelihood ratio of the

observation Xk is

I AED) 2(x, Is)p (sISN) (A.13)
g8eS

Now the signal space, S, can be partitioned into b disjoint subspaces, Si‘ Each Si subspace
contains all those signals that might result from the ith component alone. This is a result of
the restriction that a given component, Ci, is selected and fixed at the beginning of each long

transmission. Thus Eq. A, 13 can be written as

b ‘ L
wx)= ) T X Iep (s1C, sN)p (ClIsN) (4. 14)

i=1 se Si

where by definition of a joint probability, po(s |8N) has been written as

pO(SISN) = pO(SICi, SN)pO(Ci[SN) (A. 15)
First, the summation in Eq. A. 14 is carried out over each subspace, Si' Since pO(CiISN) is
a factor for each sum over Si’ Eq. A. 14 can be written as
3 iy i
’(X,) = Z p,(C'18N) Y 2(X le)p (sIC,8N) (A. 16)
i=1 seSi
or
i b i i
9(x,1CY) = iZ=112(xklc )p,(C"1SN) (A. 17)

Now the sum over the space Si is the likelihood ratio, !Z(XkICI) of the observation Xk under the

condition the ith component is present. In other words,

i i
Jz(xklc‘) = SEZS .Q(kas)po(slc , SN) (A. 18)
1
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This likelihood ratio, ﬂ(XleI), can in turn be realized in a sequential fashion for each of the
b possible components. So

0x, 1Y = ax,_ 1ch ax 1%, €Y (A. 19)

k-1’

where !Z(xk 'Xk—l’ Ci) is given by Eq. A. 13 along with Eqs. A.9, A.10 and A. 11. The class-

ification output for component identification is given by

i i
pO(C ISN) ﬁ(xklc )

p(ClIsN) =
o(x,)

(A. 20)

Table A.2 summarizes the design equations. This realization has a channel for each of the

ﬁ possible components. A gross block diagram of one channel of the receiver, Realization III,
is shown in Fig. A.2. In this realization each of the branches calculates the likelihood ratio
of the entire observation, Xk, under the condition the ith component is being sent. The out-
puts of each channel are then weighted by the a priori probabilities, pO(CiISN), of the
selection of each of the components and these are summed to form the likelihood ratio, I(Xk).
This realization looks "less adaptive" since po(Ci ISN) is not explicitly updated at each step

in time, It differs from Realization II in that it has a separate channel for each of the possible

components,

TABLE A, 2

BASIC RECEIVER DESIGN EQUATIONS, SPORADIC-POISSON TIME STRUCTURE

REALIZATION INI

Optimum Detection Output

b . .
2(x) =i;1 fz(xklcl) po<c‘JSN) (A, 18)
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Component Conditional Likelihood Ratio

i i i
(X 1Ch = 0, 1Cheex, 1X, [, CY

Component Conditional Sequential Likelihood Ratio

i ' - ' - - =
B(kuXk_l,C ) = E)i’o(k 1) +b i,ni(k 1]E v +Vi12(xk!sk ¢

n,
1

+ j;z bY kDG I, = ¢ 5

Classification - Component Position

(- vi)[ 'L oD b ni(k-lﬂ

ox, 1%, CY

by, 0 =

ViE)'i, 0(k-l) + b'iy ni(k-ljﬁ (xklsk = ci’ J.)

b (k) = i
’ !Z(kuXk_l, CH
b'. . (k-1)e(x Is, =¢c, )
bvi ‘(k) — 1)]-1 k f 1,])
& 151X, _;,CY

Classification - Component Identification

po(ClisN) (x, IC)
1x,)

p(C'I8N) =

(A, 19)

]

(A.3)

(A.9)

(A. 10)

(A, 11)

(A, 20)
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A.3 Realization IV

We now come to one of the most interesting and useful realizations. The receiver
realizations discussed previously are adaptive and operate in an intuitively appealing manner,
A simpler sequential realization is possible. Let us begin the derivation of this realization

by considering the likelihood ratio of the observation Xk-l' This likelihood ratio is

c, . c
i,n i, n, i,n,

R(Xk_l) = ‘Z—:l SZ_ . _Zc ...S Z‘C !Z(Xk_llsl,sz,...,sk_l)po(sl,sz,...,sk_llSN)
=817, 0 ®27%, 0 %k-17%, 0
(A. 21)

