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FOREWORD

A major problem in passive observation, one that goes to the
very foundations of signal detection theory, is knowing the power
spectrum of the background noise. Although the background noise
is of no interest to the ultimate user, it determines the design
and performance of detection and information extraction equipment.

In underwater acoustics the background noise is not well known
because it changes continually, being made up of shipping noise,
biological activity, rain noise, and wind-generated noise associated
Qith surface activity. In recent years thé noise from oil-drilling
rigs, and explosive noise from oil prospecting has added considerably
to the background. When these noise makers are somewhat distant
from the receiving site, their sounds merge together, and the analyst
and the equipment designer would like to lump them all together
as one gross ''random process."

This conglomeration of acoustic sources is inherently '"non-
stationary."  Unfortunately, the mathematics developed to date
does not provide practical structure or even useful guides for dealing
with such a nonstationéry process. Even the mathematical definition
of "noise power spectral density" requires that the process be "wide
sense stationary." Fortunately, the background is often sufficiently
stable for long enough periods of time (tens of minutes, even
hours sometimes) so that results based on stationarykassumptions
are useful when applied with care.

The research on noise spectrum measurement at Cooley Electronics
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Laboratory has the long term goal of providing rigorous mathematics
and practical measurement theory for the design and evaluation

of detection and information extraction hardware in nonstationary
noise backgrounds. The short term goal is to use the available
theory to determine the 'real essence” of spectral measurement,

to find the essentials that can be carried forward in pursuit of
the long term goal. The tests for "ossential" are that they must
be mathematically rigorous and at the same time be practical guides
to measurement.

Iq 1974 J.G. Gobien completed a thesis on spectral estimation
of an "all pole" process. The work was very mathematical. It
differed from previous work in several ways. The foundation of
the work was signal detection theory, not contemporary estimation
theory. (The background is not being estimated for its own sake,
but only to help equipment.) The measurement procedure uncovered
as both necessary and sufficient differed from all current techniques,
being neither an FFT (or DFT), nor a Maximum Entropy method, nor
a variation on these. It prescribed power measurements of the recep-
tion and its several derivatives.

Gobien had to make numerous assumptions, many quite palatable,
but two which were not. He had to assume that the "order" of the
process and the very high frequency behavior of the process were
known. He was forced into these assumptions because the mathematics
of continuous processes specifies that these are “singularly
estimatable,"” that is, they can be learned in an arbitrarily short

time. (His realization of this, though not totally original, was



a major contribution as it explained why so many research attempts
have aborted because they failed to realize it.) These unpalatable
assumptions are where the math has failed us —- it says we know the
process order and the high frequency behavior, and we know that in
practice we do not know these.

The current work of Carpinella reported here removes these
two assumptions, and shows how the order and the high frequency
behavior can be learned quite rapidly. He attacked the same "all
pole" process as Gobien (and as the maximum entropy method), but
considers the measurement to bé made using analog approximations
;b differentiators, followed by digital processing for integration
and calculations. He allows the digital sampling to be very rapid,
so the observation of the input was essentially continuous (in the
engineering sense, but not in the mathematical sense). The quanti-
zation noise introduced by the digital processing forces an upper
bound on the sampling rate which eliminates the "singularity" of
the estimation; yet the maximum sampling rate is very high compared
to current practice in FFT or MEM work.

Together the work of Gobien and Carpinella rigorously establish
the basis for spectral estimation of a wide-sense-~stationary
all-pole Gaussian random process. Because this work is based on
modern detection theory it contains all the "hooks" built into it
to convert it from a learning machine to a tracking machine, an
essential for attacking the real nonstationary problem. The all-
pole assumption may be a mathematical fiction - it was the math that

demanded it - but it should prove to be reasonable as the MEM work



makes the same assumption (author's opinion), and MEM work has
had some excellent results in other fields. The Gaussian assumption
is false, as usual, but it currently is the convenient way to force
the math to stick to power measurements; it too has proven to be a
useful and robust assumption.

The next step in this work depends on the talents of the
next bright researcher to take up the work. So far the work
has been very mathematical. A good experimentalist, with some
feel for the math, might build a small unit (perhaps of order 5 or
so), and after some lab testing have the nerve to attach it to a

hydrophone. I hope so.

Theodore G. Birdsall
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CHAPTER I
STATEMENT OF PROBLEM AND INTRODUCTION

The problem to be considered is the spectral estimation of an
Mth order, zero mean, stationary Gaussian process. The processes of
interest are limited to those which possess an all pole spectral den-
sity of the form
g2

S(w) = > > P. #p.. (1.1)

1 (w? + p?)
i=1

The spectral estimation problem is cast as one in parameter estimation,
which through the application of Bayes Rule provides probability den-
sity functions for the parameters in equation ( 1.1 ). This problem has
been motivated by the work of Gobein (1974) who, using the results of
Hajek (1962), showed the existence of a set of finite dimensional suf-
ficient statistics relevant to this estimation problem. The solutions
presented in this study are limited to the M=1 and M=2 cases, but the
results can be extended to higher order finite dimensional processes.
Because the M=2 problem exhibits the characteristics of higher dimen-
sional processes, the emphasis of the simulation study is placed here.
The main concern in the simulation studf is the use of the simple meas-
urements described by the sufficient statistics to develop the final
estimate, and the circumstances under which this approach can be used.

Throughout, the discussion is expository and as such provides



a cursory background for the understanding of the spectral estimation
problem. Chapter II introduces a more common approach to this problem:
the periodogram estimate. These estimates are known to rely on empiri-
cal judgements, and form the basis for the approach which, in this
study, is termed the '"mon-model" épproach. The main issue in this
study is placing the spectral estimation problem into a framework suit-
able for parameter estimation. This framework is established by the
use of a time domain representation for the processes under investiga-
tion. Chapter III introduces the common models used for random pro-
cesses, and the manner in which second order properties are related to
model specifications. The latter part of Chapter III deals with the
manner in which the observations model is obtained. This forms the
basis for the estimation technique used in the simulation study.

The Maximum Entropy Method (MEM) is discussed in Chapter 1IV.
It is one of the more successful approaches to spectral estimation
based on the model approach. MEM uses the properties of an autore-
gressive process model to develop a series of approximations to the spec-
tral density of the observations. These approximations are obtained by
allowing the order of the mbdel to be a free variable, and by provid-
ing a sequence of approximating models. The parameters in the models
are obtained by a constrained optimization procedure, where the con-
straints on the range of the parameters are specified by the second
order properties of the model. The MEM technique, in using a model
approach, provides a contrast to the method developed in this study.
This contrast is obtained through the prior assumptions that are made
about the observations process so that the MEM approach applies.

Chapter V presents an introductory exposition of Bayesian



Parameter Estimation, and illustrates the basic techniques used in de~
veloping a post probability density function for the parameters of in-
terest. The concepts of sufficient statistics and reproducing priors
are introduced to facilitate the solution of the parameter estimation
problem. These concepts are applied to the estimation of the param-
eters of an M=1, and M=2 autoregressive model and subsequently the
parameters of the associated spectral representation. In this case
the mean values of the post densities obtained are directly related
to the model parameters specified by the Durbin-Levinson procedure
discussed in Chapter III.

The continuous spectral estimation problem is addressed in
Chapter VI. This problem ié the one initially specified where esti-
mates of the parameters p; and 02, in equation (1.1), are sought. As
before, these estimates are sought through the application of Bayes
Rule. TInitially, in addition to the assumption of an all pole struc-
ture, the order of the process (M) is assumed to be known. The order
assumption is removed later in the investigation. Using the results
of Chapter IV, an observations probability densify function is ob-
tained by modeling the observations as being densely sampled and re-
presentable by an autoregressive process which under dense sampling
has the same second order properties as the process under investiga-
tion. In this densely sampled environment, the parameter o< s equa-—
tion (1.1), is shown to be learned faster than the others in the
estimation problem. Finally, in Chapter VII, empirical verification
of the estimation procedure is presented. The intlusion of indepen-
ent quantizing noise is analyzed and empirically investigated.

Through this vehicle, the trade-offs that are made between sampling



rate and resolution are illustrated.



CHAPTER IIX
CONVENTIONAL SPECTRAL ESTIMATION

2.1 Introduction

Power spectral estimation, as a prime tool in filter design,
detection theory, and estimation of parameters of a linear system,
finds its basis in the general study of estimation theory. The divi-
sion of the techniques for spectral estimation can be based upon the
prior assumptions that one makes about the process under investiga-—
tion. The division proposed in this study is specified as "non-model"
(conventional) and 'model" techniques. The "model techniques provide
a way for the experimenter to inject varying degrees of prior know-
ledge about the source generating the observations, the measurement
process, the range of parameters for the model, and the quality of the
estimate desired. The "non-model” techniques use less prior informa-
tion, and rely on a strong empirical basis. The major portion of this
study is concerned with the methods that allow prior information to be
used. To provide some degree of contrast, this chapter will present a
cursory review of the common "non-model" techniques and their proper-
ties. A more complete description of these techniques can be found in
Jenkins and Watts (1968), Blackman and Tukéy (1959), énd Brillinger

(1975) ,which forms the foundation of the discussion to follow.



2.2 Correlation Estimates and the Periodogram

The conventional spectral estimates are traditionally based on
the Fourier transform relationships between the correlation function
and spectral density. These relationships are

S(w) = ) R(m) eIun

n=-

and

ﬂ
R(n) = 1 J S(w) ejmndw ,
21
-
where S(+) is the spectral density and R(n) is the correlation function.

The basis for the correlation estimator is the connection be-
tween ensemble and time averages. For a stationary process for which
one desires to estimate the correlation, if it is possible to obtain a
number of independent realizations (waveforms), then the average over
these realizations will converge to the true value as the number of
waveforms increases. In a practical situation, however, it is difficult
or impossible to obtain many realizations, and hence it would be pref-
erable to deal with a single realization. Under the conditions of
ergodicity, when time averages and ensemble averages are equal to the
same constant for almost-all realizationms, it is possible to estimate
the correlation from a single waveform.

In the process of forming these estimates, it is necessary to
have some measure of their quality. The properties of an estimator that
are used for this purpose are bias and variance. The bias of an esti-
mator is defined as the true value of the parameter minus the expected

value of the estimate. Formally, this definition is expressed as



Bias (8) & y - E(D)

where Y is the true value of the parameter and ? is the estimate. For
a symmetrical probability density function, an unbiased estimator
(B=0) gives an estimate whose value is at the center of the density
function. The variance of the estimate indicates the width of the
probability density function. A small variance implies that the prob-
ability density function is concentrated about its mean, which, if the
estimate is unbiased, is the true value of the parameter. If as the
number of observations increases, the bias and the variance tend
toward zero, then the estimate is termed consistent. The ideal is then
the existenﬁe of a consistent estimator.

One method of forming an estimate of the correlation function
is from the relationship
N-|m|-1

1 z x(m)x(n + m) , (2.1)
- 'ml n=0

Ce(m) = -
where
Iml '< N,
N is the record length, m is the largest lag. It is evident that
this estimate is unbiased since E(x(n)x(n + m)) = R(m). The variance

of this estimate is (Jenkins and Watts, 1968) approximately

0

N 2 -
I};ﬁj~ﬂgria Z Rx(r) + Rx(r + m)RX(r m) (2.2)
T

|
.

Var(C;(m)),ﬁ

Since this estimate is unbiased and

1lim :
N > w{Yér(C;{(m))} + 0

3

it is a consistent estimate of RX(m). Another estimate for the auto-



correlation sequence is found from

N~|m|—1
Y} x@x(n + m). (2.3)

C (m) =
x n=0

2 |

Comparing this estimate to C'(m), equation (2.1), it is apparent
X

that

_ N - |m 1
B(C_(m) = TL—L ¢! (m)
= ﬁ—i;-EEL R (m) . (2.4)

Hence, Cx(m) is asypmtotically. unbiased, with variance

Var(C (m)) = { N - |m )2 Var(c'(m) . (2.5)
X N X

For N much larger than m this expression collapses to

Var(C_(m)) = = Y {R2(r) + R (r + mR (¥ + m} . (2.6)

1
N
Both of these estimates are consistent under the condition that m is
fixed and N grows large. At this point one might conclude that the
Fourier transform of these estimates would provide a useful estimate
of the spectral density, but this is not true.

An estimate of the power spectral density based on the Fourier
transform of the estimate Cx(m), equation (2.3), is called the perio-
dogram. The periodogram is defined as

(Nz1)

I () = y Cx(m)e_jwm , (2.7)
m= —-(N-1)

and since the Fourier transform of the sequence x(n), O £ p 2 N-1, is



s AL NSRS

. N-1 . .
X(ed¥) = X x(n)e J®0 (2.8)
n=0

the periodogram can be shown to be also represented as
|x(e?¥) |2 . (2.9)

The direct relationship between the input sequence and the periodo-

gram, equation (2.9) accounts for the interest in such an estimate.

To explore the feasibility of using such an estimate, the bias and

variance are computed. The expected value of the periodogram is
(N-1)

L E(C (m))eIum
m= —(N-1)

(N-1) .
) {E—‘JEL]RX(HO &Jum (2.10)

m= —-{N-1) N

il

E(T, ()

i

Because of the finite limits and the factor multiplying Rx(m) in equa-
tion (2.10), the mean of the periodogram is not the tran#form of the

correlation sequence and hence it is a- biased estimate of the spectral
density. An alternate view of the effects of the bias can be obtained
from the complex convolution theorem which relates the transform of a
product to a convolution integral. Specifically, this relationship is

kA
K = ] n@eme " = L [ neeieed 0,

=0
=T

where H(+) and G(-) are the transforms of the time sequences h(+) and

g(*). Applying this result to equation (2.10), the expected value of

the periodogram is

27N

™
E(I(w)) =1 Jsx<e)c<ej(’w“9))de , (2.11)
s



10
where $,(0) is the true spectral density and
G(ejw) - [sin (wN/Zj}z
sin (w/2)

is the transform of the factor weighting Rx(m) in equation (2.10).

From equation (2.11), the bias in the periodogram estimate shows up
in a smearing of the spectral density sx(e) due to the convolution

with the factor G(-). The variance of the ﬁeriodogram is obtained

by assuming that the sequence of observations is taken from a zero

mean Gaussian process. Under this assumption, the variance of the

periodogram (Jenkins and Watts, 1968) is

1l

Var(IN(w)) Si(m) {1 + [§13ﬂ1931»]2}

N sin w

0}
Ly >

S2(w) else ' (2.12)

It

Il

{2 Si(O) for w

ll

2 Si(ﬂ)‘for w

where Sx(w) is the spectral density of the observations. It is ap-
parent that the variance of this estimate does not decrease as N be-
comes large. As a result of this, the estimate éan be expected to
have a rather erratic behavior. This behavior can be corrected by

variance reduction techniques called smoothing.

2.3 Smoothing of the Periodogram

One approach to reducing the variance of the periodogram, pro-
posed by Bartlett (1950), is to break the sequence of observatiomns
x(n), O S h SN -1 into K segments of M samples so that N = K-M.

The K, M point periodograms are then averaged. An M point periodo-

gram is formed as
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M-1
iw) - ;1{- I xi(me-dun|? ;54 syg | (2.13)
n=0
and then the estimate
. L K .
S .(w) =L zIMcm , (2.14)
K j<1
is formed. The expected value of this spectral estimate is
E{(S (w} = 1 zEm(w)}
X K
i=1
= E(IX()} , (2.15)
M
where from equation (2.10)
. (M-1) .
E{Ié(w)} = z [M—:—lEdJRX(m)e—me .
-(M-1) M (2.16)

Again, based on the finite limits and the factor modifying Rx(m),
this estimate is also biased. Interpreting equation (2.16) as the
transform of the product of the window function
M- |m |m]< M
M
w(m) = . (2.17)

0 else

and the correlation function, an alternate form of equation (2.16) is

il

™
i 1 j(w-8)
E{IM(w)} E;—J_“sx(e)w(e )ds

it

sin((w-8)M/2)
(2.18)

L[5 o

2mM 51n((w—8)/2)
The only difference between the mean of this estimate and that of the
periodogram estimate, equation (2.11), is that N has been replaced by

M. If the record length (N) is fixed and M=N/K, it is apparent that

as the number (K) of M point periodograms increases the bias of the
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Bartlett estimate increases. To see the value of this estimate, the
variance is determined. Under the assumption that the K periodograms

are independent, the variance is

It

Var{8, ()} = a{Var Ii(w)}

4

Ls2¢0) 41+ {iiE—QQQJZ .

K X% M sin w (2.19)

From this expression, it is appa}ent that as the number (K) of
periodograms increases, the variance decreases. Thus, in using the
Bartlett procedure, a trade off between variance and bias is made to
obtain the spectral estimate.

An alternate method of obtaining the estimated spectral den-
sity is to apply a weight function (Blackman and Tukey, 1959) to the
estimated correlation function, and thus transform the smoothed co-
variance function. The weighting function is chosen to weight the
initial correlations heavily, and taper the weighting on latter co-
variances, so that the weights go to zero for large lags (m). The
window functions are chosen to insure that the resulting spectral
estimate will be a real, even, nonnegative function of frequency.
Typically, the window function (g(m)) is chosen to be an even sequence

of finite length, so that if

T . .
g(m) = + J ce? el Man (2.20)
27
-7
for -(M - 1) <m <M- 1, and m = the number of lags such that
Iml < N (the record length), then
R M=1)

5. () = ) Cumeme " (2.21)
~-(M-1)
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and the estimate will be real and even. It can be shown (Blackman
and Tukey, 1959) that approximate relations for the mean and variance

of this spectral estimate are

EG ) = s - J“ Gl au | (2.22)
i
=T
Var (5, () = % 82 (w) - r G2(eI¥) dy . (2.23)
-~

To obtain as asymptotically unbiased estimate, the window function is

chosen so that

m
g(0) = ——l—j G(ed¥)dw =1 . (2.24)
2m
-7
The variance reduction afforded by this procedure is insured by satis-

fying the condition

1(M~1)2 1 " 2, Jw
Ezg(n)=mfc(e Jdw < 1 .
m=-(M-1) ~T

(2.25)

The distinction between this procedure and the periodogram estimates
is the use of the correlation sequence, rather than the data sequence,
in forming the estimate.

A method which combines windowing in the time domain, with av-
eraging of periodograms is attributed to Welch (1970). The signifi-
cant feature of the estimates produced by this approach is that, with-
out regard to the window functions used, the spectral estimate will
always satisfy the nonnegative requirement of a spectral density.

This approach is well suited to the application of Fast Fourier
Transform (FFT), thus providing a significant reduction in compu-
tational burden. This approach segments the data, as in equation

(2.13), but a window function is applied to the data prior to forming
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the periodogram. One begins by segmenting the data into K = N/M

segments and then defining the K windowed periodograms

i 1 M g ~jon|?2
H(w) = — | ) x"(n)gm)e , (2.26)
X MV —
n=0
for
i=121,2,. . .K ,
where
M-1 , :
vV = Y g2(n) . (2.27)
n=0

Now the spectral estimate is

I\' .
2 Hi(w) . (2.28)
j=1 ¥

>
N

1
K

The mean and variance for this estimate is {(Welch, 1970)

3 _1 " 3 (w=8)

E(S_(0) = 5= I_ﬂ 5. (0)G(e w=Y7yde , (2.29)

_where
. M-1 . 2
Ged® =2 | ] ame "
n=0

and

Var(s () = %TS§(w) ) (2.30)

As before, the variance reduction is achieved by introducing an ar-
bitrary window function which, while providing a stable estimate, de-
creases the resolving power of the final estimate.

From the previous discussion, it is clear that little is
assumed about the structure of the observations used to form the

estimate. Most of the effort is placed on determining a suitable
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window function to reduce the variability of the estimate. One of
the major objections to the previously described estimates is just
this point; that is, the window function is arbitrarily chosen, in-
dependent of any known structure within the observations. The goal
of the "model" approach is to circumvent such arbitrary decisions
and to provide a vehicle for injecting prior knowledge into the

estimation process.



CHAPTER III

MODELS FOR RANDOM PROCESSES

3.1 Introduction

The framework for the estimation of a spectral density as a
parameter estimation problem, is established by the Spectral Factori-
zation and Representation Theorems (Astrom, 1970). These theorems
indicate that a stationary random process with a rational spectral
density can be characterized by operations on a white noise input.
The Spectral Factorization Theorem guarantees that for a stationary
‘random process with a rational spectral density ¢(+) there exists a
rational transfer function H(-), of a stable system, such that the
spectral density ¢(+) can be written as the frequency domain pro-
duct H(-)H*(-). The Representation Theorem quarantees that when this
stable system, with weighting function h(-), is excited by a process
with orthogonal increments, the output process is stationary with
spectral density ¢(+). With these two statements as guides, atten—
tion can be directed toward the methods of characterizing the random
processes. Discrete random processes can be modeled in terms of a
finite weighted sum of past values (autoregressive model), a weighted
sum of uncorrelated random variables (moving average model) or a com~
bination of both (autoregressive-moving average model). To insure
the existence of such representations, specific conditions are placed

on the character of the weights associated with the representations.

16
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Continuous random processes have representations which are related to
their discrete counter parts. The representation of a random process
as the result of a convolution with white noise, is a counterpart to
the moving average representation. This convolutional interpretation
is justified through the use of a process with orthogonal increments
and a bounded impulse response (Wong, 1971). Representing the random
processes as the solution to a linear stochastic differential equation
provides an alternative view ﬁhich is the counter part of the auto-

regressive model.

3.2 Autoregressive Models

One of the simplest methods of characterizing a discrete sta-
tionary random process is as a stochastic difference equation (auto-
regressive model). In this characterization there is a sequence of
random variables {yt, t=1,2,...} which satisfies the equation

Ve * 8 Y1t --Bp¥ep = oep (3.1
where the sequence {et} consists of uncorrelated random variables.
The autoregressive (AR) model has several features which make it an
attractive analytical model. The most attractive feature is the
finite parameter description of the model and the relationship between
the parameters and the second order properties. To illustrate this
feature, consider the first order (p=1) AR model

Yt = B1Y¥e-1 ter , (3.2)
with E(e%) = g2, The correlation function is determined from a few
simple manipulations. Forming the product (ytyt_h) and taking its ex-—
pectation, provides the result

E(y Yt_h) = -B E(yt..l}’t_h) + E(etyt-—h)’ h>0 . (3.3)
t 1
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Since the model, equation (3.2), shows that the observation (yt) is
independent of future noise (et), the above result is further reduced
to

Rh(h) = - BlRy(h—l) , h>0 . (3.4)

Continuing on with this evaluation, the relationship for h=0 is

E(Yt}’t) = -8 lE(yt_lyt) + E(etyt) >
R(0) = - B,R(1) + E(e (- 8,71 + )
R(0) = - B,R(1) + o2 . (3.5)

From equation (3.5) it is apparent that the zero lag correlationm, R(O)
is specified by the parameters 02 and B1. This is illustrated by

writing

R() = -8R0 (3.6

and then using this result, such that

R(0) = - BR(L) + o2
= B%R(O) + o2
R(0) = o?/(1-8%D) . (3.7)

With R(0) specified, the correlation at any lag (h) is found from

i

R(h) - BR(h-1)

= (-8R0

= (-8PM (c¥/(1-8D)

rR(1))h [ o2

[’R’('{))‘] L_ B%l . (3.8)

Since | Bll < 1, it is apparent that the correlation function is

.

geometrically decreasing and as such is characteristic of a finite or-

der AR process.

