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ABSTRACT

The problem considered postulates two mutually exclusive
and exhaustive statistical hypotheses, under each of which the
probability distribution on the observation space is known except
for (conditional to) a finite-dimensional parameter. The param-
eters may or may not have common components, and are consid-
ered as random variables and assigned a priori probability den-
sity functions (p.d.f.'s). It includes the standard signal-detection
problem where either the signal, or the noise, or both, may con-
tain uncertain parameters.

Estimation is defined as knowledge of the a posteriori

parameter p.d.f. given by Bayes' rule. The likelihood ratio of
marginal observation distributions is considered an optimal detec-
tion statistic. It is shown that this statistic can be found by using
the two separate estimation results to modify a related simple-
hypothesis detection statistic. Thus, estimation and detection occur
simultaneously in a very natural fashion.

The concept and existence of necessary and sufficient statis-
tics are investigated. If the conditional observation distribution
under either hypothesis admits a sufficient staktistic of fixed dimen-

sion, then a natural conjugate family of parameter densities exists
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and is indexed by a '"conjugate parameter' of the same dimension.
Explicit relations can be found to "update’ the conjugate parameter
based on the sufficient statistic; usually the procedure is recursive.
Explicit use of Bayes' rule becomes unnecessaryAand the estima-
tion problem is reduced to a tractable, fixed-dimensional procedure.
The detection problem is similarly simplified.

It is shown that any p.d.f. nonzero on the same parameter
space as the natural conjugate density also reproduces. Much of
the signal processing is shown to be independent of the a priori
parameter densities.

All results are rigorously extended to include observations
which are continuous-parameter random processes. To illustrate
the theory, the problem of detecting a known signal in and simul-
taneously estimating the parameters of Mth—order stationary auto-
regressive Gaussian (Gauss-Markov) noise is addressed. Solutions
are found for both the discrete (sampled) and the continuous case.
The estimation solution is tractable; the detection statistic is com-
plicated. It is written in closed form for M = 1. For arbitrary
(known) values of M , it contains integrals which are quite difficult

and are left unevaluated.
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FOREWORD

This doctoral thesis represents a major theoretical break-
through in the fields of detection theory and estimation. Previous
research has been based on the use of the Shannon sampling theorem
or the Karhanen-Loeve theorem; both require knowledge of the noise
autocorrelation function. In practice, this knowledge is often unavail-
able. In situations where this lack of knowledge may critically influ-
ence the design and performance of equipment, it is necessary to
"tell the mathematics' about this uncertainty of the noise character-
istics.

This doctoral thesis develops both the foundation and the
techniques for working with uncertainty about the noise process. It
is hoped that its distribution to research workers in detection and
estimation theory will spur renewed interest and progress in extend-
ing theories toward handling more realistic situations and thereby

be of more direct help to the practical equipment designer.
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CHAPTERI

INTRODUCTION

The theory of signal detection and estimation is the study
of methods for determining the presence of, and extracting use-
ful information from, communication signals corrupted by random
interference. As such, it is cast within the framework of the
statistical theories of hypothesis testing and point estimation and
shares a great deal of mathematical ground with other disciplines
cast in that framework; for example, pattern recognition and
statistical decision theory. Both of the latter disciplines explic-
itly apply and make use of some statistical results concerning
sufficient statistics and reproducing probability densities. It is
the aim of this dissertation to apply those same concepts to the
theory of signal detection and estimation. To this end, it is neces-
sary to rederive the results in terms of the language and notation
of detection theory. Then, the available results are considerably
extended by applying them to the infinite-dimensional function spaces
generated by random processes. Finally, they are applied to the
detection and estimation problem and some significant new results
are obtained.

This work concerns itself with problems in which the signal,

the corrupting noise, or both contain a finite number of parameters



which are not known; it is especially significant that the methods
developed are easily applied to unknown noise parameters. As
will be shown, the results allow application of the classical detec-
tion theory results without the assumption that a complete statis-
tical description of the noise is available. The viewpoint taken

is essentially Bayesian; that is, unknown parameters are consid-
ered as random variables with probability distributions which
reflect a composite of the observer's subjective opinion and of

(1)

past observation of their state. As further observations are
made, these distributions are modified according to Bayes' Rule.
This viewpoint is a matter of some controversy in the statistical
literature (see, e.g., Savage [ 53 |) and certainly there are cases
where it is unjustified. For many problems of interest in detec-
tion theory, the Bayesian approach is quite valuable. If nothing
else, the domain of an unknown parameter can often be bounded
by practical considerations and ignorance beyond this point ex-
(2)

pressed as a uniform a priori distribution. Further, it is

shown in Appendix C that Bayesian techniques are just as

(l)This is the only intended implication of the word '"Baye-
sian''; in particular, the results are not restricted to the linear
or quadratic cost functionals which "Bayesian'' is sometimes taken
to imply.

(2)See, for example, Kashyap [31].



applicable if the unknown parameters are not random but if one
admits a utility function which represents a specification of the
estimator and detector performance as a function of the "true"
parameter values.

Since Bayesian methods in general utilize and manipulate
probability distributions rather than just numbers, the data storage
and calculation necessary to their use often seem prohibitive.
One purpose of this dissertation is to demonstrate how, for a
large class of problems, these difficulties can be surmounted.

A word is in order concerning the mathematical level of
this work. It is intended that a first-year graduate education in
communications engineering which includes one or two courses
in probability and statistics be a sufficient background to read and
apply the results. Thus, the use of analysis or measure theory is
specifically avoided whenever possible. Occasionally (e.g., in
sections of Chapters II, Ill, and V) it is not; the offending sections
are marked with an asterisk. To read them, one needs the back-
ground of Appendix B, as well as some knowledge of random pro-
cess theory. This dichotomy in mathematical levels has the ac-
knowledged effect of making the material somewhat longer and
occasionally more tedious than necessary, but is considered worth-

while.



The notation is standard. Footnotes are referenced in

()

raised parentheses® ', references to the bibliography are made

in square brackets [ ], equation numbers are placed on line in
parentheses ( ), and the end of theorems, proofs, examples, etc.,
is indicated by a square block. l An effort has been made to use
conventional engineering symbols, abbreviations, and notation
whenever possible. For convenience, a list of symbols is in the
preliminaries.

The material is organized as follows. Chapter I first states
and then presents traditional solutions to three problems: simple-
hypothesis signal detection, Bayesian point estimation, and com-
pound-hypothesis detection. An interesting new model, useful
for the solution of certain simple-hypothesis detection problems,
is given in Appendix A and is used to obtain solutions needed in
later chapters. In addition to stating the problems in some detail,
Chapter I establishes the notation to be used and concludes with a
brief historical review of the subject.

Chapter II addresses the concept, properties, and existence
of necessary and sufficient statistics for a family of probability
distributions. After a presentation of the usual statistical concepts,
some modern measure-theoretic results concerning sufficient
statistics are applied to the function spaces generated by a random

process; this allows application of these concepts to observations



made continuously in time. The chapter concludes by reconsidering
finite-dimensional observations; many of the classical results are
rederived for the case where discrete samples possess an Mth—
order Markov dependence, as is often true in communications and
control problems.

Chapter III defines and demonstrates the existence of classes
of reproducing probability densities, and then applies the properties
of such classes to the Bayesian sequential and "one-shot' detection
and estimation problems; these are shown to be simplified consid-
erably. The detection problem is shown to partition in such a way
that a great deal of the signal processing becomes independent of
the a priori distributions. Finally, the results are extended to
observations made continuously in time, and the sequential treat-
ment of such observations is addressed.

Chapter IV applies the theory to the problem of detecting
a known sure signal in, and simultaneously estimating the spectral
parameters of, discrete Mth—order stationary autoregressive
Gaussian (M-SAG) noise. General solutions are derived, and the
case M =1 is done in detail. The results are quite complicated,;
no attempt is made to simplify or approximate the discrete solu-
tion. Instead, it is left to stand in contrast to the material of

Chapter V, which solves the same problem for signal and noise



observed continuously in time. Although the theory is much harder,
the results are considerably simpler than the corresponding "sampled"
results of Chapter IV.

The word "'solutions'' above should be interpreted loosely.
The purpose of Chapters IV and V is to illustrate the application
of and to further clarify the theory; no claim as to the practicality
of the results is made. Estimation, for instance, will consist of

finding the parameters which specify the a posteriori p.d.{. as a

member of some known family. This is fine in theory, but actually
making a sensible estimate based on that density (i.e., on its
parameters) is a completely new problem, and is not one which
this work intends to address. The same holds for detection;
usually the detection statistic, though optimal, is so complicated
as to be impractical. Again, no attempts will be made to approxi-
mate or simplify the results.

One final apology is necessary at the outset. A key feature
of the theory of Chapters II and III is that it is in no way restricted
to problems which are linear, Gaussian, involve quadratic costs,
or any of the other usual constraints; yet, the examples of Chap-
ters IV and V are both linear and Gaussian. There are two reasons
for this: First is the usual one that Gaussian noise is indeed a
very realistic model, especially in communications problems.

Second, it was desirable that one unified example serve for both



the discrete and the continuous case. In the latter, the singularity
of (or the existence of densities for) abstract measures become
important topics for which very few practical results exist once

one leaves the realm of Gaussian measures.

1.1 General Notation and Assumptions

Throughout this work, observations will be denoted as
y and will lie ina set % which represents the totality of all
possible observations. They are generated by some sort of ran-
dom mechanism (process, experiment), and one wishes to use
them to make inferences (of a nature to be made clear in Section
1. 2) about that generating mechanism. There are two broad cate-
gories of observations which will be considered:

The first is that y is a sample function from a real-valued
random process {yt, te[0, T]} , where t takes on continuous
values in the fixed, finite interval [0, T] . The sample space is
a measure space ( %, ., %) of real-valued functions on
[0, T]; .?é is a probability measure belonging to a family
M = { % ;0€0 } indexed by a finite-dimensional parameter.
Solution of tais case is quite difficult and will usually be approached
by taking a suitable limit of solutions obtained for the second cate-
gory of observations, namely:

The observation is a real number belonging to some domain

Y < R1 . All results could just as well have been derived for



y€ R" , but at considerable notational expense. If a single obser-
vation is to be processed, the Borel probability measure on %
will be considered as given by a member of a family {f(yl6);p€0© }
of probability density functions (p. d.{. 's) indexed by a finite-dimen-
sional parameter. Throughout this dissertation, it will be assumed
that all Borel probability measures are absolutely continuous with
respect to Lebesgue measure and hence given by p.d.f.'s. A
totally rigorous and unambiguous notation would require that these
p.d.f.'s be identified by a subscript, and that different symbols be
used to distinguish random variables, dummy variables, and con-
stants in their arguments. Such a notation makes equations rather
cumbersome, especially where conditional p.d.{. 's are employed;
further, it can be difficult to read without practice. Hence, this
dissertation will use the shorter but admittedly ambiguous notation

of letting f(.) denote a p.d.f. which is identified by its arguments,

e.g.,

16) # ta)l, g

Further, the notation will not explicitly show in what sense those
arguments are to be considered; ambiguities will be resolved by
context or by an explicit comment.

Often, one is interested not in a single observation y but



in a finite-length sequence of observations which the process has

generated. Denote the first k observations of interest as
Yk = (yl’ Y29 seey yk) (1. 1)

which is, if appropriate, considered a column vector. Clearly,

¥ke ?/kCRk . If no assumptions are made regarding their sta-

tistical dependence, its elements have a joint p.d.f. which belongs

to {f(gkle ); € ©} ; these families may be different for different

A

values of k, and hence requireanarbitrarily large "hard memory

(1)

to store. The densities can be written sequentially using the

relation

= =

£y, 10) =

f(y lY._l,G) (1.2)
i

1 T

i

but this does not lessen the storage requirement.

The situation improves if more structure is placed on the
problem. Consider, for instance, that the samples possess an
(2)

Mth- order Markov dependence with stationary transitions.

For reasons apparent later, it is then convenient to include the

(1)”Hard" memory contains information inherent in the
problem statement and stays fixed as 6 is learned.

(2) Each observation is statistically dependent upon only
the preceding M.
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samples (y_M+1, cen, yO) and write

f(y-M+l’ Vg ykle) = f(y_M+1. .. yOIG)

k
R /L NSTER VL
i=1
(1.3)
This is simplified by defining the state vector
_ M
g = Oy Vi)t Y (1.9)
Conditioned upon y, , (1. 3) becomes
k
f(XKI.YO:Q) = 11-1—1 f(yiiyi_ 1:9) (1.5)

The structure of this equation will be important in the sequel, and
it will often be convenient to condition all results upon the "initial
observations" y, = (y_ Ms1? 02 yo) in this fashion. It is impor-
tant to note that the results will not in general be the same as if
unconditioned, and the conditioning must finally be undone or
justified in some way. The case of statistically independent ob-

servations is given by M =0, i.e.,

k
£y, 16) -1 f(y,16) (1. 6)
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Note that (1. 5) and (1. 6) present two simplifications.
First, they are inherently sequential so that the joint density of
k observations can be found using only the p.d.f. of (k - 1) ob-
servations and the preceding M observations themselves. Second,
a saving of "hard memory" is apparent since knowledge of the
family of transition densities {f(yly,8);0€ ©} yields the(condi-
tioned) family of joint p.d.f.'s for any k.

Many results for the continuous process {yt;te[O, T ]}
will be obtained by considering that k samples are drawn from the

interval. Let Tk denote the set of k sampling instants

T, ={t.=—=—T;i=1,2,...,k} (1.7)

RS
k i k

equally spaced with sampling interval 6, =T /k . One obtains
a discrete process {yt, te Tk} ; it will be assumed that the dis-
tribution of ¥k ,
satisfies all requirements posed above for the finite-dimensional

the vector of (1. 1) with elements Vi =Y o
i

case. As k —~ « (i.e., 8, -— 0 ), the samples grow dense in

k
[0, T] and, under suitable restrictions, inferences can be made

(1)

about the continuous process.

(1)Inferences made by this scheme are actually based on
observing the half-open interval (0, T] . If the sample functions
are a.s. continuous, this is clearly equivalent to observing [0, T] .
If not, it may be desirable to include the point t = 0 in the finite
sample sets.
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If the continuous process is Mth-order Markov(l) , then
it is again convenient to condition all expressions upon Yo 5 these
will not be identical to the expressions given above until the con-
ditioning is accounted for. There is an important distinction be-
tween inferences which include initial observations and those which

are conditioned on initial observations.

1.2 Statement of the Problem

This section describes the problem to be solved by first
stating two sub-problems: the simple-hypothesis detection prob-
lem, and the Bayesian estimation problem. Finally a combina-
tion of the two, the doubly compound hypothesis detection problem
will be posed. It is this last problem of simultaneous detection
and estimation which is of concern; the sub-problems are sepa-
rated as above for historical reasons and because the solution
will separate similarly. Section 1.3 will be organized similarly
and will present general solutions to the problems; Chapter III
will later apply the concepts of sufficient statistics which are in-

troduced in Chapter II.

th (I)This means that any collection of sequential samples is
M -order Markov as previously defined.
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1.2.1 The Simple-Hypothesis Detection Problem. The

basic signal detection problem postulates two mutually exclusive
and exhaustive hypotheses, denoted as HO ("moise alone is pre-
sent') and H1 (""signal and noise are present'). The "true"
hypothesis activates some sort of probabilistic mechanism (com-
munications channel); the result is mathematically described as
placing a corresponding probability measure on the space of ob-
servables % ; i.e., one of two p.d.f.'s is active on ¥ :
f(yIHO) or f(yIHl) .(1) By observing ye¢ % , the "detector"
must decide which hypothesis is true; the two possible decisions
and D, .

0 1
The detector will be designed to maximize a "goal func-

are denoted D

tional" G][ P(DllHl) , P(DllHO)] which is a real function of the
"detection probability" P(DllHl) and the "false-alarm probabil-
ity P(DliHO) . The only restriction on G(-, +) is that it be
monotone nondecreasing in its first argument and monotone non-
increasing in the second: It does not penalize correct decisions

or reward false ones.

(l)These statements should be interpreted as referring to
measures instead of p.d.f.'s if the observations are continuous
time functions. This liberty with notation will be taken through-
out,
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The following examples of simple-hypothesis detection

problems establish notation to be used in later chapters.

Example 1. 1(a)

The observation is a continuous random process, given under each

hypothesis by:

= s(t) + n te[0, T]

—
~

-+
|

t b

where s(t) is an exactly-known deterministic signal, and n, is
first-order stationary autoregressive Gaussian (1-SAG) noise of
zero mean with known spectral density

2

2y _ _a
s5.(«) = —%F—;p; >0 (1.8)
w +p1

and autocorrelation function
2 P il
a 1
R (1) = 20, e (1.9)

This noise process is often called the Ornstein-Uhlenbeck process.

The observation y, , te[0, T] , is to be processed to
determine whether or not the signal is present; "optimality' is
determined in accordance with a goal functional G which satis-

fies the assumptions made above. .
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Example 1. 1(b)

Sample the observation of the preceding example as des-

cribed in (1.7). Then

Hy © ¥, = Dy
H Y, =8, + N

and the observation is a vector-valued random variable which is

easily treated by classical methods. l

1.2.2 The Bayesian Estimation Problem. In the preceding

section, the family of distributions on % had two members.
Now, assume that this family is, as stated in Section 1.1, given
by the p.d.f.'s {f(yl6);6¢©} where the parameter set © isa
domainin R™ . Let f(y16 *) be the member of the family which
is active on %

Before making an observation, the subjective and objective
knowledge about 6 * is summarized as an a priori p.d.f. fo(e) ,
§€© . This may be an actual explicitly known probability density,

or it may be a density function chosen from some class for its
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ability to model the observer's a priori knowledge. (1)(2)

Observations are used to "update' the probability distribu-

tion on O , resulting in a new a posteriori p.d. f. after each ob-

servation is made. This p.d.f. may then be used to make an
optimal estimate (3(y) of 6 * with respect to any desired criterion
as shown in Section 1. 3. 2; the results of this dissertation will not
be restricted to specific criteria. Instead, "estimation' will

always imply explicit knowledge of the a posteriori p.d.f.

Example 1. 2(a)

Put

fenl
l

, p1>0
Py

and let the p.d.f. fO(B ) summarize all previous knowledge about

8 * . The observation is continuous,

(l)Such modeling techniques constitute an active field of
study; see, e.g., Kashyap [31] or De Groot [ 10], Ch. 6.

(2)Appendix C shows that Bayesian techniques are as appli-
cable (though the philosophy is different) if one considers 6 a
fixed but unknown constant and uses an integrable utility or per-
formance function in place of the a priori p.d.f., or even if one
has a bona-fide a priori p.d.f. and wishes to combinea utility
specification with it.
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where n, is 1-SAG noise as described in Example 1. 1(a);
"a®* " and "pl" are the parameters of the noise spectral den-
sity, and they are to be estimated to minimize the cost function-

al

J - ng@my)-en“l

Example 1. 2(b)

Sample the observation of Example 1. 2(a), so that the parameters
to be estimated are unchanged but % = R1 and the observation

is ¥, = N € YK . The cost is

J - E 6.(Y,)- 6>
@kxe)”k'k I I

Example 1. 2(c)

Chapter V will show that the preceding example is equivalent to:
Let {yi, i=1,2, ...} be the first-order autoregressive

process which satisfies

y; + Blyi—l = ae, -1< Bl<0
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2
with initial condition selected at random from a N(0O —E—) dis-

, 2
1-;81
tribution. {ek} is a sequence of independent N(0, 1) random
variables.

The parameters of this problem are related to those of

Example 1. 2(b) by

-plé
Bl = -¢

2 -2p.b
2 _ _a _ 1
d = 2, (1-e )

where & is the sampling interval. I

1.2.3 The Compound-Hypothesis Detection Problem. The

situation is similar to the simple-hypothesis problem, except that
under either or both hypotheses the active probability measure on
% is one of a family indexed by an unknown parameter. Under

H this parameter is denoted #€¢© and under HO itis ne N ;

17
these may or may not have common components. The corres-
ponding families of densities {f(yl6, H,) ;6 €@} and {f(y!'n,HO) ;
7€ JV} are known. In essence, this problem is a combination

of the two already defined.

The reward of a Bayesian approach to this problem is

two-fold: First, it allows detection and estimation to occur simul-

taneously in a natural way, especially for sequential observations.
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Second, it permits sidestepping a difficult problem of statistical
decision theory; namely, it avoids the issue of finding a "uniformly
most powerful' decision statistic (one which is optimal for any
admissible 6 *) . This is accomplished by optimizing the detec-
tor with respect to a goal functional exactly as was done for the
simple-hypothesis problem of Section 1. 2.1, except that detection
and false-alarm probabilities are now defined to be the marginal

probabilities

P(D,IH,) = é P, 1H,, 0) f,(0) a0 (1. 10)

P(D,IHy) = J PO,IHg,n) flm) di (1.11)

where f0(9) , fo(n) are the a priori p.d.f.'s.
Once the detector makes a decision, that hypothesis is
assumed true and the corresponding parameter is to be estimated

precisely as in Section 1. 1. 2.
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Example 1.3

In the previous notation

as(t) + n te[0, T]

d
o~

-
1

t b

where s(t) is a signal known exactly and n, is 1-SAG noise

(Example 1.1). The values of @, a*, and p; are not known,

S0
a 3.2
o = az sy N =
pl P1

Note that some parameters are common to both hypotheses. .

1.3 Theoretical Foundations; the Traditional Solution

1. 3.1 Simple Hypothesis Detection Theory. The problem

of Section 1. 2. 1 has four possible decision/hypothesis combin-
ations. Since a decision is forced, the probabilities of two of
these (usually the ""detection probability" P(DllHl) and the "false-
alarm probability" P(DllHO)) are sufficient to characterize the
performance of any detection scheme.

It is a basic fact of classical detection theory (see [ 18],

[43], [39]) that optimal processing of the observation consists
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of computing a one-dimensional statistic (the likelihood ratio).
This is trivial to demonstrate for a simple goal functional; sup-

pose one desires to maximize

G = PD,IH,) - « P(D,IH a> 0 (1. 12)

o

Many linear goal functionals including those commonly referred

to as '""Bayes' criteria, ' can be written thus. Clearly,

G = | PDivd F - a /] POy d HKO)

Y &Y
| d #AW) L 13
={?)f P(Dlly) W -« d %(y) (1. 13)

where .?&(y) and .@O(y) are probability measures on %
and P(Dlly) is a randomized decision rule. If the Radon-Niko-

dym derivative (likelihood ratio)

d AW

2(y) d % ¥)

f(ylH,)
" I(yiH)

[ge?

if densities exist (1. 14)
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makes sense, then (1. 1. 3) is maximized by choosing the decision

rule as follows:

1 ?
o - {itonr 8
0 2(y)

AV
2 RO

(1. 15)

If y is finite-dimensional and densities exist as in (1. 14), then
application of these concepts is straightforward; more general
situations, however, can become quite complex.