Since these are finite sums, the order of summation may be interchanged, Leaving the

summations with réspect to i and 81 until last, one can write
C, c, e, c, -
i,n, i,n, i, n, i, n,

b i
10X, o) = 21 Z_ Z ‘Z eer 28X _qls),89,.00,5, )
=1 8, 17%,0 L517%,0 %27%,0 %k-2"%,0

po(sl, Y ISN) (A. 22)
Denoting the quantity in brackets by
¢ n i, n, i,n,
A vt
st-l(k-l) = sz=c . :/:c . -; zc !Z(Xk_l lsl, Sgrenes sk—l)po(sl’ Soseen ,sk_llSN)
1%, 0 ®%27%,0 %-27%,0
gives
c,
b LBy
2K, )= L9 (k1) (A. 24)
i=1 s, .=c, k-1
k-1 71,0

Now, the likelihood ratio of the observation X, is defined to be

k
c. c. c,
i,n, i, n i, n,
b i i i
2% :'_Z Z _Z _Z 8%y 18y,80,. . 8 M (x [8)p (51,8, ,8,SN)
i=1 s.=c¢, , 8,=C, , 8, =C.
17,072 7,0 "k "i,0

2

(A.25)
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and by definition of a joint probability

po(sl, Sgav - ,sleN) = po(sl’ Sgr-- 58 g ISN)pO(sklsl, Sgreee Sy SN) (A. 26)

For the generator processes under consideration

po(sklsl,sz,...,sk_l,SN)= (sklsk 1 SN) (A. 27)

the state of the signal sample, 8) depends only on the state of the previous sample, Sp-1°

Substituting Eq. A. 27 into A, 26 results in

po(sl,sz, - ,sk!SN) = po(sl’SZ’ .. ISN) g(sk - 1,SN) (A. 28)

and substituting Eq. A, 28 into A, 25 gives

c. c. c.
b i, n i, n, i,
g(xk) - Z )3 Voeee ) !(Xk_llsl,sz, e ,sk_l)f(xklsk)]

=1 81=¢; 9 597%,0 5k, 0

[g(sk[sk_l, SN)pO(sl, SoseeesBp_g lSNﬂ (A. 29)

One can select the order of summation so that the sum over sk and Sk—l follows the sum

Also, g(skls SN) can be factored out of the summation over the

OVer §.,85,...,8, o k-1’

first k-2 sums and IZ(xklsk) factored out of the sum over the first k-1 sums. Equation A, 29

can be written then as

c. c,
i,n
’(x,) = Z Z U ls) L (el ls, (SN
i=1 5=C4 .0 S-17%
Ci n, ci n, ci,n.
1 ' 1 S
Z Z ces Z E(Xk 1‘51, 2,...,Sk_1)p0(sl,52y~--1sk_15 N)

$17%,0 527%,0 ®k-27%,0
(A. 30)
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Notice that the multiple sum in brackets is what we have defined in Eq. A, 23 as QS (k~1).
k-1

Making this substitution, Eq. A, 30 becomes

c C,

b i,ni x,ni
=) -
)= L SZC fz(xklsk>sz L Slsle SN Qg (en. (a3
k i,0 k-1""1,0

Now in a manner completely analagous to that which resulted in Eq. A, 24, one can write the

likelihood ratio of the observation Xk as

C

b Loy
Hx) = 7, L QW (A. 32)
i=1 sk= i,0 k
Therefore Eq. A, 31 can be written as
b C C. C n
(X)) = ), Z Q (9= Z Z Plle Z Bsy 1510 S Qg (kD)
=1 s,=¢; .0 Sk-17%, 0

(A.33)

By inspecting both sides of Eq. A. 33 it can be seen that the general equation for updating

Qs (k) in terms of Qs (k-1) is given by

k k
C,
1, I'li
Q (k)—z(x ACRED) g(s,ls, 15N Q  (k-1) (A. 34)
S-17%, 0 k-1

We now want the updating equation for each state that S, can be in, Let us use the

notation Q . (k) = J( k). By definition of the Sporadic-Poisson generator process as
ki, 3 b
given by Eqgs. 4. 2 through 4. 5, many of the state transitions in the formal sum of Eq. A. 34
are zero. For 5k i, 0 the only nonzero values of g(sklsk_l, SN) are g(sk= Ci, O!sk-lzci, 0’ SN)
le. ,8N) = 1—1/.1. Since !Z(xklsk =c O) = 1 for signals in added
»

i

white Gaussian noise, Eq. A. 34 becomes for 5. =% o
’