Another characteristic of an AR representation, which is

particularly useful, is the Markov dependence of the observations.
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This dependence most readily facilitates a probabilistic description
of the observations (yt). Under the condition that the forcing
sequence e, is zero mean and Gaussian, it becomes a simple matter to
construct the density function f(yt/yt—l)' Since this density is
Gaussian, it is characterized by a mean and variance of the form

E(yt/yt—l) = - BYig (3.9)

Var(y,/ye_1) = o2 . (3.10)
With these factors determined, the one step conditional density of the
observations is

(yt + Byt_1)2
£E(v¢/yee1) = Kexp - 2 o2 (3.11)

The second order properties of higher order AR models are
easily obtained from the pth order representation
where e; is a white sequence of variance o2, Multiplying equation
(3.12) by Yi-p @nd taking the expectation
E(ytyt_h) = - BlE(yt_lyt_h)--- - BPE(Yt_th_h) + etyt_h s

results in

i

Ry(h) - BlRy(h—l)— BzRy(h—2)... - BpRy(h—p), h > 0,(3.13)

and

it

- - - 2 h=
Ry(O) BlRy(l) BzRy(Z)"' BpRy(p) +05,h =0 .(3.14)
In general, for an AR process with roots of its characteristic .equation

P p-1 -
A 4+ B + ... 8B A+ B = 0 , (3.15)
1 p-1 p

all less than one in magnitude, the correlation function satisfies
equations (3.13) and (3.14). The converse of this statement has been

the basis of several approaches to spectral estimation. That is, if

the correlation function of a time series (yt) satisfies
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p
R(h) + ) BjR(h-3) , h=1,2,. . .p (3.16)
j=1
and the roots of
P s
AP + XBJAP J =0 (3.17)

j=1
have a magnitude of less than one, then the time series satisfies the
difference equation
e+ ByVt-1-+- T BpYe-p t e (3.18)

It is apparent that if a set of correlations satisfies the re-
quirements of equations (3.16) and (3.17), then the process can be
modeled as autoregressive. Implicit in writing the difference equa-
tion for the model,is the evaluation of the set of coefficients'{Bi}
from equation (3.16), which obviously requires a matrix inversion.
This can be avoided through the use of the recursive procedure of
Levinson (1947) and Durbin (1960). Essentially, the procedure states

that the coefficients{Bi p} found from

P
L -85 pR(-3) = RM) , h=12,...p , (3.19)
=1 ~
for the pth order system are related to the coefficients of the p—lSt
order system by
. = . = R . .2
£3.p B3,p-1 T Bp,fp-g,p-1 > I = Ls -eop7d (3.20)
In addition, the noise scale factors are related by
2 = g2 (1- 2) . ' 3.21)
o = oF ) Q-lgp.p|? (3.21)

An induction procedure (McDonough, 1974) can be used to demonstrate
the validity of these statements. The recursive process starts with
building a first order model (p=1) by using

Bl,l = -R]./RO Py (3.22)
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and
0? = Ro(-[8, | [® . (3.23)

Using the relationships

p-1-
—(jglsj,p_l Rp_j + R)
= =1 ; 3.24
Bp,p (jglsj,p-l Ry + R) ( )
B3.p = Bip-1 ¥ Bp,pBp,y,p-1 » 371, ... ,p-1, (3.25)
Og B Gg-i(ihlspplz) ’ (3.26)

the coefficient for the progressively higher order models, up to and
including p can be determined.

If the time series being modeled, has been generated by an AR
model of order p , then the order of the representation will be unique
in the sense that coefficients of higher order models will collapse to
those of order p . If the data has not been generated by an AR médel,
then the process of modeling becomes an approximation in which the

order (p) results from some best fit.

3.3 Moving Average Representation

A moving average (MA) representation of a process is character-
ized by a weighted sum of uncorrelated random variables. Classifica-
tion of this representation is in terms of the limit of the sum
(finite, Infinite) and the range of the summation index (two-sided,
one-sided). The most basic MA representation is one of finite order,

which takes the form

=

(3.27)

Xt =

It~

Otjet_j >

j=0
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where e is a sequence of zero mean, uncorrelated random variables

t-
with variance 02. The correlation function of a MA representation is
unique in that it is zero for all lags (h), ]h| > M. That is, the
correlation function is of the form
M-—%h] , 5
Rx(h) = E(xtxt+h) = j:OG ajaj+|hl , |n] =M (3.28)
0 , h >M .

From the characteristics of the correlation functions associat-
ed with an MA representation, it could be conjectured that a finite
order AR representation could be placed into an infinite order MA
format, and maintain the same second order properties. This state-
ment can be formalized (Anderson,1971) to provide the requirements

under which such a transformation can be made. That is, assume that

the AR representation is of the form

xe + @ Xpg + R e (3.29)

with e, .a sequence of uncorrelated (0,02) random variables, and the
roots of the characteristic equation

AP + alxp‘l o, = 0, (3.30)

all have the magnitude less than one. Under this condition, an MA

representation of the form

0

_Z wiee j (3.31)
j=0

L]
|

can be found, where xt is the mean square limit. The set of coeffici-
ents {wj} is found by the solution of the difference equation

w: +o.w = 0 i = p,ptl,.... (3.32)

j 1 j__l +. --.aij_p

subject to the boundary conditions
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Wo = 1
i S
W, = -0.W, - O,.W ,

W = —Q.W - oW P O W 3.33
p-1 1"p~2 27p-3 ( )
An example of converting an M=1 AR representation into its
infinite oreder MA counterpart is presented next.
Considering the AR process (difference equation) that is

modeled by

X, - (1 - pé )xt—l =e - (3.34)

Since the root (r) of the characteristic equation associated with

this difference equation satisifes
r| <1 (3.35)
then there exists an MA representation of the form

t (3.36)

where the process X 1s the mean square limit of the sum, and the

sequence of coefficients {wj} is found from the difference equation

vy + AWy = o , j=1,2,.... (3.37)

subject to the boundary conditions

WO = 1
V1T T %%
with a; = -(1-pé). (3.38)

The MA representation that results is
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(]

(w) ey = L ep)ler; - (3.39)
. J
0 j=0

W
t
i

it ~18

]

The duality between the MA and the AR representation can be
continued in the finite order MA case; that is, corresponding to a
finite order MA representation, there is an infinite order AR
representation. The conditions under which this equivalence can
be established, are given by Anderson (1971).

One other model of a discrete process that is possible, is
the combined autoregressive-moving average model (ARMA). The ARMA

representation is represented by

X, + xt—l""+ apxt_p = e, + blet—l + ...bqet_q ,(3.40)

where dp £ 0 ,-bq # 0, and e, is a sequence of uﬁcorrelated (0,02)

random variables. The ARMA representation can be converted into

an infinite order MA or AR representation, under the condition that
the roots of the characteristic equations have magnitude less that

one (Anderson, 1971), Models of this form are used in practice to

reduce the order of an approximating AR or MA representation of

an observed process.

3.4 Spectral Representation of Discrete Random Processes

Any stationary random process can be characterized by its
mean value and covariance (correlation) function. The use of the
Fourier transform relationship on the covariance function, does
not provide anything extra in characterization, but it does

provide us with a different physical interpretation of the

stationary random process.
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The Fourier Integral relationship for discrete random

processes

Il

S = 3= ] R(e T (3.41)

-0

and

It

R(h) [T s@e e (3.42)
are guaranteed to exist and are unique if the covariance R(h) is
absolutely summable. Under this condition, the spectral density S(w)
is a continuous even nonnegative function in the frequency domain. By
the uniqueness of the Fourier Transform, one would expect that the
different characterization would have unique forms of the spectral

density.

The spectral density of the MA representation

(3.43)

e
i)
Il o~
Q
1)

where e, is a sequence of uncorrelated (0,02) random variables, and

the sequence aj is absolutely summable, is

2 P . 2
= 9 —1jw
Sx(w) .z o e

. (3.44)
27 §=0

An alternative form of the spectral representation can be found by

rewriting the sum

-ijw
a.e I

i s O, =1 (3.45)

0

| 10

j=0

as a polynomial in'e-iw, where

p . . : P . . p
-i -1 — - —_ 1
.Z ase Jo o TP Y ase o(p-3) _ ~dwp (e™m.), (3.46)
§=0 =0 3=1 J
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and the my are roots of the characteristic equation

oP + almp+l +oota, = 0 . (3.47)

It now follows that the spectral representation is

2 s
S (w) = 2|1 (e -m, , (3.48)
S 211' j=l J

which is an all zero spectral density.
The spectral density of an AR representaion can be found in a

similar manner. With the process modeled as

(3.49)

where o =1, ap + 0, e, a sequence of (0,02) uncorrelated random var-—
iables, and the roots of the characteristic equation have the magni-

tude less than one, the spectral density is given by

§ a.e—iwj

, where a, = 1 . (3.50)

2
- g
SX(U)) = _i'!_]:

As before, rewriting the summation in terms of a polynomial in e_iw,

provides the alternative representation

o2 2

P .
S ln (e -m)
27

> (3.51)
j=1 )

Sx(w) =

where the my are the roots of the characteristic equation. The repre-
sentation in equation (3.51) is characterized as an all pole spectral
density.

The spectral representation of an ARMA representation, equation

(3.40), as might be conjectured, is a combination of the two previous

results. The ARMA spectral density, which takes the form
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-ipk|?
e
» o2 k=0
Selw) = o— , (3.52)
P g2
’ Z ase 10]
j=0
or
l I (e*iw—r ) 2
g2 k=0
SX(LU) = _2? ) R (3.53)
il (e_iw~m.) 2
3=0 ’

where the rk and m.j are the roots of the respéctive characteristic
equations, is termed a rational spectral density,.

It is apparent that these representations (AR, MA, ARMA) have
the convenient feature that knowledge of the set of coefficients for
the model provides the complete picture in terms of correlation prop-
erties and spectral behavior. The finite order AR representation
provided a simple means of characterizing a4 process whose correlation
function is of infinite extent. For an AR representation, only a
finite set of coefficients are involved, and the probabilistic struc-
ture of the observations exhibited a Markov dependence. With the
knowledge that a continuous periodic function can be approximated
arbitrarily well by a trigonometric polynomial, it becomes apparent
that a sampled continuous process may be modeled by an AR model if the
order of the model is high enough (Jenkins and Watts, 1968). The
simplicity of the AR models, coupled with approximation theory, has
spurred some of the more successful approaches to spectral estimation.

To connect this to the continuous problem, where the Fourier

relationships are
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1l

R(T) [ e swa (3.54)

S(w) = -%; [ remye Tar (3.55)
one has to find some approximation to S(w),. given a finite collection
of observation {xt, t=0,1,2,....}. Most often, the process X(t) is

assumed to be band limited. Then the sampling theorem can be applied

to yield
R(T) = J R SR o)<y, (3.56)
k= —w T(T- kA) H
Then, as a result of this assumption
S = A ] Re lukb, (3.57)

h= -«
where A is the sampling interval. Now, if K is sufficiently large,
then the model
K
xg + jglajxt—j = e (3.58)

represents an arbitrarily good approximation. Viewing the above rela—~

tionship as an input/output description, one finds

s () = (|HGw[2)-1s () (3.59)
with
K .

H(jw) = z a.e_kaA s @y = 1, (3.60)
j=o0 J

So(w) = Ak : (3.61)
A-g2

s (0 = —X (3.62)

% o e—jkal2

j=0
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So again, with a known A and the values of the correlation at K lags,
one can determine the K coefficients {aj}§=0 and oé from the Durbin-
Levinson procedure, equations (3.22) and (3.26), and have a repre-

senation for the process.

3.5 Representation of Continuous Time Processes

The continuous time analogue to a moving average representa-
tion would be a representation that is a weighted average of a white
noise process. Forming this analogue leads to integrals of the form

J f(©)n(t-1)dT , (3.63)
with n(+) a white noise process. Such an integral can be given mean-
ing by rewriting it in the form (Doob, 1956)

[ f(t-s)du(s) , (3.64)
where W(s) is a process with orthogonal increﬁents. In this way the

process formed by the integrals

I° fe-nauny (3.65)
and

ffwf(t—T)dW(T) , (3.66)
are analagous to the moving average representations

L oput-k) (3.67)
k=0

} opo(t-k) . (3.67)

The requirements (Doob, 1956) placed on the functions f(t) for the in-

tegrals to be well defined are that
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j: [£C(t) % dt < = . (3.68)

O lE@]?ae <= (3.69)

Further, replacing the white noise n(+), in equation (3.63), with a
process W(-) that has the property

E{dW(t)dW(s)} = K-dt, t=s, (3.70)
provides the justification for manipulation of integrals involving
white noise. The significance of such integrals lie in the ability to
represent a random process with a rational spectral density by such as
integral. It can be shown (Astrom, 1970) that if the spectral density
of a process can be represented as

sg() = |H(w)|? , (3.71)
with all poles of H(w) in LHP and H*(w) in RHP, then the output pro-
cess can be modeled as

g = [En(e-syats) = [ h)dw(t-s) (3.72)
where W(+) is a process with orthogonal increments, and formally dW(-)
is a white noise process.

Closely related to the stochastic integral representation, is
the representation as a solution of a linear stochastic differential
equation. This representation is written as

dx = A(t)xdt + dv , . (3.73)
where_x(-) is a wiener process with incremental covariance,Rldt, and
x(to) is N(O,Ro). The solution of the stochastic differential

equation is a Gaussian process with zero mean and covariance

(3.74)

6(s,t)P(t), s 2 ¢t
R(s,t) = {

P(s)$(t,s), s = t
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where P(t) is the solution to

P o= ap+praT 4R (3.75)
with

P(0) = R, , - (3.76)
and

é(t,to) = A(t)¢(t,ty) . (3.77)

If the coefficient matrix is constant, with eigenvalues that have
negative real parts, then the solution is a stationary Gaussian pro-

cess with

eA(t-S)-POO t s

R(t~- = (3.78
(=) P eAls—t) s <t )

>
where P is the steady state solution to the differential equation
(3.75). Now the process of interest can be interpreted as having a
rational spectral density

S = fe ™TR(r) dr (3.79)

or equivalently, the covariance function can be interpreted as

R(t) = X aipi(r)e—xiT , (3.80)
$ ,

whére p; are finite polynomials, and the real parts of A; are strictly
positive.

The study of continuous time models can be approached via the
theory of stochastic integrals, similar to the deterministic situation
where the solution process is written as an integral equation, or by
way of the limit of a difference equation. The difference equations
of interest have the form

X = F4 G + oGyl (3.81)

where Xﬁ = x(kA) s
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and A is the sampling interval. The forcing function is an indepen-

dent increment process which is independent of X, and defined by

_ z[(k + 1)4) - z[ka] ,

where Z(+) is a Wiener process. To show that such a representation
provides a unique solution to the stochastic differential, which is
approached in the limit as A>0, requires a significant amount of de-
tailed arguments. These arguments have been carried out by Kushner
(1971). The important requirement on the difference equation, so
that it will make sense in the limit, is the scaling of the parame-
ters. Consider the linear difference equation

Wy = (T AYK T (3.82)
with

E(c) o) = 6, .
If one fixes the observation interval T=NA and intends to investigate

the limiting behavior of the difference equation, the scaling on AA

and GA must be of the form

G, =AG ,
A, = AeA
so that
(1 + AA)n = (14 At LeAt (3.83)
A >0
n > e

In the general case, this scaling is reflected as
fA(x) = Af(x) s
e = z((k + 1)a) - z(k)
where the Cﬁ are Gaussian with variance A. With this scaling, the

general difference equation becomes
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Xppr = X+ A FCR) + o) (oM, (3.84)

or in summation form
k-1 k-1 n An
XT(kA ) = Ko+ ) o £(XEA)) + § o(X*EA)) M L (3.85)
n . n n . n
i=0 i=0
Since it can be proven that Xn(~) does converge to a continuous

function, the first sum in equation (3.85) can be replaced by an

integral,

k-1
A>0 (t
n (s ]
L b £(x ) f (D) ds . (3.86)
i=1 0

The second sum in equation (3.85) has a limit which is a stochastic
integral, the limit of an approximating sequence of non~anticipating

step functions. The sum can be replaced in the limit by

k-1 ’
MO [T :
'ZOG(XH(iAn))<Z((i + D4 ) - z(mn)> o Ogn(xg) dzg (3.87)
1=
With these limiting forms defined, the difference equation in its
summation form is
t t
n - n¢yn n¢yn
bt X, + fo £0(x0)ds + foc (xXDydz . (3.88)
It is shown (Kushner, 1971) that this equation holds with the limits
Xt’ f(XS), U(XS) substitutea, and the solution is unique.
An alternate method of obtaining a difference equation is -
through sampling the differential equation (Astrom, 1970)
dx = Ax dt + dv , (3.89)

where v(t) is a Wiener process with incremental covariance Rldt.

Integration of equation (3.89), gives the difference equation



g'(tn+l

where ¢(++) is defined by

) = o(r gt X(ey) + ¥(ey) (3.90)

§Ct ty) = Ap(t,t5) t; Lt Lty (3.91)
$(ty,ty) = 1 (3.92)
and v(t,) is defined by

- Entl
v(tn) = J Ap(tpyg,t) dvl(e) . (3.92)

th

The properties of i(-) are determined to be

t

E(v(ty)) = E{J oLy (s ©) dX(t)} =0 , (3.93)
t
n

. . t. t. 1
B(E(e)V(Ep) = E{J 1+1LJ+ ¢<ti+l,t)dg(t)df(s)ﬂ(tjﬂ,s)}

ty j

It

J’ti'*’l (j)(t

= ty

T
,E)R t. o, t t
141 R (B0 4 fi

0 ty = ty. (3.94)
Now, at the sampling instants tj, the outputs of the differential

equation (3.89), and the difference equation (3.90), are identical.

3.6 Difference Equation For Sampled M=2 Process

To see the application of these ideas, assume that one desires

to model the process that has as output correlation of the form

e—piITl
" M
i=1 i =1 k i .

and spectral density of the form

g2

Mo 2 2
301 @+ PP

S(w) = (3.96)
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As is well known, this behavior can be obtained by exciting an M
dimensional linear dynamic system with transfer function

g
H(s) = M s

T (s + py)
i=1 .

(3.97)

by white Gaussian noise.

Letting M=2 in the correlation equation, the system that gen-

erates the desired output statistics can be represented as

0 1 0
dx = xdt + dv , (3.98)
-p,p, -(p; +p,) 1
y = [1, 0 x , (3.99)
with
E(dv(t) dv(s)) = o2dt

For this representation, the transition matrix ¢(t,t0) is

- - - t—-t - - - -
pye Py (t to)—ple Py (t-ty) oP1(t-tg)_ -pa(t-t()
.
P27 Py - - - - - - — -
(3.100)
The output statistics Ry(T) are found from
— - — T
R (t=t ) ¢f1,0] (t t,) Ry (t)) [1,0]
= [1L,0or (t-tp[1,0]7 . (3.101)

For a stationary output, the correlation Rx(to=0), is the steady state
solution to the equation -

P(t) = 0 = ap+pPAT + R
where

A is the coefficient matrix of equation (3.98),

P is the state covariance matrix,
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R is the noise covariance.

The steady state solution to this equation (P.) is

g2
P, = 3§(0) =1 2(p; + p,) 0
g2
0 2p1p,(p, + py) | © (3.102)

Now the output covariance function is

[1,0]¢(0) R (0) [1,0)7

Ry(r)

g2

2p,p,(p3 ~ p%)

[ ppe Pl lop ep2l el } . (3.103)

To obtain a discrete version of this model, equation (3.98), that will

be equivalent at the sampling instants, the transition matrix

_pl

t  -psot -p1t ~pot
1 pye -pye P2 e P1t_¢7P2

$(t,0) = ———
Py~ Py
"Plpz(e—Plt*enpzt) pze—PZt—ple_plt .
(3.104)
will be sampled so that the constituent parts of the difference
equation (3.90), repeated below for convenience,
e, ) = 6(e,pHt) x(e) +v(e) (3.105)

can be found. The first computation involves the determination of the

covariance matrix for v(t ), using equation (3.94 ), and results in

t.
- - i+l
B 5(6)) = [ 0Cti,0) RN (kg9 ds
i .
Rv,V; RV, V,
= ) (3.106)
RVZ‘;'] R;Iz\;z

where the elements of equation (3.106) are
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2
~ o~ o 211 -P.A
Rv,v, = (P1py) (1-e7 P18y
P (- pp2 PPy

~ =2 (1 Pyt )8y 1 (1—e“2PzA)} ., (3.107)
Pt p, 2p,

2
- - -~ 2 -
szv1 = vav2 = g 5 [ P El—e (p1+ pZ)A)
(p,- p,) P,* P,

P - -
- —L (1-e 2p1A) ) (1-e 2plA)

2P1 2P2

+ 2 (1= Py Pz)A)J . (3.108)
Pyt p,
and
- - 2 p - 2p,p -
Rv,v, = —0° 172 (1, ZPZA) - 27 (e (pyt Py)hy
| (ry- p)A | 2 P1t Py
P -

+ 2 (e 2PIA)} . (3.109)

Under fast sampling conditions (p, + p.)A<1) the uantities Rv,V.,
1 2 4 V1

Rﬁlﬁz and RGZGZ reduce to
2

Vv = 97 (.2 _ 2 = 2
ARVZVZ - 337 (p2 2p2p1 + pl)A ocA (3.110)
2 1
~ o~ 02 2
R = - + = .
ARV v, (02 22y (plpz) (A 2A + ) 0 , (3.111)
2 1
ARGV, = 0 (3.112)

So, it can be concluded that under these sample rate conditions

the covariance matrix is

Under the same conditions, the state transition matrix for the sampled
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system becomes

1 A
o(p) =
~PyP,b 1-(p,*+ pA . (3.113)
Using equations (3.113) and (3.112), in equation (3.105), the differ-

ence equation being sought is

[o- 1 } [oJ
x(e., ) = I+ A} x(t.) + v(t,) ,
i -p,p,  ~(pyt py) S EN

(3.114)
y(ep) = [1,0] x(t)
where I is the identity matrix and E(Aﬁ(ti)AG(ti))=02A_ .

The interesting consequence of this result is that it agrees
with the assumptions on scaling required by equétion (3.83 ), and fur-
ther, it gives as estimate on the size of the sampling interval (A)
for the difference equation to hold. Expanding equation (3.114)

results in

x (tyq) =% (e))  + A {[1-A(pt P x,(ty )
~dp.p, x (£ 4) + v, ) (3.115)
Using the relationship
Ax (t,
2 i-

REREE NI N CHEY (3.116)

in equation (3.115), the result is

t
xl( i+l

) = (-0 + p )% (&)
-(1—A(pl+ p) + Azplpz)xl(ti_l)
+ A AG(ti_l) .

and since y(ti) = Xl(ti) , the final result is

y(e,, )= (2-20+ p,))y(t) ~(1-8(p+ p) + A%p p,)y (e, )

it
+ A'Av(ti_l) .
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stability

laza] = [(1-8(p,+ p,) + 82(p;p,)) |<1 ,

layol = |2-a(p + p ) [<2
under the fast sampling assumption

Ap; < 1 » Ap, < 1 » A(pyt py) <1
The same arguments and manipulations can be carried out for other
finite dimensional structures. The model structure for the first or-
der (M=1) model is determined in Appendix A. The most important as-
pect of the difference equation model is the output correlation
function obtained. That is, there must be some assurance that it is
sufficiently close to the correlation function of the processes under
consideration. The next section demonstrates that the limiting form

of the model does possess the desired properties.

3.7 Output Correlation Function of Sampled Differential Equation

The discrete model that resulted from sampling the differential

equation (equation 3.82), is

X, = (T4 28 xp + ¢l (3.118)
with
E(gp Zp) = AR, E(X,Xt) = R, , and E(Eﬁgg) = 0.