Birdsall [ 5] has demonstrated that the likelihood ratio
(1. 14) is an optimal decision statistic, and that the decision rule
has the form of (1. 15), for any goal function possessing the prop-
erties set forth in Section 1. 2. 1; only the threshold o depends
upon the actual criterion. This is a powerful result since it per-
mits design of a detector which will be optimal for a very wide
class of criteria.

In infinite-dimensional spaces, the situation is much more
difficult because p.d.{.'s fail to exist. Most of the available theory
pertains to Gaussian processes, in which case the mean and co-
variance functions constitute a complete statistical description.

One basic result concerns the detection of a signal known exactly
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(1)

in known Gaussian noise; it is obtained as follows. Suppose
HO Y T
H vy = s(t) + n o, te[0,T] (1. 16)

where s(t) is a sure signal and n, is zero-mean stationary

t

Gaussian noise with autocorrelation function Rn(T) . Let
{2 wk=1,2, ... } be the eigenvalues of the kernel R (t-s)

and expand Yis s(t) , and n_ in terms of the corresponding nor-

t

malized eigenfunctions {gok(t)} ; if n, has rational spectral den-

t
sity, this is a complete orthonormal (c. 0. n.) set of functions in
Lz[ 0, T] , the space of all square~-integrable functions. 2)

Let {yi} , {si} , and {ni} be the corresponding sets of

(possibly random) Fourier coefficients, e.g.,

n, = n, @, () dt (1. 17)

(I)See Grenander [ 18 ] or Davenport and Root [ 9], Art. 14.5.
(Z)Davenport and Root [ 9], Appendix 2.
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By the Karhunen-Loeve theorem, {ni/\D\—i} is a c.o.n. set of
random variables; since Gaussian, they are also statistically
independent. Let Y, denote the finite collection (yl, e yk) .

It is trivial to verify that z(S_(k) , the natural logarithm of ¢ (¥k) ,

is given as

z(Y)—lili—ii—l- (1. 18)
=k’ T A 2 L)\, .
1= 1=

Here the first term represents the necessary signal processing and

the second is a measure of the performance of the detector:

n

(1. 19)

[Ringi ey
>‘lH
1
o

(1)

where d is the ''detectability index'. For the general Gaussian

(I)Van Trees [ 61], p. 100 or Peterson, Birdsall, and
Fox [43].
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problem (i.e., z(y) is a Gaussian random variable under either

hypothesis), it is always true that
d = E[z(y)lHl] - E[z(y)IHO] (1. 20)

where E(-) denotes mathematical expectation. Under suitable

regularity conditions,(l) the sums in (1. 18) converge in L2 and
T Tr
z(y) = f ' sz(t) dt - 3 f 84 (t) dt (1. 21)
0 0
where
€ s
so(t) = Z 55— ¢ (1. 22)
i=1 i
o s
;0 = 2, = ¢ (1.23)
i=1 i
a
(1) %

It is necessary that Z T converge; see e. g., Kelly,

i
Reed, and Root [ 32 ].



26

It is easily verified using (1. 22) that the function sz(t) is the solu-

tion to a Fredholm integral equation of the first kind,

T
sit) = J s,A)R (t-2)an , o<t<T (1.29)
0

and in fact, most classical solutions solve (1. 24) using an asso-
ciated differential equation with suitable boundary conditions ;(1)
the necessary signal processing is then given by the first part
of (1.21).

A model first suggested by K. Metzger [ 38 ] and exten-
sively refined by T. Birdsall allows finding sz(t) and the quadra-
tic content of sl(t) through methods more familiar to the engineer.

It applies to cases where n, has a rational spectral density: in

t

encineering terms, n, can be represented as "'white Gaussian
b

t
noige' filtered by a causal, linear, time-invariant system with
rational transfer function H(s) . Details of the model are derived

in Appendix A. As an example of its application, Appendix A

(1)For example, Van Trees [61], Art. 4.3.6 or Helstrom
[26], Art. TV. 5.






28

will be apparent in Chapter V, it is here retained as an explicit
term in the likelihood ratio.

It is well known that sample functions of the process n,
and hence Yy » are continuous with probability 1. Thus, the like-

lihood ratio (1. 25) is the same whether one considers {yt, te[0,T ]}

as done here, or {yt’ te(0, T]} .

1.3.2 Bayesian Estimation Theory.

a. Bayes' Rule. Consider the problem of Section 1. 2.2

for sequential discrete observations. Suppose ¥k has been ob-

served. Given the a priori p.d.f. fO(B) , one can use the infor-

mation in the observation to form an a posteriori p.d.f. f(GH_(k)
by using Bayes' rule, which is merely a restatement of the defini-

tion of conditional p.d.f.'s:

(Y, 10)1,(0)

i) (1. 27)

£0 1Y)

Once an observation is made, the denominator is a number which

serves to normalize the a posteriori p.d.f.,
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Equations (1.27) and (1. 29) can be put into sequential form;

using (1. 2) in (1. 27) gives

k
£0(6) L, £y, 1Y, 1,6)
£(6 ]s_[k) = (1. 31)
(Numerator) dé

©

Separating the first factor, one finds

f(yk | ¥k" 1? )1 | ¥k- 1)

f (Numerator) dé
©

£(6 1Y (1.32)

“k) =

Comparison with (1.27) shows that, at each stage, the previous

a posteriori p.d. f. should be used as a prior for the next increment.

A sequential analog to (1. 29) follows similarly:

61y, )

1. 33
f(ykl¥k_1) = W f(Yk'Yk_l,G) ( )

For the reasons given in Section 1.1, all this is in general
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intractable: The hard memory (that which retains information which
stays fixed throughout the problem) must store arbitrarily many
different conditional p.d.f.'s f(ykh_{k_ 1 6) , and the soft mem-
ory (that which changes as 8 is learned) must update and retain

the a posteriori p.d.f. as a function. Further, all previous obser-

vations must be retained in order to select the proper conditional
p.d.f.

If the observations are Mth-— order Markov with stationary
transitions, (see Section 1.1, Eq. (1.3) ff.), things improve

markedly. Equation (1.31) becomes

i f(y. 1 0
B(6) 1 1(y,1%;,.10)

(617, ¥y = -l (1. 34)
f (Numerator) dé
S

and most of the hard-memory problems have been alleviated.

Under quite general conditions, the a posteriori p. d. f.

defined by (1. 27) or its equivalents approaches a delta-function
about the "true' value 6* as k — o« ; this has been studied, for
example, by Liporace [37] and Le Cam [34]. Note that the con-
ditional p.d.f. f(S_(kIG ) is precisely the classical likelihood func-

tion altered through multiplication by the a priori p.d.f. If the
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a priori p.d.f. is nonzero in a neighborhood of 6 * , one expects
that the maximum likelihood and Bayes estimatorswill have similar
asymptotic properties; this has been verified by Levin and Shinakov
[36] for a large class of problems.

b. Bayesian Estimation. Suppose that the a posteriori

p.d.f. has been formed and that a cost functional J[ 6 (y), 6 * |
is given ( 6 is an estimate of the true value 6 * ); the object is
to find a 6(y) which minimizes the risk & , defined as the

mathematical expectation of the cost. Conditional to 6 * , this

expectation is
B, [30,6%)10*] = [J[6(y),6*] f(yio*) dy
where 6 (y) is the estimator being used. Since 0* is not known,

the risk is in fact given by averaging this over all possible 6 *

using the known (a_priori) distribution on 6 :

R = [ 146) ] I[66), 0] t(yie) ay o

Note from (1. 27) that, upon interchanging the order of integration,

this can be written

R= [ Hy) [ I[6(n,0] fe8ly)de dy (1. 35)
v C]
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Since f(y) > 0, it is sufficient to choose 6(y) in a way which

minimizes the a posteriori expected cost; for a large class of

cost functionals this estimate is the mean of the a posteriori den-

sity f(0 ly). (1) If a cost functional is not given, the estimate is
often chosen to be the mode of f(6ly) ; this is called maximum

a posteriori (MAP) estimation.

For purposes of this dissertation, the Bayesian estimation

problem is considered solved when the a posteriori density is

found, and no specific cost functionals will be considered.
A final concern is to determine if and when one can sample
a continuous observation as discussed in Section 1. 1 and define

an a posteriori p.d.f. (and hence a Bayes' estimate) by taking a

limit as the samples grow dense in the observation interval. This
question will be posponed until Chapter II (Section 2. 2).

1. 3. 3 Compound-Hypothesis Detection Theory. The prob-

lem was stated in Section 1. 2. 3; one desires a decision to maxi-
mize G[ P(DllHl) , P(DliHO)] where G(-, *) satisfies the con-
sistency conditions stated in Section 1.2.1 and where the detection

and false-alarm probabilities are marginal probabilities as defined

(1>Van Trees [61], pp. 60-63.
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in (1. 10) and (1. 11). (1) For discrete observations it is easily
shown that the optimal decision is based on the likelihood ratio

of marginal p.d.f.'s

(Y, 1H,)
" © Ty THy)

g £(Y, 1H,6)1,(6)d6 .
J KY Hy,m i m) dn '
A

If hypothesis H, is simple this reduces to the well-known result

0

0y,) = ) 0(Y,10)t,(0) do (1. 37)
3

(1) It should be noted that defining the goal functional in this
way sidesteps one of the primary concerns of statistical decision
theory, namely the existence of a uniformly most powerful test;
see, e.g., Van Trees [61], p. 85 or Lehmann [35], Ch. 3. This
is possible only because 6 is considered a random variable.

(See also Appendix C).
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Section 1. 2.3 claimed that using the Bayesian approach results in
a natural relation between detection and estimation which allows
the two to be done concurrently. This is dramatically illustrated
by using (1.29) to write the marginal densities in the likelihood

ratio (1.36):

fO(G) f(niYk,_Ho)
Q(Yk) = fo(n) e lgk’H]_) Q(Ykle :77)

(1. 38)

where

(Y, l6,H))

0(Y, to,m) = m (1. 39)

Note that 6 and 1 must "cancel out' of the right side of (1. 38),
since the left side does not depend on the parameters. This implies

that any fixed, convenient, admissible value of the parameters may

be used to evaluate the expression, and [} (¥k {6 ,n) is merely
the simple-hypothesis likelihood ratio for those fixed values. Thus,

the compound-hypothesis detection problem can be solved using the
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simple-hypothesis result, modified by the a posteriori p.d.f.'s

which are found in the Bayesian estimation problem. Equation
(1.38) will be a basic relation in the work which follows.
A sequential analog to (1. 38) is again easily found; it is

given by

==

Q(Yk) = { (yi‘Yi‘ 1) (1~ 40)

i=1

where

161y, ,H,) f01Y,Hy)
0y 1Y, ) = !
i =i-1 f(GH__[i,Hl) f(n’¥i-1’H0)

4 (Yi‘¥1_1:9 ,77)

(1. 41)

1.4 Historical Background

The ''classical'' theory of signal detection, based primarily
upon the statistical theory of hypothesis testing, was developed in
the early 1950's; basic papers in the field are those of Grenander
[18 ], Peterson, Birdsall, and Fox [43 ], and Middleton and Van
Meter [39]. This early work was primarily concerned with de-

tection; although the presence of unknown parameters in the signal
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was addressed, no attempt was made to simultaneously estimate
these.

The earliest treatments of simultaneous estimation and
detection usually proposed suboptimal solutions based upon using
a maximum likelihood estimate of the parameters in a detection
scheme; see, e.g., Kelly, Reed, and Root [ 32 ] or Price [45].
Only quite recently has the simultaneous optimality of detection and
estimation schemes been addressed; even then, this has usually been
done in a limited context which tends to obscure the overall simpli-
city of the problem.

For instance, Middleton and Esposito [ 40 | developed a
Bayesian solution for signal parameters, but from a nonrecursive
viewpoint and through use of a cost structure which explicitly con-
siders coupling of the detection and estimation costs. Scharf and
Lytle [ 54 | address Gaussian noise of unknown level, thus including
noise parameters in the problem. Their solution is nonrecursive,
and investigates the existence of uniformly most powerful (UMP)
or UMP-invariant tests; this question can be avoided by adoption
of a Bayesian approach. Spooner [ 57 ] [ 58] considered unknown
noise parameters in detail; his work falls closest to that presented
here, being a specific application of the principles involved. Jaffer

and Gupta [ 29 ] [ 30 ] consider the recursive Bayesian problem
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using a quadratic cost, Gaussian Markov processes, and esti-
mating only signal parameters. Roberts [47] [48] considered
signals of unknown phase or amplitude. Though much more spe-
cialized, his work also is quite close to the results given here; he
appears to have been the first to employ reproducing probability
densities (a phenomenon he called "closure of the distribution")
for the uncertain parameters. Spooner [ 58 | used the same tech-
nigque to estimate the spectral density of sampled white noise; the
results were subsequently generalized by Birdsall [ 6 ], whose
work provided much of the motivation for Chapter III of this dis-
sertation.

Many other pertinent papers exist in the recent literature;
among them, the multiple-hypothesis work of Fredriksen, Middleton,
and Vandelinde [ 17] and the paper by Nahi [ 41 ]. A good discussion

of earlier papers on the problem is contained in [ 40 ]



CHAPTER II

NECESSARY AND SUFFICIENT STATISTICS

Most results in the sequel depend on the existence of suffi-
cient statistics for the parameter of a family of probability distri-
butions; this chapter is dedicated to the presentation of results
concerning such statistics and the families of distributions which
admit them. The emphasis is different from that usually found in
treatments of the subject; for a more conventional approach, the
reader is referred to Ferguson [16 | Ch. 3, or Hogg and Craig
[28 ] Ch. 8. A rigorous, measure-theoretic treatment based on
the work of Halmos and Savage [24 ] and Bahadur [ 3 ] can be
found in Appendix B and is necessary to a full understanding of
Section 2. 2.2 and portions of Chapters IIl and V. The mathematics
involved in that treatment are sufficiently difficult to be incompat-
ible with the rest of this work; hence, the results were relegated
to an appendix. All results in Sections 2.1 and 2. 3 can be de-
rived from the work in Appendix B; in keeping with the spirit of
this dissertation, they are here developed independently at a
lower level of rigor.

Section 2. 1 will introduce the concept of necessary and
sufficient statistics by considering them in the context of finite
parameter and observation spaces (which means that all proba-

bilities are discrete). In addition to motivating the various

39
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definitions, this discussion forms a good heuristic basis for the
measure-theoretic work in Appendix B. The section then pro-
ceeds to formally define necessary and sufficient statistics (using
the factorization criterion, since all spaces are assumed finite-
dimensional and all probability measures absolutely continuous),
and concludes by demonstrating a function which, under suitable
restrictions, always satisfies the definitions.

Section 2.2 extends the results to continuous-parameter
random processes. This is done by assuming such a process to
be observed on a fixed, finite interval and sampled at evenly-
spaced points on that interval. The samples are made to grow

dense, and limits for the sufficient statistics and the a posteriori

p.d.{. generated by Bayes' rule are investigated.

Finally, Section 2.3 assumes that observations are gener-
ated sequentially by some process which causes them to possess
an Mth-order Markov dependence. This generalizes, and includes
as a special case, the situation where samples are independent.
Under certain restrictions, only exponential families of distri-
butions will be seen to admit sufficient statistics of fixed, finite

(1)

dimension.

(l)This was first proved for the case of independent samples
by Koopman [33].
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The general theory developed in Chapter III will depend
primarily upon the contents of Sections 2.1 and 2.2. Section 2. 3
treats a special class of processes and is presented here for
reference in Chapter IV where the Mth-order Gaussian Markov

process will be considered.

2.1 Definition and General Results for Finite-Dimensional Obser-

vations.
Recall that ye %/ is observed; for notational simplicity,

%y is considered a domain in ]?{1 . If k sequential observations
are made, their ordered column vector is denoted S_(ke 74 kC Rk .
Suppose that Pk, o~ {f(ykl 6);0e©C Rm} is’ a known family of
Borel probability measures given by the indicated piecewise-smooth
p.d.f.'s on @k . (These results are generalized in Section 2. 2
and Appendix B.) Occasionally in the sequel, it will be assumed

that each f(’gkla) is strictly positive on @k ; this will be re-

ferred to as the regular case. The assumption, when made, sim-

plifies results significantly but rules out some (though not many)
distributions of practical interest; e. g.,

a‘k;og y; <6 , i=Ll..k

(Y, 16) =
0 elsewhere
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2.1.1 Basic Concepts. The concept of a necessary and

sufficient statistic is easy when stated with enough generality:
Suppose the observations Yk have been made. A mapping t(¥k)
ig a sufficient statistic if its value contains, in a sense to be de-
fined, as much information about the true value of 6 asdid Y,
itself; a mapping t(¥k) is a necessary statistic for 6 if none

(1) The defi-

of the information it contains about 6 is redundant.
nitions in existence all seek to express these concepts in various

forms and degrees of generality.

Usually the task is complicated by the necessity of admit-
ting the non-Bayesian, so that 6 may not be considered a random
variable. That is not a problem here; accordingly, t(¥k) will be
considered a sufficient statistic (of a sample of size k , for the

parameter 6 ) if

o1y = HoItY)] ¥y ayk 2. 1)

where the a posteriori p.d.f.'s are given by Bayes' rule (1. 27).

The following discussion, due to Dynkin [13 ], makes the

(I)The sense in which this may be interpreted is a subject
of continuing debate by mathematical statisticians. For a good
discussion, see the conclusion of the paper by Halmos and Savage

[24].
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results in the sequel heuristically clear. Suppose that all proba-

bility distributions are discrete and finite, i.e., one has a finite

set of random outcomes
Y = 1yy Voo ooyt

On these observations define a finite family of probability distri-

butions, each member of which is

{P(y18), ..., Plyyle)}

where 6¢0© = {¢ L s} , a finite parameter set. Given an
a priori distribution { P(6 =6 i) = pi}izl. g om © , and assuming

an outcome y was observed, one uses Bayes' rule

p; P(yl6 ) _
P(Gily) = =3 -, 1i=1...s (2.2)
)2, b P(yle,)
Ly Pk k

to construct the a posteriori distribution. Now suppose that for

some y', y'e & ,

P(y'l@i) = P(y”lOi) , 1 =1...8 (2.3)
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P(y.i6 i)

P(ijo) , J=1...N,i=1...s8 (2.5)

A(yjlei) =

Bayes' rule (2. 2) is unchanged if all P(ylej) are replaced by

A(ylej) . Hence, the class of sets {Ak} ,
A, = {y:A(yiBi) =X, 1= 1...s} (2. 6)

i . 1 .
is also sufficient for 8 . ") Tt can be shown that {Ak} is the
coarsest (i.e., the minimal) class which is sufficient; accordingly,

it is called the necessary and sufficient class of sets for 6 , and

a mapping T which is constant on {Ak} is a necessary and suf-

ficient statistic.

Now let {Ak} be an arbitrary sufficient class for § and
let t(y) be a sufficient statistic which is constant on members of

this class, say t(y) = tk for yeAk . By assumption, then,

(I)It is clear that a sufficient class of sets also results
if the denominator of the ratios (2. 5) is any arbitrary probabil-
ity distribution on % which does not depend on 6 ; this class
will not, however, necessarily be minimal.
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sufficient statistic.

Finally, compute the conditional probabilities:

P(y16 )
Z if yeAk
_ _ P(y_16.)
P(yit(y) =t,, 6,) = y €A, ri
0 otherwise
Using (2. 8) and the fact that t(y) = tk VyEAk ,
l/nk if yeA,
= 2.9
P(ylt,, 6;) (2.9)

0 otherwise

where nk is the number of observations in Ak . This motivates
yet a third characterization of sufficient statistics; namely, t(y)
is a sufficient statistic for 6 if the conditional distribution

P(ylt,6) does not depend on 6 .

This completes the elementary discussion using finite

spaces.

2. 1.2 Some General Results. For this and the next section,
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the factorization criterion will serve as a useful characteriza-

tion for sufficient statistics:

DEFINITION 2.1
. k . .
A mapping t , : ¥ -~ g’k, t, =t (Y, ), is said to be

a sufficient statistic of a sample of size k , for the family

{f(S_(le) ; 9e©} if there exist:
-- A nonnegative function gft,(Y,);6 | which depends on

Y, only through tk(‘) , and

k
-~ A function G(’)_{k) which does not depend on 6 , such

that

f(y, le) = glt (¥ );6 1G(Y) l (2. 10)

The value of a statistic which satisfies (2. 10) is clearly

sufficient to evaluate the a posteriori p.d.f. via Bayes' rule; using

(2. 10) in (1.27) and (1.28),

glt, (Y, );0 ] £,(6)

i(01y,) = k “k 0 (2. 11)
f (Numerator) dé
0

= 1601, (Y,))
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The set yk is purposely unspecified as yet; if it has
enough structure and dimension less than k , then a clear saving
in "soft memory" requirements results from using tk(Yk) rather

than Yk to estimate 6 .

DEFINITION 2. 2

A system of sufficient statistics { tk : @k - g’k}
k=

is said to be of fixed dimension r if, for any k , elements of the

set & . can be indexed by a parameter of dimension r l

All sufficient statistics of practical interest will be of fixed
dimension; further, it will be possible to update them sequentially:
tk+1(¥k+1) can be evaluated using only tk(¥k) and Viey1 - These
two properties, and the fact that sufficient statistics exist in many
problems of practical interest, lend significance to their study.

So far, nothing has been said about necessary statistics.
To discuss the topic without use of measure theory, the following

concept is needed:( 1)

DEFINITION 2.3

Let s,(- ), sz( -) be any mappings defined on a set 9" .

1
(H) The following definitions should be compared with
Definition B. 2 of Appendix B.

1,2,...
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will be done in applications which follow in later chapters, but
will not be explicitly indicated here. The joint p.d.f. of k sam-
ples, f(S_(le) , is usually easy to find. (1)

One wishes to investigate limiting behavior as the samples
grow dense in [0, T] or (0, T];i.e.,as &, — 0 or k—~w.

Specifically, it is desired to investigate the limits, should they

exist, of the sufficient statistics and the a posteriori p.d.f. This

requires some care, since subtle mathematical singularities can
occur in such a procedure ;(2 ) mathematical rigor is indispensable,
and liberal use of the measure-theoretic results of Appendix B

will thus be made.