= 1—1/i and g(sk =¢ 9

3

1 0(k) -[Q (k-1) + Q 1(k 1)] (l-l/i) (A. 35)
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The signal can only reach state Sy = c.’ 1 from Sk-l = Ci, o °F Sk-l = Ci, ni’ and the
probabilities associated with these transitions are g(sk = ci, 1 ;sk—l = Ci, 0’ SN) = v, and

gl =¢; I8 1=¢

,SN) =v.. Sofors, =c, .,Eq. A. 34 can be written as
i, n, i i, 1

k

Qi, 1(k) = [Qi, 0(k-l) + Qi’ ni(k-l)] Viﬂ.(xklsk =c 1) (A. 36)

For any of the other states, ¢ j where j is not equal to 0 or 1, the state S = ¢ j can only

¥

be reached from Sp.1= j-1° The probability of this transition is one. In this case
’

Eq. A. 34 becomes

Q W =q ;4 -Di(xls =c; ) (A. 37)

Now, the likelihood ratio of the observation Xk was given by Eq. A. 32 as

C.
i, n,
i

b
o=2 L QW (A.32)
i=1 S=% 0 k

Using the notation Q (k) _

= Q, .(k), Eq. A.32 can be written as
k i,j

b M
2(X) = 2 QK (A. 38)

Equations A. 35 through A, 38 are the basic equations of this realization. This receiver is
much simpler than the previous ones, If one compares the updating equations for the Qi, j(k)
matrix with that for the bi, j(k) matrix of Realization I in Section 5. 1. 1, one sees that they are
quite similar except that the updating of bi, j(k) is more involved. In Realization I, each

bi, j(k) term had to be multiplied by a sequential likelihood ratio, ﬂ(xklsk = ci’ j), to obtain

the likelihood ratio, Q(Xk), of the observation Xk In Realization IV, however, the likelihood
ratio at time tk is simply given by Eq. A, 34, In order to see how a classification output is
obtained from the Qi, j(k) terms let us first look at another interpretation of Qi j(k). We

?

know from Eq. 3.8 that

2X) = X P IX ) (3.8)
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By definition

C C

i, n 1y i n,
0%, X, _ 1) = Zl . Y Z - ‘;C 2x, 1), (51, 89,-.,5,ISN)  (A.39)
=181¢; 6 557% 0 5%, 0

For generator processes which can be expressed as a function, g(sklsk_l, SN), one obtains,

as before, for the average sequential likelihood ratio

C, c

i, n i, n
f(x [Xk 1) = Z X 0 (x lsk) Z g(sklsk_l,SN)pk_l(sk_IISN) (A. 40)
5k™%%, 0 %k-17%,0

8o the likelihood ratio of the observation Xk can be written using Egs, 3.8 and 5. 12 as

c C,

b i, n, i,n,
£(X) =X, _) 2 _}j £(x, 1s)) Z_ gls, Is,_;,8N)p (s, _,ISN) (A.41)
=1 8,=¢ Sk-17%, 0

Since Q(Xk_l) is independent of the summations over i, s, and s, _, one can bring ﬂ(Xk_ v

within the summation signs and write Eq. A, 36 as

C. C,
1, n, 1n

b 1
X)=) L Axls) Z gls,!s 1, SN, oy (s, {ISN) (A. 42)
=1 8=¢ o Sk-17%,0

Comparing Eqgs. A. 37 and A, 33 one sees that

=1 = A
Q1, ].(k) (Xk)pk(sk ci’j!SN) (A. 43)
Recalling Eq. 5. 16
b1, J.(k) = pk(sk = ci’leN) (5. 18)
one can write Eq. A, 43 as
QI’ j(k) = !Z(Xk)bi, J-(k) (A. 44)

1 J(k) may be interpreted as the likelihood ratio of the observation X, multiplied by the
3

probability of the jth component sample of the ith component, under the condition SN, and the
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taking of k observations.