To see the limiting forn of the covariance generated by this model,
calculation of the state covariance of equation (3.118) yields
A k k-1 T, k-i
Cov X = [} (I+4-4) 1(A-R1)(I + AAT) KR
i=1 ’ T,k
+ (I + AA)kRO(I + 8080)C , (3.119)

Now, fix the observation interval (t=kA), so that as k - «

(I+ a5 = (14 a)t/0 —> At
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With this condition established, the summation in equation (3.119) can
be shown to be (Kushner, 1971) a Reimann sum approximation and
t Teo_ T
1im Cov gﬁ = I eA(t_S)RleA (e S)ds + eAtROeA t. (3.120)
A0 0
To determine the correlation function, fix the lag interval ¢=mp , for
1 > 0, then
: A .
lim B(Xy Xppp
mee

e (3.121)
A0

t T T T
xTA )_—-—-»J’O eA(t“S)RleA (t-8) 45 + eAtROeA t AT,

If A has eigenvalues with negative real parts, then allowing the ob-

servation interval t+ «, provides the result

= T T ’
A +TA I At ATt AtT
E(___k X ) — . e R,e dt e . (3.122)

The same basic manipulations can be carried out for T £ 0. Consider-
ing the linear, constant coefficient, vector differential equation
dX = AX dt +F dZ , (3.123)

where Z is a vector of independent Wiener processes, the solution is

t
X(t) = eAtx  + J eA(t-8)F dz(s) . (3.162)
0 ,

The statistical properties of the solution are

it

E(X,) ALEX) (3.124)

and for t 2 0

]

T T T
R (1) (eAtcov XoeA by J Alt=s) ppTeh (t's)jeA T.(3.125)
- 0

The result obtained in equation (3.125) is the same as that obtained
from the limit of the difference equation (3.118), if the substitu-
tions Cov X0= RO and R1= FFT, are made. Thus it can be concluded that

taking limits of covariances corresponding to equation (3.118), the
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covariances which are of interest can be generated by this model.

The approach to finding a difference equation, as discussed in
this section, will be the basis for the solution of the estimation
problem to be treated in Chapter VI. That is, the observations will
be modeled as being generated from this difference equation, under the
assumption that the sampling rate (1/A) is fast.Then the limit (A » 0)
will be taken to obtain the model with the desired properties. The
next chapter provides a contrast to the problem of interest, in that
it discusses an estimation technique that is based on observations
generated by an autoregressive model, of arbitrary order without con-

straints on the sampling rate.



CHAPTER 1V
THE MAXIMUM ENTROPY METHOD

This chapter introduces a technique for spectral estimation
which is based on modeling the process under investigation as an auto-
regressive process. The approach taken in this technique relies on
the correlation properties of this model, and the fact that as the or-
der of this representation grows, an autoregressive model will arbi-
trarily well approximate a sampled continuous procéss. The assump-
tions placed on the application of the model will provide a contrast
to the problem under investigation in this study. The MEM technique
assumes no prior knowledge of the structure of the random process
that has been sampled.

Burg (1967) introduced the MEM technique to circumvent the
method used in' conventional spectrum estimation techniques for han-
dling data beyond the last available lag. Conventional techniques
use window functions that have the common feature of multiplying un-
measured correlations by zero. In particular, Burg asserted that the
direct average lag product procedure

N-i
R(i) = 1 Z XX 4i

N 5

(4.1)

implicitly assumes that the rest of the data is zero, and the use of
the Fast Fourier Transforms treats the data as if it repeats itself

periodically.

42
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The MEM technique retains all known correlations without mod-
ification, and estimates the values of the unknown correlation
through the use of the properties of the correlation matrix. That is,
the set of values {R(0)....... R(N)}, are the first N + 1 values of a
correlation function if the matrix

R(0) R(1) . . . R

I
N+1

(4.2)

RN) . . . R0
is positive definite, and hence its determinant is non-negative. If
the first N values {R(0) . . ..R(N-1)}are known, then R(N) must have a
value which makes the determinant non-negative, to insure that 1:%&1
is a correlation matrix. Burg (1967) indicated that this is equiva-
lent to asking for the spectrum that maximizes the entropy of a
Gaussian process , given the first N values of the correlation func—
tion. This statement is explicitly justified by Smylie, et al (1973),
who demonstrate this equivalence through a theovrem due to Grenander
and Szego (1958). The demonstration begins with realizing that the
entropy of a zero mean stationary Gaussian process is

H = %]ﬁg{Dm:[&} (4.3)
and under this condition, the matrix I}q is Toeplitz (equidiagonal).
Since [&-is Toeplitz

Det Iy = Xorphs . .. Anep s (4.4)

where Ai are the elgenvalues of [&,
Szego's theorem establishes the relationship between the determinant

of ‘fk and the spectral density as
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1/51

lim log Ap+ log Ay.... log A = lim log EXO... Ay 1)
N> o N My sw -1

= lim log (DetI"'N)l/N

N~ e

1/2A
= A log(s(f)/A)df

-1/2A (4.5)

Maximizing the determinant of the correlation

matrix ([}9, subject to the constraints of the known correlations, is
equivalent to maximizing the integral of the log—spectral density.

Edwards and Fitelson (1973) found the MEM spectrum as the
solution of a variational problem. The variational problem is found
by maximizing the integral

‘ f log S(£)df , (4.6)
subject to the constraints imposed by the known correlations. A more
intuitive approach, dealing directly with the correlation matrix
shows the MEM technique to be equivalent to seeking a least square
autoregressive model (Van den Bos, 1971). This equivalence is demon-
strated by assuming that the first N values of the correlation func-
tion are known. The MEM procedure requires that the unknown correla-
tion values R(N),R(N+1).... are chosen so that the entropy is max-—

jmized at each stage. The value of R(N) is determined by maximizing

R(0) R(1L) . . . R()
Det 1jN+l = Det : : (4.7)
(N . . . RO

with respect to R(N). The determinant of .[k+1 is quadratic in R(N),

and since the matrix I§+l is positive definite, a single maximum

exists. Applying the product rule of differentiation, the solution
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to the maximization of equation (4.7), over R(N) is found to be the

value of R(N) that satisfies

[R(1) R(O) . . . R(N-2)]
R(2) .
Det : : =0 . k (4.8)
) R(0)
| R(N) - .. R J

Once R(N) has been found, R(N+1) can be determined by the equation

[R(1) R(O) R(1) .. . . R(N-1)
R(2) .
Det . . = 0. (4.9)
R(1)
R(0)
R(NHL) RO . ., R(D)

Now consider the autoregressive model (of order N-1)

_ x(n*(N—l)] = ol(n)

In chapter III, it was demonstrated that the correlation function of
8 process generated by this model satisfied the equation

[R(D ] [R(O) . . . R(N-2) B,

+1 . : . = 0. (4.10)

LROED] ko) L Lreo) J ey

If the first N values, {rR(O) ... R(N-1)}, of any correlation function
are available, substitution into equation (4.10) will yield the set of

coefficients {Bl, e BN_l}. The value of R(N) for a model with these

coefficients ig uniquely determined by

R( RO) . . . rm-2)[1
) . 8
o= . (4.11)
R RO-D L.k L8

As a result, R(N) is selected so that



TR(l) R(O) . . ....R(N-2)

Det : . = 0. (4.12)

[ R(N) R(N-1)......... R(1) j
This is precisely the same condition as required in equation (4.8),
to find R(N) if the entropy is maximized. It can be concluded that
the MEM technique is equivalent to finding an autoregressive model,
given the correlation data.
In practice, only a finite record of the data is available,

and the correlation function cannot be determined exactly, so the
evaluation of the model coefficients proceeds along a different line.
A method of determining the coefficients in this situation was pro-
posed by Burg (1968). This method estimates the parameters {Bi} in
such a way that no assumptions outside the record length are made,
and the positive definite character of the correlation matrix is
maintained. To begin, an error function is defined as

e(n) = x() - é(n) . (4.13)
where %(n) is the predicted observation determined from past samples
to be

% = ~M -1 (4.14)

x(n) 121 Byx(n-1) |
and M is the order of the model. Minimization of the squared error
proceeds recursively for M=1... N-1, where N-1 is the record length.
The minimization however, is performed so that the correlation matrix
retains its positive definite structure. The error minimiiing esti-

mate for Bj; (coefficient for M=1 model) is found from

1 N-1

min P, = min Y eZ(n) (4.15)
1 2N-1 =_
B1a B11 n=1
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N~1
én:lL? - f;ni? 71%1:—3 rzl=§(xn+l+8 T A STL DL B
This estimate is
6 _ 2(xyx, + KpXg «nn XNXN—l)
1 x% + 2x§ + 2x§ + ... 2x§_1 + x§ . (4.16)

The next step in the procedure is to minimize

N-2
. - 1 5
g "2 % T g=i(xn—2+ B 1o¥no1F BopXy) 2+ (B L,xp g+
i,2
+ (x, F B Xy g+ By,x5-2)70, (4.17)

so that the coefficients for the M=2 model can be determined. The co-
efficients 812 and 822, that minimize P2 » would normally be the es-
timated ones. However, because of the structure of the correlation
matrix, the coefficients B,,and §,, are related by

Bip = B (1+8,) . (4.18)
This relationship follows from the Durbin - Levinson procedure,

(Chapter III). As a consequence of equation (4.18), P_ can only be

2

minimized with respect to g Proceeding in this manner, the coef-

22°

ficients for higher order models are determined, subject to the con-

straint

B . = B + B B (4.19

i,M i,M-1 7 MM PM-i,M-1, i=1, ... M-1.

This process can continue until the order of the model (M) is equal to
the length of the record (N-1) or until some terminating condition is
satisfied. An appropriate termination condition is the stage-to-stage

stationarity of the power measure PM. This criterion comes from the

relationship
Py = By (1 -82) (4.20)

which relates the error power at stage M-1 to the error power at stage
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M. For a stable difference equation (IBMM] < 1), this power is momno-
tone decreasing and hence a decision concerning the order of the model
can be made based on the change in error power from stage M. The de-
tails of an iterative procedure for the coefficient determination are
implemented. in a form suitable for a computer program, in an article
by Anderson (1974).

Once the estimated coefficients {Bi,M} and the power PM have

been determined, the correlation function and the spectral density can

immediately be specified. The MEM spectral density is

PMAt

s(f) = 1+ % 8 ~j2mnfAt)2

e
n,M ’

n=1 (4.21)
where M is the order of the model, and At is the sampling interval.
Estimates of the correlation function are made based on the

properties of the autoregressive models specified by the coefficients.

The correlation estimation procedure begins by forming

x?2 : (4.22)

.+ 2

R(0) = i

{12

1
Ni2p

and then proceeds recursively using the estimated coefficients {Bi j}
b

to form
T
R(T) = -] R(T-W)B, (4.23)
k=1 ’
for 7=1,2...... M, where M is the order of the model. Once the order

of the model (M) has been decided on through the use of some appro-
priate criterion, the unknown correlations may be determined from
M

R(M + k) = ;ZIR(M -m+ k) - (4.24)
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for k= 1,2,..... @, To illustrate this point, assume that along with

determining the coefficients {Bi j} at each stage, equation (4.23) is
b4

used to form the correlations

R(1) = =-8;,R(0) , (4.25)
R(2) = - B ,R(1) ~ B ,,R(0) , (4.26)
R(3) = -8,3R(2) - B, 4R(1) - B 53R(0) . (4.27)

Under the assumption that M=3, estimates of the unknown correlations

are now determined from

3
R(3+Kk) = - ]R3 -m+ kB
m=1

M3 (4.28)

for k > 0.

The asymptotic properties of the MEM spectral estimate have
been investigated by Kromer (1970). Kromer has indicated that the
MEM estimate is asymptotically unbiased,

E(S()) = s(f) , (4.29)
and asymptotically normal, with variance

Var S(f) = H(s2(n), (4.30)
where N is the record length and M is the order of the model.

The probiem to be investigated in this study can be contrasted
with the MEM technique through the assumptions imposed. The problem
under study will presuppose a structure, that is, the process under
consideration will have an all pole spectral density. It will be as-
sumed that the sampling rate is under the control of the experimenter
and as such, will be fast. The coefficients in the models of the ran—
dom process will be expressed in terms of probability density func-
tions established via the application of Bayes Rule. It is the func-

tion of the next chapter to provide the requisite background in
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Bayesian parameter estimation, so that the solution process can be

accomplished.



CHAPTER V

BAYESIAN PARAMETER ESTIMATION

5.1 Introduction

The general parameter estimation problem is structured around
the situation which is formed when an experimenter has a set of obser—
vations which have been assumed to come from a distribution, e.g.
N(e,oz). In a parameter estimation problem, one has the observations
at hand and wishes to make some inferences about the unknown parame-
ter (0) of the distribution. In the Bayesian approach to this prob-
lem, a model for a prior density p(8) is assumed, which expresses the
knowledge about the parameter § before observations are made. With the
prior density p(6), the observations model p(y/6) and observations y-
Bayes Rule can be applied to calculate the posterior density p(e[z?

and make inferences about the parameter 9. Therefore, the Bayesian

approach is basically the application of Bayes Rule

p(o/y) = P/0Ip(0)
B P(y)

where

fep(yle)p(e) df, 9 continuous

P(y) = E,p(y/8) =
- Zep(y/e)p(e) > 6 discrete . (5.1)

Given the observations, the denominator term in Bayes: Rule is a nor-
malizing constant which insures that the posterior density integrates

to one. 1In this same circumstance, the density p(y/8)may be regarded

51
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as a function of 6. When interpreted this way, it is called the like-
lihood function of 6, and is denoted as R(G[z). With the likelihood
function defined, Bayes Rule can be written as

2.(6/3)p(6)

p(a/y) :
fz(e/z)p(e)de

Ke(8/y)p(8) (5.2)

Written this way, the role of the likelihood function (l(e[z)) is
demonstrated to be the manner in which the data affects the prior
knowledge on the parameter 8.

The iterative application of Bayes Rule illustrates how know-
ledge is updated by the combination of what is learned from the ob-
servations, and from prior information. To see this, consider the post

density formed from n observations,

p(yi/Y5-1,9)p(8)

NN
tap
jay

i

p(8/Y,)

= 3

p(y /¥, 1,0)p(6)de
i=1

n
igl P(Yi/zi_le)P(e)

R(Y_ ) , (5.3)
where Zn is the observation vector denoted as

Xn = (Y1’yZ’ c. M . yn)

Writing the post density formed from n-1 observations find
n-1 k

T p(y;/Y; 19)p(6)

P(G/Xn )

-1 n-1
W P(Yi/Xi~16)P(9)d6

i=1

n-1
N p(y /Y5 10)p(8)

K(Yp-1) . (5.4)
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Now, interpreting the post density for n observations based on n—-1 ob-
servations, yields

n~-1
p(yn/Zn~1,6)-igl p(y;/Y;_10)p(8)

i

p(6/Y )

-1
J p(yn[Zn_l,e)-:gl p(y;/Y; 10)p(8)do

P(¥n/Yn_1,68) -p(0/Y, 1) N(Y,_)

[p(yn/Yn_le) p(6/Y; 1) N(Y,_71)do

Py, /Y 1,00p(8/Y, )

J P(y,/Y, 1,0)p(0/Y _;)de

P(yn/Yn-18)p(6/Y 1)

= - 5.5
—t (5.5)

From this form, the sequential nature of Bayes Rule is evident, as the
post from n-1 observations (p(@[zn_l)) becomes the prior, which deter-
mines the post for n observations (p(e/zn)]. It is now evident that
Bayes Rule describes the process of learning from observations and how
prior knowledge is affected as new observations are made. An example
will illustrate the effect that priors have on the post and the learn~
ing that takes place.

Let the observation (Z) be taken from a distribution specified
as N(85,16). Now, based on these samples and the two assumed priors
pA(G) n~ N(90,4) and pB(e) "~ N(80,64), it is desired to estimate the
mean (6). If a single observation is made, the likelihood function
2(08/y) is represented by a normal distribution centered at the obser-
vation (y) with standard deviation 4. Bayes Rule can be applied to

illustrate how the prior densities pA(e) and pB(e) effect the informa-
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Fig. 1. Prior Density Functions for the Parameter 6.
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tion presented by the observation. It is shown in Appendix B that the

post density of 8 is normal N(9,02) where the post mean and variance

are
- .Eﬁfi_~__ {L Z ] o
6 = Na2 4+ 02 (N4 TYij+ g2 2 , (5.6)
) 6202
0% = NoZ + o2 , (5.7

Where N is the number of observations,
y is the prior mean,
a? is the prior vardance
62 is the variance of the observations.

Now let the observation be y = 85, then the likelihood function
takes the form shown in Figure 2. The effect of this observation is
shown in Figure 3, where the post density based on the prior pA(e) is
N(89,3.2), and the post density based on the prior pB(e) is N(84,13).
Continuing with the example, assume that 10 observations have been
made and as a consequnce, the sample mean (l/NEyi) is 87. The effects
of these observations on the likelihood ratio are illustrated in
Figure 4. The post density based on the prior pA(e) is N(87.1,1.15),
and the post density based on the prior pB(e) is N(87,1.6). These
post densities are illustrated in Figure 5.

So, even though the example started off with different prior
information,(pB(e) represented more uncertainty than pA(e))the final
answers were in agreement. After one observation, there was a wide
spread in the answers. This was due to the likelihood function not
being strongly peaked after one observation and hence the priors dom-
inated the likelihood function. When the likelihood function became

very peaked (after 10 observations) both priors now are dominated by
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Fig. 3. Post Densities Resulting from the Observation
y = 85.
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Fig. 5. Post Densities Resulting from y = 87.
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the likelihood function, and their effect on the post density is

minimal.

5.2 Bayes Rule in the Presence of Structure

In general, if one is given the set of observations (XN) where
Yy = Iy, - - ,yN),
the application of Bayes Rule to form a post density requires storage
of a growing number of observations. For the problem of estimating
the parameter 6, the post density is found from

N

7 f(y./Y. .,8)f(8)

f(e/XN) = 1i=1 i —i-1
f (numerator)dé

where
E(Xy/8) = flyy/yy-p --- V1D E(yy_1/Iyog- -+ Y150
£(y,/y18)E(y,/0). (5.8)
The evaluation of the post density requires storing the observation
vector at each stage. If the observations are such that there is a
structure imposed, evaluation of the post density function is simpli-
fied.

The class of observation processes of interest are those which
are stationary and Markov. In dealing with stationary sequences
(processes) it is assumed that the observations have been taken from
i = - », For the Mth order Markov processes, this fact is accounted
for by a random initial condition vector
Y9 7 (YO L y—(M—l))’
where the random vector Yo is selected to insure this stationarity.
With this definition in mind, the probability density function for the

Mth order Markov observations is
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N
LGN NIELETI 775 e y_(M_l)) = f(ZD)'iglf(yi/yi_l---yi_M)-
(5.9)
Notationally, this equation can be made more convenient if the defini-
tion

i = Op - - vy o

is used to produce the result
N
E(¥y.y,) = f(yo)*iv_rl f(yi/yi-1) - (5.10)

For an M=2 process, the observations density is
Epye) = £0rgoy_y) EON N1 D E Oy Iy g Vgg) oo
£E3i/yosy_ ) - (5.11)
Comparison of this.equation with equation (5.8) shows the simplifi-
cation that results from assuming a structure in the observations.
Conditioning the observations on the initial condition produces a fur-
ther simplification which is

N
f(_Y_N/YO) = -ﬂlf(yi/yi—l) . (5.12)
i= A

The result of assuming this structure is the reduction in storage at
each stage, to an M vector which is of constant dimension from stage-
to stage.

In simulating these observations, the initial condition (ZD) is
usually accounted for by running the model for a sufficient number of
samples so that the transient effects have died out. These transient
affects are due to assuming some arbitrary initial conditions other
than the initial condition with the correct probabilistic properties
to insure stationarity. If the number of observations is large, then

such effects are negligible. From this point on, when dealing with
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the observations generated from a Markov type model, the parameter
estimate will be conditioned on the Y, vector, although it may not be

explicitly stated.

5.3 Choice of Priors

Although the choice of priors has not been mentioned up to
this point, it is one of the main aspects of the Bayesian approach.
The freedom of choice allowed, provides a method of placing subjec-
tive knowledge into the problem, of using subjective knowledge to
make the problem analytically tractable. In a decision problem, the
prior information may be so strong that it would dominate what could
be learned from taking observations. This is precisely what is de~
sired in this type of problem. However, in some estimation problems
the prior is vague, and hence the prior should be as broad as
possible.

In selecting a prior to express vague opinions, it is important
to realize that the use of a broad distribution is not an expression
of uncertainty (Raiffa and Schlaifer, 1961). Rather, vagueness is ex-
pressed reiative to the likelihood function (observations density) by
using a prior which can be easily modified by a few observations (the
likelihood function dominates the prior). Similarly, strong prior
opinions are expressed by a prior which is more peaked than the like-
1ihood function. One then considers vague (non-informative) priors as
those which are broad over the range of values in which the likelihood
function is strongly defined. Often, these priors give rise to im-
proper distributions in the sense that the integral over the parameter

space of the density function is infinite. For example, consider f(x)
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to be uniform over (—~,»), then the integral
[ee] (se]

f(x) dx = ¢ dx (5.13)

—co —co
does not exist no matter how small ¢ is. However, if one used such a
distribution to represent the local behavior, where the likelihood is
peaked, but not over the entire range of the parameter, and over this
remainingxrange it has tails that trail to zero, the distribution is
then proper. Often, an improper distribution is assumed as a prior to
develop a post density which is proper once observations have been
made. This is shown by carrying out the calculation in Bayes Theorenm
with a uniform prior. If 2(8/x) is the likelihood function of some

set of observed ‘values, and if after some observations

i

r’ 2(0/x) do < w ,

-0

then the post density f(6/x) will be
f(o/x) = 2(6/x) (5.14)

and
J £(0/x) do < = .

The Principle of Stable Estimation (DeGroot, 1970) provides conditions
under which a post density derived from an improper uniform density
will closely approximate a post density that would be found from a
more precise prior demsity. 1In fact, there is a theorem (Edwards, et
al., 1963) that quantifies the measure of closeness of the approximate
post density to the actual density that is achieved. In essence, this
result shows that if the likelihood is peaked enough, then use of a

uniform prior will provide a good approximation to the answer.
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Another approach to choosing a prior distribution when infor-
mation is vague, is through the use of reproducing (conjugate) den-
sities. The use of a member of such a class guarantees that the post
density is a member of the same class, which eases the burden of de-
termining the normalizing constant in Bayes Rule. In general, one
picks this member indexed by a parameter, and then studies the affect
on the post distribution as the parameter approaches some limit.
However, if the likelihood function is rather peaked, and a large
number of observations are involved, major changes in the prior will

have little effect on the post density.

5.4 Non-informative Priors

¥

The reason for seeking non-informative priors is to obtain a
distribution that would be representative of an uninformed observer,
The selection of such a prior is guided by the requirement that this
prior provides comparatively little information in reference to what
can be expected from taking observations. ¥For a single parameter, it
is shown (Box and Tiao, 1973) that if the likelihood 2(6/Y) can be
expressed as

L(8/Y) = g[?(e) - f(Xﬂ s (5.15)
where g[-] is a known function independent of the data and £(Y) is a
function of Y, then a locally uniform prior for 6 can be found. This
locally uniform prior is proportional to |d¢/d8|,;if $(8) is a one to
one transformation. For the case of normal observations with unknown
mean, ¢(6) = 6, and £(Y) = z yi/N , the non-informative prior is
uniform. For the case of normal observations with unknown standard

deviation (o), ¢(9) = log o , and
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<

£(Y) = log /Z(%_—uﬂ
N J

> (5.16)

hence, the non-informative prior is uniform. If more than one
parameter is involved, the choice of non-informative priors is ex-—
tremely complex, and to pursue this further would be of no immediate
benefit save for the multiparameter Gaussian mean case. For the lat-
ter situation, the non-informative prior is uniform . Now, some ex-—
amples illustrating the principles of selecting non-informative
priors will be presented. To begin the illustration assume that a
model with a Markov structure, specifically M=1, generates the obser—
vations. Hence, let the model be

yi - éyi-l = i o (5.17)
where

Z; ~ N(0,02)

E(z;y) = 0 it
Initially, let a be a random parameter and ¢2 be known. The likeli-

hood function is then (for N observations)

1@/hpye) = M oexp - 5oy (v - ay, )2

1 N A
« exp - T (yi - ayi*l) .
204 i=] (5.18)
For this example, a locally uniform prior can be represented as
f(a) « K ,
over the range of 4, where R(é[XN,yO) is dominant. Continuing with
the example, the post density is

FG/YLy0) = R(B/Y Ly ) £(E)
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1 ¥ )
ﬂa/XN,YO) « K exp - Egz'izl(yi - éyi_l) . (5.19)

The post density has the form of a Gaussian density, except for the

constant o f integration. So, won completing the square in 3, we find

that
N
f(a/Y._,vy ) = K exp X - -17-(y - 28y.y + a%y2 )
7 L 20 i iYi-1 i-1
o
= Kexp ) - 507 @%2 ) - 24y;y; ) + ¥}
=
= K exp - 57 [52 Ty2,-2a Yy, 4+ 1 Yi]
2
=z 1 2 LYY
Kexp - 57 L yi g [2- 7,
Lvia
‘/ 2 2
_ TRV R Ly
= eXp - g e - 5
14 Z'ITO2 2 2 2 2 v -1
Yi-1 +
(5.20)
Defining the quantities
- 1 ,
R = N 2 y »
0 N i (5.21)
N | V.Y,
Ry = § L P (5.22)

and replacing the corresponding quantities in the density function,

in equation (5.20), the result is



65

AT W) [ R
f(é/ZN,YO) B T e M E
v2m o2 Ry
R3 2
ﬁ%NT“,"?"‘
Rg  NRj .