A direct attempt at finding a limiting a posteriori p.d.f. by

use of Bayes' rule, say

f(S_(kI 6 )fo(e )
f(6ly) = lim (2. 16)
k-~ f (Numerator) dé
)

(1 )It is, in fact, the theoretic basis for being able to
define the measures { P, } ; see Wong [62] p. 40, or Doob

[11] pp. 47-48.
(2)

See, for example, Slepian [56 |.
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is usually doomed to failure. The conditional p.d.f. f(S_{le) is
defined on a space of dimension k , but p.d.f.'s in the usual sense
(i.e., with respect to Lebesgue measure) only exist on finite-
dimensional spaces; the problem arises because of the required
normalization. Thus, the numerator of the right-hand side of
(2. 16) does not in general have a limit; the limit of the entire term,
including denominator, may be extremely difficult to evaluate.
Recall from (2. 13) that if the family of distributions is
regular, Bayes' rule can be written using the likelihood ratio func-
tion Ak(S_(k;e) as defined in (2. 12). Moreover, this function will
be shown to have a limit under quite general conditions; if it does,

one can define an a posteriori p.d.f. on © for continuous obser-

vations by

A (Y 56)£4(6)
{(] Iyt) = lim (2.17)
k=0 f (Numerator) dé
(2]

Suppose that the families of density functions {f(}_{kle) ,
e © }k=1,2, _ have fixed rank r < « ;i.e., they admit a
family of sufficient statistics {tk(- )} of dimension r . Under
suitable conditions (e. g., Section 2. 3; in particular, Eq. (2.34) )

the likelihood ratio function is
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A (Y50) = A (¥,);6) (2. 18)

and it appears the sufficient statistics may themselves possess a

limit. This will also be investigated.

2.2.2 Sufficient Statistics for Continuous Processes. The

convergence of the likelihood-ratio function can be established

using a basic result for random processes. Assume that g’e
0

is a probability measure which dominates & , 99 << ‘@9
0

for all 9e© . (1) Suppose (%, ., 3?9 ) is complete.
0

Let Tk denote the set of k sampling instants, see (1.7),

and Pk 0 the Borel probability measure generated by {yt, te Tk}
, .

under 99 . By assumption, P, , is given by the p.d.f.
>

f(S_(kIG) and so

de P

A (Y, ;0) = ==+— (Y,) a.s.[ P, | (2.19)
k'=k de’eo k 90

(1 ) Theorem 2.2 will hold whether or not ,@9 e M.
0
In practice, things are greatly simplified if A is an equivalent
family and 6 Oe O .
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THEOREM 2. 2tV

Let
W) (., Py), %GM be as above.
(i) (%, o, Q@e O) be complete, and ,@9 << ,@90
VoeO .
(iii) The process {yt, te[0, T]} be separable and con-
tinuous in probability [ ,@9 ] forall ¢ .
Then

for each 0¢© |

dp d P
A(Y~9)=——J———k9 —— g (vy,) a.s. [ &, ]
k\iK’ ap k- AP t 6, .
k, 0 »

Assumption (iii) is quite weak and, as a precept, its satis-
faction is a primary property of probabilistic processes possessing

prominent practicality. The requirement which is stronger and

(1) This result was rigorously established by Striebel
[60 ], who obtained it as a direct consequence of Doob's conver-
gence theorem for martingales ([12], Ch. 7, Thm. 4.1). In her
work Striebel also observed that sufficient statistics can often be
found by inspection of the resulting density.
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with respect to which each member of . is absolutely contin-
uous must be found. If ‘@6 Oe,/ﬂ or is a linear combination of
members of , the procedure is guaranteed to yield a necessary
and sufficient statistic. If not, only sufficiency can be insured.
Commonly, .# will be an equivalent set of measures and 6 066
chosen arbitrarily; as demonstrated in Chapter V, this has an
additional advantage for certain Gaussian processes. (1)
Next, one writes the joint p.d.f. of k < o« evenly spaced
samples of y, , and forms Ak(ﬁ__(k; 8) as in (2.12). At this point,
it is helpful to recognize the sufficient statistics tk(S_{k) if they
exist, and to arrange the expression for Ak (usually through
judicious multiplication and division by the sampling interval) so
that the statistics will converge to a well-defined function of AR
The limit of Ak(')_(k ;0) is evaluatted,(2 ) and the sufficient

statistics for continuous observations are recognized directly (as

above) or through factoring as in Theorem 2.3. The a posteriori

(1) rhe arbitrariness of ,@9 may seem bothersome
0
since it will usually introduce extraneous parameters into the re-
sulting density. Theoretically, this is no problem since those
parameters are constants and do not affect the sufficient statistics.
Practically, it is also no problem since they will generally cancel
in Bayes' rule (2.23).

)As will be seen in Chapter V, this also is not a trivial
task.
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p.-d.f. of ¢ 1is given by (2.17), which may clearly be written

A (yy50) £5(6)

(Numerator) do

(2. 23)

foly,) =

provided that the integral exists.

The procedure will be illustrated in Chapter V. As a final
comment, it is pointed out that other procedures than the limiting
described above exist for evaluating Radon- Nikodym derivatives.
Any such procedure may, of course, be employed in lieu of the

above.

2.3 Sequential Samples from an Mth-Order Markov Process

To conclude this chapter, attention is focused on a special
class of discrete (i.e., % CRl) processes. One wants to inves-
tigate the conditions under which such processes admit necessary
and sufficient statistics, and what form those statistics may take.

Most sequential results available in the statistical litera-
ture address sufficient statistics in the context of independent
sampling, i.e., successive observations are assumed statisti-
cally independent. Many, especially those concerning the form of

distributions which admit sufficient statistics, are easily extended
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to the case where the samples possess an Mth-Order Markov depen-
dence as discussed in Section 1.1 (Equations (1. 3) through (1.5)).
Note that (1.5 ) is functionally similar to (1.6 ), the expression
for the joint p.d.f. of k independent samples, except that each
factor of (1.5 ) is a function of M + 1 variables ;i = (yi. .. yi-M) .
Many results concerning necessary and sufficient statistics are
derived from the functional (as opposed to probabilistic) properties
of these factors; thus, it is just as easy to use vector notation and
treat the Mth-Order Markovian case; the "independent'' result
may be recovered by putting M = O if necessary.

The work presented parallels Dynkin [13 ]; if proofs are
sufficiently similar to be obvious, they will only be sketched here.
Define state vectors of sequential observations as in (1.4 ) and

also define an (M + 1)-vector

~ M+1
Yi = Op Yo ooos Vo) ¥ €Y (2. 24)

where (*) denotes transpose. Now assume that
a. The conditional Borel probability measure of the ith
observation is given by one of a family of p.d.f.'s
Y- Vyopyp 6)56€0]
= {f(y;ly;_1» 6);6¢€0©]

where 6 is an m-dimensional parameter.
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b. f(yilyi— T 6) does not depend on 1i ; that is, the obser-

vations have stationary transitions.

c. f(yly, 6) is piecewise smooth and nonzero in, and

integrable on, % x @Mx O = @M” x0.

d. The value of 6 stays fixed as sequential observations

are made.

Some remarks are necessary: Whenever the vector § is
used, its first component is understood to be the "'present' obser-
vation y , and its other components are the previous M observa-
tions y which are needed in the transition density. To start the
process, one needs g s these will be assumed given and all ex-

pressions which follow should be interpreted as conditioned upon

the "'initial observation" Yo (see Section 1. 1).

Henceforth, the transition density will be denoted as

hE;0) 2 fyly, 6) (2. 25)

This is convenient because, as discussed, most results depend
on the functional properties of h(y; 6) rather than its probabi-
listic interpretation.

Note that assumption c. implies the ""regular case' : the

domain in which the transition density is nonzero does not depend
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on the value of 6 .
If the transition density can be factored in a manner analo-

gous to (2. 10),

h(y;6) = g[t(3), 6 ] G (2. 26)

then the joint density of k observations (1.5) factors similarly.
Thus, the results which follow will be based on the properties of

the transition density; t(g) above will be called a sufficient statistic
of y for 6 ;a necessary statistic is similarly defined (Definition
2.4).

Consider the transition likelihood ratio function

f(yly,@)
- f(Y'Y’QO)

h(y;6)
h(y;6 o)

Ao(g;e) (2.27)

where 6 of © is an arbitrary fixed element. AO is well-defined

(see assumption c.); its k-fold product is, from (1.5) , seen to

be the likelihood ratio function Ak(S_(k; 6). Also,
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~ d
L(6;y) = {nAyFe) (2.28)
is well defined; its use will turn out to be convenient in what follows.

THEOREM 2.4

The mapping, L : ?/MJ'I -~

L(6;y) = ¢nh(y;6) - {nh(y;e (2. 29)

o)

is a necessary and sufficient statistic of y for 9 .

Proof:

From (2. 29)

h(y;0) = h(y;6,) exp{L(6;Y)}

so L is a sufficient statistic.
Let t(y) be any sufficient statistic; then (2. 26) is

satisfied for some functions g(:) and G(*). Using (2.29),
L©;y) = tng[t@Eso] - tng[t();e,]

which is dependent on t(y) . Thus L is a necessary sta-

tistic. I
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Note again that L maps % M+1 into piecewise smooth

functions on © .

Corollary

A necessary and sufficient statistic for a sample of size k ,

¥k={y1’ ey yk"l} ’ is

k

Lk(9 ;Yk) = Z

L(6 ;¥;) (2.30)
i=1 ! l

This follows from Theorem 2.2 and (1. 5).

THEOREM 2.5

Let

VL denote the minimal linear space of functions, defined on

M+1
&Y
Suppose dim VL =r + 1 (possibly r =) .

, spanned by constants and the functions {L(6;y) ; 8e©} .

Then

a. For every finite k < r , any sufficient statistic for a

sample of size k is trivial. (1)

(1)

See Definition 2. 3.
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b. I the functions {1, q)l(;), ceey gor(g)} are a basis

for Vi » then ¥k 2 r the r-vector of functions

t, (Y ) = tk1( Y,) ;i . r], where

is functionally independent and forms a necessary

and sufficient statistic of Y, for 6 . l

The function t ( ) is a mapping from % k to R
it is the quantity usually written directly as a sufficient statistic.
The approach here is more general and yields the concept of neces-
sity as a side benefit.

The proof is a generalization of Dynkin's proof for inde-
pendent observations ([ 13 ] p. 24) and is sketched in Appendix
- D. In essence, it is only necessary to replace Dynkin's obser-
vation x with the vector ; and to redefine the spaces accord-
ingly. Care must be taken, however, to recall from (2.24) how
the vectors 37 were defined; for example, the pair of vectors
{ ;i, §i+1} has M common components and thus {Efi, §i+1}6 {?/M+2;
similarly, {;1 .. §i+k}e @M+1+k .

Theorem 2. 5 inspires the following definition:
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DEFINITION 2. 6

The rank of the family {f(yilyi_l, 6) 6¢© } in the domain
% is the greatest number r such that, for any finite k< r,

there is no nontrivial sufficient statistic of a sample of size k for

6 .
_

THEOREM 2. 6(a)

Suppose {f(yilyi_l, 6) ; 96O} has finite rank r for

y€ % . Then the transition density f(yly, 6) has the form

r [ad
h(y;6) = exp '21 .3 c(8) + c4(8) + ¢,@) | (2.32)
1=

where the functions {¢ 1(17) e qpr(f)} are piecewise smooth in

gy M+1 , and where the systems of functions {1, Py .gor}

and {1, LT Cr} are linearly independent.l
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should be made:

a. Recall from Theorem 2. 5 that VL included the con-
stant functions. In general, the constant in the like-
lihood ratio function for a sample of size k will
explicitly depend on k which must therefore be known
to have totally sufficient statistic. Although it is
pedagogically questionable, k will henceforth be in-
cluded as a component of -t-k (even though it does not
depend upon the observation) whenever the discrete
case is being investigated. This clearly makes no
sense if one intends only to pass to the limit k — o .

b. If (2.32) and (2.25) are used in (2. 24), it is clear that
the likelihood ratio function for a sample of size k

can be written

Ak(¥ ’ 6) = A[Ek(gk): 9] (2.34)

where the functional form of A depends only on the

transition density, and not on k.

Example 2.1

Suppose that {yi} is a stationary, discrete, M-th order

autoregressive Gaussian process as defined in Section 4. 1; the
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parameter 6 has components denoted o and 8 = (;31. . .BM)* s
and the transition density is (see (4.16) )
f(YilYi_l, Yo» B a)

- 3[In(210® ) + ;1: (yi + By, 1)2 ] }

"

0]
s
o]

"

exp { - 3[fn27 + 24na +—1—z yi2
a

1 1
ty 8* YiYi-1+';'2' B* ¥i-1 Y{f.lﬁ] }

a
(2. 35)
It is convenient to retain vector-matrix notation. Define
0@ = v (2. 36)
epd) = ¥y ¥y
= *

(¥, ¥io1o =00 Yy Yied (2.37)

3 - *
oMY = Yie1 ¥
3’?—1 Yi-1Yi-2°*Yi-1Yi-m

Yi-9 Yi-1 Yz’-z Y9 Yi-m

2
Yi-m Yi-1 Yi-m Yi-2° - Yi-M

e







CHAPTER III

SUFFICIENT STATISTICS AND REPROD UCING DENSITIES

IN SIMULTANEOUS DETECTION AND ESTIMA TION

Chapter I, specifically Sections 1. 3.2 and 1. 3. 3, presented
general Bayesian solutions to the estimation and compound-hypo-
thesis detection problems; these were given in both one-shot and
sequential formulations. Section 2.1 then introduced the concept
of sufficient statistics; it was shown (Eq. (2. 11) ) how the existence
of sufficient statistics of fixed dimension could significantly reduce
the amount of "soft memory" necessary to store the observation,

\since one need only save the (r-dimensional) updated value of
tk(S_(k) , rather than saving the observations Y, themselves, in
order to estimate 6 .

The definitions of Chapter II always admit the observation
itself as an "elementary' sufficient statistic. To save verbiage,
it will henceforth be convenient to reserve the term "sufficient
statistic' for those statistics which are of fixed minimal dimension
r , i.e., which are necessary and sufficient and of fixed dimension.
If no such statistic exists, then the family of distributions will be
said to not admit a sufficient statistic. As a further notational

convenience, one subscript will henceforth be eliminated and

t, (Y, ) written as t(Y,) -

74
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The remainder of this dissertation will deal only with
classes of probability distributions which admit sufficient statis-
tics in the sense just discussed; this chapter presents the general
theory, and Chapters IV and V a specific application. Section 3.1
treats only the estimation problem, since its solution is basic to
solving the detection problem (see Section 1. 3. 3); it will be shown
that not only does existence of a sufficient statistic eliminate the
need to retain all past observations, but it also obviates the need

to store the a posteriori p.d.f. on © as a function. Instead, this

p.d.f. is itself indexed by a parameter of fixed dimension, regard-
less of the number of observations upon which it is based.
Section 3. 2 applies the results to the detection problem;

finally, Section 3.3 will treat the case of continuous observation.

3.1 Bayesian Estimation

Suppose that t(-): ¥ ¥ ~ R, tHY,) =t , is a sufficient

statistic of fixed dimension; then by Definition 2. 1,

(Y, 16) = g[t(¥y).0 ] G(Y) (.1)
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for all k, and Bayes' rule can be written as in (2.11). The follow-

ing example illustrates the concept and will be re-examined later in

this section:

Example 3.1

Let the observations Vi be generated by

where @ is an unknown scalar and the n, are independent ""noise"
samples from a N(0, ¢? ) distribution. Conditioned on @ , the
samples are independent N(6, 0? ) and their joint conditional

p.d.f. can be written as follows:

2 --}2E __1___ k 2 -k >
f(’_fkl(?) = (270%) exp "> ( 6° - 20 I:ZI v
1 5,
P [- 27 121 yi]
= g[t(Y,);6 ] G(Y) (3.2)

Thus, the sufficient statistic t(Xk) consists of the sum of the ob-

servations and the total number of observations,

k
ty,) = [k, 21 v (3.3)
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k
(g tk8® ~2Ayg0+ Ly )6

— (3.5)

(8 H_(k) = K, exp

k

where all terms not involving 6 are included in the normalizing

constant Kk . This is the member of the class of (3. 4) indexed by

Ve = Yo * WYY (3.6)

Choosing fo(e) in the class of (3. 4) causes the a posteriori p.d. f.

to remain in that class; the indexing parameter 3 is updated

through (3. 6). Note that the updating can be done recursively. .

The concept of a reproducing density function, illustrated
above, will be defined shortly. One might wonder whether the
parametrization established in (3. 4) is necessary to the phenomenon;
the answer is no. For example, had the a priori p.d.f. been para-
metrized by its mean and variance, fO(B) ~ N(mO, dg) , then the

a. posteriori density would be Gaussian with
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8 ) k
2
m, . m 0 +dO 121 A
d* = o T - (3.7)
Kk (o +kd0 2
o* d,

These parameters are updated using the same set of statistics
(3.3), and hence can also be formed sequentially; only the "updating

equations’ (compare (3.6) and (3. 7)) change.

DEFINITION 3.1

Let %1.,(@) = {h(0;y);ye rcr™ , €0} be a family of p.d.f.'s
on © which is indexed by the m-dimensional parameter v .

H I,(@) is said to be a reproducing class of probability densities

under {f(¥k19 )} if, for any k , whenever the a priori p.d.f. on

O is
f0(9> = h(6 ;70) ’ '}/06 r

there exists a Y = yk(yo, S_{k)e I’ such that the a posteriori p.d.f.

is

f(9|¥k) = h(e;yk) , ykel" l
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If such a class exists and is used, f(el‘_x_’k) need not be

stored as a function; Yk completely characterizes the a posteriori

p.d.f., and its dimension is fixed. The following theorem genera-

lizes the result of Example 3. 2.

THEOREM 3.1

Suppose f(S_(kiG) admits a nontrivial sufficient statistic of fixed
dimension, t(¥k) , for 68 and hence can be factored as in (3. 1);
let the function g(+, *) be as defined there, and, provided the

integral exists, put

p(6;y) = gy, ] , vel (3.8)

G{ gly,6']de’

where I' is the image of the space of observations under t(-) . (1)

Then {p(6 5Y), YE I isa reproducing class of densities

under (Y, 16) . .

(1) I' can actually be taken to include all values of y for
which p(#;y) retains the mathematical properties of a p.d.f.;
see Raiffa and Schlaiffer [46 ], p. 50.
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The proof is given in Appendix D. The class thus defined

is called the natural conjugate class of p.d.f.'s under f(S_{kIG) ;

existence of a sufficient statistic implies existence of such a class.
The parameter 3 which indexes its members will be called the

conjugate parameter to distinguish it from the parameter 6 .

The class may be quite rich, (1) or it may be restrictive and not
contain a satisfactory model for the a priori p.d.f. The next
section will show that this class is only a small subset of all den-
sities which reproduce; first, some relations which apply if the

a priori p.d.f. is in the natural conjugate class.

Consider one-shot processing and that fo(e) = p(e;'yo) ,

Yot I' . Bayes' rule (1. 27) becomes

p(6 37 (¥, 10)

where

(1)

See, for example, Howard [27].
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(%) = J p6rg iy le)d (3. 10)

Alternately, (3.9) may be rearranged to yield the analog to (1. 29),

p(6 57,) (3. 11)

Since the updated conjugate parameter Yk is found from Y0 using
the sufficient statistics (see e.g., (3.6) ), this result can be valuable
in forming the marginal p.d.f. of ¥k .

Analogous expressions can be written for sequential proces-

sing. From (1.32), Bayes' rule is

P 57 )y, 11Y,,0)
1Y)

p(6 vy, q) = (3. 12)
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and the marginal observation p.d.f. is

p(6 ;7))

iy (1Y) = RGN ¥y, 11 Ypo 0) (3. 13)

The comment made following (1. 39), which applies to
(3.11) and (3. 13) as well, indicates that these equations are not
in their simplest form (although they will be useful as written),;
indeed, one may use the factorization criterion (3. 1) and the defi-
nition of p(6;y) (3. 8) to rewrite them. First, using (3.8), define

the "conjugate normalizing constant' as
-1
K(y) = [ f glv,6 1] de] (3. 14)
S

Use of the symbol K(+) will henceforth be consistent with this

definition. Now use (3.1), (3.8), and (3. 14) to rewrite Bayes'

rule (3.9):
g[t(Y,),0 ] elrg,0 ]

f (Numerator) df
o

(3.15)

p(6;7) =

K )el7,,0 | (3. 16)
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Suppose that using f1(9) as an a priori p.d.f. results in an

a posteriori p.d.f. f1(9 I¥k) and a marginal p.d.f. f1(¥k) .
Similarly, using fz(e) results in f2(9 |¥k) and f2(¥k) . Then
r(@ )fl(B H_{k)

f,01Y,) = (3.21)
27 7k J reni 01y, )ae"
6

£(Y,) = £;(¥) ef r(6"),(6'1Y,)do"’ l (3. 22)

The proof is given in Appendix D.

Corollary

An a priori p.d.f. which can be written as in (3. 19) repro-

duces with parameter v . l

For, in an obvious notation, (3. 21) becomes

r(8)p(6 57,)
(3. 23)

(6 l’gk,fo) =
(Numerator) dé
&)
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Since r(8) is known, the product function {r(6) p(6;y) ;veT}
is a class of (unnormalized) p.d.f.'s which reproduces under

f(S_{le) with the conjugate parameter y . Applying (3.22) yields

£y, 1) = 1Y, 1pg) g r(6) p(6 5v)) 6 (3. 24)

where p, means "using p(6 ;yo) as an a priori p.d.f.". Now
suppose fO(G) is given: One can choose a convenient Yo s define
r(8) by (3.19), and proceed (using the theory of the preceding
section) on the assumption that a priori p.d.f. is p(6, yo) . To
account for the actual a priori p.d. f. fO(G ), the results must then
be modified using (3. 23) and (3. 24).

If it is possible to define reproducing classes for which the
integral in the last two equations exists in closed form, the use of
this technique can be as tractable as the use of natural conjugate
priors. If the integral must be evaluated numerically, the result-

ant processing is probably too complex to be worthwhile.

3.2 Compound-Hypothesis Detection

The problem was stated in Section 1. 2.3 and its solution
begun in 1.3.3. The notation is more complicated than that of
the preceding section since there are essentially two separate

estimation problems to be solved. Under hypothesis H1 , the
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symbols introducedfor the estimation problem will be used; under

HO » an analogous set of symbols is introduced. This is summarized

in Table 3. 1.