If the classification output, bi j(k) is wanted, it can be determined from
y

Q (k)

_ i
bi, j(k) = mﬁr (A. 45)

If the updated component identification is desired, it can be derived from

%
n, ZO Q
i = ’
py(CISN) =j=zo by k)= X (4. 46)

The operations that the optimum receiver of Realization IV performs are summarized in

Table 5. 3 in Chapter V and block diagrams are presented in Figs. 5.5 through 5. 8.



APPENDIX B

OPTIMUM ADAPTIVE RECEIVER REALIZATIONS,
SYNCHRONOQUS-POISSON TIME STRUCTURE

B.1 Realization IIl

In Section 5. 2. 1 Realization I was presented for the Synchronous-Poisson Time
Structure. Realization IIl is a "b'' channel receiver. In this realization the likelihood ratio
of the observation Xk may be written as

b s :
8(x) = ), p (C18N) ), L(X, Is) p(sIC,SN) (B.1)
i=1 8€S,

This conditional likelihood ratio is to be realized in a sequential fashion for each of the b

possible components, so that

o(x, Ich = 0x,_1Che(x 1%, 4, €D (B.2)

k-1’

In the Synchronous-Poisson Time Structure, the component conditional sequential likelihood

ratio has been previously determined and is

i =
ﬁ(xlek_l, C)= 1--1}i +Viﬂ(xk(Sk = Ci, 1) (5. 60)
The classification output is obtained from
i i
i pO(C lSN)ﬂ(XkIC )
pk(C ISN) = 7 (Xk) (B. 3)

The design equations for this realization are summarized in Table B. 1. A block diagram is

shown in Fig. B.1 for added white Gaussian noise. A feature of this realization is the separate
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channel allotted for each of the b components. The receiver input, Xy is correlated with
each possible component that could occur and the bias Ci, 1’ Ci, 1/2 is subtracted. These
outputs are then passed through nonlinear functions which depend on the average duty factor
of each component. The output of the nonlinear element is the logarithm of the component
conditional sequential likelihood ratio, lZ(xlek_l, Ci). These values are summed by means
of the recirculating T1 delay and exponentiated to form the component conditional likelihood
ratio, E(Xk!Ci). These component conditional likelihood ratios, weighted by the a priori
probabilities of the possible components, are summed to form the detection output, ﬂ(Xk).

The classification output is obtained by taking the output of each channel and dividing it by

the detection output, lZ(Xk). This is done in this particular realization on a logarithmic basis.

TABLE B, 1

BASIC RECEIVER DESIGN EQUATIONS, SYNCHRONOUS-POISSON TIME STRUCTURE

REALIZATION III

Optimum Detection Output

b : :
0(X,) = El“xk' Chp,(C'ISN) (A. 18)

Component Conditional Likelihood Ratio

#(x 1Ch=0(x,_ 1Ch e 1%, Ch (B.2)

Component Conditional Sequential Likelihood Ratio

i _
Q(xlek_l,C ) = l—yi + uiﬁ(xk[Sk = Ci, 1) (5. 60)

Classification -~ Component Identification

i i
p,(C' 1SN, ICY

(B.3)
I (Xk)

pk(Ci|SN) =
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B. 2 Realization IV

This realization is somewhat simpler than Realization III although the contrast is
not so great as in the sporadic receiver, Let us begin the derivation of this realization by

considering the likelihood ratio of the observation Xk—l' This is

€1 S S
2°X, ) 2121 S _ZC ; ;C g > e UK 118189, 0,8, _p(81,8,,...,8, _;ISN)
T Y1 7,0 72774, 0 Tk-17 7,0
(B.4)
Summing with respect to i and Sk_llast one obtains
b ci, 1 Ci, 1 Ci, 1
20Xy ) 521 S ZC o _ZC ZC ”Xk 151858
=18 15¢,0]5%27C, 0 Sk-2
pO(Sl, Sz, se ey Sk_l ISN) (B. 5)
Denoting the quantity in brackets by QS (k-1), Eq. B.5 can be written as
k-1
b Ci,O
20X, =) > Q. (k-1) (B. 6)
k-1 i=1 8§ _=C, Sk-l
k-1 71,0
Now, the likelihood ratio of the observation Xk is by definition
1 S,1 S
0x) = le % SZC Sgc Xy 118189000, 8 X 18P (81,8, ... ,8,1SN)
= 1,0 72771,0  Sk"i,0
By definition of a joint probability
po(sl’ Sz, - ,SleN) = po(sl’ SZ’ ..., 8 ISN)p (Sk 1 2, .. ’Sk-l’SN)
(B. 8)