From the relations in the model, the correlation function satisfies

the normal equation for M=1, which is

Ry - &y = 0,

where a is the root of the characteristic equation. For a stable

solution to the difference equation

i T Wi T

it is required that lél < 1. The post density function provides

this type o f result since the mean is

=
a

|
';c!>'£d>

and from the properties of the correlation function, it can be con-

cluded that |a| < 1.
Considering the same model, now it is assumed that the param-

eter a is known, but the parameter o2 is now the random wvariable to be

estimated. That is, the likelihood function is

g N -2 X
2%y 0 o e
L(o04/Y.) o i:1exp 5 (yi ayi_l)

(5.24)

-N o N
IERET R QO RE
i=1

Defining the quantity Ns? as
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N
2 = — A 2
Ns DA PR L
i=1

then the likelihood function is

-2
2

g

2(0?/¥y) « o N exp - ‘Ns?2 . (5.25)

From the previous discussion, the locally uniform prior for this like-
lihood function is
f(o2) = ¢ 2.

Using this prior, the post density then becomes

f(OZ/XN) K'Z(OZ/XN)'G~2

- 2
K-o (N+2) exp [— Ns* I

202 (5.26)

where
A A
Ns2 & Z (yy - ayi_l)2 .
All that is now necessary is the evaluation of the integration con-
stant which makes the post density proper. This integration is possi-

ble through the use of the relations (Abramovitz and Stequn, 1970)

B % (a) = J W le=Bugy = J x— (o+1) e B/xay . (5.27)
0 0

The post density now takes the form

Fﬁf%N/Z
2 - 2
£6/1X) = Fayn ° W2 Ve - 'l.jis{f » 0% > 0
0 , else (5.28)

where T (o) is the gamma function defined by

(o) = Jm ta_le—tdt .
0

This result makes sense since the mean and variance are given by



67

02 = 52 = E:\LI—Z (Yi - éyi_l)z,
y

Var (o?) = 2s' s
N

where s? is the sample variance of the set of independent observations.

5.5 Sufficient Statistics and Reproducing Densities

In seeking an estimate of a parameter, it would simplify mat-
ters significantly if there was some summarizing measurement that con—
tained as much information as the observations themselves. Such a
Mmeasurement is called a sufficient statistic. A sufficient statistic
is defined (Raiffa and Schlaiffer, 1961) as any mapping (g) from the
observations space (Z) into Fuclidean space (y). This mapping is a
sufficient statistic when, for any prior density f(8) and any obser-
vation (z), the post densities (f(e/-)) formed from the application of
Bayes Rule satisfy

£(8/2=2)) = £(0/2=2,),
when the mapping satisfies
8(z;) = g(z,).
Although the above statements provided a formal definition of a suf-
ficient statistic,it did not provide a methodology to determine one.
The sufficient statistic is found from the likelihood function
2(8/Z), by the application of the Factorization Criterion. This
criterion asserts that if the likelihood 2(6/Z) can be factored as
2(6/2) = n(g(2),0)p(2) , (5.29)
then g(Z) is a sufficient statistic. Applying this concept in the

application of Bayes Rule provides the result
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It

£(8/2) 2(8/2)£(8) / f(numerator)de

i

n(g(z),0)£(0) / [n(g(z),0)£(6)do . (5.30)
It is evident that this minimal description for the likelihood func-
tion provides the information needed to form the post density. 1In
seeking minimal representations, it would be appealing if the prior
(f(e)) could also be represented in this way. Such a description for
the prior is termed a kernel of the density function. A kernel for
£(0) is defined as another function r(8) that makes the ratio
r(0)/£(9) a constant relative to 6. This means that the density func-
tion and a kernel are related by

£(6) = r(8) / [r(e)ae . (5.31)
Using a kernel of £(8) in equation (5.30) provides the result

£(6/2) = n(g(z),9) r(e)/fn(g(z),e]r(e)de . (5.32)
The significance here is that the post density is completely described
in terms of a kernel of the likelihood function and the prior, and the
functional forms of n(+,*) and r(+) determine the form of the post
density. The post density‘can be written as

£(6/2) - = K n(g(z),08)r(8) . (5.33)
If n(g,6) is such that the form of the post density (f(e/z)) is the
same as r(6) then it leads to what is called a reproducing density.

This reproducing property is a very appealing aspect of using

a Bayesian approach to estimation. When the prior distributions have
this reproducing property, the computation of the post density is a
simple process of computing new walues for the parameters character-
izing the distributions.

Following the work of Gobein (1974), this reproducing property
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is ascribed to a family of density functions (W(e,p)) indexed by a
finite dimensional parameter (p). This family of density functions
reproduces under the observations density f(gn/e) if for any n and any
prior £(8) = w(G,pO), there is a parameter p, = pn(po,!h) such that
when Bayes Rule is applied, the post density that results is
f(e/Yn) = w(e,pn). It turns out that this property is a direct result
of the existence of a fixed dimensional sufficient statistic aﬁd is
solely dependent on its functional form. To establish the reproducing
type from the likelihood function, assume that 2(6/Y,) has a suffi-
cient statistic of fixed dimension, so that

206/%)) = g(t(¥,),0)n(xy) . (5.34)
Then a reproducing density p(0,t) can be found from

p(6,t ) = g[t(zn),e)/fg(t(zn)e Jas (5.35)
if the integral above exists.

To demonstrate that a prior selected by use of equation (5.35)

reproduces, the sequential form of Bayes Rule,

£(yp/Y_1,0)E(Y,_1/0)

1l

f(e/Y )
- f(numerator)de

£(Y,/6)f(0)

f(numerator)de (5.36)
is applied. Assuming that a sufficient statistic of fixed dimension

exists, the density of f(zn/e) can be written as

£(Y, /) g(t(x,),6}n(x,)

f(yn/Xn_l,e)f(Xn_l/e) > (5.37)
and similarly the density f(Xn_l/e) can be written as

f(¥n-1/0) = g(t(¥,1),6)h(¥, 1) . (5.38)
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The priors are specified by
p(t,,8) = g(tn,e)///fg(tn,e>de ; (5.39)
p(tn1,0) = g(tnﬁl,e)///g<tn_l,e) : (5.40)

Rewriting the observations density to reflect the stage wise depen-
dence, and using the sufficient statistic results in

£(Y,/8) = £(yp/¥n-1,8)F(¥p-1/0) = 8(tn,8)h(¥n), (5.41)
so that equation (5.41) can be written as

g(tn,h(¥y) = £(yn/¥p-1,9)8(tp-1,00h(Xp-1) - (5.42)
Using the relationship

g(ti,0) = p(ti-0)f g(ty,6)do
between the priors and thé kernel of the observations density in

equation (5.37), the result is ~
{

p(t;0) = fly /Y _,0)p(t, ;,0) h(Xn_l). g(tn+1,e)de
h(¥_) g(t,0)
= K p(ty_1,0|f(yn/Yp-1,8) - (5.43)

From this, the post density based on n observations is represented as

f (Yn/_y_n—le) 1Y (tn_l ’ e)
p(t ,8) = ,
f (numerator)d®

which is the sequential form of Bayes Rule with p(tn—l’e) as a prior
and p(t,,6) as a post density. This demonstrates that a prior selec~
ted to satisfy the conditions of equation (5.35) reproduces.
As an illustration of finding a reproducing prior, consider
again the model for the M=l process
yi - ayi-1 = %i >
where Z; is N(0,0?) and the parameter a is the random variable to be

estimated. The likelihood function is
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. 1 |» 1y A
2(afY) = {——— exp - — 3 (vy = ay;_y)
210 202i=1 (5.44)

Using the '"Factorization Theorem", equation (5.29), to find the kernel

of the likelihood function, the result is

2 - 1 222 a
2{a/ly = . - = - 2
(a/¥y) exp -3 2E% ay.v. )
n/2 1 )
* exp ‘““2’ Z Yy,
2mg2 20 * (5.45)
= glt@r),a)-nx)
where
= 2 =
t(x,) [Z Vi1 L yiyi—l] (105 ton)
Selecting the prior so that
X g(t_,a)
p(t,,a) =
g(t_,a)da
fﬂé n
then
t 2
A - 1 “
p(t ,a) = K %exp - “"“‘tl a + ("EE} . (5.46)
n 2¢g2 R tn
where
© , t 2
e e s fea e o 1
o 20> n ER 2ro? Tt (5.47)
and upon letting
o2 t
t = I and 2n . z
in In tl 2n
n
the reproducing family has the form
1 (a+1g,)?
p(z ,a) = Vn  eXp - T (5.48)
in 2€1n :

Recalling that we are trying to model a stationary process, there is
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one difficulty in taking p(go,é) as a prior. This prior is defined
over the whole real line, and it is known, a priori, that the parame-
ter a must have magnitude less than one. The incorporation of such a
constraint is unique to Bayesian estimation. Injecting this con-
straint onto a prior which reproduces does not change this property.
It should be evident that the reproducing property depends only on the
kernel of the likelihood g(tn,é) , and th;t constraining the allow-
able range of the random parameter will only effect the normalizing

constant (integral) that makes the density p(tn,a) proper. That this

is true is demonstrated by a theorem due to Spraggins (1965), and gen-—
eralized by Gobein (1974), which shows that if the priors fl(a) and
fz(a) are related by
f,(a) = r(a)f,(a) , (5.49)

where r(a) is a positive function and fl(é) is a reproducing prior,
then fz(é) reproduces.

To incorporate a constraint, using this theorem, let ¢ be the
range over which the parameter a is to be constrained. Next, define

£,(3) = r(Af; ) ,

where
A K,ace
r(a) = { o, 3 ¢ % (5.50)
and
kK = | jgc £1(a)da)~! | (5.51)

Let fl(ﬁlzk) be the post density developed from the unconstrained re-
producing prior fl(é), with

£(y,]a) £,(2)
(5.52)

rh
fun
”~~
>
]
I

Je@ la)E (a)da
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£(¥,|a)f,(8)

£i(aly) = (5.53)

[,
Let fz(élzh) represent the post density from the constrained prior
f,(3), where

£(1,18) £, (8)

i

£.(a]|Y.)
2 =g
. e |a)f, (2)aa (5.54)

£(Y, |3)f,(4)
= —h 2 . (5.55)
£,(%,)

Using equation (5.50) in equation (5.54), the constrained post density
is

£(x,|a)ke, (a)

fz(;lzﬁ) = fQ (numerator)da , aceh (5.56)
c
0 a ¢ Q0 (5.57)
Substituting the relationship
£ |8 (3 = £L@IYDE (),

into equation (5.56), produces the result

CHBINCHE

il

£,(a]x)

fﬂcfl(élzn)fl(zn)-K da

fgcfl(élzﬁ)dé
Pr{(éeﬂc)lzn} . (5.58)

This result shows that the structure of the post density is not
changed by the constraint, only multiplied by a constant. This result

suggests a useful procedure for solving constrained problems. Begin-
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ning the problem by seeking the solution to the unconstrained problem,
we are then able to find the unconstrained post density (fl(élzn)).
To find the constrained solution, all that is necessary is the evalu-

ation of the scale factor

Pr(ae )|y jl aef
S(é) = { ( C n) C

~

0 R a ¢ Q. .

The preference for this approach is based on the reduction in com-
plexity, and the fact that for large u/o ratios on the post f1(5|3n)
the modifying constant will be close to one.

Precisely the same approach can be taken when dealing with
non-informative priors. That is, solve the unconstrained problem
with a non-informative prior, then find the modifying scale factor.
This can be verified by viewing the sequential behavior of the post
density, beginning with a uniform prior. With a locally uniform
prior, sequentially applying Bayes Rule will result in a post density
whose structure is determined (except for a proportionality constant)
by the kermel of the likelihood function. After a few observations,
the prior will result in a post density that is proper, and a member
of a family determined by the kernel. This meané that this post den-
sity will become the new prior, in the sequential formulation of
Bayes Rule, and now equation (5.49) can be used. The following para-
graphs will apply these concepts (reproducing densities) to obtain
the post densities of the parameters associated with an M=1 and M=2
autoregressive process.

Consider the random process generated by

yi - ays.q = t¢(i) ,

where (i) ~ N(0,02), with 4 as a random parameter, and lél < 1. From
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the previous example, the family of reproducing densities is

C2n

) where

fm | PiYig
2
tn Vi

Assume that a prior for the parameter a is

~ 2
an N(ua,aa) .

Then the post density after n observations is

£(aly,)

where

2 2 2
o + oy Z i1l M0

g2

» and Eln = Z 2

i-1

2 2 2
+ UaXyiyi-—l]

The constrained post density is

£.@[Y)

where

Asymptotically, the result is a poS

=K e -1 -
Y 62 + o2Vy2
a al¥i-1 ?
(5.59)
1
( 2.2
° % . (5.60)
o2 + a2} y%_l
A 1
= f(ajy )- -- , (5.61
e T :
‘ I
Pr{(|ad] < 1]y} = K j £(alY,) da .
-1
e N(Sa,ég), where
| GSZ
I AN -
2 N large = T , (5.62)
Py ARy :
= i-1 0
o2 © Td-1
2.2
[o ko]
5 5 a 5 N large _ 02 = _o?
. targe ~ )
of + ol Iyl Ly:, NR, (5.63)

= . * .
Under the assumption that the “a/éa is large,

the modifying factor in
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equation (5.51 ) is close to unity and the parameters of the con-
strained post are close to the parameters of the unconstrained post
density.
Again, consider the model
Yi ~ ayi_l = T4 > Ci ~ N(o,0?) ,
but now, both a and o2 are random parameters. Using the ideas of
2

reproducing densities, determines the post densities for a and o4,

where the likelihood function (observations density) is

N
f(X-N’yO) = w f(yib{-i—l)
i=1
( A
1 N N 1
= - exp - T 5(y; — &y, )2
(V210%) 321 20277 % T
[ 1 N 1 o 2
= -exp - ——) (y4 -ayz.)* -
LYZTrcxz 202 i i-1 (5.64)
Since 02 and A are random parameters, the likeljihood is
N/2 : A
e ly) = Y7 epl-I] Gy - ay 2
where
r = —
P
Now, if the priors are selected as
f(r) « yW-le-fr | (5.65)
£@a/r) = r/? expl - 2 - w2} (5.66)

with T a known constant, then these priors will reproduce under the
given likelihood. To see this, use Bayes Rule and write the post
density as

£, [Ty )= £ Iyha.n) EG[NDEE
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N
Grlur <@ et 1 - Loy - vy p?-
1=

(rl/2) exp{ - gz(é _ U)Z}’
f .
(rw_l) exp{ -~ r} . (5.67)

Upon collecting terms and completing the square in the parameter 3,

the post density is

11 ot LN
£y = 2 e el e L AL u')2} . (5.68)

where

) P + 2
B (uT + ) yiyi_l)/ T+ Jy? ) s
T = T+ )y ,

Ly,

Al —_ + _Ii
w vt ,
AR USRS NN

The conditional density for the parameter a is
f(‘a r XN,YO) v N(U':G'z) s
where

T + Y.
- H 2 Yi¥i-1 , G2 = g2

T+ ) v5, T+ ) yia

The density for r is

f(r) « rw'—le—l'r. (5.69)

>

which is gamma with parameters 2', w'. More meaning is attached to

these results if a few definitions are made, that is let

N N
MRy = Jy? = Yyiq,-y2+yd o,
0 =11 i=1 0
) N
MRy = ] yivig
i=1

Using these definitions in p' and o'2 , the resulting forms are
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uT + NR, R,
p; = _ > A N large -— , (5.70)
s i
T + NRy + y5 ~ yN Ry
2 2
0;2 = ———EL—_TZ—— = O N large o? > 0
T+ LY, T+ NR, +y2 - y5A T mt ,
: 0 (5.71)

where u; and 0;2 are the parameters in the Gaussian post density of
the random variable a. Using these same definitions in the parameters
for the gamma density, the parameters for the post density of r are

' =W+§.'Z , (5.72)

1
1 = 27 2 _
2 2+ 2 {P + 2 Y5

it

(uT + 2 yiyi—-l)2 }

2
T + Z yi—l

1 . (uT + Nﬁl)2
2 +5 u2T+NR0— }

T + Nﬁo + y% - yt‘% (5.73)
After sufficiently large numbers of observations, these parameters

reduce to

¥

n

w

(NR,) 2 (R2 - R?)
~ 1 k
g' = ENR - . = N0 17
NR

ro

Ry .

The mean and variance for r and 02, where v = 1/02, are

w'! w'!
E(r) = _E,—'— s var (r) = E-'—Z'
2! Ry - R
E(Uz) = - = ————,r-—-—o ! )
w' Ry
and
2'2 ﬁ - ﬁ
Var(g?) = w13 = 0 1
NR, .

The mean values for the parameters a and 02 with the interpretation
provided are precisely the results that would be obtained for these

parameters from the use of the Durbin-Levinson procedure mentioned in
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Chapter III. The parameter estimation problem for the M=2 autore-

gressive process is carried out in Appendix C.

5.6 1ikelihood Ratio Functions

The next chapter will deal with sitﬁations where the number
of observations (N) becomes arbitrarily large. In this case, prob-
ability density functions do not in general, exist, either because
the integral required to find the normalizing constant does not
exist, or because the density function is not defined over the entire
range of the random variable. This can be illustrated by the example

presented below. 1In this example, the observations vector Y = (yl,yz,

1
¥

N yN), is taken from a;jointly Gaussian distribution, |

2

with
A2 = 3yt yso
t (5.74)
and
T v 2
E(YTy) = E_Zki ,
i=1
N
=3V § 4 . (5.75)
i=1

Evaluating the series in equation (5.75), find

N
lim ) 3v- ' =v

N+ o i=]1
which shows the random vector to have finite power. Upon forming the

N dimensional density function, the result is

N 1 N y?
W = — 71 -1 i
Y SR ATR exp{ 2 izl }
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. | N N .
N/2 .
f(Yy) = L / « T 2% « exp - Z ély%
o 2113V i=1 6V 421 F
(1 \N/2 | {N(N+D)}/2 1V,
e < 2 *eXp - = z 4ry2
| 2113V ] 6V =1 *
(L NY\N/2 N
. exp -1 2 4ty? (5.76)
| 3TV 6V i=1 T

Now, let XN= 0 and evaluate the limit

éN N/2
1im f(gN ) = 1lim |Z

N> e N> w 31V (5.77)
Eventually, the condition 2N > 3y is satisfied and the limit does not
exist, hence the density function is not defined at the origin. So
then, rather than dealing with the density functions, a generalization
(the likelihood ratio function) of the demsity function is used. The

likelihood ration function (A(X)) is defined as the ratio of two

probability measures

P(Y I*) ,
NE) = i LR
P(gN]-) uy - (5.78)

If the measure P(Xi-) is zero for some value of Y common to pl and uo,
with p; > 0, then

A
A(}{N) = .

However, if My and uo are zero, but the density function f(Y|+) is non

zero, then the likelihood ratio function is

ey

———— : (5.79)
f(gN|a) dg .

A(XN) =

If the density function f(XN ») is zero for some values common to dul

and dpo, then
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5
A(XN) = .

With the likelihood ratio function defined, there is now a vehicle for
dealing with the infinite dimensional observation vector. This vehi-~
cle consists of forming the finite dimensional likelihood ratio
(A(XN)) and passing the limit as N goes to infinity. To perform

this limiting operation and obtain a useful result, there must be some
quarantee that this limit will exist. The Martingale Convergence
Theorem (Wong, 1971) provides a necessary and sufficient condition for
the limit

lim AY) = A(y(v) (5.80)
1n 1) = (o)

to exist. For Gaussian measures, this limit will exist if the two
measures U, and U, can be shown to be equivalent. Before the con-
ditions necessary for this equivalence are established, it is impor-
tant to see how the likelihood ratio affects Bayes Rule.

Since the likelihood ratio is a generalization of the prob-
ability density function, it is suggested that with likelihood ratios
a more general specification of Bayes Rule is possible. This gener-

alization starts with N dimensional representation-

£(Y,.]8)
Az |6) N (5.81)
£(¥gle,)

where 6, is any fixed value of the permissible range of the parameter
® such that a likelihood ratio exists. Using the likelihood ratio in

Bayes Rule provides the result

f(g_Nle)f(e)

£(oly) =
JEQr [0)£(o)do
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AT | 8) £ ([0 £(0)

i

f(elXN) faCY |8)E(Y, |0,)E(0)d0
—N —N'"0

MY |0)E(8)
J’A(y_Nle)f(e)de (5.82)
If the limiting form of the likelihood ratio exists, Bayes Rule takes
the form

£(o]v(r)) = Ay(r)]|e)£(e) // Aly(t)|e)£(erde . (5.83)

The concepts of sufficient statistics and reproducing priors

to form a post density, are still applicable when dealing with the
likelihood ratio X(y(t)le), since all that is required is the appli-
cation of Bayes Rule. Generalizing the Factorization Criterion, a
mapping K(+) is a sufficient statistic if and only if

Arle) = skb.ebm) (5.84)
where g[k,é] is of fixed dimension. Placing this into the context
of Bayes Rule the post density is
g[{<,e]c(y(t>)f(e)
fg[K,e]c(y(t))f(e)de
g[K,G]f(e)

= (5.85)
4 f(numerator) de .

it

£(6]y()

The reproducing priors property can be demonstrated just as in the

finite dimensional situation, where the prior is chosen to satisfy

f(K=k,0) = g[K=k,§]///fg{K=k,6]d6 (5.86)
After the prior is chosen in this manner, the sequential form of

Bayes Rule is applied to show the reproducing property.

5.7 Equivalence of Gaussian Measures

In seeking the limit of the finite dimensional likelihood
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ratio, the main issue is ensuring that the two measures under con-
sideration are equivalent. Since, this study will be concerned with
Gaussian random processes, the question of equivalence can be answered
in terms of the mean value and covariance functions, Demonstrating
the equivalence of two Gaussian measures is the same as showing that
the Gaussian noise-in-noise detection problem is nonsingular (error
free detection is not possible). The Gaussian noise-in-noise detec-
tion problem (Kailath, 1970) with the hypothesis

n(t) ' (5.87)

Il

H0 : x(t)

H

it

1 x(t) z(t) + n(t) , (5.88)
where n(t) is a zero mean, white Guassian noise (WGN) and z(t) is a
Gaussian process, is non singular if
E(n(t)z(s)) = 0 , t>»s (5.89)
and
T
f E(z2(t))dt < & . (5.90)
0
A more general statement of equivalence (Shepp, 1966) is possible by

restating the problem as one with the hypotheses

Hs ' x(t) is a zero mean WGN process with covariance
G(tfs) R (5.91)

H ¢ x(t) is Gaussian with mean function m(t) and
covariance R(t,s) . (5.92)

This problem is nonsingular if and only if the covariance (R(t,s)) can
be written as
R(t,s) = 8(t-s) + K(t,s) |, (5.93)

where K(t,s) satisfies

T .
fj K?(t,s)dtds < o (5.94)
0
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When the function K(t,s) is a covariance function, this problem re-

duces to the problem previously specified. When K(t,s) is not a co-

variance function, it can be shown (Kailath, 1970) that the problem

can be restated in signal plus noise terms.