Table 3.1 Detection Problem Notation -

Hypothesis H1 Hypothesis HO
Uncertain Parameter 6 n
Conditional p.d.f. on f(¥k!9 , Hl) f(¥kln, HO)
the Observations
Sufficient Statistic t (Y, to(Yy)
Natural Conjugate p(6;y), yeT aln;y), yew
p.d.f.'s
Othell') I;egr?sducing £,00) = r, (6)p(6 ;70) fo(n) = I‘n("?)Q(’l?;%UO)

Recall that 6 and 7 may represent completely different
parameters or may have components which represent the same
parameters (as would, for instance, be the case in the classical
"signal or signal-plus-noise' problem with unknown noise param-
eters). Even if they represent the same parameters, the natu-

ral conjugate classes may be different (and hence, since they are
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computed under different statistical hypotheses, their a posteriori

p.d.f.'s will evolve differently).

The optimal detection statistic is the likelihood ratio of
marginal observation p.d.f.'s (1.36). This was rewritten in
(1.38) and formulated sequentially in (1.40). Recall from these
equations and the comment following (3. 18) that if a "'parameters

fixed" (simple hypotheses) solution is known, then the a posteriori

p.d.f.'s (i.e., the updated parameters of the natural conjugate
p.d.f.'s) are sufficient to solve the compound-hypotheses problem.
If not, then this may not be the case.

3. 2.1 Natural Conjugate Densities. Suppose that both

hypotheses admit sufficient statistics and that the a priori p. d.f.'s
are members of the corresponding natural conjugate classes. The
detector can be written in two equivalent forms: The first is useful
if a solution to the corresponding simple-hypotheses problem al-
ready exists (especially if the results are to be extended to the

case of continuous observation); the second eliminates redundancies
in the first and is especially useful if the sequential (or the one-
shot discrete) solution is desired for its own sake.

a. Form #1 of the Detector: Apply (3. 13) and its analog

for hypothesis H, to (1.38):

0
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Py, 1) amyy)
p(6 7)) almy;_¢)

2(y. Y. 1) =

Y, 2y 1Y, 1,6 ,m)

(3. 25)

Recall again the comment following (1. 39); the computation required
to implement (3. 25) can often be simplified by proper choice of the
fixed values of the parameters 6 and 7 . Updating of the conju-
gate parameters y and Y takes place through the sufficient sta-
tistics, precisely as described for the estimation problem. If the
logarithm of the likelihood ratio is denoted z(:), then Fig. 3.1
illustrates the processing necessary to find Z(Yk) by use of (3. 25);
the tilde on 6 and 7 indicates that fixed values of those para-
meters are used. The updated values of y and Y completely

characterize the a posteriori p.d.f.'s, so the conjugate para-

meters are sufficient outputs to an external estimator (recall the
comment at the end of Section 1. 3. 2(b) ).

Finally, note that the "parameters given' likelihood ratio
is explicitly required; this, again, is because y and ¥ are not
sufficient for the marginal densities.

b. Form #2 of the Detector. If the simple hypothesis solu-

tion is not available there is no advantage to explicitly retaining
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ﬂ(yilY 6, n) ; one may as well perform the simplification of

=i-1°

(3. 18), in which case the "one-shot' likelihood ratio becomes

K (v.) K () G(Y_IH,)
oy,) = Kp 7/0) Kq( x G(S;kIHl
O WY Y, [Hj)

(3. 26)

Kp( +) and Kq( .) are normalizing constants of the corresponding
natural conjugate densities, see (3.14). Equation (3. 26) depends
on Y, through the functions G(*) , see (3. 1); it can be intractable
unless these are themselves of fixed dimension. In most applica-
tions, this will be the case.

The result can be made sequential by noting from (1. 40)

that

0y, ¥y ) = AYY/UY,y) (3.27)

and using (8. 26) for the numerator and denominator; this is of little
use unless the resulting ratios are simpler to evaluate than the
functions themselves. In a sense, though, (3. 26) is already sequen-
tial: Provided that the functions G(*|H) are tractable, it depends

on Y, only through statistics of fixed dimension which are "updated"

kK
in sequential fashion.
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3. 2.2 Other Reproducing Densities. Suppose that natural

conjugate prior densities are not appropriate, but that the actual
a priori p.d.f.'s can be written as in (3. 19) (see Table 3. 1). Then

(3. 24) holds under both hypotheses, and

@f rg (6)p(8;7,)d6
(Y. ) = L(Y.ips,a,) (3. 28)
1o EROTR0T e (ma(msw.)dn
n 1
N

where (-] Py qO) is the likelihood ratio assuming that p(6 ;'yo)

and q(n;ylxo) are the a priori densities; this is computed by the

ra(O)

Y Compute H, | M;(7;+") éf"e (8)p(8;y,)d®

—®1  Modifier

Z(Y”po’qo)

V. | Compute H
Modifier ~ o \d
' T Mo ¥i» ") 'frn(") P(niy;)9"

Fig. 3.2 The Secondary Processor

fq(q)



94

"primary processor'' given by (3. 25), Fig. 3.1, or (3.26). A
""secondary processor' (see Fig. 3. 2) then computes the '""modi-
fier gains'' in (3. 28) and computes the actual likelihood ratio.
Again, the secondary processing can be minimal if the integrals

of (3. 28) exist in closed form; if they must be evaluated numeri-
cally, then the designer must trade the freedom of choosing a priori

p.d.f.'s against the cost of the processing involved.

3.3 Continuous Observations

Suppose that, as discussed in Sections 1.1 and 2. 2.1,
discrete observations are generated by sampling {yt, te[0, T]} ;
one wishes to infer how the continuous observation should be pro-
cessed by studying the preceding results as the samples grow
dense. Much of the necessary groundwork has been laid in Sec-
tion 2. 2; the development here will be less rigorous and will deal
primarily with p.d.f. 's and the convergence of their ratios; the
conditions necessary for convergence have already been estab-
lished.

Under hypothesis H, , {yt, te[0, T]} is defined on a
probability space (sample space) ( %, &, @9) s Ml={ P 00}

is a family of probability measures and @9 dominates M ,
0

0 )

0
defined on ( %, A, % ) and a probability measure % domi-
0
<< 977 . It is not necessary,
0

i.e., ,@9 << ,@9 for all 8 . Under H, , the process is

nates { yn} ; assume that %
0
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but will often be the case, that &P

and & are members of
6 770

0

the families they dominate.
Assume further that t,(-): ( &,e) ~ (R", ") and

to(') Y, A~ (RS, %S) are sufficient statistics for 6 and

n respectively; then it has been shown that, as k - « ,
1
Ak (¥k;9) - A-]_(yt§9) = gl[tl(yt);e]Gl(yt) (3' 29)

0
A (Xsm) = 25(ym) = goltgv)inl Golyy)  (3.30)
where Vi denotes a sample function and where, for example,

_ f(s_[kle,Hl)
f(kaO’Hl)

1
Ay (Y56) (3. 31)
Again, the use of "t" for time and "t(+)" for sufficient statistics
should cause no confusion.
Section 3. 3. 1 will treat the estimation problem by itself and

as usual employ the notation of H Section 3. 3. 2 then applies the

1
results to the detection problem, and 3. 3. 3 discusses how continuous
solutions on subintervals of [0, T] can be treated sequestially.
Throughout, the results will be seen to bear a striking resem-

blance to those obtained for the discrete case.

3.3.1 Estimation. Recall that, under the assumptions, an

a posteriori p.d.f. for continuous observations can be defined as

in (2.23). It will be assumed throughout that the integral in the

denominator exists. Using the generalized factorizations given
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above (i. e., using Theorem 2. 3),

t(y,);6 |£.(0
Wiy, - gl t(y,);6 11,(6) (5. 32
(Numerator) déo

©

Now, analogous to Theorem 3.1, put

gl t(y,);6 ]

é g[t(y,);6 ' ]d6 "

p(03y) =
t(y) =7

(3.33)

where the subscript ""c¢' denotes ''continuous.' It is easy to verify

that
{pc(g 37), 966}.},61-‘ = ( gy)

is a reproducing class of p.d.f.'s on © under the generalized
Bayes' rule (3. 32); it will, again, be called the natural conjugate
class and its members are indexed by the conjugate parameter .
This is true because the form of (3. 32) is the same as thatof the

finite-dimensional Bayes' rule, and that form alone was necessary
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to prove Theorem 3. 1. (1) The relation by which the conjugate
parameter is updated depends upon the parametrization of P
which in turn depends upon the choice of sufficient statistic (recall
that this is not unique).

Suppose that, analogous to (3. 19), the a priori p.d.f. is

not natural conjugate but can be written

£,6) = r(8) p B57y) , 0¢€© (3. 34)
yoér

Since the proof of Theorem 3. 2 also depended only on the

functional form of Bayes' rule, the analog to (3. 23) is immediate:

r(6)p,(6 ;v)
16 by, 1y = c T (3. 35)
(Numerator) dé

©

(1)

can be normalized and considered as a bona fide p.d.f. on the
nsufficient space”  =t(% ) ; this space is by assumption finite-
dimensional, so that all the results can be extended with only a
slight notational modification.

From an alternate point of view, the function gf t(yt) ;6 ]
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where the last term is the simple-hypothesis solution and is pre-
sumed to be known. If natural conjugate a priori p.d.f.'s are

used then, in the previously introduced notation,

P(057vy) A ()
T 6vp) A )

L(y,) £(y, 16 ,m) (3. 38)

If the actual priors are not natural conjugate but can be
written as in (3. 19), (see Table 3. 1), then an expression analogous
to (3. 28) can also be developed.

3.3.3 Sequential Processing of Continuous Observations.

Suppose that the interval [0, T] is partitioned into subintervals
by defining a set of partitioning times Ti so that 0 < T1 < T2
<< Tn_1 < Tn = T . Itis tempting to consider processing
the continuous observation on the subintervals (Ti , Ti+1] ,
using the sequential results derived in Sections 3.1 and 3. 2 to

obtain analogous notions of a posteriori p. d.f.'s and likelihood

ratios which "evolve' as further subintervals are observed. This

is a very difficult problem to treat in general, (1) but can be quite

(I)See, e.g., Bahadur [ 3], Arts. 8-11,
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tractable in specific cases.

Consider, for example, that {yt, te[0, T]} isan M-
order Markov process and that k > M equally-spaced samples are
taken from each subinterval (see Fig. 3.3). (1) Let yij denote

the jth sample from the ith subinterval; analogous to (1. 4),

let

= %k
Yij = Uiy Vi 510 000 Vi, oMt

and

= *
"i,k - (yl,l’ MR yl,k)

Yi-i,x Y1 Y2 Yix-1 T,k Yie1,1
l l l - l l l
4 —@ *—2—e ] * >
T T

Fig. 3.3 Sampling Scheme

(1)

See Section 1. 1.
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Note that all the samples of the vector ¥i o belong to the
(i- 1)St subinterval and are known if that interval has been processed;
thus, using the p.d.f. f(gi,klyi,O’e) makes sense. Under suitable
conditions, the likelihood ratio function can be formed, and its
limit as k - « taken as outlined earlier; this in turn yields the
sufficient statistic, natural conjugate density, and the updating ex-
pressions. The procedure will be illustrated for a specific problem

in Chapter V.

3.4 Conclusions and Historical Sketch

3.4.1 Summary and Discussion. It has been shown that the

optimal detector solves two separate Bayesian estimation problems,

one under each hypothesis, and then uses the a posteriori p.d.f.'s

to modify a simple-hypothesis likelihood ratio; thus, detection and
estimation occur simultaneously. Without further assumptions,
this is not generally a tractable solution since all densities must
be stored and manipulated as functions during the estimation.

If the observations admit a sufficient statistic (of fixed
size) for the unknown parameters, then a class of natural conju-
gate reproducing densities exists under either hypothesis; each class
is indexed by a parameter vector of the same dimension as the suf-

ficient statistic. The ensuing simplifications are dramatic:
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1. Sequential Bayesian estimation becomes tractable since

a posteriori p.d.f.'s are completely characterized by the fixed-

dimensional ''conjugate' parameter vector; this parameter is up-
dated through the use of fixed-dimensional sufficient statistics to
reflect evolution of the p.d.f.'s. Both operations are inherently
recursive.

2. Thus, if a simple-hypothesis detector is known, the
compound hypothesis detection problem is tractably solved as stated
above.

3. The optimal solution becomes independent of a priori
distributions on the parameters in the following sense: "Primary"
processing (detection and estimation) of the signal is done under
the assumption that the a priori densities are natural conjugate;

a secondary processor then modifies both the likelihood ratio and

the a posteriori p.d.f.'s using the Radon-Nikodym derivatives of

the actual a priori p.d.f. with respect to the assumed natural con-
jugate priors. This partitioning is illustrated in Fig. 3. 4.
The primary processor is as developed in (3. 25) and shown

in Fig. 3.1; it can be permanently designed ahead of time using the

'matural conjugate'’ prior densities. The secondary processor
modifies the output of the primary processor according to (3. 28);
it can be reprogrammed for different a priori p. d.f.'s simply by

supplying the necessary Radon-Nikodym derivatives. The user
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can reoptimize the receiver "in the field" for any a priori p.d.f.

which represents a distribution absolutely continuous w. r.t. the
natural conjugate distribution. The estimation processor has a
structure which depends on the cost functional; regardless of the

specific cost functional, however, it uses the true a posteriori

p.d.f., see (3.23), and hence requires the inputs shown.

The advantages of this partitioning are threefold. First,
it eliminates the need for the designer to know exactly the a priori
p.d.f.'s with respect to which he must optimize. Second, he can
use the mathematical tractability of the natural conjugate prior
p.d.f.'s in developing the primary processor. And third, the
user obtains a capability for reoptimizing the receiver as his in-
formation (or opinion) about the a priori densities changes.

Under suitable restrictions, many of the results apply to
continuous observations made on a fixed finite interval as well.
The resulting expressions are remarkably similar to those ob-
tained in the discrete case.

3. 4.2 Historical Outline. It has long been known that the

existence of sufficient statistics is a prerequisite for practical
Bayesian estimation, especially if a large number of observations
are to be processed; many of the techniques presented in Section 3.1
are implicit in the actions of the Bayesian statistician, even though

he may not have bothered to explicitly formulate them or even be
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aware of the fact that he is using them.

The concepts of sufficient statistics, natural conjugate
densities, and Bayesian estimation appear to have first been expli-
citly connected in a decision-theoretic context by Raiffa and Schlaiffer
[46], Chapters 2 and 3. Another text, which considerably clarifies
the results and employs them in the same context, is that of De Groot
[ 10], Chapter 9. Both references (as well as most other statistical
works) treat only the case of discrete, independent observations
and are thus rather limited in their applicability to communications
or control problems.

It has for the past decade been apparent to researchers at
The University of Michigan that the same fundamental connection
between these concepts could be useful in detection theory. For
example, Roberts [ 48] observed that if a uniform a priori p.d.f.
was placed on phase in the ''signal known exactly except for phase +
Gaussian noise of known spectrum' detection problem, then the

a posteriori p.d.f. had a form which remained unchanged as more

information was processed; he called this property ''closure of the
distribution. " Spooner [ 58 | similarly found that a Gamma p. d. f.
placed on the unknown intensity of white Gaussian noise would repro-
duce. The report of Birdsall [ 12] sought to summarize the know-
ledge about the phenomenon; in many ways, it is a departure point

for the research presented here.
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Simultaneously, the works of Spragins [ 59 ] and Gretten-
berg [ 20 ] were published; both struck close to the core of the
subject as presented here and were instrumental in the formula-
tion of this work.

The development of this research began as an attempt to
extend and clarify the report by Birdsall [ 12]. The key steps
turned out to be:

(a) The explicit factorization of the conditional density
function as in, e.g., (2. 10).

(b) Defining the natural conjugate density as in (3. 8); pre-
vious works used a similar definition but employed the entire con-
ditional p.d. f., which is correct but obscures what actually occurs.

(c) Separating the concepts of '"parameters which index
the natural conjugate densities' and "sufficient statistics'; pre-
vious works lumped these under a common symbol, obscuring the
actual nature of the "updating' relationships.

The results of this early research are published in [7 ] and
constitute Sections 3. 1 and 3. 2 of this dissertation.

The remainder of the results were obtained as an outgrowth
of an attempt to solve the problem of detecting a known signal in
1-SAG noise of unknown parameters (Example 1.3, except a is
known). It soon became apparent that a sampled version of the

problem fit quite naturally into the theory developed above; the
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(4. 1)

where {Si} is a known sequence of real numbers and where

{ni} is discrete-parameter, Mth—order, stationary, autore-
gressive Gaussian (M-SAG) noise whose spectral parameters are
not known. The object is to detect the presence or absence of

the signal, simultaneously estimating the parameters of the noise.

Section 4. 1 will discuss the noise in some detail; two para-
metrizations will be considered. The first is the spectral parame-
trization mentioned above, while the second characterizes the
noise in terms of the elements of the correlation matrix of M+ 1
sequential samples; relations between the two sets of parameters
will be derived. The ultimate interest is in discrete noise which
results from sampling continuous-time M-SAG noise, but this
question will be postponed until Chapter V.

Section 4. 2 treats estimation of the noise parameters by
applying the concepts of Chapter III, especially Section 3. 1.
Although the notation of H, will be used, it is clear from (4. 1)
that this is possible under either hypothesis, so long as the hypo-
thesis is specified.

Section 4. 3 then treats the related detection problem by
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applying the results of Section 4. 2; finally, the results are special-

ized to the case M =1 in Section 4. 4.

4.1 Noise Models and Parametrization

M-SAG noise is the stationary solution to an Mth- order
autoregressive stochastic difference equation driven by a sequence
of independent Gaussian random variables. As will be shown in
Chapter V, a sequence of samples from the continuous M-SAG
noise process considered in communications engineering can be
modeled in this fashion. Alternate parametrizations will be in-
vestigated and the joint p.d.f. of k samples determined. This
is necessary as a prelude to finding the sufficient statistics and
natural conjugate class of densities for the unknown parameters
of the autoregression.

4.1.1 The Mth-Order Discrete Autoregression. The

process {nk, k=1, 2, 3...} of interest is the stationary solu-

tion to the stochastic difference equation

+ e = e (4. 2)

me + Bty g * By Pk-m K

where {ek} is a sequence of N(0, 1) random variables which
are statistically independent of each other and of the present and
preceding noise samples. The parameters {Bl, vee BM’ o} are

real. For the equation to be stable, the g's must be such that all
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the roots of

+ By +oaee b Py =0 (4. 3)

have modulus less than 1. The region where this is true will be

called chM . The parameter «a will be assumed nonzero.
There is a technical inconsistency in calling {nk} a

stationary sequence and yet considering only k > 0. This is

resolved below by judiciously choosing the initial conditions

{ D_ppapr cceo no} and then agreeing to not consider values of

k which are not positive.

The power spectral density of {nk} is

2
o

tw) iw -iw
Qe " )RQ(e )

2

a
Do (4. 4)

iMw
le + |2

B e +By

and thus the parameters {Bl. < Byp a } will be called the spec-

tral parameters of the noise.
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To simplify the notation, define the following column vec-

tors:

M
@ = (&81, ] BM * € R
M
Bo= (g e )t R (4.5)
k
g,,l{ - (nl’ nz’ ] nk) € R
Equation (4. 2) can then be written
- B e
he * BT Dy TXE 0 G 40 (4.6)

The sequence {nk} is to be stationary; since its mean is

zero this requires that

d 2
ry = E@m) (4.7)
not depend on i . In practice this can be achieved by means of
a "'quiet start,' i.e., by choosing the initial conditions n, =
from an ensemble with the desired stationary

(n_M+1, e no)*

statistics. It is of interest to see what these statistics are. Using
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(4. 6) in (4. 7) yields

ry = B*RB + o (4. 8)
where R is the covariance matrix

n * (4.9)

Since it is a covariance, R is symmetric and positive definite. (1)
Since {ni} is stationary, it is also Toeplitz.(z) Thus, its ijth

entry is

= .1
E n, nJ. r“_“ (4. 10)

and R is constant along its diagonals:

(I)Strict positivity follows from condition (4. 3); see
Doob [ 11], pp. 253-255.

(Z)Grenander and Szego [19], p. 170.
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where (4. 13) follows from (4. 6). If the correlation parameters

are given, the spectral parameters can thus be found:

B =-R r (4. 14)

% - p r* R-lr (4. 15)

the latter of which follows by using the former in (4.8). Writing
these equations for {rO. .. rM} in terms of {@,8} is more com-
plicated and will not be done for general M. Ina specific problem
it is necessary to know the correlation matrix of Yo to achieve

a ""quiet start' in simulation or to account for the conditioning

on Yo in sequential theoretical work, and the equations must
ultimately be inverted. This will, e.g., be done in Section 4.4

for M=1.

4.1.2 The Transition and Joint Densities. The joint condi-

tioned p.d.f. of k observations I:Ik = (nl, ceny nk)* will be
found as outlined in Section 1.1, Eq. (1.3). This is most con-
veniently done in terms of the spectral parameters.

By inspection of (4. 6), the distribution of 0 given n,
o) ; thus, the transition density is

is N(-g* De-10



116

f(niigi"l’ 0y, B, a)
= (2mad”)

(M

exp ['51;?(“1 + B 91_1)"} (4. 16)

From (1.5), the desired joint p.d.f. is a k-fold product of transi-
tion densities. Recall that it is conditioned on n, to be tractable

for sequential estimation. If the resulting sum in the exponent is

expanded, one obtains

f(ISklgo: B8, @)

ol 55

= (27702 )- €xp { - _2%2' [Q* TM(I:Ik_ 1)@ + 2p* EM(NK)

t (N,) , B¢
+°‘k]} e < o <

(4. 17)
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To obtain the joint or transition densities in terms of the corre-
lation parameters, it is only necessary to use (4. 14) and (4. 15)

in these expressions.

4.2 Sequential Estimation

Before proceeding with a solution of the estimation problem,
it is necessary to resolve a notational matter which arises because
all the uncertain parameters (say, ¢ and B ) are common to both
hypotheses: They are parameters of the noise, and under H0
the observation is the noise, n, =Y, while under H1 the noise
may be reconstructed by subtracting the exactly-known signal,

n, =y "S- Strictly speaking, the parameters are different ran-
dom variables under HO and H1 since they carry different distri-
butions and may even be assigned different a priori densities; for
this reason, and because in general they need not be common to

both hypotheses, they were assigned different symbols (6 for H1
and n for HO ) in Chapter III. (1) That practice will be discontinued

from here on, and the parameters will be explicitly referred to as

(a, 8); the hypothesis can always be deduced from the notation

(1)As discussed in Section 1.1, this ambiguity could have
been avoided through use of a more rigorous notation, but only
at the cost of considerable complexity.
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being used (recall Table 3. 1).
For obvious reasons, the estimation problem will be solved
assuming HO true. For notational simplicity, no further mention

of the hypothesis will be made in this section.