But in the Synchronous-Poisson Time Structure, the generator process is such that
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pO(SleI, Sz, ceey Sk—l’ 8N) = g(Sk[SN) (B.9)
Substituting Eq. B.9 into B. 7 gives

x)=2 ) e ) X (18,8, .., 8, 0%, 18)p (8, 8,,...,8, Jels,ISN)

=1 8,=C; 8)=C,  §,7C, ¢
(B. 10)

Interchanging the order of summation and factoring, Eq. B. 10 can be written as

. il i1
“Xk)zzl ; =Zc 2(x, 18,) g(S, ISN) o Lo
=t Pk, 0 k-1""1,0

Ci,1 Ci,1 €1

z Z «ee Z [(X_k—llsl,sz,.a.,Sk_l)po(slyszy"’!Sk_I}SN)
8,=C; 0557C1,0 Sk-2"Ci, 0
(B.11)

But the multiple sum in brackets in Eq. B. 11 is the same as the bracketed term in Eq. B.5

which has already been defined as Qg (k-1). Substituting QS (k-1) into Eg. B. 11 gives
k-1 k-1

Ci1 €1

0(x) =) ) L0k l8 e(s, IsN) Y Qg (k-1 (B. 12)
i=1 §,=C, g $.17Cio k-1

Now Eq. B.6 can be written with the subscript k-1advanced to k resulting in

c,

p ol

x)=2 L Qg ® (B. 13)
=1 §,=C, , k

Comparing Egs. B. 12 and B. 13 one sees that

i1

() = p(x, 1SS, 1SN) Y Q (k=D (B. 14)
s, X 1 Se(Sy Sk-Z;= o 5.1
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Let us use the simpler notations QS
k

By definition of the Synchronous-Poisson generator process as given by Eqs. 4.7 and 4. 8

’ 1]

g(SkISN) = 1—1/i for Sk = Ci,O (4.7)
and
g(SleN) =vy for Sk = Ci, 1 (4. 8)
Therefore Eq. B. 14 can be written as
Qi, ol = ( l-vi)[Qi’ olk=1) + Qi, l(k-IZ, (B. 15)
and
'Qi, 1(k) = yilz(xklsk = Ci, 1) EQL 0(k-l) + Qi, 1(k-lﬂ (B. 186)

Instead of updating Qi 0(k) and Qi 1(l«:) separately, one can update the sum, Qi(k) = Qi 0(k)
+ Qi, (B

Q'l, -lkk) = Qi(k-l)[:l—yi + yiﬁ(xlek = Ci, 1)] (B. 17)

Using the notation introduced above for the QS (k), Eq. B. 13 can be written as
k

1=

b
ox) = '21 Qo0 + Q luﬂ (B. 18)

or

b
2%, = -21 Q,(k) (B. 19)
i=

Equations B. 17 and B. 19 are the basic equations necessary to obtain the detection output.
The interpretation of Qi(k) is similar to the interpretation given of Qi j(k) in the sporadic case
’

and is
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. Q. (k)
pk(C‘ISN) = ﬁx—k; (B. 20)

Thus, a classification output is easily obtained. The design equations for this receiver
realization are summarized in Table 5.5. Block diagrams of this realization are shown in

Figs. 5.5 through 5. 8.



APPENDIX C

OPTIMUM ADAPTIVE RECEIVER REALIZATIONS,
PERIODIC TIME STRUCTURE

C.1 Unknown Repetition Frequency, Realization II

A slight modification of Realization I, presented in Section 5. 3. 1 may be obtained by
writing the joint probability, bi j(k> in the form given in Eq. A. 1, bi j(k) = b'i j(k)pk(CiISN),
? ) ’ ]
and substituting into Eq. 5. 66 for the sequential average likelihood ratio. Factoring out

Py 1(Ci{SN) gives

b N

- i ' - - ' - -
11X Q) "Zi Py_1(C'1SN) | b i'ni(k De(x, I8, = ¢ D+ jgz b i’j_l(k De(x, [s, = ¢ j)

(C.1)

Defining a component conditional sequential likelihood ratio, ﬁ(xlek_l, Ci) as

n,
. 1
1 = \ - = ' - I =
2x 1%, 4, C) b', ni(k Dex s =, ) +j§2 LSRN ¢,y (€2

one can put Eq. C. 1 into the form
5 i i
2(x, 1% ) 2121 P (CI8N(x, X, C) (C.3)