As an example of determining the equivalence of two Gaussian

measures, the following problem is considered. The hypotheses of the

problem are

o

ve

2 .

H : x(t) is a zero mean Gaussian process with

o2 o~b|t-y|

R (t,u) =
{8 2b

x(t) is a zero mean Gaussian process with

(5.95)

(5.96)

To apply the test for nonsingularity specified by equation (5.93), a

filter is found such that on hypothesis Hj

§(t-u) = [fhWO(t,x)RHO(S,t)hwo(u,y)dxdy .

The impulse response (hwo) of this whitening filter is

h, = %—(5(t—u) + b G(t—u)) >

0
and the transfer function is
] jw + b
HWO(Jw) = o "

which has been determined from
. 2 -
IHWO(Jw) [2 = 2

The response under H1 of this filter is given by

Rgl(t,u) = ” hwo(t,X)RHl(x,y)hwo (u,y) dx dy

(5.97)

(5.98)

(5.99)

(5.100)
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Rsl(t,u) = %z [f ( g(t—x) + b 6(t—x))§§~e_p,x_YI( g(u—y)

+ b 6(u~y)) dx dy

- %2 f (S(t-x) + b 8 (t-0) (52 B, (x,u)
1

| + bRH (x,u)) dx
1

2
= —;- 9 R (t,u) + b i;l{ﬂ (t,u) +
@® [ srau Hj ou H,

b 2R (t,u) + b2Ry (t,u) | .(5.101)
ot H1 1

As a result of this filtering operation, equivalence of the two mea-
sures is insured if Rﬁ (t,u) can be written as
1

RI’; = §(t-u) + KI’_"I (t,u)
1 1

where Kﬁ (t,s) is a square integrable function. The only non-square
1 B

integrable part of Rﬁ (t,u) occurs in the first term, which is
1

1 2 . i[z %p —Plt-u,]
a2 ptae tu, (BW = w2 (078 (tw) - =F e J - (5.102)

It is apparent that if a? = g2 then the condition for non-singularity
is satisfied. Since the problem is Symmetric, the problem'is repeated
by whitening on Hl‘ The result of this operation provides the same
condition (a2=02)’to insure non—singuiarity.

Another, more easily applied test for equivalence of two
measures is one given by Feldman (1958). uUnder the condition that the
Gaussian measures po and ul have covariances which admit rational
spectral densities (degree of numerator polynomial strictly less than
the degree of the denominator polynomial) then a necessary and suffi-

cient condition for the equivalence of the measures is
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Sy (w?)
lim 1 = 1 |, (5.103)
a4 > o« 2

s“o (0%)

where

S (w?) = [r (e IuT qy (5.104)
Hy 'Lll
S (W) = [Rr (e doT gy | (5.105)
Ho Hp

Application of this test to the previous problem provides the same
condition for equivalence (a2 = ¢2). Slepian (1958) using a theorem
due to Baxter (1956) provided a sufficient condition for non-singu-
larity of the problem just considered. That is, assume that under
both hypotheses, one has a Gaussian process with mean function of
bounded variation and covariances Ry and R; that have bounded second
derivatives Bz/atas(Ri(t,s)) on (0,T)X(0,T) except at t = s. Under
these conditions, define

)
T - 2
Ri s Rl(t,s) s (5.106)

o?(t) = RI(t,s7) - R!(t,s") , (5.107)

i 1 1
then a sufficient condition for non-singularity is

ob(t) = o¥(r) . (5.108)

In summary, the problem of non-singularity (equivalence of

measures), where WGN is present, can be resolved by insuring that the
same intensity of WGN is present on both hypotheses, and the signal
process has finite power. Without WGN, equivalence is assured if the

high frequency behavior under both hypotheses is the same.



CHAPTER VI

THE CONTINUOUS ESTIMATION PROBLEM

6.1 Introduction

In dealing with discrete process representations, it became
evident that an intimate relationship exists between the parameters
of the difference equation and the coefficients in its spectral den-
sity. It was clear that specification of a finite set of parameters
was sufficient to characterize either representation. Further, the
discrete time representation allowed specification of a probability
density function for the parameters and observations. The other as-
pect of note was that with a difference equation model, a Markov de-
pendence existed which facilitated the use of Bayes Rule.

This chapter concentrates on obtaining the spectral estimate
of a continuous random process. The estimate will be obtained
through a limiting procedure performed on an equivalent discrete time
representation of the process. The parameters that specify the spec-—
trum will be characterized by a probability densigy,function, rather
than a point estimate form. This is a major departure from other
approaches to this problem, since there is mno "'goodness" criterion
which is to be satisfied by the solution process. The problem will
be attempted in a manner that "holds off" specification of a good-
ness criterion, and instead seeks a probability density function

which in turn could be applied to any arbitrary criterion.

87
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The processes under consideration are a finite part of a zero

mean stationary process with a spectral density of the form

S(w) = ___0;2___

%{(wz + p3)
i=1 (6.1)

)Pi%pj .

Processes with this spectral density can be modeled as the solution
of a linear Mth order stochastic differential equation excited-by
white Gaussian noise. The process so modeled is Mth order, Markov,
and Gaussian, hence the set of parameters {02, pilifl}’ provide a
complete description. The sample paths of this process has rather
nice propefties. The sample paths are almost everywhere uniformly
continuous, bounded and M-1 times differentiable.

The estimation problem consists of finding the set of param-
eters {pi,oz} in the spectral representation, given that the obser-—
vations have an all pole spectral demsity. Initially, the order of
the process (M) will be assumed to be known, but this assumption will
be removed in the next chapter. The parameters {pi,oz} are considered
to be random variables, and a post density for these parameters will
be sought via the application of Bayes Rule. The post density will be
found through the use of a limiting procedure performed on a discrete
representation which has the same second order properties. As men-
tioned in the last chapter, there are several technical difficulties

involved in performing this procedure analytically.

6.2 Preliminary Requirements of the Estimation Problem

The first difficulty that arises is the evaluation of the nor-
malizing factor (integral) in Bayes Rule. That is, in evaluating a

post density for a parameter, say 6, by use of
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Gy X, 0) £C0]x ) (6.2)
6.2

£(o]x,) =
& JE(x %, 0 £(6x,_;)de

the attainment of the result of (f(e[gk)) analytically depends on
being able to evaluate the integral in the denominator. This prob-
lem is alleviated if one chooses the prior density on the parameter
(8) out of the class of priors that reproduces. In so doing, the post
density is a member of the same class, and the integral evaluation re-
duces to identifying the normalizing constant for that class.

A second difficulty arises when attempting to take the limit of
the probability density function as the samples become dense in the
observation interval. It was pointed out in the last chapter, that
such a limit does not, in general, exist. This difficulty is circum-
vented by the introduction of the Likelihood Ratio function (LR) where
the LR is defined as

Mxi,0) B £(x[0) / £(x,]0,), (6.3)
where 6y is any member of the space Qe such that the LR exists. With
the LR function defined, Bayes Rule takes the form

A(X, ,8) £(0)
(6.4)

£(o|x) =

and now attention is directed towards the conditions required for the

fAng,e) £(e)de

convergence of

£(x, [0)
lim A(g%,e) = lim ___ > A(xt,e) . (6.5)
koo ko £(X[0,)

The convergence of this limit can be tested via the application of
equation (5.70). That is, the process under investigation is assumed
to be an Mth order Gaussian process with a spectral density of the

form
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52
S (w) = M > P. ¥ P, (6.6)
: (w? + p3) P
is=1
a correlation function
M -pi|T] '
R(D = o | {——————}, Py # Py > (6.7)
i=1 2p; (py - PP)

and measure u. To determine the LR function, it is necessary to

assume the existence of another measure uo with

b2
sd(w) = N , a4 #ds s (6.8)
% T (w2 + qg) J
. 1
i=1
N e_qi(T)
RI(T) = b% ] N, s 4y F 9y . (6.9)
i=1{2q; T (q; - q3)
: i=1
For the existence of the limit
£(X, | )
lin AX,) = lim ——— = Lin & (6.10)
ko koo fO(gkl-) koo GHO

the two measures P and Uy must be equivalent. The necessary and suff-
icient conditions for this equivalence are found from the satisfaction

of

Sx(w)

lim
wr  S0(w)
X
The conditions that satisfy this requirement are observed to be M=N,
and b2 = ¢2. This means that the model that generates the observa-—
tions process (Ek) must be of the same order (M=N) under both measures

and have the same intensity driving function (b2 = 0?).
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6.3 The M=l Estimation Problem

The second order properties of the M=1 process are character-

ized by
2 _
R (1) = -2 oPT] €6.11)
X 2p
S (w) = __9% . (6.12)
X w2+p2

In consonance with the discussion in Chapter III, the equivalent dis-
crete model (same second order properties) is given by

X, = (1 - Ap)xk_l + Ly , (6.13)
where A is selected so that

- Ap)t/N » e Pt pann

N (6.14)
A0

The driving sequence Ly 1s white zero mean, Gaussian with variance o2A
and uncorrelated with Xp. The parameters (p,0?) are considered to be
random variables, and a post density function will be sought to de-~
scribe their behavior. To begin, the conditionmal density function for
the observations is determined. Since the observations are Gaussian,
the one step transition density is specified once the conditional mean

and variance are determined. From equation (6.13) and the knowledge

that
oA k =n
E(z.z ) = (6.15)
k’n 0 k#n ,
and E(cnxk) = 0, for n > k, the conditional mean and variance are
E(x |z, ) = %X,_1(1-4p), (6.16)

Var (xk,xk_l) = g5 (6.17)
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Now, the one step density is
« -1 (x-- 2
f(xklxk_l) exp{ o2; (Xk (1 Ap)xk_l) } . (6.18)
Using the properties of the M=l process under consideration, the

N step density is
N
£(X|%0,0%,p) « exp - LT (-Qe-tpdx, )% . (6.19)
202A i=1

The formation of the LR function will be complete if it is now assumed
that there is another density function
2 ].N 2
f(§N|XO,n ,po) « exp - Egzzizl(xi—(l—Apo)xi_l) , (6.20)
that corresponds to the correlation function
2 .
RO(M = e poltl (6.21)
2p0

and spectral density

0 _ n
S (w) = 77 p% . (6.22)

The Likelihood Ratio function (LR) is now formed as
2
£(Xy|x 50%:P)

MEylx 0507 = - , (6.23)
£(Xylx0%,p )

which provides the result

1
202A i

N
exp -~ ) (Xi —(1*Ap)xi_1)2
=1

2 =
A(§N|x0,p,c ) s (6.24)

N
exp - E%YZ'.Z (xif(l—ApO)xi_l)z
i=1
where p0 is any fixed element of the parameter space, so that the LR
is defined. The estimation procedure now turns to investigate the be-
havior as N » «» (A » 0). To insure the existence of this limit, the

requirement left to be satisfied is that o2 = n?, Incorporating this
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into equation (6.24), and letting P, = 0, the LR function takes the

form

N
A(XNIXO,P,02)= exp - '21( x2-2(1-Ap) %, i¥5-1 +(1-4p) 2x2 < l)
l=

—( -2% %5 (6.25)

2
i- l i—l)'

Performing the reduction that is indicated, equation (6.25) is now

2 Ve ewp L
A(_&—NIXO:G ’P) €Xp

N N
2,22 V'
2970 Z A“pex“ i-1 + 2 ZAPXiXi-l

ci=] i=1
N

- Z 2Apx _1 . (6.26)
i=1

At this point, it is convenient to expand certain factors, before

taking the limit N + « (A » 0). That is, expand the cross product

term
N N N
= 2 2 _ _ 2
2.2 X% g .Z (xl + xi_l) .Z (xi Xi—l)
i=1 i=1 i=
N N
= 2 Z X:]%-l - Z (Xi - Xi,.]_)z - (%2 - x2) L(6.27)
i=1 i=1 0 N

The LR function with this expansion inserted is now of the form

IX » 0 ,P) = eXP{— —2}—[P Z Xl—lA - P Z(X - Xl 1)

i=1

- p(x% - xﬁﬂ % .(6.28)
At this point, the limit N » « will be taken to obtain the contin-
uous LR function. The limit will be defined for a growing number of
observations (N) in a fixed observation interval (T) ﬁhere T = NA.
Using the sample path properties of the M=1 model, the observations
are almost surely sample path continuous, and hence, the first sum in

equation (6.28) converges to an integral. The second sum in equation
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(6.28) under the stated limiting conditions will also converge to a
known quantity which will be justified in the next section. For now,
the limit of this sum will be defined as
N
lim X (x. -~ x. )2 > o217 . (6.29)
Moo q=1 L 37
A 0
With these considerations in mind, the limit of the likelihood ratio
function is
T
Alx Ix ,P,02)= exp S pzj x2(t)dt - p(x2 -x2) -po?T .
7o 252 0 0 T
(6.30)
Having found the limiting form of the LR function, Bayes Rule can be
applied with the conjugate prior for the parameter p. The sufficient
condition for the existence of such a prior was shown to be the exist-
ence of a finite dimensional sufficient statistic. Application of the
Factorization Criterion to equation (6.30) shows the sufficient sta-
tistic to be the set of measurements

T
Choosing the prior for p as N(u,n?), the application of Bayes Rule

T
J x2(t)dt , x% , x2
0 «

provides the result
1

2 _ T » 2y (? w2
f(p|xt,x0,c ) « exp 262 {pZIO x“(t)dt - p(c T+(x0 ~xT))}

. exp {— L p-w2) . (6.31)
2n2

Rearranging the exponential factors, and completing the square in p,

the result is
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1 2
£(plx5x%0,0%) = expl- 50 ( fq(;x?—dt + _z_z.)

2
+ 2uc ) 2

2 2 _2
(0 T +(xO XT) n

p -—
T 2 0'2
2f0 x?dt + 97 (6.32)

n2
From the form of the right hand side of equation (6.32), the post
density is recognized as Gaussian. Hence, the normalizing constant

can be determined by inspection. The post density for p is

2u02
n 2

2 2_,2
0T + (x4%-x +
(x3-x2) .

T 2 s T 2
2([0 x2(t)dt +<§7 ) fo x2(t)dt + gf

where p is the prior mean and n? is the prior variance. Under the

assumption that n? >> 02, the post density becomes

2 2 _.2
T + -
zfg x2(t)dt fg x?(t)dt

which is precisely the result obtained if a locally uniform prior
has been chosen.

The result just achieved, analytically, was based on a
Gaussian prior. A real Bayesian approach would consist of using a
Gaussian prior truncated to the positive side of the real line. This
choice is made by virtue of the requirement that the quantity in
equation (6.14) approaches e Pt Although this truﬁcated distribution
would reproduce, the result achieved is difficult to handle analyti-
cally and provides little insight. Rather than handling the con-

straint at the beginning of the problem, it is more efficacious to
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solve the unconstrained problem first and then to handle the con-
straint by determining the modifying factor, equation (6.14), to

yield the constrained solution.

6.4 The M=2 Estimation Problem

The case of most interest is the M=2 process with spectral den-

sity and correlation function of the form

2 -py|T -po | T
R (T) = ; : " 2)'{P2e prlTl p;e P2 7] } 6.9
p,p, (P, -P] (6.
2
S_(w) = g .
* (w? +Pf) (w? +p§) (6.34)

The model that has the specified second order properties is charact~
erized by the difference equation

xl(n+l) = (2 - A(p1 +p2))xl(n) - (l—A(p1+ p2)+A2p1p2)xl(n—l)

+ A-z(n-1) s (6.35)

where z(n) is a zero mean white Gaussian sequence, that is independent
of the initial condition vector zg = (xg,%.1)- For this difference
equation to be representative, the sampling rate must satisfy the con~-
dition (p; + p,)4 << 1, so that

1 - e (PP, . (p, + b -
The procedure for finding the limiting form of the likelihood ratio
function is the same as the M=l case, with more details. This proce-
dure is carried out in Appendix D, only the results of this procedure
will be illustrated here. The conditional density for the observa-

tions generated by the difference equation model is
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N

2y « _ 1 _(2-
£(X |x0>%-15955 955 09 eXP{ T izl[xl (2-4q,)%; 4

+(1 - qu + Aqu)xi-Z ]%},
6.36)

where q, = (p1 + p2), q = P.P, and A = T/N . Forming the 1likeli-
hood ratio and performing the limiting operation, the result is

= 1
)\(th_)go,cz,q) = exp{— —2?2—[:1% fxz(t)dt + qlqz(x% \—x%)

+q3[%2(t)dt -q, (02T + %3 -%2)
-2q, [%2(t)dt - ¥ - x % 6.37
a2 (0de - 2q (% xoxo)” (6.37)
Noting the form of the likelihood ratio function, it can be readily
discerned that the finite dimensional sufficient statistics are the
set of measurements

[¥(t)ae, [R(v)de, x,, %, X kg

Using a locally uniform prior q, and assuming that the end condi-
tions have a negligible effect, the post density found from the appli~

cation of Bayes Rule is

*2
£(q]x,,x0,0%) « exp {- z_i_z_[fz Xz(t)dt[ql_ E—S—)iﬁ}
) [x2(r)yae }d)(6.38)

. ST c200yae (g 92T 32
exp{: o2 [IO %< (t) t(qz Zfiz(t)at) ]}.

From this formulation, the joint post density is seen to be normal,

independent with parameters

_ Jx¥(va o?
Q = s Var qy= —————— (6.39)
[x2(t)dt b[x2(p)ae
02T o2
qy = ———— 5 Var g~ ————— (6.40)

2[%2(t)dt J22 () de
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An interpretation for the parameters of the demsity is available upon
use of the ergodicity of the stationary Gaussian process under consid-
eration. That is interpreting the integrals as
-1,
l.i.m. T [ %2(t)dt - R.(0)
T = o 0 X
-1.T
1.i.m. T [ x2(t)dt - R_(0)
T > o 0 x
Then the mean and variance take the form
TRX(O)

q, = lim gy T PP T 4
T » o X

_ o%T
g = lim ———— > (p; + Py = 9,
T - = 2TR-(0)
X
02
Var q; = lim —— > O
T+ « TR (0)
X
02
Var q, = lim — > O

T+ e« TR-(0)
X

From these interpretations, the results are recognized as being un-
biased and consistent. Applying these same considerations (envoking
ergodicity) to the M=l result shows that it has the same properties.
the result achieved for the M=1, and M=2 estimation problem are in
consonance with the work of Hajek (1962), which proceeds from a

different starting point than presented here.

6.5 Estimation of the Random Parameter a?

To this point, the post densities presented as the final result
were conditioned on the parameter o2, which is to be estimated or else

known a priori. It is the purpose here to remove this conditioning
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and to provide a means for determining this parameter. The vehicle

used to perform this estimation is a theorem due to Baxter (1956).

If the random process x(t), te[p,T] is Gaussian with a mean function

that has a bounded first derivative and a continuous covariance

function R(t,s), with a bounded second derivative except at t=s, then
on

k-
. - ky _ 12 T ..
lim B = lim Z(X('z'ﬁ) x(___zn)) > fof(l.)dt ,  (6.41)

n > n >

where £(t) is the jump in the first derivative of R(t,s) defined as

f(t) = 1lim R(t,t) - R(s,t) lim R({t,t) - R(s,t)
s >t~ t-s s » tt t-s

(6.42)
The existence of the first derivative at t=s is not assumed, in fact

it is not wanted, since this would make f£(t) = 0. Equation (6.41)
indicates that as the sampling becomes dense in the observation in-
terval (A = T/2D), the random variable By approaches its mean (the
integral) almost surely. As is stands now, equation (6.41) is not
rich in its meaning to the problems under consideration. To provide
meaningfulness to these statements, attention will be focused on the
M=1, and M=2 process being considered.

Begin by considering the M=1 process with correlation function

R (T) = 'g%e |7 | (6.43)

and complete the mean and variance of the random variable BN.

Through the application of the Chebyshev Inequality

_ Var(BN)
Pr{(BN - BN) >e } < —‘;;;*—— > (6.44)
and the Borel Cantelli lemma, it can be shown that
B. - B, (6.45)

N N

N-> o
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almost surely.

The significance of equation (6.45) is demonstrated through
the computation of Eﬁ. Let A be the first difference operator, and
let 6 be used for the time step A to avoid confusion with A, then

éxk = X( ) - X(T) ]

- . + . . n
ik E(éxj,égk) , for j,ke T'with1l <j, k<2,
2n
By .= ) bx” s
k=1

and re-define the sampling interval to be § = T/2™ and hence t;= kT/2%8

for k = 1,2, ... 2%, The mean cof By is

]

E(B,) EE(xk—xk__l) 2

i

JE(Ax )2 =]}a
k k i kk

2] (R (0) - R(8)) - (6.46)
k

Under the fast sampling condition pd<< 1, the mean becomes

E(By) = 2 2 ——(1 e Py
n
=2 2 —(p6> + 0 2)
k=1 2P
21‘1
-2 s 062 (6.47)
k=1

so that in the limit

zn
lim  E(BY) = lim Yo%~ j o2dt = ¢°T . (6.48)
n > n +» © k=1

§ ~0 § -~ 0

The significance of this result is that the measurement described by
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the random variable BN’ has as its mean a scaled version of the random
variable being estimated (0?). So now, motivation for showing that
the random variable converges to its mean, has‘been provided. With
this motivation, the computation of the variance is begun. The var-

iance of By is computed as

B = [ o -[od - 1T sadged
- J kj

= ] E(Ax}) + 2)) E(éxﬁgxg) . (6.49)
j=k i>k

Since Axk is Gaussian, then

by o 2y2 A 4.2
E(Ax)) = 3E(axD)? 8 322

and
E(éxiéx?) = E(éxi)E(éxg) + 2E(éxkéxj)
= akk ajj + Zagk R
so that
EBY = ] 3afy + 2]) agay; + 2% . (6.50)
j=k j>k

The variance of BN is then

Var(B.) = z 3aZ, + 2 zz a,,a.. + 2a2, - Xa - ZZZ ARy
N £ kk 5k kk“3j jk i fc o ii
= 2) aZ, + 422 agk (6.51)
j= j>k
= 2{}ya%,} (6.52)
fic I8

Interpreting the constituent parts of equation (6.51) in terms of the

given correlation provides the result

E(0x?)2 = 2(R_(0) - R (8))2

i

2
qKk

a2 + (0(62))2 , (6.53)
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a0 = E(mox) = 2R (G-I - R (G-k-1) - R (§-k+),(6.54)

jk
where

R(-0= R ((G-K)8) = g% e PURS - for 4 > k. (6.55)

Using equation (6.55), under the coadition p§<< 1, in equation (6.54),

i

_ _02(, —ps(j-k) -p8(j-k+l) -p&(j-k-1)
ajk = E(éxkéxj) = §E~2e —-e -8
o? [ -ps(3-k)
=55 |8 (2 - 2 cosh pé)
P
2 2 )
g2 084k ~-0°pé _ .
* 2 [e PO (p2ey | < [P0 (6.56)
P 2
a? <493§ﬁlf
jk = 4 (6.57)

The variance with the above reduction inserted is now in the form

n 21'1"211
Var(By) <2 ] %2 + 2] o%%p? (6.58)
j=k=1 >K 4
< wp2 ¢ 1 EE, IE_
Var(BN) < 2 g?Te { o + 5 57T 1. (6.59)
How, apply Chebyshev's Inequality to find
Pr{lBN —E_Nl > e} < Var (BN) , (6.60)
82

let € = n/v¥2% then

— n 2%4T? j1 272

P - e e . :
r{ IBN BNl 2 \/zn} - n? {2“ E’ZrT—FT (6-61)

With the observation interval (T) fixed, the quantity on the right

hand side of equation (6.61) is bounded. Defining the event A, as

Then since

~1
o
~
g
o]
.
il
|=
N
A
8
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application of the Borel Cantelli lemma gives the result that the
random variable By converges almost surely to its mean (EN=02T), as
the sampling becomes dense in the observation interval.