4.2.1 Sufficient Statistics and the Natural Conjugate Class.

The sufficient statistics have already been found as Example 2. 1,
Egs. (2.36) - (2.38). The factorization (see (2.10) or (3.1) ) is

trivial;
Gy, - @n %2 (4. 21)
It will be convenient henceforth to use
p L4725 0 (4. 22)

instead of o . From (4.17) and Theorem 3. 1, the natural conju-

gate class is seen to be

W
ap.Bi¥) = K(¥)p exp ] -5 [B¥¥y B+ 28* Yy + ¥ ]
(4. 23)

where ¥ M isan Mx M, symmetric, positive definite matrix;
pM is an M-vector; ”DO > 0 is a scalar; and z,DC is a scalar
"counting parameter''(see comment "a.' following Theorem 2. 6).
The symbol "Y' without subscripts refers to the totality of all the
conjugate parameters; K(y) is a normalizing constant.

For fixed values of B, (4.23) represents an unnormalized

Gamma p.d.f. in p ; for fixed p , it is an M-variate Gaussian
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in £, truncated to be zero on the complement of the region g .
The latter fact makes it very difficult to deal with this p.d.f. in
general terms; unfortunately, K(y) is explicitly required to

solve the detection problem (see (3. 25) and (3. 26) ), and

_ © Y
K () = Of} p Cexp | -G (g B2ty v ¥,

dg dp
(4. 24)

The outer integral is easily evaluated,(l) giving

v +1

1 Ty 12 ° dg

K "(¥) = [ i1 (4. 25)

y [g*\IIM@'Fz:B*y}M"'Bo]

where the integrand is the marginal density of g . The remaining

integral is quite difficult, and no attempt to evaluate or approximate

it will be made here.

(l)See, e.g., Hogg and Craig [28], p. 91.






(k)
QMAP

- (k)
PmAP

obtained by differentiating (4. 23) may be reasonable.

122

[\I, I\<4k)] y

29, (k)
(4. 30)

(k) lli(k)*[ (k)]-1£§<7

These re-

lations can also be useful in choosing 1[/(0) to model the a priori

p.d.f.

Making suitable ergodicity assumptions and using a law of

large numbers, the MAP estimates are seen to be consistent:

For large k the initial values Lp(o) in (4. 26) through (4. 29)

become negligible; if 8 and a are the spectral parameters of

the process generating the observations, then using (4. 18) through

(4. 20) it is clear that

o (k)
EmAP

5 (k)
MAP

-1 (4. 31)
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where r,, r, R are the correlation parameters corresponding

O)
to @ and § ; using (4.14) and (4. 15), one finds that

> (k)

8 - B

MAP (4. 32)
W - @

This argument can be made rigorous.

If the a posteriori (or the desired a priori) density does

not have a well-defined mode, then the estimation problem may
involve computing moments of (4. 23) and can be quite complicated.
As discussed, a detailed analysis of the p.d.f. is outside the scope
of this dissertation and will not be attempted.

Should the desired (or known) a priori p.d.f. not belong to
the natural conjugate class but be expressible as in (3. 19), then
the technique of Section 3. 1. 2 can applied. It may be possible
to choose classes of densities which simplify the computation of
moments and the estimation problem (recall the closing comment
of Section 3. 1. 2), but this again is a problem which will not be

addressed.

4. 2.3 The Conditioning on Yo - Recall from Sections

1.1 and 2. 3 that, as derived, the a posteriori p.d.f. is conditioned
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(3.19) or (3. 20); once Yo is observed, f(yolp ,8) has all the prop-
erties required of r(9) (i.e., r(p,B) ). Thus if a "modifying
processor' to account for other-than-natural-conjugate a priori
dengities has been implemented, one may as well choose a natural
conjugate prior as discussed following (3. 24) and include f(yolp,‘@)
in the modifying term.

Finally, one can ignore the problem; this amounts to nothing
morethan a refusal to process the information in Yo and may be
entirely reasonable if a large number of observations (k >> M)

aretobemade.

4.3 Sequential Detection

4.3.1 The Signal Hypothesis. Recall from (4. 1) that

tn, =Yy, -~ 8. (4. 38)

Thus, all estimation results of the preceding section may be applied
under the signal hypothesis if, instead of using the observation, one
uses y; = S, . Specifically, a set of necessary and sufficient sta-
tistics is t1(¥k) = t(¥k - §k) as defined in Example 2. 1, and

the natural conjugate class of densities is

Ve L rax 923%*
plp, B;7) = K@) p © exp | -5 [B* T B+ 28* vyp + %)

(4. 39)
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where K(-) is defined by (4. 24) or (4.25). Clearly, the natural-
conjugate normalizing constants are explicitly required to solve
the sequential detection problem. Recall that these involve inte-
grating over & ; since detailed solution of the problem is not a
primary goal of this dissertation, the matter will not be pursued

further.

4.4 Gauss-Markov Noise: M =1

4.4.1 The Autoregression. The noise is generated by

Ny + Byfpg = agy (4. 45)

where |3 | < 1. Tt is desirable that the results correspond to
samples from continuous-time lowpass (as opposed to bandpass)
Gauss-Markov noise; this requires the further restriction that

- 1< Bl < 0, which will henceforth be made. One obtains the

following correspondences with quantities defined in Section 4. 1:

General M M=1

B By
. n,
=i i
r r.
= i
R r



129

Equations (4. 14) and (4. 15) become

By = = ry/7g
(4. 46)
2 - 2
a® =71, - rg /rO
which may be inverted to find
o>
T =
0
1-84
(4. 47)
’319’2
17T
1- Bl

and so Yo has (or, in simulation, should be chosen from an en-
2

semble which has) a N{O, 2
1-6)
The joint conditional p.d.f. of k observations is given by

(4. 17) as

) distribution.
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k
-3 K
o () 2 . 2 2
@y Ing, p By) = (zzr) exp )73 | P 1231 T -1
k k
2
+ 264 121 n,n,_ o+ 121 n, (4. 48)

The statistics TM( ‘), t (), and to( -) of (4. 18) through (4. 20)

(1)

m

are all scalars; they can here be combined into a single vector:

| k/2 _ (4. 49)

(1)For an explanation of the last component, recall again
comment (a.) following Theorem 2. 6.
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4. 4.2 Estimation. The notation of H, will be used; since

0

all the vectors and matrices defined in Section 4. 2 are one-dimen-

sional for M =1, much of the notation is superfluous and will be
dropped.
To parallel the definition of t(:) above, the natural con-

jugate density (4. 23) is written

W
Q(p, Bl;i) = K("k) p : exp _‘22 [Bi 1//1“' 2,81 ¢/2+ w3]

(4. 50)

where y , the parameter indexing the densities, is a vector with
the indicated components which takes values in the subset of R4

defined by

¥ = {£€R4 : "bl’ 11/3, 4/420 and 4/2‘ - 111/1’5t/3< O}
(4. 51)

Analysis of the density can be carried somewhat further than for
arbitrary M. The marginal p.d.f.'s of Bl and p are, respec-

tively,
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1,1/4+1
K@) I'(y,+1)2 L< <0
qB(Byd/) = ¢/4+1 ) B
(B Yy +2B ¥o+iy)
(4. 52)
and
: oyt
. _ 21 4
a,(p3¥) = K@) (%) 0
4 Yo ¥
. o [ ——2 e [ —2 1
YN oYy Yo ¥y
P 2
« exp ~s5— W -y ) |, P> O
29, V173 T2
(4. 53)

where @ () represents the unit Gaussian cumulative distribution
function. If the initial value of ¢ 4 is chosen an integral multiple
of 1/2, then it will remain so throughout and (4. 52) can be inte-

grated to obtain an explicit (though not closed) expression for the
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normalizing constant:(l)
Let
n = 1,04
= S
m = ¢4 2
D = ‘P1¢3 "b22
P = 11/1 + 21//2 + \,1/3
N, = (-1)li!
i (2i)!
(2i)!
M = @)
Then

-1, . 2(2n)! ‘h)n 1 o 4D\l
K (® = =4 (ZD o | Wi V) i§1 N; (wp)

(4. 54)

(I)The necessary integrals may be found in the C.R. C.
Tables [ 55], p. 404 (#113) and p. 414 (#241).
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provided that n is an integer, or

(m+1) Im! 23(m+1) I' (m+ 3/2) x,l/lm

-1
K ( =
v JZD™  2ms2)!
(’101_4/2) f M D i
JP 0 i(‘wlp)
11‘/2 m D 1
+ M, (757
IV Eo i (4"”1%)

if m is an integer. These expressions, though not impressive
for the insight they provide, are certainly suitable for machine
evaluation.

From (4. 49) and (4. 50), the sufficient statistic updates

the parameter of the natural conjugate density through

g =g + tyy (4. 56)
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The mode of the a posteriori p.d.f. occurs at

él(k) - . k)/ll/(k)
k), (k)
NN WYy

and these may provide reasonable estimates.
To account for the conditioning on Yo » recall that
Yo ~ N(O, rO) as given by (4. 47). So one can follow Section

4.2.3(a.) and choose the a priori density from

-) ,94/4(—) (=) ()4 .0
~~ . - _ -9.. -
(4. 58)

in which case the a posteriori [yo] density will be natural conju-

gate with

3{1(0) - ) 0

1/2J (4. 59)
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Note that (4. 58) has no limit as [31 -~ - 1 ; this technique may

be undesirable unless Bl can be bounded away from - 1. Alter-
nately, one can follow the technique of Section 4. 2. 3(b. ) as out-
lined there.

4. 4.3 Detection. Not much more can be said. Since

n,=y; "8 under H1 , all the results of the previous section

may be applied as detailed in Section 4. 3. 1; the constants K(tg(k))

and K(Z(k)) can be evaluated as in (4. 54) and (4. 55), and the like-
lihood ratio found from (4. 44). No significant simplification re-
sults when the ratio of constants, rather than the constants them-
selves, are considered.

Thus, the discrete solution is unreasonably complicated
even for M = 1. Instead of pursuing it further, attention will be
focused on the continuous solution. This is both theoretically

more interesting and results in somewhat simpler expressions.



CHAPTER V

EXACTLY-KNOWN SIGNALS IN CONTINUOUS

STATIONARY AUTOREGRESSIVE GAUSSIAN NOISE

The problem addressed here is

0 t
Hy yt=nt+s(t) , te[0, T] (5.1)

where n is M-SAG noise with unknown spectral parameters
(Section 5.1) and s(t) is an exactly-known sure signal which is 2M
times differentiable for 0 < t < T . It is a continuous version of
the problem solved in the preceding chapter.

Section 5.1 discusses and establishes parametrizations for
the noise, and relates a sampled version of n, to the process
studied in Chapter IV. Section 5.2 presents pertinent results from
the theory of Gaussian measures; these are needed to insure non-
singularity of the estimation and detection problems, and are also
useful for evaluating the required Radon-Nikodym (R-N) derivatives
without the tedium of finding a limit for the likelihood ratio function.
To verify that the resulting derivatives are the same, Appendix

E evaluates such a limit for M =1 .

Section 5.3 solves the estimation and detection problem for

137
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arbitrary M . The sufficient statistics are found and the natural
conjugate density and updating equations are explicitly written.

The chapter concludes by giving more detailed solutions for
M=1 and M =2 . Even for these cases, it is found that the detec-
tion statistic is extremely complicated and probably not practical as

written.

5.1 Continuous Stationary Autoregressive Gaussian Noise.

The noise process under consideration, denoted
{nt, t €[ 0, T]}, is a finite segment of a zero mean, Mth—order,
stationary autoregressive Gaussian (M-SAG) random process; its

spectral density function is rational and of the form

2
2 a

s (f2) = . p. # (5.2
ntt) M [(Zvrf)z + pi?‘] Pi7 Pk )
=1

i=

It is well known that this process can be modeled as white Gaussian
noise filtered by a causal, lumped parameter system with Fourier

transfer function

Re(pi) >0

S (5.3)
IHI [(jzvrf + pi)] ' K

a > 0



139

An alternate parametrization for the filter of (5.3) results from ex-

panding the denominator

. _ a
HGj27nf) = QG (5.4)
where
Q(z) = zM+q1zM“1+...+qM (5.5)

is a polynomial with real coefficients and with distinct roots in the
left-half z-plane. The coefficient qk is the sum of all different
combinations of the p; taken k at a time. In terms of this param-

etrization, the spectral density can be re-written as

2
s (%) = R (5.6)
1QG27t) |

Occasionally, it will be necessary to use yet a third parametrization

of S (%), namely

2, _ 1
Sn(f ) = i ) 5 (5.7)
Z 0 M-i (j2nf)
=0
1 _ -1,
where 09 = lal and 0, = qilal ,i=1... M.

From (5.2), the autocorrelation function of the noise is
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9 M -p. Il
R (1) =a*)R. e ' (5.8)
i=1
where
R -|2p QL 6202 (5.9)
i il B -y :
k#i
The process n,C is well known to be Mth-order Markov.(l)
Since it is Gaussian, the M+1 parameters {az, Pys vees pM} or
2

{a”, Ays oo qM} constitute a complete statistical description.
It is easily verified that for 0 > 0 the parameters {Rn(O), Rn(b),
cee, Rn(Mé)} provide an equivalent description; the two sets are
uniquely related through (5. 8).

Suppose nt is sampled at t =id,i=~- M+1, ..., 0, 1, 2,
..., and the corresponding discrete process denoted {ni} . It can

be shown(z) that this discrete process is the solution to a related

(l)More precisely: If nt is sampled at arbitrary t1 < t2 <

t3 < ... and samples arranged into ''state vectors"’

*
ooy My )
i i-1 i-M+1

then the discrete vector process {rli ;i=1, 2, 3, ...} is a Markov
process. See, e.g., Astrom [2], ~Arts. 3.3 and 3.10.

(Z)DOOb [11] or Astrdm [2], p. 84.
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autoregressive difference equation (see Section 4.1.1); clearly any
(M+1) adjacent samples are a multivariate Gaussian random vari-

able with zero mean and covariance matrix

I‘O I'1 I‘z e 8 o rM
rl rO rl °

.

.

Ry = |72 "1 Yo . (5.10)
» "‘ L]
: SR
. .

rM e o r]_ ro

(1)

which is positive definite, symmetric, and Toeplitz"~ ' so that

r = Rn(li—j 16) . Using these facts and equations (4.11)-

Lo = T
ij li-j!
(4.15), the parameters of the related difference equation can be

determined.
It is also well known that almost every sample function of
n, is uniformly continuous and is everywhere M-1 times continu-

ously differentiable; the (M—l)St derivative will be a function of un-

bounded variation. @)

(I)Grenander and Szego [19], p. 170.

(2)This follows from a theorem of Baxter [ 4] which will be
stated later as Theorem 5.3; see, e.g., Wong [ 62] pp. 221-222.
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THEOREM 5.2V

Let {)\i , ¢i(t)} be the eigenvalues and functions of the

kernel R(t,s);let S C L_[0, T] be the span of {¢i(t)}’ and

ol
expand A and u(t) interms of the ¢i . Then Q?& = 90 if

w(t) €S and
0 2
Z Hy < o
i=1 A,
i
in which case
2
d & 0 L. y. 0 .
1 ! i%i 1 i
= exp{ ), -3 ) (5.12)
A i=1 M i=1 M

Otherwise, ‘@1 L % . I

This is exactly the simple hypothesis detection result stated
in Section 1.3.1 [Eq. (1.18)]; indeed, the problems are seen to be
same. The case e?& AL Z) results in "'singular detection, " since
one need only examine the separating set A (see the definition of
singularity preceding Theorem B.1 in Appendix B) to decide e@o
or g’l with probability 1. The possibility of singular detection
raises serious questions regarding the Gaussian model; these have

(2)

been discussed at length in the literature.

Much of this theorem is due to Grenander [18].
(Z)For example, see Root [ 49] or Slepian [ 56].
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The dichotomy theorem for the case that the mean and the
covariance functions both are different under g’l and e?o is
much more difficult; its general form was arrived at independently
by Hajek [ 21] and Feldman [15]. More restrictive forms were
known much earlier; a good survey is contained in the paper by
Yaglom [ 63] . No benefit is derived from treating the general
result here; instead, only the easier case where {yt, te[ 0, T]}
has rational spectral density under e?b and % will be pre-
sented.

Before turning to that result, the following theorem is
presented for later reference.

THEOREM 5.3 (Baxter's Theorem)(l)

Let {yt, te[ 0, T]} be Gaussian with mean u(t) and co-

variance R(t,s), where u is of bounded variation and where

a2

ot ds

R(t, s) < « (5.13)

except possibly for t =s . Put

R(t,t) - R(s,t)
t- s

20 - 1im R(t,ti):: S(s,t)

stt

- lim+
stt

(5.14)

Let {Tk} be a family of finite parameter subsets of [ 0, T|] which

DB axter [4].
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grow dense in [0, T] as k-~ = . Then

T

£ 2 )
) (Yt - Y ) J £ dt (5.15)
i=1\ % i-1 0

a.s. as k——oo..

This theorem is basic to many results on the singularity of
Gaussian processes. If A is stationary then (5.14) and (5.15) say
that, with probability one, the quadratic variation of a sample
function is equal to the jump in the derivative of the autocorrela-

tion function at the origin multiplied by the length of the observation
interval. It is remarked that a continuous function with nonzero
quadratic variation is necessarily of unbounded variation, and hence
is not Riemann-Stieltjes integrable with respect to itself, or any-

where differentiable.

(b) Processes with Rational Spectral Density. Suppose that

under 90 and 901 s Vi is a zero-mean stationary Gaussian pro-

cess with spectral density function

P (j2nt) | 2
Sn(f ) = W y, o= 0, 1 (5.16)

where j= V-1, Pn(z) and Qn(z) are polynomials with no roots
in the right-half z plane, and the order of Qn( ) exceeds that of

Pn( ). In engineering terms, A is the output of a stable realizable
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be the smaller of the differences between the order of the numerator
and denominator polynomials in (5.16). Then A is m times
differentiable and, unless (5.19) is satisfied, the test function of
(5.15) when applied to the derivative yt(m) will converge (with prob-
ability one and for arbitrarily small T ) to a nonzero number or to
zero according as whether .@1 or .?6 is the measure generating

the process.

Note that (5.19) requires that the spectral densities So(fz)

and Sl(fz) have the same high-frequency asymptote.

5.2.2 R-N Derivatives for Rational Spectrum Gaussian

Processes. Recall that in the estimation problem the observed pro-
cess is defined on ( %, , 1@9), % € M .(1) The quantity

of interest is the R-N derivative

d &

. _ 6
A(Yt ;0) = ’ayf;— (yt) (5.20)
0

where % dominates M .(2) Theorem 2.3 showed that this
0
quantity yields a sufficient statistic for 6 and that a generalization

of the factorization criterion applies. Under the assumptions of

a )Again, the compound hypothesis detection problem will be
left for a later section. As usual, the notation of H1 will be used

here.
(2) & may or may not be a member of < .

)
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Theorem 2.2, it can be found as the limit of a likelihood ratio.
From (2.23) or (3.29), }\(yt ; ) may be employed in place of the
conditional density function in a generalization of Bayes' rule.

The preceding section gave necessary and sufficient con-
ditions for the R-N derivative to exist (i.e., for ,@0 to dominate

M) in the case that % and all the e?é ¢ M are given by
0

rational spectral densities; if those spectral densities are denoted

9 PO(ijf) 2
So(f ) = W (5.21)
and
PG (G27f) |2
(5.22)

2, _
Sa(f"“@;rmfr

respectively, then it is necessary and sufficient that

P, (j2nf) Q,G2nt) |2

Q, (271) P, (i27f) =1 Voe© (5.23)

lim
f—-o

The subscript 6 is used to denote the spectral parameters regard-

less which set | see (5.2)-(5.7)] is actually being employed.
Suppose (5.23) is satisfied; it is then necessary to evaluate

the R-N derivative. Finding a limit for the likelihood ratio can be

extremely difficult and tedious (this is illustrated in Appendix E for
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1-SAG noise); luckily, the literature contains general expressions,

derived in a variety of ways, for such R-N derivatives.
This chapter is concerned only with M-SAG noise; i.e.,

PG (j27f) = a2 , a positive constant, and the order of Q(9 (+) is

M . R-N derivatives for this type of process take a particularly
simple form; the results stated here are due to Hajek. (1) Instead
of finding the R~-N derivative of e@e with respect to some measure

4 given by another rational spectral density, Hajek defines the
folloming. (2)

ollowing:

DEFINITION 5.1

Let 9+M o denote the Gaussian measure such that under
2

g-l*

M, o’

(i) The vector (yo, y(’), cen, yO(M_l)) is distributed

according to M-dimensional Lebesgue measure,

(ii) yt(M_l) is a zero-mean Gaussian process of indepen-

dent increments such that

(M-l)‘Z -1

Eldyt = @~ dt

(iii) For all t, [yt(M—l) - yO(M_l)] is independent of

1 (M”l)
yO’ yO’ AR | yo 'l

(I)Hajek[22], Art. 7.
(2)
Ibid, p. 433.
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Let 6 = (91 s eee, OM)* be the set of parameters defined by (5.7).

These are equivalent to (p1 ce pM) or (q1 . qM). Recall that
0, = lal™L. Define the state vector
— ' (M_l)
Y = O v oo )* (5.24)

Hajek shows that if {yt, te[ 0, T]} is to be stationary, the auto-
(1)

correlation matrix of the "'initial condition" Yo must be

(), (k); M-1 -1
E =|D
By Yo 15 ke [Dy] (5.25)
where the elements Djk are
i .
2 Z( 1) 9M~19M+i-j—k-1 for j+k even
D., = ! (5.26)

jk
0 for j+k odd

and the sum runs over max(0, j+k+1-M) < i < min(j, k). He then
proves

THEOREM 5. 5(2)

Let {yt, te[ 0, T]} be a finite segment of a stationary

Gaussian process with spectral density (5.7). Then e@g = y;/[ 9
3

Wipig, p. 421.