The updating equations for component positional information are obtained by making
the substitution of the form bi j(k) = b'i j(k) pk(CIISN) in both sides of Egs. 5. 68 and 5. 69,
’ H

The result is

t i —
b i n.(k-l) pk_l(C [SN)e (Xklsk = ci’ 1)

by 1(k)pk(citsm) - i (C. 4)

1% )
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. _ i -
b i,j-l(k l)pk_l(C ISN)IZ(xklsk = Ci,j) 9

b, () pk(CIISN) -
’ ﬂ(xklxk-l)
Instead of updating the products of the form b'i j(k-- 1) pk_l(CilSN), one can update
b'i j_l(k-l) and pk_l(CiISN) separately by observing that
’

b i,n (k-l)ﬁ(xklsk = N

b' () = ! (C.6)
b 2(x, 1%, )

by k=Dl Isy = ¢ )

b, j(k) ) 2 (c.n
; ) L for j=2,3,...,n
and )
i . i
. p,_,(CTIsN)a(x, IX _.,C)
pk(C1]SN) _ Pkt k k-1 (C.8)

The design equations for this realization are summarized in Table C. 1

TABLE C. 1
BASIC RECEIVER DESIGN EQUATIONS, PERIODIC TIME STRUCTURE

UNKNOWN REPETITION FREQUENCY
REALIZATION II

Optimum Detection Output

2% = 0(X, el X)) (3.8)

Sequential Average Likelihood Ratio

b . .
0(x, 1%, _y) = 151 p1(C' 1SN, IX, 1, C)) (C.3)
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Component Conditional Sequential Likelihood Ratio

n,

: 1
iy _ . - _ T - _
2z 1X, _1,C) =D i, ni(k Dex, Is, ¢ e jfz b i,j_l(k Dox, Is) ci,j) (.2

Classification - Component Position

b'i, n.(k—l)ﬂ(xklx-:.k =c 7
by 4 = - 2
(xlek_l)
b, 0 - it 00,
’ f(xklxk'l’ ) for j=2,3,..

Classification - Component Identification

P, (CISM&x 1X_,C)

Hx 1%y )

pk(ci [SN) =

C. 2 Unknown Repetition Frequency, Realization III

(C.6)

(C.1)

Sy

(C. 8)

This is a "b" channel realization in which the likelihood ratio of the entire observa-

tion, Xk’ is obtained sequentially under the condition the ith component is present. The

b channels are then weighted by the a priori probability, before taking any observations, of

each of the components. The detection output is

b o
2(X,) = -21 2(x, 1Chp (CIsN)
i=

(A. 18)

Each channel forms the likelihood ratio of the observation, Xk’ conditional to the ith

component and this is formed sequentially as

i i i
ﬂ(xklc ) = fz(xk_llc )ﬂ(xklxk_l,c )

which becomes in the periodic case

Ny

R } _ . 3 B
ﬂ(xlek_l,C) b'. (k l)ﬁ(xklsk— Ci, 1) + Z bi,j-l(k l)ﬂ(xklsk-

i, n,

i j=2

(A. 19)

7 (C.9)

k4
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and the updating equations on component identification and position are given by Egs. C. 6
through C. 8. The receiver design equations for this realization are summarized in Table C,. 2.
TABLE C, 2
BASIC RECEIVER DESIGN EQUATIONS, PERIODIC TIME STRUCTURE

UNKNOWN REPETITION FREQUENCY
REALIZATION III

Optimum Detection Output

b R .
2(x) = )3 :z(xkic‘)po(cllsm (A. 17)
i=1

Component Conditional Likelihood Ratio

0x ¢ = ox_ 1Y 1%, CY (A. 19)

Component Conditional Sequential Likelihood Ratio

n

. i
L 4o - = + - -
E(xk[Xk_l, CHh=b i ni(k l)z(xklsk ci, 1) +j;2 b i,j—l(k l)ﬂ(xk[sk c. )

i,j
(C.9)
Classification - Component Position
b'i, ni(k—l)l(xklsk =c 1)
b'i 1(k) = I (C.86)
2 (xklxk_l,C )
b . (k-1)i(x, Is, =c, )
bl () = —] 1 k ik L) (c.7)
b
£(x, X, _4,C)

forj=2,3,...,ni

Classification - Component Identification

. p (Clisvex, 1ch
p(CHISN) = -2 k (c.8)