Another interesting aspect of this result is the behavior of
the increments (Axk) as the sampling rate becomes high. From equa-

tion (6.56) the increment to increment correlation is
E(éxkéxj) =

As the sampling interval ( §) becomes smaller, the increments be-
come independent, since the éxk are Gaussian. This suggests that the
random variable BN, since it is the sum of squared Gaussian random
variables, could be modeled as chi -~ squared (x2).

To extend the result to processes of an order higher than
M=1, an adaptation of Baxter's Theorem, equation (6.41) ,due to
Slepian (1958) is invoked. This extension is valid when the corre—
lation function R(t,s) has derivatives of an order less than 2M-1
which are continuous at t=s and the process X, is M-1 times differ-

) 2M-2 , . ‘
entiable, with R (t,s) as the correlation function of the process
(M—l{ . - .

X t). Under these conditions, the condition equivalent to

equation (6.41) is

2" :
. (M-1) k M-1) k-1 T
1im = lim } [X Gm)-X G {~—=102  _(t)dt
ol T Ly 2 2 [ o ’
8 >0 (6.63)
where OEM—l is the jump in the 2M-1 st derivative of the correlation

function at t=s, with

20
. : -1) k “1) k-1.)2
n -+ o n > e k=14,
§ +0 (6.64)

for derivatives of the order p < M-1.
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Now this result is applied to the M=2 process with the

correlation function

o2 -p. | 7]
RX(T) = 5 o2 - 2) ( p,e 1 -
p,P,(P5 - P§ (6.65)

which under the conditioms of fast sampling ((pl + pp)é<< 1) reductes

to (for small m wvalues)

2
R (mé) = g (p,(1-pm 8)- py (1-p,m &) -

2p,p,(p3 ~ pd) (6.66)

Using equation (6.64) with M=2, the implication is that

2n
lim B = lim ) (x(X) - xd&Liy)—o0
n > « 1°N n > ® k=1 2n 2n

To see this, the same procedure will be carried out as was used for
the M=1 process. Using the fast sampling representation for the

correlation function , equation (6.66), the mean of lBN is

2" K k-1 2n
E(;By) = £~1E(x(~aﬁ) - x5 - ZE_l(RX(O) - R (),
2n )
E(.B) = 2 9 (p1-p,) ~{((p,~Py) +(PyPp~P1P )8 )
1°N - 2p1pi(p§—p%) 17P2/ 27P1 1P27P1P2
E(ByY = O (6.67)

The variance computation for the random variable lBN , provides the

result
2n 20
var(,B,) = 2} E(ax2)? + 4)) E2(8x, bx.),
L Sokel K O
where
N
E(Ax. A = 2R(i-K) - R(j-k-1) - R(j-k+l) = ——2—— 4
(_kaxj) (i-k) @ ) (3 ) (Pl +p2)2 st

il
o
-

E(éxk)z
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and the Borel Cantelli lemma shows that for the M=2 process

By — iﬁg , for i = 1,2

with probability 1, where 1§§ = 0, and 2§§'= ozT.. The consequence
of all this is that through the application of Baxter's Theorem,
equations (6.€63) and (6.64), there is a measurement that can provide
an estimate of the random parameter 2. The accuracy of this esti-

mate can be bounded through the use of Chebyshev's Inequality.

6.6 An'Engineering Approach to Baxter's Theorem

An interpretation, in terms of linear filtefing of a random
process is possible for the operations indicated by Baxter's Theorem,
equations (6.63) and (6.64). Through this interpretation, insight as
to the fundamental properties being employed can be obtained. To
begin with, interpret the relationship

N=21

k k-1 _
T kzl("(‘iﬁf -G By (6.73)

as a filtering operation followed by a measurement, where the filter

output is denoted by

d(k) = x(%%) - x( 11;"1) . (6.74)

The measurement is inferred from

By = Edz(k) = N Ry (O , (6.75)

with Rd(O) as the output power of the filter and N = T/ § . The trans-
fer function of the filter described by equation (6.74) has the

squared magnitude

IH(w)l2 = 4 sin?(w 6/2) , (6.76)
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and the output spectral density is

S, = 4 sin’( 6/2) 5 (W) . (6.77)
For values of w which are small compared to 1/ 8§ , the output spectral
density has the form |

Sd(w) = wzﬁzSX(m) , (6.78)
which shows the filter to be a differentiator for low frequency
inputs. Specific illustration of this behavior is presented in
Figure 6 , where one period of the filter transfer function is
plotted for various rates ( §). As an illustration of this filter-

ing interpretation, a second order process with spectral densities

2
S (U)) g )
X (w? + 1) (0?2 + 100) (6.79)

1

and

i

8, (w) w?S (@)

is processed by the filtering operation described by equation (6.77),
for various sampling rates (8). Figure 7 illustrates the response
of the filter to the observations process, and Figure 8 illustrates
the response to the derivative process of the M=2 model. For the
observations process, as the sampling rate becomes smaller, the re-—
sponse compresses both in frequency span and magnitude, As a conse-
quence of this compression, the output power (Rd(O)) approaches

zero rapidly. This is in consonance with the result predicted by
Baxter's Theorem, since for a second order process, the mean of the
random variable 1By approaches zero under fast sampling conditions.
The result of passing the derivative process through the same filter

shows a flattening and spreading of the spectral response, from

which it can be inferred that the output power is settling to a non
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Figure 6. Squared Magnitude Filter Response for Various Sampling
Rates ( §)
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Specified by Sampling Rate (§).
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zero constant, which is the result predicted by the application of
Baxter's Theorem to the derivative process.

In performing a simulation of the process just described, a
discrete model is used to generate the observations process and an
approximate derivative is formed from a difference quotient of the ob-
servations. To insure that the properties given by equation (6.73)
and its adaptations, are still valid, the following analysis, in terms
of filtering operations, is carried out. Analysis of the filtering
operation is carried out through the use of Z transforms, and by
specifying the order of the model. For the M=1 discrete process, the

correlation function is of the form

R(n ) = —Z%e‘l"“‘” (6.80)

Taking the Z transform of the correlation function, the result is

-2p §

S e
Z{R(n 6 ) }= —< 4 (6.81)
" 2p Il - e P 6212

where

O [ve)
Z{f(n§)} & ) £ 6)z® + ¥ £(n6)2" - £(0) .
— 0
Performing the filtering on the random sequence, the output spectral

density is

il

84(2) [H(Z)|? s_(z)

[

- 2 -
a-zh (1—zl)L(1-e2p6)
2p

1
(1 -eP 2y - e 771

(6.82)
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Application of the inverse Z transform, to find the output correla-

tion, provides the result

4; S4( 2) 2" laz = Rry(nd) (6.83)
z =1
and
Ry(0) = 5{5 Sq( 2) 27tz
zZ=1

f (1- 2)(1- z"1y z71 .
7=1 (1- e P %2)1- e P %27h (6.84)

Ry(0)

After performing the contour integration, the output power is

2 -p 8
Rg(0) = & 21 -eP°%) .
d 2p (6.85)
Under the assumption that p 8 << 1, the expression for the output power

reduces to

2 - 2
R (0 = & 20-eP% = & 255 = o268
Y 2p 2p (6.86)

where & is the sampling interval. After scaling by the number of
observations (N), this is precisely the result desired. Extending
these thoughts to the second order process, the filtering will be
performed on the observations and derivative processes. For the sec-—

ond order process, the model

x(n) = a;x(n-1) - a,x(n-2) + ¢ (n) , (6.87)
with

z (n) = N(0,0% 3)

a, = (2-8(p, *+p,)

a, = (1-8(p, +p)+0pp,)

has correlation functions represented by
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I

2 3 m , ms
R (k §) =8 { Lol - — mf,_‘} ,
(m -mp) (l-mymy) L 1-m3 1-m3 (6.88)

It

2
R.(k ) o 8 {!:22_.m§-ﬁiﬁhﬁ.m§ )
* (m) -m,) (1-mm) | (I4m,) 2 THm (6.89)

~

where m,,m, are related to the coefficients a;,a, through the char-
acteristic equation. The spectral density representations for the
observation and the derivative processes, found through use of the

two-sided Z transform, are

02 &3
S (2) = ,
X [z -mp)(z ~my) |2 (6.90)
S:(7) = a2 s (1—m2)2 _ (l—ml)2
* (my-my) (Lomymy) [z -my|2 | zem |2 . (6.91)

Processing the observations with the filter specified by
H(2)|2 = (-zHa-gz) | (6.92)

the output spectral density is

Wwrha-z o,
[@ -m)( z-my) |2 ’ (6.93)

Sa€ 2)

and using the inverse transform, the output power is found to be

0?2 5§31~ z’l)(l- Yl

R (0) = dz
Z=1 |( Z-m,) (Z -m ) |2
R(O0) = 252 § 3
a(® = (l—mlmz)(l +m,) (1 + m; ) (6.94)
202 ¢ 3

(l—mlmz)(l + m, + m, + mlmz)

To reduce this to a recognizable form, the definition of the roots
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m , m, will be recalled. From the denominator of the spectral density,

the characteristic equation

z2- (m; + mp)Z + mm,) =0 . (6.95)
The homgeneous difference equation associated with this characteristic
equation is

x(n + 2) = (m1 + mz)x(n + 1) - mlmzx(n) . (6.96)

By association with equation (6.87), the coefficients (ai) are related

to the roots (m;) through the equations

m +mp =a; = (2-8(pp +pp)) = (1 -pi8) + (1 ph)s
(6.97)

mmp = 8 T (1 -(py + P)S + PP 2) = (1 - p8)( - pyd)
(6.98)

Using these definitions in the filter output correlation function
2 =3
R (O) — 20 6 s )
(l-mlmz)(l + (m; +my) + mlmz] (6.99)

results in the form

(2 - 2(p; + p)6 + P8 2)( (py+ 2,6 - p 257
. . X (6.100)
Upon scaling by N, and letting § become small, the result is
. 5 L a2T
lim By = lim NRd(O) = lim ———— ¢ § >0
§ >0 § >0 § ~ 0 (py +pp) (6.101)

which is the condition predicted, through the application of Baxter's
Theorem to the observations of an M=2 process.
Performing the same filtering operation on the approximate

derivative process, the output spectral density is

s.(z) = IH(Z)lZS}-:(Z)
5p(2) = g2 6 a-m)®  (-m)?
(ml-mz)(l—m m_) Z ~m, IZ ~m |2

!(1 -z ha - 21) (6.102)
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The output correlacion at k=0 is found to be

-1
R.(0) = S.(2) 7z dz
y ; 2?1 y
= 2025 (1-mp) 2 (I4my) ~(1-my) 2 (1+my)
(ml—mz)(l~m1m2) (l+m2)(l+m1)

(6.103)
Using the definitions for m; and m, , the result is further reduced to

2
R,(0) = - o
y (1 - BaP2 4 Pa¥Py _ PiPr s 4 o §2)) (6.104)
p1+p2 2 2/

Again, scaling by the number of observations and letting the sampling
rate become small, the result is

Lim  ,By = lim NR,(0) = lim o2N 6§ = o27T .
§ >0 § >0 § >0 (6.105)

In addition to the intuitive sense developed by the filtering
interpretation, there is confidence that use of a discrete observation
model will provide the result predicted by Baxter's Theorem. The
conclusion which can be reached from this exposition is. that through
the use of dense sampling, one of the random variables in the spectral
estimation problem can be determined significantly faster than the
others. Further conditions under which this result can be used, and
an empirical justification of this statement, is the concern of the

simulation studies to be presented.

6.7 Structure of the Simulation Process

Primary emphasis in the simulation studies is placed on the
M=2 process, because it exhibits the salient characteristics of higher
order processes and the presentation of results is more amenable to

graphic portrayal. The model used to generate the observations pro-
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process is the basic second order difference equation
x(n) = ax(n-1) + bx(n-2) + z(n)

where

a (2 - 6(p1 + pz))

It

- - 2

b (- s, +p,) + 8%;p,)

and ¢(n) is a zero mean white Gaussian sequence with variance o2 §3
with & representing the sampling interval.

The processing of the observations generated to produce the
post density for the parameter {pi i=1,2} is described by the modified
set of sufficient statistics for the M=2 process,

T T
Ixz(t)dt , [}Ez(t)dt . (6.106)
0 0
In the simulation study, these measures are realized by the set
N N
) x%(n)- 8, Y &) 8 ¢, (6.107)
n=1 n=1
where an approximate derivative is formed from the difference quo-
tient. Once this derivative is formed, the processing necessary to
determine the random variable o2 is described as
N
By = ! (x(m) - %(a-1))2 = oo1 (6.108)
n=1
where T is the n-1 observations interval. Central to theestimation
procedure is the choice of the sampling interwval (6). It is wunder the.
assumption that the sampling  rate is fast that these measurements
have meaning. The criterion, for the M=2 process, which till now has
been necessary to insure the results achieved, is described by

(p1 + pz) << 1. It might be argued that since Py and p, are random

variables, that it would be difficult to insure that such a condition
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is satisfied. In most circumstances Py and p, are sufficiently
separated so that the fast sampling condition is nothing more than a
Nyquist criterion, and hence requires the same magnitude of prior
knowledge as would the application of the Nyquist criterion.
Further, such a condition is a salient feature of the model approach
to spectral estimation, where prior knowledge can be used to set the

sampling rate.



CHAPTER VII

RESULTS OF SIMULATION STUDY

7.1 Introductory Comments

The significance of using an all pole spectral representation
was that the properties of the correlation functions, related to this
process, provided a vehicle for invoking the consequences of Baxter's
Theorem and its extensions. Succinctly, this theorem provides justi-
_ fication for the inference that the random parameter 02 (white noise
intensity driving the difference equation) converges significantly
faster than the other parameters (pj) in the estimation problem.
Further, this theorem provides the statistic necessary to learn the
parameter027under fast sampling conditions. It was demonstrated that

for an M=2 process, the random variable

h-=>0
N N - o«
2By = ) (%§ - %3102 — = E(;By) = o°T, (7.1)
i=1 a.s.

where T is the observation interval, converges to its mean. In addi-
tion, this random variable was shown to be the sum of independent,
identically distributed, squared Gaussian random variables, and under
fast sampling conditions, the variance is given by

Var( B = 2(a?T)2 / N . (7.2)
The details leading to equation (7.2) are provided in Appendix E
Using the mean to standard deviation ratio (u/o) as an indication of

the estimate's quality, where

118
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v By = 'g = %ﬁ 7.3

it becomes apparent that for fixed observation interval (T), a smaller
sample spacing (h) provides a better estimate (larger pu/c). Figure 9
illustrates the results of the simulation studies, where the empirical
u/o ratio is plotted versus the observation interval for various sam-
pling rates. As predicted by the analysis, if the observation inter-
val (T) is fixed, the use of smaller sampling intervals (h) produces

a larger p/o ratio. From these results, it appears that unless other-
wise restricted, there is a variety of T,h choices available to obtain
~ the desired accuracy in the estimate of the random variable o2.

Hence, at this point, the only limitiation on accuracy is based on the
ability to sample fast enough. This picture will be altered later in
this chapter, when quantization effects are included, but for now, the
view presented will be pursued. Tables 1 and 2 illustrate the p/o
ratio, for the random variable ZBN’ when different pole combinations
are used. The point of these illustrations is that fast sampling rates
render the behavior of the u/o ratio insensitive to the pole loca-
tions.

At this point it is instructive to establish the computational
method of determining the constituent parts of the p/¢ ratio. The
empirical averages of the random variable 2BN are formed by consider-
ing a fixed number of observations (7)) where

= M.N , (7.4)
with M representing the number of non-overlapping segments, and N re-
pPresenting the number of observations in each segment. The average of

éBN is then found from
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TABLE 1

MEAN TO STANDARD DEVIATION RATIO OF ,By FOR
VARIOUS (py,py) AT SAMPLING RATE h = 1x102

(p1=1,pp=5) (p1=1,p,=10) (p1=2,p,=10)

T(sec) u/o T(sec) wo T(sec) u/o

10.0 18.64 10.0 18.2 10.0 18.3
5.0 13.73 5.0 13.6 5.0 13.56
2.5 10.15 2.5 10.1 2.5 10.06
1.0 6.612 1.0 6.58 1.0 6.58
0.5 4,75 0.5 4.7 0.5 4.7
0.25 3.50 0.25 3.46 0.25 3.46
0.10 2.21 0.10 2.19 0.10 2.19

TABLE 2

MEAN TO STANDARD DEVIATION RATIO OF 5By FOR
VARIOUS (p;,p,) AT SAMPLING RATE h = Ix 10~3

(py=1,p,=5) (p;=1,p,=10) (p;=2,p,=10)
T(sec) u/o T(sec) w/o T(sec) ulo
1.0 18.65 1.0 18.7 1.0 18.6
0.5 13.83 0.5 13.77 0.5 13.7
0.25 10.3 0.25 10.2 0.25 10.2
0.1 6.65 0.1 6.62 0.1 6.61
0.05 4.78 0.05 4.77 0.05 4.76
0.025 3.54 0.025 3.53 0.025 3.53
0.01 2.22 0.01 2.22 .01 2.22
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1
B = & .Z By o - (7.5)

The procedure for determining the average from equation (7.4) and
equation (7.5) can best be explained via an illustration. Consider a
sequence of values for N, that is, N1=l, N2=2,.....Nk, where the Nj
are related to the total number of points (77), by

n = NM, o= NM, .. .= N M. (7.6)

The averages formed by the sequence are represented by

—M3 1 ) ) °9
B, = —MIX(_A_Xl) + (Ax3) + ... (AleNl) , (7.7)
1 L L] . . - .
B2 = = J(Ax2+Ax2)+ (axZ4Ax2) + ... (42 +Ax2 ), (7.8)
sl WL /Y L8310 ot £ 4
272 M2 1 3 L M2N2—l M2N2
My
—M 1
By K= =) B, (7.9
2°N, M, 27Ny
k=1
where
Ny
_ .. 2
By PRCHEE TP (7.10)
k i=1
Recalling that the mean of BN is
E(,By) = No?h , (7.11)

a relationship among the various empirical averages above, can be

established to facilitate computation. That is, since

BM - N 62h , (7.12)
2 N1 1
and
B M2 = N o?h , (7.13)
2 N 2
2
then
—M, _ Np M
2BN2 N 2BN . (7.14)



123

If, in addition, N =1, then the mean computation for the other Ni is
ﬁggM scaled by Nj.

Computation of the second moment presents a different story.
Again, the best way to understand the computation is through illustra-
tion. Using a fixed number of points 7] the averages will be com-
puted over M partitions of N points, so that 7/=M N. The computation

of the second moment for a sequence of values N=1,2,....k is rep-

resented by

g2 . 1 (A%2) + (ax?2) + (Ax2 . )2 (7.15)

271 M, 1 £% SN My

—M, _ 1 o2 *249 .0 ) 2

BZM2 = = (A%T + Ax35)2 4+ ... (A + A ) (7.16)

22 M, = T RR2 SMN,-1 M,

B2 M = Ly g )2 (7.17)

N, M ! Ny
where

Ny ,

Blglk = (1 (x5 - Xi_l)z) . (7.18)
i=1

The averages used to construct the results previously presented were
based on a value of 7] = 20,000. The largest value of N considered
was N = 1000, and corresponding to this N, the minimum number of seg-
ments is M = 20. This smaller number of segments (M), used for aver-
aging, accounts for the deviation of the computed p/o from the expect-
ed value at larger T. At the lower sampling rates (h=1/50, 1/25), the
pu/o ratio shows an increased departure from the value predicted by
equation (7.3). This increased departure is a resulf of non satis-
faction of the sampling requirement

(p1 + pz)h<< 1 s

so that
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e_(P1+P2)h = 1 - (py;tp,)h .

7.2 Discussion of Simulation Results

It was previously asserted that under fast sampling conditions
the random parameter o2 converged significantly faster than the other
parameters (q;) in the estimation problem. It is the object here to
provide a heuristic demonstration of this statement. The require-
ments of Baxter's Theorem demand sampling fast enough so that (for
M=2) the correlation function for the derivative process can be close-
ly approximated by a straight line. This means that the sample inter-
val (h) is picked such that the approximations

e_plh = 1 - p;h

e~(P; * P)h = (l - (p1 + pz)h)
are valid. Using Figure ll(Ri(T) vs T) to establish the range of the
h acceptable, it is apparent that h is picked where the sample to
sample correlation of the derivatives is high. Projecting this re-
quirement on the correlation function for the observations, Figure 10
(RX(T) vs T], the sample to sample correlation is even higher. The
effect this constraint has on the convergence of the parameters q, and

q2 is apparent through the relationship between the sufficient statis-

tics and the distribution parameters. The mean and variance relations

are

_ J3%-h _ o?T :

q = s (7.19) qo = z.zxz.h ’ (7.20)

}xZ+h i
i
o2 g2 .
Var q = , (7.21) Var q, = . (7.22)
1 xi-h Xii-h
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Figure 10. Normalized Covariance of Observations Process
Versus lag (T).
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Figure 11. Normalized Covariance of Derivative Process
Versus lag (T).
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where in-h and 2xi-h are the sufficient statistics. Interpreting the
sufficient statistics as the sample variance for the observations and
derivative process determined by periodic sampling of the random pro-
cess, an understanding of the requirement for convergence can be ob-
tained. The discussion below will be limited to interpretations
placed on the sample variance for the observations. The same argument
appropriately modified, can be applied to the sample variance for the

derivative process. The sample variance is defined as

N
R(0) = 2 ] x3h , (7.23)
Nh =1
with
o - 1 2y -
E(R (D)) = ﬁ'§ E(xZ) = R(0) , (7.24)
and
A 1 N N -
var(R _(0)) = 7z ) RXZ((i—j)h) - E2(R_(0)) (7.25)
ij]
where
h = sampling rate
N = Number of observations
T = Nh = observations interval.

Rearranging the double sum and using the Gaussian properties of the
observations, the expression for the variance is
. 9 2N—l
Var (R, (0)) = %(R,(0))2 + ﬁkZl(l - k/N2(R (K))2 . (7.26)
Next, to determine the effect of increasing the number of observations

(N) while keeping the observation interval (T) fixed, rewrite equa-

tion (7.26) in the form
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N-1
Var (R, (0)) = %(1@{(0))2 +-,_% 1 (1 - kh/T)2(R, (kh))2-h.
k=1 (7.27)
Now, if T is held fixed and N + « (h - 0) in a way such that Nh=T, the
summation becomes an integral and the variance expression becomes

lim Var(R (0)) = —%JT(I - Iy2(r_(1))24r . (7.28)

N » « 0 T %
As a result, it is apparent that the variance of this estimate will
not become arbitrarily small as N -+ « unless T also increases without
limit. This is precisely the same requirement previously indicated,so
that the estimates of the parameters 4, and q, would be consistent.
To achieve faster convergence for the estimates of the power, it would
be required to space the samples so that the sample to sample correla-
tion is small and hence the off diagonal terms in equation (7.26) pro-
vide a negligible contribution. This requirement contradicts the re-
quirement impoéed by using Baxter's Theorem, and hence, it can be con-
cluded that under fast sampling the parameter o2 converges much faster
than the parameters q, and q,. The consequence of this result is that
in using Bayes Rule to form a post density from

f(xtfg,oz,zo)-f(gJo?Eo)f(cz)

£(q,0%[x¢,x9) = , ,(7.29)
ff(xtlgfcz,xo)-f(glo?go)f(oz)dggoz

the random parameter 02 can be considered known and
2 = 2
f(q,U lxt’XO) - f(qut»XO,O ),02_ gz 3 (7030)
where 32 is the true value. That this in fact happens, will be borne

out by the simulation results presented.