2)
( )Ibid, p. 433.
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and
d& ; 6. T M-1 T
5} F) 1 1\ k : k), 2
= ID,, 1" exp {55— - 2 -1)" A, Jly ] dt
d9+ jk 260 k=0 k 0 t
M, 6,
(5.27)
M-1M-1 .
SN0, 00, 0, G
1802 T ' Yo Yo Pk
j+k even

where Ak is the coefficient of (j217f)2k in the denominator of (5.7);

i.e., is given by

M M
2 . o 0 7" PV = kLO a 2% g ©
m, n= =

An explicit expression for Ak is easily found:

M-i

A = };eiez(M_k) (1) (5.29)
where max[0,M-2k] < i < min[ M, 2 (M-k)].
The fact that the dominating measure is ‘@E\/I 5 rather
b
0

than a more familiar measure may initially seem bothersome; how-

ever, it turns out to be irrelevant since the terms in Myt ;0 ) or in

o,

AP
M, 6,
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which are unique to the dominating measure will cancel when that
R-N derivative is used in Bayes' rule. In fact, the dominating
measure of Definition 5.1 is superior because it introduces no
extraneous constants into the problem; this, again, will be illus-

trated for M =1 1in Section 5.4.

5.3 Estimation of Noise Parameters and Detection for Arbitrary M.

5.3.1 The Implications of Singularity. Consider first the

estimation problem; the uncertain noise parameters will be denoted

as 6 . Recall from (2.23) that a generalization of Bayes' rule is

d &
0

d &
90 .
£0lyy) = (5.30)

J (Numerator) do

(yt; 9)f0(9)

where 99 | dominates </ and SPG is induced by the M-SAG
noise proces?s with parameter 8 (the subscript 6 will be used
regardless of which parameterization is actually employed). If a
sufficient statistic exists, the R-N derivative may be factored and
one obtains (3.32).

From Theorem 5.4, it is clear that the measure %
induced by an N-SAG noise process is equivalent to % if agd

only if M =N and the numerators a2 of the corresponding

spectral densities (5.2) or (5.6) are identical; this means that the
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parameter az may not be included in 6 . If it is included, then
one can always construct a test function which converges to az
with arbitrarily small error for arbitrarily small observation in-
tervals | 0, T] . Since a2 characterizes the properties of
{yt, te[0, T]} for very high frequencies, this is heuristically
reasonable. Phjsically, error in estimation of az is bounded
below by the ability to sample Vi at arbitrarily high rates; the
argument is the same one found in discussions of singular Gaussian
noise-in-noise detection. Indeed, the problem is the same since
the "noise-in-noise' detection statistic is precisely the R-N deriva-
tive of (5.30).

Suppose the dominating measure is g”;v[’ g as in Hajek's

0
Definition 5.1. From (5.7), 0 ,= lal 1 so that again the constant

0

a2 cannot be estimated but, rather, must be known. Section 5.4
will illustrate the singular estimation of a2 for the case M =1
by using Baxter's Theorem (Theorem 5.3).

Now consider the detection problem. Since a simple-hypoth-
esis (parameters-known) solution is available (see Section 1.3.1),
equations (3.37) or (3.38) are the obvious candidates for a solution.
Recall the comment made at the beginning of Section 4.2; the param-
eters under either hypothesis are 6 = (8 {-e- 0 M) [ or equivalent-

ly, (q1 . qM) or (p1 ce pM)] and the notation which indicates

that their distributions evolve differently under HO and H1 will
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be dropped. From (5.2), it is clear that for any 6 ¢ © the meas-
ure inducedon (%, . ) by {yt, te[ 0, T]} under H0 is
identical to the measure induced by {yt - s(t), te[0, T]} under

H, . (1) The R-N derivative of the former Wifh respect to gﬁv{, 04

1
is given by (5.27), and the R-N derivative of the latter is the same

expression with Yy - s(t) replacing AR

Clearly, a2 (or 6 cannot be estimated under either

o)
hypothesis. If this parameter is known and one makes the necessary
additional assumptions on s(t), @) then (3.37) [ with (5.30) used for

the a posteriori p.d.f.'s] provides a well-defined detection statistic.

If the dominating measures used in (5.30) are not 9;/1 9
*70

but are some other rational spectrum Gaussian measures satisfying

(5.23), then from Theorem 5.4 they are equivalent to e@“;w

94
and the result is unchanged. This is so because then
aP d % a?
0 _ 0 M, 60 (5.31)
+
d
a¥, APy, 04 Lo

and the second term cancels out of (5.30). Section 5.4 will specifi-

cally illustrate this for M =1.

(I)This assumes that s(t) has at least the same smoothness
properties as almost every sample function of {y¢} ; this assump-
tion is weaker than the assumptions necessary to guarantee a solu-
tion to the simple-hypothesis problem, and hence is of no concern.

(Z)See the beginning of Appendix A; s(t) must be (2M)-times
differentiable on the interval (0, T).
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5.3.2 Estimation of Noise Parameters. The notation of

HO will be used. As is by now clear, all that is said can be repeat-

ed for H1 if A is replaced by Yy - s(t) .
Henceforth, the R-N derivative of (5.27) will be denoted

f(ytl 9) . This is only a slight abuse of notation since this quantity

is a direct generalization of the usual notion of a p.d.f. (which is

the R-N derivative of a probability measure with respect to Lebesgue

measure). The ultimate goal is to factor this R-N derivative as in

(2.22), recognize the sufficient statistics, and determine the natural

conjugate class of p.d.f.'son O . (12 From previous results and

discussions (e.g., Sections 1.1, 2.3, and 3.3.3) one conjectures

that this class will be much simpler and more useful for sequential

estimation if f(ytl 6) is first divided by (''made conditional to'") the

p.d.f. of the imtial state y, = (y,, ¥g, --- yO(M’l))* @ Recan

that

G)After the factorization of (3.31) the remaining expression
glt(yt); 6] represents a bona-fide p.d.f. on the finite-dimensional
space of the sufficient statistics.

(Z)In the finite-dimensional case, f(Y,10) was divided by
f(yg!6) and y, consisted of M discrete samples. It seems rea-
sonable, thougﬂ no attempt will be made to prove, that passing to
the limit after such a procedure yields the same result as above
(Section 5.4 will illustrate that this is true for M=1 ). The ques-
tion is of little relevance, since the primary concern is with the
functional form of the densities involved. If the above procedure is
arbitrarily adopted, then all the results of Section 4.2.3 can be
justified.
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1

f(XOIG) = [(Zw)—MIDjk\]Eexp{-%Zg[Djk]zo} (5.32)

The quotient of (5.27) by (5.32) is the desired "'conditional density"

M
To M-1 T
N k k). 2
ty, 10,50 = @2n) % exp —2—9—(1)— - %kL:O(—l) A, O[Yt( N2 at
(5.33)
M-1 M-1 . . |
1 YN () . (k) (3 k)
- 3 Yp' Y = Vg Vg )D;
4 =0 k=0 T  -’T 0 70 17k
j+k even

The following facts are obvious by inspection:

(i) Sufficient statistics for the estimation of 8 = (91 y eeey

9M) in (5.7) are:

(5.34)

(ii) With the results conditioned on Yo > the natural con-

jugate class of densities for 0 = (91 cee By = (ql/lal, ey
qM/ lal) is an M-variate Gaussian p.d.f. (Note from (5.26) and

(5.28) that all terms in the exponent of (5.33) are either linear or

quadratic in 6.) This density is truncated to be zero on that region
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of RM where the roots of

have positive real parts; the complement of that region is denoted

o .1

It is shown in Section D.4 of Appendix D that (5.33) can be

re-written as follows: Define the parameter vector

o
1

6y -+ 06

5() 5, - {)-[yt(k)]z dt
- . .
gl )(y) _ yT(J) ylek) _ yé]) y(Ek)

(5.35)

(5.36)

(5.37)

Use these sufficient statistics to write an MxM , positive definite,

symmetric matrix T(yt) whose elements are

(i)Note that the natural conjugate density written in terms of
(p1 .. pM) is much more complicated, see (5.5) ff., but is defined

on a much simpler region. (Namely, Re(pi) < O forall i.)
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(5.38)
Sl -
(1 % 3 (v) 5 i+] even
tij(yt) = - (-1)M-k-1-min (i, j)
K
ML K0y oda

where max(0, M-i-j) < k < min(M-1, 2M-i-j-1). Also, define
1)

the M-vector E(yt) whose elements are:

T

20 0t01 V) - 53 5

t].(yt) = (5.39)

290t0j(yt) ; j=2...M

then the "'conditional density' for use in Bayes' rule is

M
fy, 16,y = (ZW)Texp{-:i:[ﬁ*T(yt)g +£*(yt)ﬁl} (5.40)

Clearly, the natural conjugate density has the same form but
involves an MxM conjugate parameter matrix ¥ and a conjugate

parameter M-vector Y ; these are then updated through

(I)Again', the use of t for "time' and t(-) for a sufficient
statistic, and of T for observation period and T(-) for a suf-
ficient statistic, will hopefully cause no confusion.
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The unconditioned density of (5.33) could be similarly modified;

from either one, it is easy to verify the relations

K
f[y(o,k)'-g’?fo] =5 f[Y(i_l,i)‘ﬁ, ¥4 (5. 44)

By definition (see (5.33) ),
3(0,10'8] = 1[¥(g,1!8> Yol 170 6) (5.45)

The form of all these expressions is precisely the same as in the
finite dimensional Markov case and so the formal manipulations
(including forming the natural conjugate density, updating its param-
eter by using the sufficient statistic, and accounting for the con-

ditioning on Yo ) may proceed in exactly the same fashion.

5.3.3 Detection in Noise of Unknown Parameters. Recall

the discussion concerning the detection problem begun in Section

9.3.1. If one considers (3.37) and uses (5.30) with the appropriate
(1)

numerator "’ for the a posteriori p.d.f.'s on 6 , one obtains the

non-sequential (not conditioned on Yo ) detection statistic. The

a priori densities are seen to cancel, and there remains

;e i(y, 1) £4(0) for H, and f(y,~s(t)16)1,(e) for
H; , where (- 10) is the density defined by (5. 27).
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J 1t - st)In) £ 0)an
©

f@ By, 1A) £, () dr

oy,) =

(5.46)
fy,16)

iy, - sore) ('Y

L

As has been previously remarked (e.g., following (1.38) or (3.25),
the parameters 6 must cancel out of this expression; alternately,
it may be evaluated for any admissible fixed value of 6 . Owing
to the complexity of the terms (recall that !Z(yt 16) is the simple-
hypothesis solution as given by the Metzger model or by other
"classical' techniques), this cancellation will not be verified for
arbitrary values of M . The following sections will do so for M-=1
and M=2 ; they will also present results equivalent to (5.46) but
stated in terms of the natural conjugate densities and thus useful

for sequential processing.

5.4 The Ornstein - Uhlenbeck Process: M =1

Consider the 1-SAG noise process, i.e., the zero-mean
stationary Gaussian process {n_, te[0, T]|} with spectral density

function
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2
2 a
Sn(f ) = (5.47)

(Zﬂf)z + pl2

(5.48)

_ a
(j2nf) + dq

where, in this case, P, =q so that there is no difference between
the parametrizations. (The parameter will be called Ay from here

on.) The corresponding autocorrelation function is

2 —qllTi

2 e ; 47 > 0 (5.49)

2q1

R (1) =

To illustrate the previously claimed singularity in the esti-

mation of a2 , consider that n_ is observed on [0, T] and is

t
sampled as usual. Note that

+ 2

R;I(O_) - R} 0) = a (5. 50)

where the indicated derivatives are limits from the left and right

respectively. From Theorem 5.3 (Baxter's Theorem),

k
lim ) (n - n

2 2
i 1—1)
k=2 i=1

= aT a.s. (5.51)
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where n, is the noise sample at t =iT/k . Since the convergence
is strong (i.e., holds for almost every sample function), the dis-
crete test function of (5.51) can be used to estimate a2 with arbi-
trarilysmallerror for arbitrarily small T . (Physically, of course,
one is limited by the ability to sample n, at very high rates). It
should be noted that since a.e. sample function of n, is uniformly
continuous on [0, T], (5.51) implies that a.e. sample function is
(1)

of unbounded variation.

By direct substitution into Hajek's result (5.27) one finds the

desired Radon~Nikodym derivative

d3%

+
dg%,eo

I

f(ntle)

[N

1

2
exp _T_?._l'._ - ._9__1_... anz dt
20 2 0 t

(20,6 )
10 0

1 2 2
= 5.52
5 9160(yT+ yo)} ( )

where 6 0’ 7] 1 are parameters of the spectral density written as

in (5.7); recall 60 = 1al—1 is not estimable and must be known.

1 )See Appendix D, Section D. 5.
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In terms of the parameter q, = (Jllal_:l , this can be written

V20 4T 1 2 T2
flnglay) = —= exp)—5— - .2 |4 joytdt
2 2
+ 4 (yT + Y, )]} (5. 53)

This can be considered as a R-N derivative or it can be normalized
and viewed as a bona-fide p.d.f. on the "sufficient space’ with co-
ordinates { [ ntzdt , DNg» Dy ;.

It was claimed at the end of Section 5.3.1 that the same re-
sult is obtained if one evaluates the R-N derivative with respect to
an equivalent measure (given by another rational spectral density)
as the limit of a likelihood ratio function (Section 2.2.2). (1) This
is verified in Appendix E using the following procedure: Let ?*
be the measure induced by a 1-SAG process with fixed parameter
q* > 0 instead of 4 ; 9* is equivalent to % . Sample the
process nt as usual; the sequence of samples is the solution to a
first order autoregression whose parameters may be found in terms
of q, or g* and the sampling interval. Thus the likelihood ratio
function (conditional to n, ) may be evaluated using (4.48); its

limit can be found, but it is necessary to explicitly employ Baxter's

(I)This was first done rigorously by Striebel [ 60] .
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result (5.51) in the process. This limit is }\(nt\no ; ql) as defined

in Theorem 2.3 but conditional to n_ (i.e., its factorization yields

0
the density for sequential processing). Multiplication by f(nolql)
gives the R-N derivative A(nt ; ql), which still contains the

"nuisance parameter' g* ; this cancels out in Bayes' rule (5.30),

and the result is identical to Hajek's density (5.53).

5.4.1 Estimation. Suppose the observation is noise, i.e.,

H0 is true. To obtain the sequential natural conjugate density on

(5. 53) must be conditioned on y, . From (5.32), or by noting
4 0

that
a2
Rn 0) = 54 (5. 54)
1
one finds the p.d.f. of the initial sample
Ya'ldy) = exp | - y (5.55
' =72 2z )

Dividing (5.53) by (5.55), or merely putting M =1 in (5.33),

yields

T
1 2 .2

) (zT 2 2
P\2 Y "I

f,'a,, v,) = Y7 exp
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E(q ly) = i . 2 sz( i (5. 62)
1= Y VY 2avy,
3 2
az‘bz a2 )2 ¥y
( 1 1Y) 5~ + 7 1+
21,01 1 4a ”Dl
1% (5. 63)
@ ZaVyDl )
_ 2 2
var(q, 1y) = Elq"1y) - E%(qy1¥) (5. 64)

and are thus quite complicated; under suitable conditions, the
mode “(L//) of the untruncated p.d.f. may be a reasonable estimate.

Any reasonable estimate may be shown to be consistent;

using iD(T) as given by (5.58) in (5.60) shows that the a posteriori

p.d.f. on q1 is Gaussian with mean and variance prior to

truncation of

(0) 2 2
B + a T t* V9 " Yo
Hp 7 T,
(0) -
2y 2jyt dt
0
T -1
2 (0 2
or = A e [ a (5. 65)

Let T— x and recall that
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1 T2
Li.m. T [y[dt =R (0)
T— 0
9 (5. 66)
_ a
g

where ql* is the "true'" value of the parameter for the process

generating the observation; clearly

— * . -— -
q ’OT 0 as T o0

and the a posteriori p.d.f. tends to a "'delta function' at ql* .
If desired, the conditioning on Yo can be undone by any of

the methods mentioned in Section 4.2.3.

5.4.2 Detection. It is again clear that under H1 all the

above results hold; the parameter of the natural conjugate p.d.f.
is then y, its a priori value may be different from (O), and it is

updated through

. (5. 67)

/(;[yt - s at

2°T 4 [vq - S(O)]2 - yp- s(T)]?

The R-N derivatives of the observation may be written as in (5. 53)

or (5.56), with Yy replaced by Vi~ s(t) .
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The detection statistic is given by (3.37) or (3.38); if one
wishes to detect sequentially and use the natural conjugate class,
the conditioning on Yo Inust be accounted for since the simple-
hypothesis statistic !Z(yt Iql) given in (1.25) was not conditioned

on y One way to do this is, as discussed in Section 4.3.2 (a),

0"
to choose an a priori (to Yo ) p.d.f. from the class

1

Polay s ¥7) = Ky )a, ? exp |- —z-iy[qlz Yy - qlw-z]i

(5.68)

in which case the a posteriori (to the discrete observation Yo )

p.d.f. will be natural conjugate and hence the a posteriori (to Vi

te[ 0, T]) p.d.f. is also natural conjugate but is no longer condi-

tioned on Vo its parameter is found using (5.58) or (5.67).
Appendix E gives the calculations involved in simplifying

the detection statistic; it is shown that the parameter q1 does in-

deed cancel, and one finds

K0 k@) L[ T
0y, = - Ty~ €Xp | -a js”(t)ytdt
Ko@) kG 0

(5.69)

+ :é:JO s'®)]° at - s'(0)yg - s'(T)yp
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where K(-) is the normalizing constant in (5.57) and KO(°) nor-
malizes (5.68).

The second ratio of constants involves A and thus repre-
sents processing of the observation. Eq. (E.26) explicitly shows
the resulting terms; even for the case M=1, the processing neces-

sary to obtain the optimal detection statistic is extremely compli-

cated.

If one does not want to use the a priori p.d.f. of (5.68), then
(5.46) may be used directly; equivalently, the natural conjugate
densities may be employed and the results modified as in Section

3.2.2. In either case, the results are similar to the above.

5.5 Estimation and Detection: 2-SAG Noise

The case M =2, though not of great interest for its own
sake, is more indicative of the general case than M =1 . The
various parameterizations of the spectral density (see (5.2), (5.4),

and (5.7) ) are related by

9 = Py *+ Py
(5.70)
99 = PPy
and
6, = qi/la! ; i=1, 2
(5.71)
6. = 1/1al
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The autocorrelation function is written in (A.22). As usual, let
g’g represent the measure induced by the process regardless of
which parametrization is being employed.
It is by now clear that instead of evaluating d % /d .75 . as
the limit of a likelihood ratio, it is more convenient to employ
d@e/dg;, 9 directly.(l) From (5.27) and (5.33), the desired

0
R-N derivatives (densities of the sufficient statistics) are, in the

usual notation

2q.Yq q,T T
1 72 1 1 2 2
fly lg) = ———= exp - a, Jy5dt
t a2 2 2a2 2 Ot
T
+ (" - 2q2)JO(yt) dt + 4 4y Op + ¥4 )
'2 72
+t 44 (VT + Yo ) (5.72)
and
q,T T
_ 101 2 -2
f(yt‘_XO s il) = 27 exp 5 232 45 ./Oyt dt
T

2 t2 2 2

2 2
-y ) (5.73)

(DThere is some ambiguity here since the first case "9 "
represents any arbitrary Gaussian measure equivalent to & y w9hile
in the second case 6. refers to the number !al~l. This un not
present cause for fur(gher confusion.
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By completing the square, the natural conjugate density

(5.79) can be re-written

1
Pa;¥) = K@) exp{—= p*¥ p
2a
1 >k
exp - —5 (q - u)* ¥ (q - )
2a
, € © (5.81)
where
1 -1
g =-2z ¥ "y (5.82)

is the mode of the density provided that pe®© . This may provide

a reasonable estimate of q ,

© (5.83)

= 1
= -3

-1
ALY i gy, o

and is analogous to (5. 65).

The detection problem is solved in complete analogy with
the work of Section 5.4.2. Once again, the required cancellation
with the simple-hypothesis solution as given by (A. 51)[ recall that
z(y) = {n Q(yt\g_)] occurs. If fl (@) and fo(g_) are arbitrary a

priori densities under H1 and H0 , then using (5.46) one finds

that
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) - ey e (s6)) (5.84)

where Ki(yt) , i=0, 1, are normalizing constants for the a pos-

teriori p.d.f., and where

T
s = -2 | Ly s at + 4 J jo Sk
+ y(; s'"(0) - y,I: s"(T) (5.85)

If one chooses the a priori p.d.f. from the class

p (El_,l//-) = K (’a[/-) 1 exp { - 1 [q* ¥ q + ¥* q]
’ ’ 1,79 3 -
(5.86)

and treats the discrete observation XO as usual to obtain a natural
conjugate situation which is not conditioned on XO , then the detec-
tion statistic is

KO(Y ) (T))

Q(Xt) = Ky exp (S(yt)) (5.87)

K@) ko)

In both (5.84) and (5.87) the ratios of normalizing constants repre-

sent complicated signal processing, so that the expressions are
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not as simple as they first appear (recall (E.26) for the simpler

case M =1).



CHAPTER VI

SUMMARY AND CONCLUSIONS

(1)

6.1 Narrative Summary

6.1.1 Problem Statement: General Solution. The problem

statement postulates two mutually exclusive and exhaustive hypo-
theses (#1.2), under each of which a statistical description of the
observation is known except for a finite-dimensional parameter.
These parameters, which index families of probability distributions
on the observation space, are considered random variables; they
may or may not have common components.

If the hypothesis is specified, one is left with the problem
of estimating the corresponding parameter based upon the obser-
vation(s) (#1.2.2). For the present purpose, this estimation pro-

blem is considered solved when the a posteriori p.d.f. based on

Bayes' rule (1.27) is known. Suppose neither hypothesis is specified
and one is interested in deciding which one is true. For a large
class of problems (#1. 3. 3) the likelihood ratio of marginal obser-

vation p.d.f.'s (1. 36) is an optimal detection statistic. Using

(1)Throughout this chapter, references to section numbers
are placed in parentheses and preceded by #, and references to
equations are merely placed in parentheses.

179
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Bayes' rule, the marginal density for either hypothesis can be

found as the product of the ratio of a priori to a posterior! param-

eter p.d.f. and the conditional observation p.d.f. (1. 29). The
expression can be evaluated at arbitrary, fixed values of the param-
eter. Thus, the marginal likelihood ratio is given by a similar
expression (1. 38) which also does not depend on the parameters,
but which involves the related simple-hypothesis likelihood ratio.
One finds that the solutions to the two related estimation problems
(one under each hypothesis) serve quite naturally to solve the
detection problem, provided that the simple-hypothesis result
is known.