0(x)
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C.3 Unknown Repetition Frequency, Realization IV

This realization is the least adaptive looking of the realizations but it is the
simplest. It is a ''b"" channel receiver and its development follows Appendix A. 3 for the

sporadic receiver up to Eq. A, 34 with the exception that the summations are over the states

Ci, v Ci, PIREEE: ci’ n, rather than ci, 0’ ci’ 1 ci’ gren Ci, ni. Analagous to Eq. A. 31 one can
write
C,
i,n,
Q, (W = £(x,Is) 2 gls, s, 1SN Q  (k-1) (C. 10)
k S, L =C, k~1
k-1 7,1

Using the properties of the periodic generator process given by Eqs. 4.9 and 4. 10 in Eq. C. 10

one can write

Qi; 1K) = Qi’ ni(k-l)ﬂ(xkisk =¢ N (C. 11)
Qi, j(k) = Qi, j_l(k-l)ﬂ(xklsk =c j)
(C. 12)
for j = 2,3,.»..,ni
where the likelihood ratio of the observation Xk i8 given by
b
0(x,) =), Q (K (C. 13)
~ ; ,i
i=1  j=1

The classification cutput is obtained as before from Eqgs. A, 44 and A, 45. The basic receiver

design equations are summarized in Table 5. 7.



APPENDIX D

COMPUTER SIMULATION TECHNIQUE

The receiver realizations discussed in Chapter VII, from which the ROC data was
obtained, were simulated on the IBM 7090 digital computer. The general computational
method used throughout was to replace all continuous random variables with a discrete
random variable. A 50-ppint discrete probability distribution was used to match the continu-
ous probability distribution, each point being assigned 2 percent probability. That is, the
two probability distribution functions were matchedr at values of . Ol, .03,...,.99. This
method gives a rather good representation of the random variables within the middle
96 percent of the range, and a crude representation of the smallest 2 percent and the
largest 2 percent of the range.

The optimum adaptive receiver realization discussed in Section 7. 2 for one of eight
orthogonal components, Synchronous-Poisson Time Structure, was simulated on the digital
computer. The digital data was then converted to analog form on a digital-to-analog con-

verter and plotted out on a Sanborn pen recorder.
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APPENDIX F

DERIVATION OF PERFORMANCE, SUBOPTIMUM RECEIVER
CKE, SYNCHRONOUS-POISSON TIME STRUCTURE

In this appendix the detection performance of a suboptimum receiver is derived
which crosscorrelates the component, C, waveform with each unit observation, X5 and

integrates. In other words, the receiver forms

(F. 1)

N

(]
WA

5

o

where X is an ni-dimensional observation and C is an ni—dimensional component. This
derivation assumes that the detection performance is the same as that had the average
number of components occurred.

When the receiver outputs under the hypotheses N and SN are normally distributed,

the detectability, d, is given by (Ref. 20)

(“SN,k ) “N,k) ?

d= 5 (F. 2)
N, x
where
FsN k mean of the receiver output conditional to SN and k observations
Nk mean of the receiver output conditional to N and k observations
UZN K variance of the receiver output conditional to N and k observations

Let us now obtain expressions for MoN K PN K and Oil K Since the sum of any
’ b ’

187



188

number of independent normally distributed variables is itself normally distributed with

mean the sum of the means and variance the sum of the variances, then

HeN k = (1 - v)kuN + vkuCN (F. 3)
where
vk average number of component occurrences
(1 -k average number of no-component occurrences
ben mean of the observation, X, under component plus noise
Hy mean of the observation, X under noise alone

The variance under noise alone after k observations is the sum of the variance under noise

alone of each observation. Thus

o2 = ko4 (F. 4)

Substituting Egs. F-3 and F-4 into the definition for d, Eq. F-2, results in

. 2
VE\len T PN

d= 02 (F. 5)
N

When component plus noise is present the mean of the receiver output is Kon = 2WEC.

When noise alone is present the mean of the correlator output is by = 0 and the variance
2

is o

N = 2WECN. Therefore, Eq. F-5 becomes

d= vk —— (F. 6)

which appears as Eq. 7. 17.
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