7.3 Presentation of the Results

Before presenting the results of the estimation problem from
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the simulation studies, the method of presentation must be clarified.
Since it has been shown that the post densities being dealt with are
Gaussian, it is rather easy to specify the results by the mean and
variance. However, the mean and variance being specified is not that
of the parameters {pi}, rather, they are a function of these parame-
ters. Specifically, for the M=2 process, the random variables are

q3q; where

(7.31)

il

q p, +p

2 2 1’
a = PPy - (7.32)
The relationship between the parameters {qi} and {pi} is given meaning

by finding the complex spectral representation. For M=2, given that

2
g
= , 7.33
SW = W D W+ D) (7:33)
let s=jw, and then
2
S(s) = g , = > o? 5
|32 - (pl -+ p2)s + plpzl Is = q,s + qll (} "

The ‘% are the coefficients of the characteristic equation,

in the denominator of equation (7.34). Through the use of the char-
acteristic equation, it is apparent that although q, and q, are real,
the {pi} may be real or complex. For the M=2 process, the condition
to be satisfied for real poles (pl,pz) is qg 2 4q1. Based on the
model written for the difference equation, both P, and P, have posi-
tive real parts, and since the qi are real numbers, their allowable
range is depicted in Figure 12. All results of the estimation pro-

cedure will be presented in the q;-9, plane, with the real/complex

pole pair dividing line superimposed.
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Figure 12. Allowable Range of Parameters for the
M=2 Process.
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In presenting the results of the estimation problem with a post
density as an answer (M=2), the most direct way is through the use of
constant probability density function contours. That is, a probabil-
ity can be specifiec so that a contour in the q,-9, plane is defined,
and the parameters to be estimated fall within this contour with this
probability. The expression for these contours(ellipses) are deter-
mined from the joint probability density function for a set of N
Gaussian random variables, which is

£@ = (J2n/VHIMY) exp - 1at T . (7.35)
From the above representation, one can observe that the equal height
contours are given by the relation

atjlta = 2, | (7.36)
which is an equation for an ellipse when N=2. The ellipses move out
monotonically with ¢, and have the property that the probability of
being inside the ellipse is

p = 1~ exp(—c2/2) . (7.37)
To compute the concentration ellipse for the M=2 process, represent

the equation for the ellipse as

(q, - 1,)? (q, - n)? ‘
A Y (7.38)

Og o3

Solving this equation for q, in terms of q; results in

g, = w, +22 Vo2 c2 —(q, - 1% . (7.39)
2 2= 1 1 1 ;

If the parameter q1 is determined in terms of increments of its stan-

dard deviation by
q]_ - ul 4 ko»l R (7.40)

then the expression for q, is
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Q@ = oM * o? ¥ 2 (7.41)
where
c? = =2 log (1L -~ p) . (7.42)

For all the results to be presented, the probability (p) was arbitrar-
ily chosen to be p = .95, and the equations (7.40) and (7.41), were
used with numerically determined means and variances to generate the
ellipses.

Typical results of simulation studies are presented in Figures
13 through 15, where the 95% confidence contou;s are illustrated in
the q; (pypy), q, (p;+p,) plane for various true values. The rela-
tively rapid compression in the q, direction illustrated in Figure 13
is typical of large separations in the P, P, pair, and as previously
explained, as the observation interval increases the contours become
small. As the pole pairs get closer, the compression in the 9,9,
directions equalize. Again, this can be explained as a result of the
fast sampling required to invoke Baxter's Theorem, which in turn slows
down the cbnvergence of the parameters 9,59, - Table 3 illustrates the
difference in rate of convergence for the parameters oz,qz,ql, when
the true values are p;=1, p,=10 (q,=11, q;=10). Comparison of the re-
sults presented in Table 3 illustrates the statement that the random
variable ¢? is learned faster than the other parameters. Hence, rela-
tive to the estimation of the parameters (ql,qz) the parameter ¢? is a
constant. The effect of the sampling interval on the parameters g,
and q; is illustrated in Table 4. As can be seen from comparing the
results in Table 3 to Table 4,the increase in sampling dinterval (h)

slows the convergence on the parameters ¢? and g, while increasing the
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Figure 13. Pr = .95 Contours for True Values q,=10, q,=11, at

Sampling Interval h = 22103 for Various Observation
Intervals (T).
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Interval h = 1x1072 for Various Observation Intervals (T)



134

T=70s

7=30s
REAL _ -~ ~
T=60s -

-

- - T compLEX

Figure 15. Pr = .95 Contours for True Values q;=2,

q»>=3, at Sampling Interval h = 1x 102
‘for Various Observation Intervals (T).
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TABLE 3

MEAN TO STANDARD DEVIATION RATIO AS A
FUNCTION OF TIME FOR TRUE VALUES q; =10,
q,=11, AT SAMPLING RATE h = 2x1073

T(sec) (u/c)ZBN (/o) q, (W/a)q,
2 19 1.2 3.6
10 42 2.7 7.5
20 58 3.1 10.8

TABLE 4

MEAN TO STANDARD DEVIATION RATIO AS A
FUNCTION OF TIME FOR TRUE VALUES q =10,
9, =11, AT SAMPLING RATE h = 1x10~2]

T(sec) (u/o)zBN (u/o)q; (u/o)a,
10 19 2.9 7.4
20 26 3,6 10.3
30 33 4.4 12.5

TABLE 5

MEAN TO STANDARD DEVIATION RATIO AS A
FUNCTION OF TIME FOR TRUE VALUES q;=2,
9,=3, AT SAMPLING RATE h = 1x1072,

T(sec) (W/0) By (n/o)qq (/) q,

10 19 2.3 4.1
30 32 3.6 6.7

60 44 4.8 9.4
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convergence on g, . The results presented in Table 5 illustrate the
rate of convergence for the parameters when a different structure is
assumed. Predictably, the parameter o2 (ZBN) converges rapidly as in
the other results illustrated, but due to the high sampling rate, the
other parameters converge more slowly since there is a greater low

frequency content in the process.

7.4 An Alternative Method of Presenting the Results

One of the basic difficulties associated with presenting the
results of the estimation problem in terms of confidence contours, is
the absence of a direct method of relating the accuracy of the param-—
eters {oz,pi} to the accuracy of the spectral representation con-
structed from these parameters. One approach to this problem is to
present the estimated spectral representation by evaluation of the
parametric form

o2

S(w) (7.43)

% (w2 + p2)
i=1 1
with the mean values and specified extremes substituted. For the M=1
and M=2 processes under consideration, this is a relatively straight
forward, but tedious approach. For higher order processes, the map-
ping from the parameter space into the two dimensional spectral domain
via this alternative is not readily amenable to analysis.

Another alternative is possible through the use of an equiva-
lent low pass representation. This equivalent representation is de-
scribed by an effective gain (GE) and bandwidth (BE) where

Gg = max S(w) = S(0) (7.44)

w
and
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S (w) dw R(0)
2B, = L [swaa) : (7.45)
T GE GE
For the M=2 process described by
g2
S(w) = s (7.46)

(0> + pD) (w? + p2)
the effective gain and bandwidth are (provided Re Py > an pkl)

2 2

= 9 - 9
% - (7.47)
P,P q
2p, = P2 (7.48)

2(p,*+p,) 2q,

Introduction of this representation provides a means of obtaining an
equivalent Time-Bandwidth product (TBE). Blackman and Tukey (1959)
show that a good description of the stability of a positive estimate
is the equivalent number of degrees of freedom of a Chi-squared
distribution, where

2TB, = degrees of freedom (7.49)
This product then provides a measure of the length of the obser-
vation interval (T) necessary to obtain a specified quality of the
spectral estimate over the frequency range of interest. The basic
assumption in using the Chi-Squared distribution is the independence
of the observations. The independence assumption is not valid here,
however, the use of a TBp can still provide a guide to planning the
length of the observation interval, so that a specified quality of the
estimate g(w) is obtained. The use of the Time-Bandwidth product also
provides a means of comparing the variability of the overall estimate
without regard to structural distinction. For smaller Bp, larger ob-

servation intervals must be used to obtain a prespecified quality of
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the estimate.

To see how the TBE product relates to the accuracy of the
parameters being estimated, the mean and variance relationships,
equations (6.39 and (6.40), are employed. Interpreting the equivalent

bandwidth as

q (Plpz)
2B, = — = ————
B, 2075y
J%2(t)de 2f x2(t)dt
- . , (7.50)
2[x2(t)dt o?T
then
[x2(t)de
2 TBE = e . (7.51)
ozfxz(t)dt

Recognizing the factors in equation (7.51) that relate to the variance

of the parameters, the TBE product is
Var(ql)
2B = —————— . (7.52)
2
(Var(qz))

From this relationship, it is apparent that the TB_, product does pro-

E
vide a measure of accuracy, related to the parameter accuracy. How
this measure relates to the overall spectral accuracy will be demon-
strated empirically. The results presented will provide a mofe
appealing demonstration of the estimation technique, than those ob-
tained through the presentation of confidence comtours in the abstract
(ql,qz) plane.

The empirical presentation consists of an envelope of possible
spectral representations obtained from the 95% contours at different

observations intervals. This envelope results from the asymptotes of

the spectral density specified by the pole locations, which are
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determined by the relationships

9 = PP,

92 = p; t py
The spectral densities prescribed, are obtained from the data con-
tained in Tables 6 and 7 , which in some cases have not been illus-
trated in a contour format. The contours are readily determined
through the application of equations (7.40) and (7.41).

Figures16 through 21 illustrate the spectral envelope for a
sequence of Time-Bandwidth products. A cursory comparison of these
results reveals that the greatest spread of the asymptotes occurs over
the low frequency range. The behavior of the asymptotes reflects the
general characteristic of the estimation procedure. The high fre-
quency asymptotes compress rapidly, whereas the reduction in low fre-
quency variability requires longer observation intervals. From this
observation it is apparent that the length of the observation interval
controls the low frequency behavior. Comparison of the different
structures (pole pairs) presented, with a fixed TBE product, illus-
trates that the variability of the estimate is directly related to

this product.

7.5 Solving the Constrained Problem

Up to this point, the results that have been presented represent
the contours of the unconstrained solutions. Recall that the model
being used required that the parameters q,(p; + p,) and q;(p;p,) be
restricted to positive values. As mentioned in Chapter V, a direct
attempt at solving the constrained problem analytically dis difficult

and provides little insight as to the behavior of the estimation
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TABLE 6

THE TRUE VALUES q,=10, q,=11, AND SAMPLING RATE

h = 1/100.

T(sec) 2TBg -al Var q; aé Var qo
30 13.63  13.1 9.5 10.9 .73
60 27.27 11.4 4.3 11.1 .37
90  40.90  10.97 2.6 10.9 .24

TABLE 7

PERTINENT DATA FOR SPECTRAL DENSITY COMPUTATION FOR

TRUE VALUES q.=5, q,=6, AND SAMPLING RATE
1 2

h = 1/100.

T(sec) 2TBg '31 Var q, az Var q,
30 12.5 6.51 2.6 6.0 A
70  29.16 5.3 .96 6.4 .18

100  41.6 5.1 .62 6.1 .12
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results. It was proposed that an alternate approach, which is the in-
tent of this solution to demonstrate, be followed. First, solve the
unconstrained problem and hence find the respective post probability
density functions, and then modify this solution to reflect the con-
straint. This approach will be illustrated for the results presented
in Figure 13. Reference to this figure shows that for short obser—
vations intervals (T=2) the unconstrained post density has a signifi-
cant portion of its 957 contour in the negative q; direction. As the
observation interval becomes longer, the unconstrained solution be-
comes more concentrated in the positive q;-9, directions. We find
that the constrained and unconstrained solutions are the same. Recall
that the constrained and unconstrained densities are related by
foaly) = fulaly)-s(@). ,

are the constrained and unconstrained post

densities. The modifying factor S(q) is defined as

v

-1
(br(g 2 0]y) a9
S(Q) = >
0 E.é 2
where Q. is the set of possible constrained values. The problem is
somewhat simplified since the parameters q, and q, are independent,
and therefore, the problem of determining the constrained solution is
reduced to one of determining two separate constrained solutions. For

the particular case under consideration, the modifying factor S(qi) is

found from

_t2/2
(S(ql V//_T]' dt = Pr(qi z Oly) .
Hi

0

As can be seen from the above relation, the modifying factor is close
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to unit value for large ui/Gi. When the modifying factor is close to
one, the truncation of the density has a negligible effect and it can
be concluded that the constrained and unconstrained solutions are
practically equivalent. A summary of the parameters required to con-
struct the constrained post density for the data being considered is
presented in Table 8. The modifying factors for both densities are
seen to approach unit value as the observation interval increases, so
it is apparent that for T Z 10 sec the contours presented in Figure 13

represent the constrained solution.

7.6 Effects of Independent Quantizing Noise

The introduction of independent quantizing noise is a means of
providing a realistid constraint that would be encountered with a
hardware realization of the processing previously described. The
noise will be considered to be uniformly distributed with zero mean,
and variance og, where the variance is related to the quantizingstep
size (Q) by

o2 = q2%/12 . (7.53)
The most pronounced effect of the noise will be felt by the processing

used to determine the random variable ¢2. The effect on the M=1 pro-

cessing is determined by evaluating the following expressions

N N :
E(By) = E{ ) gﬁZJ = E J ((x, +e)-(x ¢ + € ;) f(7.54)
N k= - k=1( koK kel kel
~ Ig ~ 2 -
Var(B,,) = Var Ax . (7.55)
N [k=l— k}

where €4 represent the noise that produces the corrupted increment

bxy Under the assumption of independence, the mean and variance
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TABLE 8

POST DENSTTY PARAMETER AND MODIFYING FACTORS FOR TRUE
VALUES q,=10, q,=11, AT SAMPLING h. = 2x10 -.

T(sec) E(q,) VVar q; S(q;) E(q,) Y Var q, S(q,)
2 18.2 15.3 1.13 12.9 3.6 1.006
10 16.1 6.1 1.003  11.4 1.5 1
20 10.8 3.5 1.001  11.3 1.05 1

calculations presented in Appendix F, result in

E(ﬁN) = E(By) + 2No2 ~ (7.56)

2 = 2 ' 4
Var (BN) Var (BN) + 80eE(BN) + 5.6 Nce (7.57)

To provide an interpretation of these calculations, assune that the

sampling of the observations is sufficiently fast (pé<<1), so that

E(ﬁN)

fl

2
E(BN) + ZNOe

It

2T + 2No§

o?1(1 + (202/ho?))

= o211 + 2F_02/0?))

= E(B) (1 + 2FSo§/oz) . (7.58)
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where FS = 1/8 is the sampling frequency, and

Il

0 2 L
Var(BN) Var(BN) + 80eE(BN) + 5.6Noe

[ 2 2 4
) (o2T1)2 - 4N0'e N 5.6N S
N o?T 26T?

\

.
L2 02 2

(o?17)2 e 5.6

|1+ P+ 25> || P3| . (7.59)

L ()‘2 S g

= 2

N

From these expressions it is evident that there is an upper limit on

the sampling frequency that limits the recovery of the random parén—

eter 02. Further insight into these relationships can be gained by

seeking the sampling frequency (Fg) that minimizes Var(BN). Rewriting
equation (7.59) in the form

. 2 >

ag=J

20hT 5.6 o2 o2
~y _ 20 . el o e
Var(BN) —Fg—- 1+ 5 —|F5t 4[52]Fs

and solving

; - (o2) o2
~ _ 20T -l el o e
——dFS Var(BN) ——fg— 5.6 -O—ZJ Fg + 4[;2"
0.2 2 02
5.6 _€ _e
—1+TF%O-2 +402FS"0,

for FS, the result is

2
F - /2 o
Spin T /T T 2 .

Oe

By specifying the method of setting the quantizing step size, a more
meaning ful relationship for the minimizing sampling frequency (Fsmin)
can be obtained. The quantizer step size is set to three times the

expected rms voltage, as a result, the step size (Q) is related to the

power of the observations (R,) by

!

3/% | (7.60)

Q= Tz -
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where L is the number of quantization levels. As a result of this

specification, the noise power is

L2 1 B/Ro)z
e 12 V' L/2
3R
[e}
- o (7.61)
2

If for the power Rb’ the expression for the first order process is

used, the noise power is

Oe 2= e (7.62)
2pt
where
2
R = -2 &P Il
o 2p >

=0
has been used in equation (7.61). With this interpretation, the min-

imizing sampling frequency takes the form

2
Femin ~/ 5.6

2
2 _EZu) (7.63)

For an 8 bit (L=256) quantizer the frequency Fsmin would be on the
4

order of 2-10 p. The variance expression, repeated here for con-

venience,
- 2 04T 5.6 Oez 2 2 ge
Var (B) = "= . {1+ 52 (=) F7 () FS}
s o o
4 2 2 2
_ 20T 5.6 , Oe 2 Oe
= =5 {1+ == (———02 ) F_H4( —»02 ) F, }

is suggestive of the qualitative representation in Figure 22.
In this figure fl represents the frequency which satisfies the

condition Fs> >p (p8<< 1) and f2 represents the frequency FSMIN’
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VAR (8y)

SAMPLING FREQ. (F,)

Figure 22. Variance of ﬁN Versus Sampling Frequency.

where the variance takes the value
Var (B)| = Var (B {4.4} (7.64)
Fs FsMIN ‘
At this frequency the mean of the random variable BN is

E(BN) = E(BN) (2.19).

FS=FSMIN

~

So the random variable BN as it converges to its mean provides a

biased estimate of the random variable 02 .
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For observations processes of an order higher than M=1,
the derivative process of the observation is needed. The
formation of this derivative can be achieved through either analog or
digital means. The distinction between these two methods is reflected
in the point at which quantization error is modeled . For digital
differentiation, the noise is injected prior to the formation of the
derivative, as illustrated in Figure 23. In analog differen-
tiation, the quantizing effects can be considered to be indepen-
dent of the observations and differentiation. With this in
wind, the representation for analog differentiation takes the form
illustrated in Figure 24.

Analysis of the digital differentiation for M=2, follows the
same pattern as the analysis for the observations in the M=1 model,

which allows the elimination of duplication. Define the following

N

1By = _Z (ax)?
i=1

~ N ~

2By = L (P,
i=1

where
TR e
X = ik + (e -5 4) /h ,
h = sampling interval ,
0%1= quantizing noise power (Nl) .
Injection of the quantizing noise into the observations produces the
result
E(B) = E(By) + 2o, (7.65)

~ ’ 4
Var(lBN) = Var(lBN) + SO%IE(IBN) + N(5-6)0e1 » (7.66)
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Figure 23. Pictorial Representation of
Digital Differentiation.

Sl

Figure 24. Pictorial Representation
of Analog Differentiation.
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where under fast sampling conditions E(IBN) = 0. The same noise
source is now involved in the formation of the derivative process.

The result of the digital differentiation yields

E(yBy) = E(;B) + 6(1/h%) a2,
= E(By (1+ 6¥3(a2, /0M)) (7.67)
o2’
Var(_By) = Var( By) + 24 |__‘|E(.By) + 18 (N )o* 2.8
2N 2°N -;—Z—J 2°N P

(o2 o2 )2 S
e F
Var(,By) {1 + 12F3 -_.1_] + 9|51 z&T_g}

(7.68)

As is readily observable in the equation for Var( BN)’ digital differ-
entiation places a very stringent condition on the sampling frequency.
It is evident that injection of the quantizing noise prior to forming
the derivative makes the recovery of the quadratic variation impossible.
O; the other hand, analog differentiation will ease the recovery pro-

cess, as will be demonstrated next. For the observations, define

1By = (b2
where
X = o+ fky
Var(e, ) = o2 .
ka €A
For the derivative process, define
e A G
where
}.Ck = ;{k + EkB >

Var(ekB) = Ug .
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Carrying out the manipulations to find the mean and variance of these
newly defined terms, results in

E(;By) = E(By + o = e, (7.69)

B - 2 +5.6N gt
Var(lBN) Var(lBN) + SOeAE(lBN) 5 6NceA (7.70)
For the derivative process, the result is

E(,By) = E(,By) + 2NoZ
B

1l

E(,By) (1 + 25 (o7 /52))

= 2 2
= E(BY(1+ 2(7_ /o h)) , (7.71)
~ 2 4
Var(,By) = Var(ZBN)+'3<% E(,B)) + 5.6 Ng,
B 2 B2
5.6 (°°B 2 < °g
Var(zBN)} ¥+ = \ 52 Fs + 4 __gz Fs
| (7.72)

Recalling that the random variabile o2 is to be estimated (for M=2),
from processing of ZﬁN = 2(§§k)2. The quantizing error is depen-
dent on the square of the sampling frequency. Hence the same rela-
tionship as in Figure 22 is suggested. With analog differentiation
there is a range of sampling frequencies for which the variance
(Var(zBN)) is independent of second order effects, and quantization
error. A qualitative interpretation of when the quantizing effects
are irrelevant is available from equation (7.72)above. Viewing the
term (gg/g2h) as a ratio of the quantizing power t§ desired power out
of the first difference;filter‘ it is clear that as long as the quant-
izing noise power,is an order of magnitude less than the

desired power out Ozh, the quantizing noise has a negligible
effect.

Another, more useful, interpretation can be provided when the
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particular method used for setting the quantization step size is con-
sidered. As previously mentioned, the step size for the simulation
study was based on a power measurement which, when incorporated into

the noise variance computation, yields the result

o2 =2 . B0
where
2
o 2
RO = 32 sy pePelTlp et
R =0 24 +p,)
2

Using the true value for the power in the derivative process Ri(O) ,

substituted into the mean and variance expressions,

equations (7.71) and (7.72), yields

- % (0)
E(,By) ECBY) (1 + % &‘02 F.)

i

Fg 3 ) '
E(zBN) 1+ S T (7.73)
L (py + Pl)J

A ~ ' - [6R£(0))2
Var(ZBN) = Var(zBN){}+S.6cé{~_§—E~ }

L9}

R

3 2
Var(zBN){1+5.6F§ [m) } . (7.74)

A simulation using poles at p1=l, p2= 10 rad/sec; ie. qi=10, q2=1l’

rad/sec and sampling rates of Fs= 100 and 1000 hertz

was conducted. The results of the simulation studies of

quantizing effects are presented in Figures 25 and 26 s where the

mean to standard deviation ratio[B?BN] is depicted for various numbers of

GZBN
quantizing levels (L) versus the number of observations (N). The distinc-

tion between these figure is the sampling rate (frequency). Both

figures display the u/o ratio based on sample averages, but Figure 26



158

00T = mm ,Nloax,ﬁ =4 le (1) sT9A9T JO Jequnl SnoTaIrp 103
9sToN SurzTiuen) JO 9ouUsSalg SYJ UT sz Jo 0T31®Y UOTIBTAS(J PIBPUBIS O3 UBIYR *g7 2andT4g
N v
oo/ Qs o

9t =

7 a7

r? =
8%, 4




159

000T umh ‘c-0TxI = U 1e (1) ST®A97T JO I9quny SNOTIBA 10]

mmHOZ WCﬂNHU.G.mﬂO WOWUG@WQH&OQUHS“ ZmN MOQOHU.WM.GOHU.NHNVMQ@HWUSWUWOUC...Q@E .@N @.HS.MHnH
N v
oof oot Qs a

R SN SN S | 1 1 | S S WS S W S | H :

3lb




160

is the result of sampling an order of magnitude faster than the result
presented in Figure 25. The results of the simulation studies are in
consonance with the analysis, in that the higher frequency (smaller
sampling interval) demonstrates a greater degradation due to quantif
zation effects.

Digital processing, with its inherent quanti;ation, has a
restricted freedom of choice possible to achieve a desired accuracy
in the result for the random variable 02. Without quantization
(or other equipment noise) one could choose any numbef of combinations
of sampling fate and number of observations, which would be compatible
with equipment limitations and desired accuracy. The faster one
samples, the better the estimate is in a fixed time. It is the
realization of inherent equipment error that bursts this dream of
singular estimation and frames the real engineering optimization.