With no further assumptions, all the conditional observa-

tion densities and a priori and a posteriori parameter densities

must be evaluated, stored, and manipulated as functions (or as
discrete approximations to functions); furthermore, all the obser-
vations must be saved. This clearly makes the procedure intrac-

table, especially for recursive processing. It becomes trac-

table, however, if the observation distributions admit finite and
fixed-dimensional sufficient statistics for the unknown parameters.
Before pursuing the subject, Chapter II was used to investigate

the concept of sufficient statistics.

6. 1.2 Necessary and Sufficient Statistics. Heuristically,

the concept is best understood by considering sets of observations

such that knowing the set into which an observation falls is equivalent
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(for the purpose of finding the a posteriori p.d.f. on the parameters)

to knowing the observation itself. A class of such sets is called
sufficient for estimating the parameter; the coarsest such class is
called necessary and sufficient. A mapping constant on the sets of
such a class is called a sufficient or a necessary and sufficient sta-
tistic. This approach serves well in the trivial case of finite spaces
(#2. 1. 1) and in the difficult case of infinite-dimensional probability
spaces (Appendix B). For the intermediate case considered by
classical probability and statistics, the concept is formulated
differently but equivalently.

If the observation space is finite dimensional and the condi-
tional probability distribution of the observation admits a density
w.r.t. Lebesgue measure ( as will be assumed), then a sufficient
statistic can (if it exists) be found by factoring that density (2. 10).
Equivalently, one can factor the ratio of that density to another
probability density defined on the same space; if this second den-
sity happens to be a member of the family of conditional p.d.f.'s
being investigated, then that ratio is called the likelihood ratio
function (2. 12) and its factorization always yieids a necessary
and sufficient statistic (Theorem 2.1). Bayes' rule is unchanged
if one replaces the conditional observation density with the likeli-

hood ratio function (1. 30).
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To establish results needed in Chapters IV and V, the
existence of sufficient statistics when sequential observations
possess an Mth- order Markov dependence was studied in detail
(#2.3). If all p.d.f.'s are conditioned on M initial samples Yo s
then the joint conditional p.d.f. of k samples is a k-fold product
of transition densities (1. 5) and is very similar in form to that of
independent samples (1.7); results for the latter case are readily
available in the literature. The similarity was pursued. Under
suitable restrictions (2.24 ff.), only those processes possessing
exponential class transition densities (2. 33) admit sufficient sta-
tistics of fixed dimension; these statistics may be found by inspec-
tion of the transition density and can be updated recursively based
on the M-dimensional observation ''state vector." It must be borne
in mind that all the results are conditioned on Yo and that this must
ultimately be undone or justified.

If sufficient statistics exist, the observations themselves
need not be saved and the memory necessary for storage of the
observation has fixed size regardless of the number of samples
processed.

Statistics which are sufficient for estimation may or may
not be sufficient for detection; if a simple-hypothesis solution is
known and one can use the procedure of the preceding section,

then they are. If not, the conditional p.d.{. of the observation
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must be more carefully investigated.

6. 1.3 Continuous Observations; General Solution and

Sufficient Statistics. This problem was approached by sampling

the observation, using the preceding results, and then letting the
samples grow dense (#1. 1); the form of the results is quite similar
to the discrete case. Suppose that the hypothesis is specified and
the corresponding family of measures on the observation space
(indexed by the unknown parameter) is dominated. The R-N deri-
vative with respect to the dominating measure, which is a function
of the parameter, may be employed as the ''conditional observation
density' in a generalization of Bayes' rule (2.23). Under suitable
conditions, this derivative is the limit of the likelihood ratio func-
tion of the samples (2.20). If the dominating measure belongs to
the family being studied, the R-N derivative may be factored as
usual to find a necessary and sufficient statistic (Theorem 2. 3);

if not, then only sufficiency can be guaranteed. If the a posteriori

p.d.f.'s under either hypothesis can be found as above and the con-
tinuous simple-hypothesis result is known, then the detection sta-
tistic can also be found by a procedure analogous to the discrete
result.

In ary case, one must be extremely careful to investigate
absolute continuity oif the measures involved. The mathematical

state of the art pretty well dictates that the continuous results are
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practically useful only for Gaussian problems.

6.1.4 Reproducing Densities (#3.1). Existence of a suffi-

cient statistic implies that there exists a '"'natural conjugate' class
of p.d.f.'s on the unknown parameter which reproduces in the sense
of Def. 3.1. This class is indexed by a parameter (called the con-
jugate parameter) whose dimension is the same as that of the suf-
ficient statistic, and the functional form of its members can be
deduced by inspection of the conditional observation density (3. 8).
Suppose one chooses a natural conjugate a priori p.d.f.; it is then
possible to determine explicit relations to "update' the conjugate
parameter based upon the sufficient statistics of the observation

such that the "updated'” parameter indexes the a posteriori p.d.{.

Explicit consideration of Bayes' rule becomes unnecessary. Further,
the dimensionality of the p.d.f.'s on the unknown parameter becomes
finite since they are indexed by the conjugate parameter.

Since knowledge of the a posteriori conjugate parameter

solves the estimation problem, that problem is therefore collapsed
to a very tractable procedure. The detection problem may or may
not behave similarly, depending on the tractability of the simple-
hypothesis solution (#3.2. 1).

In many problems, the results found as above are inherently
sequential and easily lend themselves to recursive processing of the

observation, [(3.12) - (3. 18) ].
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Suppose the a priori p.d.f. is not itself natural conjugate
but may be written as the product of a natural conjugate density
and a known function of the parameter (3. 19); i.e., it represents
a measure absolutely continuous w. r.t. the conjugate class. One
may then assume that the a priori p.d.f. is natural conjugate,
proceed as above, and forestall modification of the results to
account for the actual a priori density until the very end of the
procedure. The necessary modification is given in (3. 23) and
(3.24), and may be considered to take place in a ''secondary' pro-
cessor (Fig. 3. 4); it can be quite tractable if the integrals involved
are available in closed form.

Again, all the results extend in an obvious way to solve
the detection problem; the resultant receivers are derived in #3. 2.
The partitioning into "primary' and ''secondary' processors illus-
trates that much of the receiver structure is independent of the
a priori densities. The advantages of this approach to the prob-
lem are discussed in #3.4. 1.

All these results can be applied to continuous observations
if, instead of considering the conditional observation density in
finding sufficient statistics and the natural conjugate class, one
uses the R-N derivative of the observation measures with respect
to a dominating probability measure. This derivative may be found

as the limit of a likelihood-ratio function, or any such derivative
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available in the literature may be employed.

6. 1.5 Discrete M-SAG Noise. To illustrate application

of the discrete results, the problem of detecting an exactly-known
signal in (and simultaneously estimating the parameters of) dis-
crete M-SAG noise was solved. The noise is considered to be
the stationary solution to an Mth-order‘autoregressive difference
equation driven by a white Gaussian random sequence [(4.2), (4.6)].
All coefficients of the equation, including the intensity of the driving
sequence, are treated as unknown parameters.

The joint p.d.f. of k sequential samples (conditioned on
the parameters and M "initial samples™ Yo ) is easily written
(4. 17). By inspection, the sufficient statistics are found to be
vectors and matrices whose elements are the sample auto-and
cross-correlations up to order M, [(4.18) - (4.20)]. The natu-
ral conjugate density is seen to be a composite p. d.f. which is an
M-variate Gaussian on the parameters of the autoregression and
a Gamma density on the intensity of the driving sequence, (4. 23).
The normalizing constant and moments of this p.d.f. are extremely
difficult to compute because the Gaussian portion is truncated to
be zero on that region of RM which would yield an unstable differ-
ence equation, (4.3); no attempt was made to compute moments or
thoroughly analyze the conjugate class. The conjugate parameter

updating relations take a very simple additive form [ 4.26) -(4.29) ],
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however, and a modal (MAP) estimate is easily written (4. 30)
and is shown to be consistent.

Solution of the estimation problem is similar under either
hypothesis, since the uncertain parameters are the same and the
signal is simply additive. The solution given is for H0 , and

may be used for H, if the known signal is first subtracted from

1
the observations [ (4. 38) - (4. 43) ]. Several techniques for elimi-
nating the conditioning on y, were discussed in detail (#4. 3. 2).
Since in the discrete problem there is no advantage to ex-
plicitly retaining the simple-hypothesis solution as part of the

overall detection statistic, that statistic was simplified. It turned

out to consist merely of the product of ratios of a priori to a pos-

teriori natural conjugate normalizing constants (4. 44). As stated
above, these were not evaluated further.

The case M =1 was done in more detail (#4. 4); here,
it was possible to explicitly find the normalizing constant and
write the detection statistic. These were, however, found to be
extremely complicated expressions [ (4.43), (4.55), (4.44)].

6. 1.6 Continuous M-SAG Noise. This problem is essen-

tially the same as the preceding one except that the noise is a con-
tinuous-parameter process. It may be modeled as the solution to
a stochastic differential equation, in which case its parameters

are the coe:ficients of the equation. Alternately, it may be
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modeled as the output of a linear, rational transfer-function filter
[(5.2) - (5.4) ] which is driven by white Gaussian noise, in which
case its parameters are the coefficients of the denominator poly-
nomial of the transfer function when the leading coefficient is unity
(5.5). To obtain the required continuity of measures, it is neces-
sary that the parameter which represents the high-frequency
asymptote of the filter transfer function be known (#5. 3. 1).

Rather than finding a limit for the likelihood ratio function,
a R-N derivative found by Hajek [ 60 ] was employed, (5.27). The
sufficient statistics were found to be the quadratic content of the
observation and its first M - 1 derivatives, as well as the value
of these quantities at the endpoints of the observation interval (5. 34).
By "'conditioning' the R-N derivative on y, (which now consists of
the observation and its first M - 1 derivatives at t = 0), the
R-N derivative was put into a form suitable for sequential proces-
sing (5. 33); see Section 6. 1. 2 above. The natural conjugate density
for this form was a truncated M-variate Gaussian p.d.f. [(5.40),
(5. 41) ] ; the region on which it is truncated is again very compli-
cated (5.5), and the normalizing constant was not found for arbi-
trary M . Estimation under either hypothesis is accomplished
using similar techniques, exactly as discussed in the preceding
section. The detection statistic was written in general form (5. 46),

but was not simplified because the normalizing constants were not
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available. The simple-hypothesis term was explicitly retained
since that result is available from classical detection theory.

The cases M =1 and M =2 were again done in more
detail. MAP parameter estimates were given [ (5. 65), (5.83)]
and shown to be consistent. For M =1, the limit of the likeli-
hood ratio function was evaluated (Appendix E) and the result shown
to be the same as Hajek's R-N derivative. The required cancel-
lations with the classical simple-hypothesis result were shown to
occur [ Appendix E, (5.69), and (5.84) ] and the resulting detection
statistic, though optimal, was found to be an extremely complicated

function of the observation; (5. 69), (5.84), and (E. 26).

6.2 Contributions of this Work: Discussion

Speaking very generally, the main contributions of this work
lie in the notational unification of known results of mathematical
probability and statistics and in their application to the detection
and estimation problem. This was accomplished both by recasting
the statistical results in the language of communications theory
and by gencralizing the communications problem enough so that
its relation to the statistical theory became clear. It is signifi-
cant that tie results include the case of continuous observations,
and espec..illy that this is possible without the use of the stochastic

calculus which has recently become popular in communication and
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control problems. All derivatives and integrals of the observation
in Chapter V, for example, are ordinary derivatives or integrals
of sample functions.

No novelty is claimed for the statistical results concerning
sufficient statistics or natural conjugate reproducing densities in
Chapters II and III; to the Bayesian statistician concerned with time
series analysis or decision theory, these would appear somewhat
less than startling. The only thing which is possibly unique about
the material is the unified presentation which makes it clear that
sufficient statistics, natural conjugate densities, and Bayes' rule
all arise from and involve the same quantity. Classically, this
quantity is considered to be the joint conditional p.d.f. of k ob-
servations (preferably written as a k-fold product of densities
(1.7), (1.5) to make sequential processing tractable). Here, it is
noted that the same results are obtained if that quantity is the like-
lihood ratio function, also preferably wri’;ten as a product. Its use
has the added advantage that the results concerning sufficient sta-
tistics are more immediately apparent, and that all results extend
readily to the (infinite-dimensional) case of continuous observa-
tions. The concept of employing a Bayesian approach and using
natural conjugate densities to process continuous observations

on sequential finite intervals is, to the author's knowledge, original.
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Further, the application of all these results to the simul-
taneous estimation and detection problem is believed original.
Occasionally, a previous work has touched on these concepts in
a specific example (#3. 4. 2); however, the general application of
the theory and the resulting parametrizations and partitioning of
the problem are unique to this work and, in some degree, to its
predecessors [6] and [T ].

Chapters IV and V illustrated the theory by treating the
detection of a known signal in, and the simultaneous estimation of
the parameters of, Mth- order stationary autoregressive Gaussian
(Gauss-Markov) noise. Both the discrete and continuous versions
of this problem were heretofore considered unsolved in communi-
cations theory. To be sure, the discrete estimation problem of
Chapter IV bears a close resemblance to the well-known statis-
tical problem of maximum-likelihood estimation of the parameters
of an autoregressive stationary time series. This is natural if one
recalls the close relation between maximum likelihood and Bayesian
methods (see the remark following (1.34)). The explicit use of the
two estimation results to solve the detection problem (#1. 3. 3),
(#3. 2) is believed original, as are most of the corresponding tech-
niques for continuous observations as presented in (#3. 3) and

Chapter V.
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6.3 Areas for Future Research

As is often the case, the work presented has raised at least
as many interesting questions as it answered. Some of these are
listed and discussed below:

a. An obvious omission has been the lack of consideration
or evaluation of the performance of detectors derived here. A
study of the subject might include the usual approximations to the
normal receiver operating characterististic (ROC) curves and
detectability index d , especially for small observation times
(when the a priori parameters are very significant) and for large
observations (when they may be neglected).

b. As observations are processed, the conjugate param-
eters trace some type of curve in the spaces J in which the
sufficient statistics take values. As the parameters are thus
learned, these trajectories presumably tend to some subspace or
point which represents complete knowledge of the parameter (i.e.,

which corresponds to the a posteriori p.d.f. being a delta function).

The concept is intuitively appealing; perhaps a metric on g
can be defined in such a way that the "distance' from the target
subspaces is easily evaluated and gives an indication of estimator
and detector performance.

c. A common artifice in communications theory is to con-

gider that a small amount of "white Gaussian noise' is added to









APPENDIX A

THE METZGER MODEL

Consider the detection problem

o - Yt TN

= s(t) + n te[0, T]

-y
~

-
|

t b

where n is zero-mean, stationary Gaussian noise with known
rational spectral density N(f* ) ; the numerator and denominator
of N(f*) are polynomials in f* , and the order of the denomi-

nator polynomial exceeds that of the numerator by p> 1. Let

the autocorrelation function of n, be

oC 2 f
R (1) = i N ) ™7 gt (A. 1)

Suppose s(t) is an exactly-known signal which is 2p times con-
tinuously differentiable for 0 < t < T , so that the first (2p -1)
derivatives are continuous from inside the interval at t =0 and
t=T.

The classical solution is as follows [9 ],[16], [6 | : Let
z(y) denote the natural logarithm of the likelihood ratio, and
d the "detectability index, ' a performance (probability of de-

tection measure which, in the Gaussian case, is given by

195
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d = Eq[z(y)] - Eglz(9] (A.2)

where Ei[ -] is the expectation under H,, 1=0,1. Then z(y)

is an optimum decision axis, and

T

wy) = J ws0d - (A.3)
T

a = [ st (1) dt (A.4)
0

The functions sl( -) and sz( -) are defined as follows: Let
{}\k, qbk(' )} be the eigenvalue-eigenfunction pairs of the L2 ker-
nel Rn(k );{cbk( -)} are a complete orthonormal set of functions

in L, . Expand s(t) and Vi in terms of these functions so that,

2
e.g.,
T
S, = Oj s(t) ¢, (t) dt

Assume that

© 82

E X-l-{? < o«

k=1"k

Then
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Hz(t,) - 12"/1 —)‘—1—- ([).l(t) (A. 5)

and sz(t) is the solution to a Fredholm integral equation of the first

kind,

T
Of se(u) R (t- p)dp = s(t) (A.6)

for 0<t< T

A useful mnemonic device which simultaneously models the
"generation' of the observed signal and permits evaluation of the
function sz( -) and the quadratic content of Sl( ) is the Metzger
model, (1) illustrated in Fig. A.1l. The following discussion refers

to that figure.

First, normalize the autocorrelation so that

No
R (1) = 5 Rn(T) (A.T)
where ﬁn(O) =1. Hence,
N o ,
NE) =5 [ B0 e 12T 4, (A. 8)
~-oC
Factor N(f*) as follows:
No
N(f*) = —5— H(j2nf) H*(j2nf) (A.9)

(I)Based on a personal correspondence from K. Metzger,
[38].
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The detectability, as defined in (A.2) and given by (A. 4), is

proportional to the quadratic content of cl(t) :

2 F o,
d = g— / c,® () at (A. 12)
0 -o

This is proved as follows. First note from (A. 1) and (A. 9) that

h(t - u) ® h(p - t)

i

No
Rylt-w) =5
N

i

oC
J h(u-2a)h(t-2r)dr
— (A. 13)

where @ denotes convolution. Now put (A. 4) into (A. 3) and take

its expectation under both hypotheses:

T

Ble)] = -5 [ st @
T . T
E,2(y)] = g s(t) so(t) dt - 5 Of s,° () at

Hence, from (A.2), an alternate expression for d is

s(t) sz(t) dt (A. 14)

o
l
SR

T

T
== R (t - p) c,(u) s,ft) du dt
t:%) “{0 N0 n 2 2

T T , « Ny
= J j_ TAJOCT h(u = 2) hit - 1) cy(n) s,(t) dr dpdt

t=0 u= 0
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insight into the problem than would a straighforward solution of
that equation. As a side benefit it provides an alternate method
{Eq. (A.12)) of evaluating the detectability index.

To illustrate its application, the model will be used to
solve the problem of detecting a known signal in Mth—Order sta-
tionary autoregressive Gaussian (M-SAG) noise (see Section 5. 1),

i.e., in zero-mean Gaussian noise with spectral density

at Re(pi) > 0

Nf*) = M (A. 16)

L [(27rf)2 +pix] g # P

The solution will be derived in detail for M = 2, and will be
stated for M =1 and for arbitrary M.
Consider Fig. A.1; recall that s(t) is assumed 2M-times

(ZM—I)(O) and s(zM-l)(T) exist

differentiable in (0,T) so that s
as limits from inside the interval. Thus, s(t) and its first
(2M- 1) derivatives must be continuous from inside the interval
at the endpoints t =0 and t=T. Now cz(t) is zero outside
of [0, T] ;itis easily verified that the most general form for

e 0 15D @

M This is, of course, the same as the classical result
of Zadeh and Ragazzini [64 ]. In fact, the Metzger Model is
merely a system which models the differential equation and bound-
ary conditions associated with (A. 6).

(2) If the numerator polynomial is nontrivial, ¢ (t) must
also contain exponential terms in t which are related to the zeros
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cot) = gy(t) [u(t) - u(t - T)]
M-1 M-1

v ) e sWy s ) cnlesWy @
i=0 j=1 ]
where gz(t) is piecewise continuous, u(t) is the unit step func-

tion, and 6 J(t) is the i'! derivative of the Dirac delta function.

Recall
[ s Dyar = ¢ p Y (o) (A. 18)

This in turn implies that c¢ 1(t) contains no singularities but ma‘y
be discontinuous at t =0 and t =T, and that s(t) and its first
(2M - 1) derivatives are not only continuous from inside [0, T]
but are continuous.

To use the Metzger Model, one assumes a cz(t) as in
(A.17) and solves the model in the "forward' direction for g(t) .
This is somewhat tedious but the procedure is straightforward
and will be illustrated in the example which follows. Since the
first (2M - 1) derivatives of sN(t) are continuous at t =0 and
t =T, and since they are known from inside the interval, "match-

ing up" the boundaries yields a set of equations which may be

of the numerator; these represent the homogeneous solution to
the associated differential equation. See Helstrom,[26 ] p. 441
and |25 |.
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solved for the constants A and ‘Bi ; the function gz(t) is just
the "infinite interval" solution and may be found using, for example,
standard transform techniques. The procedure will now be illus-

trated for M =2 :

Example A. 1
2 Re(p ’ p )> 0
[(2mf)® +p '] [ (2n1)* +py’ ] Py # Py
(A. 19)
2
= a (A. 20)
lG2nt)* +a,(j2mD)+q 1
where
11 = Py * Py
(A.21)

Ay = PyPyg

The alternate parameters introduced in (A. 20) will be convenient.
From (A. 19) the autocorrelation function is
2 ~p1ITI ~Py il

a
Py € " pee
2 _ 2 2 1
2pPy(Py P )

R (1) =

(A. 22)
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Step 2:
The signal cl(t) as found in (A. 34) has the form

p,t Pyt
_1 Y18 T Ye€
k12 2 . t<o0
Py ™ Py
e = { K g . 0<t<T
0 , t>T
(A. 37)
Again using convolution
st) = c,(t) ® n(t) (A. 38)
one can find s(t) . For t< 0, the result is
p,t Pyt
~on 2 2,q-1 1 2
s(t) = [2ppy(pg - PP ] " (Pyyqe pyvee )
(A. 39)
So that
~, - Pa¥17P179
s(0) = T . (A. 40)
2p py(p'g=Py)
- Y~V
S0y = —21 2 (A. 41)

2(p22_ p21)
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One can evaluate s(t) for t > 0 and verify that s and s' are

continuous, but that serves no purpose here.

Step 3:

Assume now that s(t) is given; using the derived relations,
one can evaluate the constants a; and Bi of (A.33) in terms of
the known s(t) : Recall first that s(0°) =s(0) and s'(0°) = s'(0) .

Thus, from (A. 40) and (A. 41) ,

— _
- T _ s10)
71 s(0) b,
y s(0) - 50)
2 Y
L - 1 _]

Finally, using this intermediate result and the differential equations

(A.30) and (A.31) in (A. 35) and (A. 36), one obtains

a; = - s'""(0) + dq s'(0) - a5 s(0) (A. 43)
% ~ %) 4 (g - a%) s'(0) + q,q, s(0) (A. 44)
P1 = s"(T) + a;s"(T) + q, s(T) (A. 45)

S0 = 5T - y-a) s 4 aa, s (Al 46)
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Using (A.31) one thus finds that

(A. 47)

colt) = kK2 [0 - @) - 20y s"0) + @ O] [ult) - ut-T)]
+a, 5 (t) - ay o '(t) + BO o (t-T) - [31 5 '(t-T)
Step 5:

The detectability index d may be found using either (A. 12),

or (A. 14),

2 T 2
“N'B'd = [ ¢ L(t) dt (A. 48)
-oC
" T
.ﬁa.d = of s(t) cy(t) dt (A. 49)

The equality of these integrals provides an excellent check on the

solutions obtained for the model. For this example, either method

will (after some integration by parts and use of (A.24) ) yield

T T

d = a—z f [s"(t)]zdt+(q21-2q2) f [s'(t)]2 dt+q22 f s® (t) dt

0 0

+ a0y [$5(T) + 8" (0] +ay {[s"(D]* +[s(©0)]"}

+ 20, [S(T) s'(T) - 5(0) 5'(0) ]

(A.50)
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Step 6:
Utilizing (A. 15), all these results may be pieced back to-

gether to write the solution to the detection problem:

T

2 of yt[s(4)(t) - (0121 - 2q,) s"(t) + qz2 s(t)] dt

z(y) = a

\
-y [s®NT) + @y - ) (D) - 4y S(T)]
T 2 1 172
= ¥g [s"(0) - a; s'(0) +q, s(0) ]
b oyLls M +a s(D +aysD] | - 5
(A.51)

where d is given by (A.50).

Example A. 2

Using the same technique as above one finds that if n, is
1-SAG noise (also known as the Ornstein- Uhlenbeck process), with
spectral density function

2

NE) = —2— (A.52)
(27f)* +p*
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and autocorrelation

Then

b

N ,
Rn(T) = -2-5—1- exp (- pliﬂ) (A.53)

5,(t) = 2= cylt)

and

Q.
H

{ - 8"(t) + ps(t) + [p;5(0) - s'(0) ] 6(t)

+ [pls(T) +s'(T)] 6 (t-T) }

(A. 54)

T
J ciat

T

J 1) + 9% s* ()] dt+p [s*(0) +*(T)]
0

(A.55)

As usual, the solution to the simple-hypothesis detection problem

can then be written using (A. 3).
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Example A. 3

For M-SAG noise, the spectral density function is as in

(A. 16); this can alternately be written

2

a
NE) = quEmarTD (A.57)

where Q(*) is an Mth-order polynomial

Q(z) = M + qle-1+ cee Ay (A. 58)

with no zeros in the right-hand z-plane. The coefficient 9 is
the sum of all different combinations of the Py taken i at a time.

(1)

For this general case, it can be shown that

50 =27 le(S) e (-5) | s

M- 1 9M-1-1
sy oWy Y s
,Q:O m:O

5 -1)F
m qM—qu- m-{-1+k

M- 1 2M-1-4
vy eWeeny T s
£=0 m=0

(- 1)m+£-k}

X\
[fg IM-kIM- m-2- 1+k

(A.59)

(I)Pisarenko [44 ], p. 59.
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where 9 = 1 and where the limits on the sums over k are
max(0, m+ £+ 1- M) < k < min(m, M) . Using (A. 14) and inte-

grating by parts, the detectability index is found to be

M T
o | & Kk (k)
d = a -1)Q (t)|” dt+ E E
k%o 2k 6[ 5 [P dte By« By

where E1 arises from the delta-functions in (A.59) and is given

by
M-1 s . - ,

By = L [0 D)+ 'V @ s 0 ]
L, 1=

~ K
LCDT a1k

snd the limits on k are: max(0, i+j+1- M) < k< ij
the term E2 arises from the integration by parts and is

M k-1 . .
- L Qg L Y [(‘)m s - Vo) st ‘)(0>]

The coefficient QZk is the coefficient of 22k in the expansion of

Q(z)Q(-z) , where Q(z) is given by (A.58).



APPENDIX B

MEASURE AND PROBABILITY THEORY;

SUFFICIENT STATISTICS ON MEASURE SPACES

The purpose of this appendix is two-fold: to establish the
measure-theoretic background necessary for portions of the main
body of this dissertation, and to present an exposition of some
modern results concerning necessary and sufficient statistics. The
treatment of measure and probability theory is necessarily terse
and incomplete. The aim is mostly to establish a notation; the
scheme follows three primary references: Chapter 1 of Wong [ 62],
Articles 2.1 to 2.4 of Lehmann [ 35], and the author's notes from
a course taught by Professor W. L. Root in 1972.

The treatment of necessary and sufficient statistics follows
an elegant formulation of that subject in terms of sub-o-algebras
as first presented by Bahadur | 3] ; basic to that work is a classic
paper due to Halmos and Savage [ 24]. An attempt is made through-
out to relate the results to the more traditional concepts of statistics

and conditional probability.

1. Basic Measure Theory. Consider an abstract space Y  whose

points are denoted y ; often % will represent the totality of all out-
comes y of a random experiment and will be called the sample

space. Aggregates of points (outcomes) are subsets of % and

215



216

denoted, e.g., A C % . 1t A is a class of such sets which is
closed under complementation and countable union, it is called a

¢-algebra. A is saidto be an &l -measurable set if Aees. An

arbitrary class of sets & is <Al-measurable if each Cc® is ;

given such a class, there exists a o¢-algebra generated by @,

t,fzf(@), which is the minimal o-algebra with respect to which € is
measurable. A o-algebra gﬂfo is a sub-algebra of &, eﬂfo C L,
if Acerl ;== Ac A .

The couple ( %, /) is called a measurable space or a pre-

probability space. Let p be a nonnegative set function on 574

which is a o-additive: If {An}e.ﬂ are pairwise disjoint, then

oC oC
“(n91 An) = ), @A) (B.1)

n=1

i is called a measure on &l . If there exists a sequence of sets
satisfying HAn =% and if each u(An) < w0, then p is a o-finite

measure. If p(% )< =, then p is a finite measure. If w(¥) =

1, then p is a probability measure and is denoted P .

The triple (@, Jei, 1) is called a measure space. Sets of

t.-measure zero and their subsets are called null sets, and (%, A,
1.) is said to be complete if all null sets are af -measurable.
Every measure space can be uniquely completed. Any relation which

holds for all ye % except on a null set is said to hold almost surely
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1
@.s[u])®
¥ % is Rn, then the smallest o-algebra which contains
all rectangles, i.e., all n-fold products of half-open intervals

ra, <x <b,i=1...n} (B.2)

is called the Borel o-algebra R" » and its members are the Borel

sets. Measures on (Rn, !%n) are called Borel measures. The

unique Borel measure which assigns to each rectangle the product
of the lengths of the intervals which comprise it is called the

Lebesgue measure on (R ,%n) and is denoted £ . The com-

pletion of (Rn, 9?“, <& ) defines a g-algebra which contains the

Lebesgue-measurable sets, but which will not be distinguished

notationally.
Let T: %~ bvea mapping, and B a o-algebra of sets
in 4 . T is a measurable mapping (meas.[.&f |) if T_l(B)e 574

for all Be A . Writing T : (¥, ed) ~ (,7,33)“;111 imply T

meas.[ﬂ] . If a o-algebra P is not determined by other con-
siderations, then T can be considered to generate on its range

the o-algebra A" consisting of all sets B such that

T_I(B) = lye % : TyeB} el (B.3)

(1)Throughout, square brackets should be read as ""modulo”
or "with respect to' when they occur in the text.
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(tiven a measure g on ( % ,.4), T induces a measure uT

on (Z, P ) which satisfies

pT®) = u[TiB)] VBeRB (B.4)

and often one writes uT = uT-l .

2. Basic Probability Theory. A measure space (¥, &, P )

is called a probability space and often a sample space; a probabil-

ity measure satisfies all the basic axioms normally attributed to
the concept of probability.

In applications, probabilities over the sample space ( % ,
ud) refer to random experiments whose outcomes are the points
ye % . Denote these observations as Y, and let the probability
that Y fallsin Ac ¥ be PYA) = P {y:yeAced | . Con-
sidered as a variable whose value is determined by the observation,

(1)

Y is called a random variable over f’/ and the measure g’Y

is called the probability distribution of Y. If T: (¥, ) ~

(T, P ), then P induces a probability measure PT on
the sets of B as in (B.4). The values taken on by T(Y) can be

considered outcomes of a related random experiment, and so

(l)This differs from the definition usually given in treatments
on probability theory, but does not conflict with them. The approach
here follows Lehmann [ 35], and is consistent with the classical
concept of a random variable. Mathematically, a random variable
is nothing more than the carrier of its distribution.
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T = T(Y) is a random variable with probability distribution & T .
A measurable mapping T defined on the sample space is called a
statistic; if & is a Euclidean space, then HB will always be
considered the Borel sets. It is clear that any statistic is also a

random variable.

Let R", A", &) be a Borel probability space; then

the point function P : R" ~ R1 ,

P@aj...a ) = P {A :xcA=> e <x <a; i=1...n}

(B.5)
is called the cumulative distribution function (c.d.f.) of &P and

(1)

has all the usual properties of such a function;" "’ conversely,

every c.d.f. uniquely determines a Borel probability measure.

3. Integration and Expectation. Let f:( &, ) - (R1 , R 1);

f is the indicator function of a set A, f(y) = IA(y) , if fiy) =1

for yeA and zero elsewhere. Clearly, Acel > IA (y) meas.

[ef/ |. f is a simple function if, for some sets Aieﬂ and

some constants  a_ < w,

N
f = ;1 a; I, (B.6)
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Let u be a measure on (%, sl ) ;if f is simple, define

J f(y) duly) d
y i

a, n(A,) (B.7)

I,

Any measurable f can be approximated by a sequence of simple
functions(l) and the definition of (B.7) can be unambiguously ex-

tended. A function f is said to be integrable with respect to u ,

(f is integ.[d, wl]), if f is & - measurable and fy\f\du<30-

¥ (Y, A &P ) is a sample space and T a real-valued

statistic, the expectation of T is defined as

J

%
=/ tda Pl (B. 8)
T

where PT - P11 . The equivalence of these expressions will

pe established by Lemma B-2 below.

Let p and v be two measures on (% ). v is said

to be absolutely continuous with respect to p (v << p) if

w(A) =0 == v(A)=0. p and v are equivalent (v = p) if they are
mutually absolutely continuous. v and p are (mutually) singular,

vl , if there exists a set A suchthat p(A) =0 and v(A%) =0,

a_ .
Ibid. pp. 15-17.
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where ''¢" denotes complement. A basic theorem is:

THEOREM B.1 (Radon—Nikodym)(l)

Let u,v be o-finite measures on (Y, ).
Then v << p iff there exists f: (% , ) - (Rl, g%l), £>0,

such that

v(A) = [ fdu VAeF (B.9)
A

f is unique (a.s.[ pu]) . .

f is called the Radon-Nikodym derivative of v with respect

w, f= g*: , and often one writes dv =fdy . If v is a probabil-
ity measure, f is also called the probability density function of v

with respect to p(p.d.f.[p]). If (¥, L, u) = (Rn,e%n,g),

then f is just called the probability density function (p.d.f.) of v .

4. Families of Measures. Given (&, ), let M= {“9: He® }

be a family of measures on & . A setis #-null if it is a null

set [,ua] ¥6 . A function is A -integrable, integ.| eﬂi,e/{] s

if it is integ.| &, u |VO . < is said to be a dominated family

o]

of measures ( MM << A) if there exists a o-finite measure X on

(% , ), not necessarily a member of 4 , such that Hy <<A

1
( )See, e.g., Royden | 50], p. 238.
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for all 6¢© . Domination by a o-finite measure is equivalent to

domination by a finite or a probability meaSure.(l) M is an

equivalent family if the P are pairwise equivalent.

5. Sub-Algebras, Statistics, and Conditional Expectation. Let

ﬂocgﬂi be a sub-algebra. A measure pu on & is alsoa
measure on ﬂo . Let u,v be measures on 54 ; then
v<<pu one =»y<< pu on ﬂo, and thus 4 = v on &
==L = V On ”‘Jo .

Let (¥ , e , P )be the sample space and T : ( ¥

) ~ (F,PB) astatistic. T induces on & a sub-algebra
b4

% - 4B - {Aoe%:AO=T"1(B), Be B}

. (B.10)
If the events {A1 } are all in the same set A e ‘MO , they cannot

be distinguished by observation of T(Y) . The correspondence of

sets (B. 10) establishes a similar correspondence for measurable

functions:

(2)

Lemma B.1

Let T be as above. Then f:(@,ﬂ)—- (Rl, %1) is

(I)Halmos and Savage [ 24], pp. 232; see also Theorem B. 2

Thid., p. 223.



223

meas .| JfO] iff there exists g: (I, B ) -~ ( Rl, R 1) such

that

f(y) = g[T(y)] Fye¥ l (B.11)

Integrals of these functions can also be related:

Lemma B.2(1)

Let y be a o-finite measure on ( &, ), uT be the measure

on (J, A ) induced by T , and the functions f,g be as above.

Then for any Be B

S e Ty]dny = [ g duT(t) l (B.12)

T l(B) B

Suppose ﬂo is an arbitrary sub-algebra of <& , and

£ (Y, A~ (R1 , g?l) is nonnegative and integ.[ & , & ].
L7

The conditional expectation (c. exp.) of f given & , E f,
(2)

is the unique™’ nonnegative, real-valued function which satisfies:

(I)Ibid., pp. 228-229.

(Z)Existence and uniqueness follow from the Radon-Nikodym
Theorem B.1.
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No"4
a. E %% s meas[.Q7 ;]

Revs
b. [ [E %l dPy) = [ () dPy
A A
0 0
for all Aoe.,eio

(B.13)
84

B Of yields the same average as f on the "coarser' sets of
g4 0 o

c.exp., most of which follow directly from (B.13) are:

but is meas.| 4 ] which f is not. Some properties of

(1)

Lemma B.3

Suppose Jfo 4 ;fi ,i=1, 2... are integ.[ & ,

& ] ; and h is integ.| ﬂo,@] . Then, a.s.

[ ol , g"]vé{
a. [ E %x)dP ) = [tx)dP x)=E ¢
% %
A A
b. fl(x) < fz(x) =p=E f1 <E f2

and the same holds for equalities.
54 A A

0 -
c. E (Oif1 + sz) oE f1 + BE f2

(1)Wong [ 62], pp. 29-32.
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ﬂO vdo
d. E [h(x) f(x)] = h(x)E f(x)

provided the terms make sense. In particular,
B4
E h(x) = h(x),.
e. If "dl C Jdo is a sub-algebra, then
E f = E {E £)

To relate this to the more familiar notion of c.exp. ''given
a value of a statistic, "' suppose that ‘%0 was generated by
T (%, )~ (J,PB). From Lemma B.1, [E Of](y)
depends on y only through T(y), since there must exist a function

e (I, RB)-~ (Rl,e%,’l) such that

fl ) = e[ Ty)] (B.14)
Traditionally, this is written as
E[{(Y)IT =t] = g(t) (B.15)

It appears that the formulation using sub-algebras is more
basic and elegant. Suppose that §: (%, 7) ~ (&, € ) also

generates o4 ; by Lemma B.1 one can write the c.exp.

[E f] ) = g[T)] = h[SE) ]

In fact, any statistic which generates "Q{O gives a similar deter-

S 0
mination of E f which depends only on the statistic. Many
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notions traditionally expressed in terms of specific statistics are

much simpler and more elegantly expressed in terms of sub-
algebras; this is true in particular of the notion of "necessary and
sufficient statistics': One speaks of necessary and sufficient sub-
algebras, and then any statistics generating these sub-algebras
1)

are necessary and sufficient statistics.

The conditional probability of a set is the conditional expec-

tation of its indicator function

A
P{A| ﬂo} = E I, > N4 (B.16)
or, in terms of a specific statistic,
P{AlIt } = E[IA(Y)\t] (B.17)

These relations are defined and must be considefed as functions of
t for fixed A . Under suitable restrictions however (namely that
% pe a Euclidean space), there exist determinations of

P{Alt} which make it a probability measure on ( Y ) for

each fixed te g' .(2)

(I)This approach is due, among others, to Bahadur [ 3 |.
o
( )_Lehmann [35 |, Art. 2.5.
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6. Necessary and Sufficient Statistics. Let M= { P, ,0¢0)

be a family of probability measures on (%, ), and T :
(%, )~ (T, ). Let the induced measures on (T, RB)

be denoted A = { %T—l, fe© }

If % is a finite-dimensional Euclidean space, then the
conditional probabilities discussed in the preceding section con-
stitute a well-defined conditional probability measure gg) (Alt),
on ( fy,ud) . Traditionally, T is said to be a sufficient statis-
tic for «#M (i.e., for @ ) if this conditional distribution does

not depend on- 6 ,

%(Alt)= P(Alt) Vo eO (B.18)

Such a definition is heuristically justified in Section 2.1.1. Early

works attempted to extend this concept to abstract probability

spaces; for example, Halmos and Savage [ 24 | defined: T is a

sufficient statistic for M if, for every Ae & , there exists

p = p(Alt) which is real-valued and meas.| ﬂ] on % such that
P [Alt] = E

JLt] = palt) a.s.[ P17

(B.19)

Lehmann [ 35 | (pp. 47-48) uses the same definition; in an early

section of his work, Bahadur [ 3 | (p. 429) rephrases the concept:
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T is a sufficient statistic for if, for each Ae dzf, there exists

a [ &, N ] -integrable function ¢, (t) such that

J d&, =]£ qu(t)dS?’QT‘l(t) (B. 20)
AN T'l(B)

forall Be B, 60O .

These approaches are successful but, due to the explicit
use of statistics, are unnecessarily cumbersome. As previously
discussed, a more elegant formulation uses the concept of sub-
algebras. (The development here will follow that of Bahadur [ 3].)
A rigorous justification for eliminating T from explicit consider-
ation and working only with 54 0 lies in the fact that the measure
spaces (%, A, P)ad (T, B, ?T—l) are isomorphic
and the isomorphism is independent of & .(1) Thus, explicit
consideration of (&, &), of the values t of T, and of the
distributions # = | S%T"l} of T is not essential to a study
of T . One can equivalently study the distributions # = { 9’9}
in the reduced sample space (% , ﬂo) ; for example, A& is

dominated on & iff M is dominated on "dO’ etc.(z)

(I?Halmos[23 ], p. 167.

(2)Bahadur [3], p. 430.
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The following facts are clear intuitively; all are proven in

Bahsdur [ 3 ]:

LLemma B.4.

If T isa sufficient statistic for <# , then there exists
B 0 c B such that dfo = T_l( %0) is a necessary and suf-

ficient sub-algebra for M l

Lemma B.5.

i) It %CM'C o7 and MO is sufficient for 4 ,
then Q7' is sufficient for . .
Suppose L7 * C [/ is necessary and sufficient for M .
Then:
(i) Q7' is necessary for A iff Q7' C QF* .
(iii) Q7' is sufficient for M iff QF*C . .
(iv) 7' is necessary and sufficient for . iff
S = S
(v)  The elementary sufficient sub-algebra is .
(vi) The elementary necessary sub-algebra is { fy, d }

where @ is the empty set. l

Assume from now on that M is dominated by a o-finite

measure A . Then there exists a countable subset "/”O =

{ & P ...} of M suchthat P = P for
91 62 o Qi

H
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Cor ollary(l)

I M<< A, A is o-finite on

Then T : ( Y., )~ ( T, RB) is a sufficient statistic for

M iff there exists a nonnegative function h : (%,
) ~ (R1 , 9?1) and a family of nonnegative functions

{g,:0¢0}, g, (T, RB)~ (Rl, 9?1), such that

dg’e = h@) g, [TE)]dr a.s.[.7] l (B.24)

Note that here it is the p.d.f. [A ] of 372 which is fac-

tored. Recall from Lemma B.1 that the composition gG[T(y)] is
meas.[%o] .

Now recall the measure AO of the theorem. Since

}“0 = M , there corresponds to each 6e® a nonnegative,

meas.[.Q7 | function f,(y) such that

dg’g = fe(y)dk (B.25)

0

Let A (r) € % be the set

(I)Strictly speaking, this corollary only follows from
Theorem B.2 if Ag is used in place of A ;the fact that it is true
as stated is easily proven (e.g., Lehmann [ 35 ], p. 49). The
generalization makes the result much more useful; in applications,
one almost always has the case where A is Lebesgue measure or
where A = 7\0 €
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Ae(r)= {y:fe(y) <r} , 0<r<c«x (B.26)

This is the inverse image of a Borel set and hence is meas [ ] .
Let Q7* c .7 be the o-algebra generated by the {AB (r); 6e© ,

re(0, )} .

THEOREM B.31)

S * is a necessary and sufficient sub-algebra for M . n

Upahadur [3 |, p. 439.



APPENDIX C

QUASI-BAYESIAN: THE USE OF UTILITY MEASURES

In typical statistical treatments of Bayesian estimation and
detection (see Section 1.3), the a priori p.d.f. on the parameters
is interpreted strictly as a ''relative frequency of occurrence'
measure,; under loose assumptions, its operational function is to
enhance estimator performance in those regions of the parameter
space where the "true’ parameter, 6*, is a priori considered

most likely to lie. This is clear if one notes, from (1.27) for

example, that the a posteriori p.d.f. is just the classical likelihood

function multiplied by the a priori p.d.f. and normalized; this makes
the Bayes' estimate closely related to the maximum likelihood
estimate, but biases it toward those regions of © where the a
priori p.d.f. places most of its mass.

Suppose, for example, that the conditions of the problem

admit the a posteriori mean as an optimum estimate. (1) Since the

likelihood function is objective, it is clear that the a priori p.d.f.

serves to bias the estimate toward those values where #* is sub-

jectively presumed most likely.

(I)See Van Trees | 61], pp. 59-62.

234
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More generally, note that (1.33) gives

R= [ [66), 0% 10N iiex)derdy  (C.1)
oY

which is to be minimized by choice of 5(y) . The discussion above
follows upon observing that the productiof the first two terms in the
integrand may be viewed as a new cost functional, say 3{ o), 6*] .

In engineering practice it is common to encounter ~system
specifications which do not reflect a cost on the relationship be-
tween the estimate 5 and the true value 6*, but which specify
only that the equipment (estimator) is to perform better in some
regions of © than in others. For instance, it might be desired
to build a receiver which performs most efficiently for small sig-
nals even though large signals are known to be prevalent. From
above, it is clear that such a specification can just as well be incor-
porated into the a priori p.d.f. (which must then be interpreted
differently) as into the cost functional. In fact, such a specification
can be translated into a nonnegative normalized weighting function,

say v(6), and used in place of an a priori p.d.f. even when no

prior distribution is known and one is not willing to consider 68
as a random variable. This can make Bayesian techniques accept-
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