The effect of quantizing error on the total result is illustra-
ted in the next two figures. TFigure 27 displays the 95% contours
for the random variables ql(p1 + pz) and qz(plpz) for various obser-
vation intervals. Figure 28 represents the same results except that
quantization effects are included. The quantization effects are dem-
onstrated by a general upward mofion and spreading of the contours, as
illustrated in Figure 28 . That this is what should be expected, is
evident from the consideration of the parameters that specify the con-

tours. Recall that the mean and variance relationships are

- s o o?
q, = (p; + p,) R (0) Var q, TR};(O)
X
—(T = (p P ) = %(0) , Var q = __g_z__
1 172 Ry (0) 1" TR, (0)
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Figure 27. Pr = .95 Contour for True Values q;=10, q,=11, at
Sampling Interval h = 1072
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Sampling Interval h = 1072 with L=32 levels.
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Introduction of the uniform quantizing noise . caused an in-
crease (positive bias) in the mean of o2, Specifically, the mean is
E(B) = E(Bplt+ls .3
2°N 2°N “5' ’
I© p,+p
2 1
where

o2T

E(ZBN)

so that

R F
E( ¢2) = 02(1 + -8 . . (7.75)

e
I P, t P
The other measurements that are necessary for the mean and variance
computation, the power measurements, are also biased upward as is dem~—
onstrated below. To incorporate the quantizing effects in the power

measurements, define

NAZ S 2

NR~(0) = ¢ = (x, + €. )

x i—Z—lXI izl I

- N .

~ - . — - 2

NRi(O) = z x{ = iél( i+ eiB)
then

” 1 -
E(R}(0)) -—ﬁ-E{ng +_Ze§A} = R_(0) + ogA

. 1 fe.
e) = Tk + 5} - R wo2

Interpreting these results so that specific relationships for the

quantizing noise can be used, the result is

E R (0) = R(0) + ch
= R, (0) + 3R (0) (7.76)
B RZ(0) = Rg(0) + of

1

Rz (0) + L%R;{(o) . (7.77)

Now, using these results in the mean and variance expressions, the
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effects of quantization are observed to be

s __2_,“_9
Lz p2 -+ p1

o2(1 +

2R)~<(0) (1 + 3/1%) ’ (7.78)

¥
: 3
o2(1 + -—'“Lz —)
Py + Py

Var ¢ = >
z TR, (0) (1 + 3/12) @79

3 R, (0) (1 + 3/;%) (7.80)
! R (0) (1 + 3/1%) | .
F
2@+ 3
var q, = L P2 * P1 . (7.81)

FR_(0) (1 + 3/1%)

From these relationships, it becomes apparent that the power measure-—

ments are not significantly affected by the'quantizing effects.

The major contribution of quantization is reflected

. ' . z '
in the mean of the random variable O. As a consequence of

this alone both 9 variances are increased, hence the spreading of the

contours. The mean of the random variable q; is not affected, but

the nean aé is biased upward due to the bias in a?.

It has been assumed that the quantization noise was "white" and
independent of the data. These assumptions are reasonable if the
quantization is sufficiently fine, and the waveform changes enough
to traverse several quantum levels during the sampling period.

It is intuitively clear when the quantizing is fine enough that



165

the samples are almost uniformly distributed within eachlquantum

level. Bennett (1948) has calculated the noise correlation as a
function of the correlatign between successive signal samples, and has
shown the noisé to be practically uncorrelated unless the signal sam-
ples are almost completely correlated. With 8 bit quantizing L=256, tﬁe
noise correlation is less than 0.0001, unless the signal samples have
correlation greater than 0.9999.

Questions about the signal-noise correlation have been answered
by Widrow (1956) and Requicha (1973). Using a sampling theory
approach on the characteristic function of a quantized random variable
it is shown that the joint moments can be calculated as though the
random variables are independent when a Nyquist criterion is satisfi-
ed. This criterion requires that the sampled characteristic function
(resulting from quantization) have negligible aliasing. For a
Gaussian random variable, Widrow (1965) has shown that the use of a
quantum size of the order of the standard deviation (3 bit quantizing,
L=8)- leads to negligible aliasing.

It is apparent that the parameter. most sensitive to quantizing
noise is the estimate of the random variable g2. The specification of
a very high quality requirement (i/0 ratio) on this parameter
may well place the achievgment of this quality beyond practical lim-
its. That is, the required sampling rate (for a given p/g ratio)
combined with a given resolution capability, may not be possible to
satisfy. It is then important to observe the effect,0f different

quality estimates on the spectral representation. The demonstration of

the effect will be made through using different tolerances on the

knowledge of the random parameter o2. The tolerances on the
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of 02(+k%) are determined from the p/¢ ratio by

p+ 3 = (1+k/100)y , (7.82)
so that

w/o = 300/k . ' (7.83)
The tolerances under consideration k=10, k=20, correspond to the mean
to standard deviation ratios of the random variable o2, w/o = 30,
p/o = 15, respectively. The effect of these tolerances will be illus-

trated through the behavior of the mean values

_ R. (0)

q = (;p,) = E;zab s (7.84)
_ o o2 (1 + k/100)

q, = (p, +p,) = —— (7.85)

ZRi(O)
when the numerical results are inserted into the parametric form of
the spectral density
62(1 + k/100)

S(w) = - . (7.86)
¢ (? + p2) (@® + pg)

The results presented assumed that the true values for the respective
power measurements have been achieved. In this way the effects of the
length of the observation interval on the power measurements are elim—
inated and the variability of the spectral representation will be due
solely to the quality of knowledge about the random variable 2. The
results of these computations for several pole pair combinations is
presented in terms of spectral representations in Figures 29 through
31. As is evident from these figures, the high frequency ésymptotes
are rather closely packed about the true value (k=0). The largest
variation of the spectral asymptotes occurs over the mid-frequency re-

gion and for processes with larger pole separations, the variation
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Figure 29. Spectral Asymptotes for True Values q1=10, q,=11,
as a Function of Variability (k).
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becomes minor. The large mid-frequency variation in Figure 31 is due
to the complex conjugate poles that result when k = -10%, -20%. From
these interpretations, it appears that p/o ratios of the order of

u/c =30, are sufficient to minimize the variability of the spectral
representation when there is a large high frequency content. On the
other hand, larger H/0 ratios are necessary when the poles are closely

spaced.

7.7 Learning the Order of the Process (M)

Prior to this point, the discussion of the estimation problem
has assumed that the order of the proces was known a priori. This
knowledge and a fast sampling procedure provided the vehicle for
learning the random variable o? faster than the q parameters
in the estimation problem. TFor the M=2 problem it was shown that as a

consequence of Baxter's Theorem, the random variable

Y, - 2 2
By = LGy - %5 o 0T s
i -

provided the tool for determining o2. There is another part to this
theorem that indicates that for an M=2 process, the random variable

- _ 2
1By = Z(Xi %9 0 -
i

This statement plus the knowledge that for anm M=1 process the random
variable 1BN behaves such that

. .

= - 2 2
By T ey -t et

will establish the method of deciding the order (M). To place this in
the context of a binary decision problem, the choices for M will be
limited to M=1 or M=2. Extension to 2 higher decision problem is ob-

vious. The decision problem is structured by specifying the two
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hypotheses, HM’ given the decision variable lBN Hypothesis

(H ) is that M=2, and the other hypothesis (Hl) is that M=1l., To spe-
2

cify the decision process, the statistics of the decision variable are

determined as proportional to a Chi-square with N degrees of freedom.

H2 : 1BN’
2
2(P2+P1)
variance g, = 21.3122/1\1 s (7.87)
H1 : 1BN,
mean Wy = o2t
2
variance g, = Zulin . (7.88)

In reality, the sampling interval (h) will not be zero, so the mean

My will be small but non zero. The p/o ratio VN/2  can be used as a
measure of the quality of one's knowledge of 1BN-
Under both hypotheses, the random variable converges

at the same rate, to values which depend on the
hypothesis in effect. To evaluate the performance of the decision»
problem as it stands would require the evaluation of a x? ROC (receiv-
er operating characteristic). Instead, to provide analytic tractabil-
ity, the Central Limit Theorem is invoked and the distributions are
assumed to be Gaussian, with parameters as specified. A pictorial
representation of the situation is presented in Figure 32.

Select the decision cut C to yield equal probabilities of

each type of error.

oo C

2 2
- -1
¥“ﬂ exp - i;éﬂ%*l~‘ dx = }_ exp ~’g§~%%2—-dx
/2 o V2m o, 20
C 2 2 % 1 (7.89
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The integrals are equal by selecting C such that the relations

k

it

( W -0 / o, | (7.90)

k

(¢-u) /o, - (7.91)
are satisfied. Once this is done, the probability of error is
found from the equation

2
O(k) = e "Dy, (7.92)

Ik A
" e Y 2w
Using (7.90) and (7.91) and p/o=vVN/2, the decision cut (C) is

the harmonic mean of pl and uz .

c= 2HHy (7.93)
HyHy
The cut value for the means given is
c = o’1 h ~ _oTh (7.94)
(py#p,) + (h/2) (pytp,)

k is determined from the given parameters to be

. =/ﬁ iy’
Cl 2 ul+u2

,_ﬂl’;i’;z_;_h_/ixg
2 pytp, + h/2 2 (7.95)

To obtain a feel for the speed of the decision process, let

k=2.32 then the probability of error is
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- 2.32
®(-2.32) _ I

i 24, o .01 . (7.96)

The number of observations mnecessary to achieve 1% decision

error is

The decision can be made on the order of the model within a

relatively few observations, HOWever a greater number of

observations is necessary to insure the required accuracy for

the g-vector estimation problem.

7.8 Concluding Remarks and Summary

The problem under investigation is the estimation of the set of

parameters that describe the all pole spectral density

o2

S(w) = M
I (w? + pi)
i=1

The observations process with this spectral representation is assumed

to be zero mean and Caussian. The parameters {o%, pi} are considered

to be random variables and the results of the estimation problem are
expressed as probability density funtions. Bayes' Rule was applied to
the observations density that described a fast sampling environment,
with the result that a sumnmarizing set of measurements (sufficient
statistics) provided the information necessary for the construction

of the probability density functions. The sufficients statistics are

shown to be, for an Mth order process, the measurements
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T T :
j x2(t)dt, J x2(t)dt....

Tyeq - _
J x2(t)dt, (1), x(O)...MX%T),Mx%O) . (7.97)
0

Although the analysis is carried out for only the M=1 and M=2 process—
es, this conclusion is wvalid for otﬁer finite dimensional processes,
as demonstrated by Hajek (1962).

The fast sampling assumption coupled with the all pole structure
of the observation process, provided a vehicle for the estimation of

the parameter g2. The statistic

N p-1 p-1
= - . 2 =
pBN kil( X xk—l) p=1,2, ... M

was shown to converge almost surely to its mean, where depending on
the order of the process (M), the mean is either zero or a constant
(for a fixed observation interval, T). For the investigation here,
the order of the process is limited to M=1 and M=2, and for the M=2
process, the means are respectively i§§ = 0 and éﬁﬁ = g2T. So the use
of the statistic ZBN’ provides a rapidly converging estimate of the
parameter o2, Using the mean to standard deviation ratio as a measure
of this convergence, it became evident that for the random variable
MBN’ this measure is

g(MBN> = VN/2 (7.98)
where the sampling becomes dense in a fixed observation interval T.
Taking advantage of this property, by imposing fast sampling condi-
tions, the parameter 02 is learned faster than the other

parameters in the estimation problem. Another consequence of the fast
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sampling condition is the relative rate of convergence of the low and
mid frequency portions of the spectral representation. For an M=2
process, the mid frequency behavior is characterized by the parameter
g, (p; + p;) which is shown to converge more quickly than the parameter
q, (pypy) which characterizes the low frequency behavior. This beha-
vior is most easily discerned when the pole positions are widely
separated. In this situation, it is clear that increasing the
length of the observation interval is necessary for the settling of
the low frequency portion of the spectral density.

The success of this estimation procedure is strongly dependent
on the formation of the required derivatives, as indicated in equa-
tions (6-107)and (6.108), from the observation process.

Quantization noise introduced severe error in digital differen-
tiation and it was demonstrated that analog differentiation was
necessary to avoid the overwhelming effects of quantizing noise.
Analog differentiation was analyzed and simulated by allowing separate
quantization schemes to be implemented for the observétions and deri-
vative processes. As a consequence, for the derivative process, the
quantizing noise was injected after the formation of the derivative.
Tn this circumstance, there is a trade-off that must be made between
the desire. to sample fast, and the resolution of the analog to digital
converters. There is a minimum sampling rate required to perform the
estimation through the use of the statistic ZBN’ and for a fixed quan-
tizing scheme, there is an upper limit on the sampling rate beyond
which quantization effects terminate the estimate. In general, for the
in this study, acceptable results were

numerical examples simulated

obtained for sampling rates of 200 to 3000 times the Nyquist rate, and a
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seven bit uniform quantizing scheme. From a practical standpoint,
inherent equipment noise, examplified by quantization noise in
digital processing, places a bound on sampling frequency and
delimits the possibility of singular estimation promised by more

abstract theory.



APPENDIX A

Difference Equation for the Sampled M=1 Process

The purpose of this Appendix is to illustrate the develop-
ment of the difference equation that results from sampling the
differential equation representation of an M=1 process. The
M=1 process of interest has second order properties that are

represented by

2
_ o _pltl
Ry('c) 75 © , (A.1)
02
Sx(w) =5 3 . (A.2)
w +p

The differential equation that produces the desired output

statistic can be represented as

dx = -pxdt + dv, (A.3)
y =X
with E(dv(t) dv(s)) = Ozdt, for t=s. For this representation

the transition matrix is

@(t,to) = e_p(t~to) (A.4)

The output statistics (Ry(T)) are found to be

Ry(t-—to) = @(t—to) Rx(to) .

Ry(T) = e —P'Tl RX(O) . (A.S)
For a stationary process the correlation RX(O) is chosen as the2
steady state solution to equation (3.137), which is RX(O)= 2; .

The discrete version of equation (A.3), equivalent at the

sampling instance, is obtained by determining the constituent

178
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parts of
"\
= + v(t,
x(ty 1) = (e 05t0) x(£) + v(t)
= (A.6)
y(e) = x(e)
n,
The statistical properties of the driving sequence v(ti) are
found to be
YN Yit1 2, of ya
E(v(ty) v(t,)) = | . O(t,,,,8) 0°dt & (t . ,,s)ds
i
22 ot )
g (l-e i+l "i%) , (A.7)
Zp
a,
E(v(E) v(t)) g (A.8)

Under fast sampling conditions, (p(ti+1— ti) <1) these results

reduce to
E(V(t,) V(e)) = AR§<0) - A, (A.9)
EG(e)V(e)) =0 (A.10)
where A = ti+l_ti’ Similarly, under fast sampling conditions
the factor ¢(ti+1’ ti) reduces to
O(tyq > t) = P (i1t
= 1-pA , (A.11)

so that the equivalent difference equation is of the form
N
y(tgep) = (-pd) y(t) + V(e (A.12)
) n N 2 .
with E(v(ti) v(tj)) =0 zﬁﬁij . And as shown in Chapter III
under fast sampling conditions this difference equation provides

the desired second order properties at the sampling instants.



APPENDIX B

Bayesian Estimation of the Mean of a Normal Distribution

The purpose of this appendix is to illustrate the calculations
used in developing the results presented in equations (5.7) and
(5.8). The problem is to find a post demsity for the parameter 0
(the mean of a normal pdf), given that the observations XN are
described by the pdf

1 N/2 1 N 9
£Qx, /6) = . ) exp {- 552 .zl (y;~6)} (8.1
Yomo *
and the prior is described by
1 1
£(8) = exp { - = (@-u)?} -
/o o 202 (8.2)

Using Bayes Rule, the post density is written as

1 2 (6-m)°
f(G[XN )< exp {— §~82 ( § (Yi-e) )} ‘exp{ - ~___E_.}
2 a

@« exp {—‘“l“ [GZ(Na2+02)— Ze(a2 ) Y_+2u02)
202a2 i *

+ o ) Yi2 + o%y? ) (8.3)
i

Given the observations (XN), the terms not involving the
parameter O are constants which can be lumped into a constant of

integration. Then the post density is represented as

£(8/¥ )= K exp {- 2= , I o2 o+ o) -26(aY Y. +2u07)1} -
1
207a i
(B.4)

Completing the square in the exponential term above, the post

180
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density is

£(8/x) = exp {- oy (O-1) , (B.5)
27 rc\fz 2o
2
where o = 02 az .
No +0
2
" NaZ N c




APPENDIX C

Bayesian Solution to M=2 Autoregressive Process

The second order Autoregressive Process is described
by the difference equation
y(kt2) = -B,y(k+l)- Byy (k) + e(k), (c.1)
where e(k)V N(O,az) .
The attempt here is to find the post densities on the parameters
{Bl, 82,32 } using the ideas of reproducing priors. To begin,
the observations density is
o T 2
i=1 2
2
where a= 1/ o~ *

Bayes rule applied to the evaluation of the post density on the

parameters takes the form

£(8] 2,y falyy = £ lag ) £(alf) £(B) . C.3)

[E@la,8) £(a]®) £(B) dadf

It can be shown (Raiffa and Schlaiffer, 1961) that if the priors

are chosen as

£(a) « aw—l e-ﬂa a >0 and, % >0, (C.4)
1

£@/a) a” exp{ - 5 @ WTEW] (c.5)

where f(a) is a gamma density function and f(B/a) is a gaussian

density function, reproduce under the observations specified by
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equation (C.2). The post density is now found to be

\ )
1)

' — —
£(B/a) f(a)= exp {- % G-I (E-p ) a” L2 (c.e)
where asymptotually
1 ] -
e u _ 1 rRle RlRo
- 1 R 2»R 2 j 2 , (c.7)
' o 1 LRl - R,R_
Ho
; =1
with R1 =N z XX o
_ly 2
R, =% 2%
=1
RZ TN z X,X,
ii-2,

and the precision matrix for the gaussian post density on B is

T =N R Ry _ T ’ (c.8)
R, R

where I' is the covariance matrix and

1 R -R
[ = —f o TR .
2 2. | (c.9)
N(Ro Rl ) Rl Ro:]

The parameters for the gamma post density f(a) are

|
W ==

(C.10)

3 2 2 2
(RO —2Rl Ro+ 2R1 RZ—R2 RO)

=z Nl

(C.11)

and 2 = 5 2

2(R0 —Rl )

Recalling the definition of the parameter a, the statistics

of the post density can be represented as
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3 2 2 2
- (R T-2R;R 4+ 2R, "R,~R, R.)

1

2
(RO ~-R

2 1 L1
BD=EGQD = T (c-12)

2
1)

Using the asymptotic mean of the parameter 82 as the true value
and placing this into equation (C.12) the result is
2 2 2
E(a) = RO (l—Rl )(l—B2 ) (C.13)
2

R
o

The variance is

2 2

v 2 2
vare?) = L5 = 2 (R 18, ) (1-6,7)) o . (C.18)
' 2

3

R N0
o

Before the post density can be claimed to be gamma one must find

)
the conditions necessary to have the parameter % strictly

positive. Using the given representation then

v o 2y01p 2
L' =N Ro(lRl)(182)>

2 L o >

[SS]

if R © #R or B, <1 -

With this restriction on 82, and since Bl can be written as

[ R = —
B = - _1 (1¥8,)) = RyRy- RyR, |

Ro 2 2

the constraint on 81 is of the form

| <2 -

Hence, if the range on the parameters 81,82 are restricted

as above, then the existence of the density on the parameter O
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can be guaranteed. This is reasonable since these statements

are precisely the same as the requirements for the existence

of a stable solution to the difference equation that served as

the model. One further point that can be illustrated from
this example 1s that the means for the parameters {Q,az} ,

when using the asymptotic results, are precisely the relationships

given by the Durbin-Levinson (Chapter 3) for an M=2 process.



APPENDIX D

Details of the M=2 Estimation Problem

The purpose of this Appendix is to illustrate the calculations
that lead up to equation (6.38), the post density for the para-
meters of the M=2 process. The M=2 process is characterized
by a spectral density of the form

5 (@) = o2

2 2 2 2
(w+ p,)wHp, ) (0.1)
1 2
and correlation function
R (1) = g ? -p, | 7] -p, | 1]
X 2 2 { p,e 1 -p,e “2 }*
2p.p,(p, =P, ) 2 1
P1PyiPy 7Py

(D.2)

The difference equation which, as the sampling interval (h)

becomes dense, has the specified second order properties is

~ 1 h [ 0
Y(n) = Y(n-1) +-[ z(n), (p.3)
~bp, P, 1-h(p;+p,) 1
x(n) = yl(n) R - (D.4)

where
Z(*) "~ N(0,0%h),

E(z(k)z () =

E(y(n) z(k)) = 0, k> -

Writing the difference equation in terms of the observation x(n),

the equation

186
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x()= x(a-1) = h’pp, x(n-1) +(-h(p+p,)) (x(n-1)-x(n=2))
+ hz(n-1), v (D.5)
is achieved. To obtain the single step observation density
(f (XN/‘XO))’ all that is necessary is the evaluation of the
conditional mean and variance. The conditional mean is
E(x(n)/x(n-1), x(n-2))= (2—h(pl+p2)x(n-1)

2
-(1-h(p,+p,) + hp,p,)x(n-2),
1P 1P2 (.6)

and the variance is
Var (x(n) /x(n-1) ,x(n=2)) = o°h> = (.7)

With the mean and variance determined the one step density is
1

£(x(n) /x(n-1) ,x(a-2))afexp - —5—,
20 h

{xn—(Z—h(pl+p2))xn_l

+ (1-h(p +p,) + thlpz)xn_z)z} . (D.8)

Using the properties of the M=2 process the N step observation's

density is
N

2 1
fQ&N[Eo’S’ 7)) « {exp - =5 3 Y (xi—(Z—hqz)xi_l
2¢0"h .
2 2 i=1
+ (1-hq,+h%q;) x; )7} (D.9)
where q-= 91 = Py Py
q, p,tp, ,
and X = Ix
~o o .
X

-1
At this point it is convenient to introduce additional definitions
to reduce the complexity in expanding the quadratic form in the

exponential of equation (D.9). The expansion of this term is
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necessary to group and recognize factors that converge to known
quantities when the limit of the likelihood function is taken.
Defining the quantity

hx(n-2) = x(n-1) ~ x(n-2) (D.10)

the quadratic form in (D.9) is written as

1

li

QF

2 -2
] Gy g+ hTagxg p —(I-hay)xg )" e (D-11)

20%n> 1

Expanding this form and grouping terms in like powers of 94 and

4 results in

1 2 2
QF = ——F—5— Z {(x. -2x.x, . . )
202h3 i i itdi-1 i-1
2h2q (2, X=X, ,X. )
1 i-271 Ti-274i-1

*

+ 2(1-hq,) hix; %, =%, ,%.)

1

2 *
2h ql(l—hqz) hxi—ZXi—Z
4 2 2
hiay =40
2 22 }

+ (1—hq2) h™x $-2

+

. (D.12)
Grouping the factors of QF into two parts, those factors involving

q and those which do not provides the result,

1 N 2 2 .
QF = ;~§~§— y ( X, —2XiXi_l + x i—l+2hxi—2
o“h ,
i=1
2
(Xi—l-Xi) + hx 12 )
N
1
= ] 2 2.2 ¢
20%h> =1 (2n Quxgoo Oegmxg g) + 2hiq) x5 Gy g)

2 . 2+2
2h ql xi_zxi_z—thzh X 4 9

4 2 2 4 2 2)

2 * »
+ 2h qlqzhzxi_zxi_2+h qlxi_2+h q2 Xi—2 . (D.13)
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The portion of Equation (D.13) that does not involve the parameters
959, will be eliminated when forming the Likelihood Ratio

2 2 .
(f(gn/zo*ﬂlg ) / f(gngo, 9, O ), where 9, = 0) so attention can

be directed towards reducing the terms that involve 94 and qy-

Combining the terms in

N
A 1 2 2
A= 2 3 izl (2h qlKi_z(xi—xi_l) + 2h qzxi_z(xi—xi_l)
20°h
2 . 2 2
~ 2h 4% o%4 o —2hq2h %5 9 ) N
results in
l N . Y Y
A= 2 L 2agmy ptapxg o) (e gmxg p) (D.14)
o i=1

Reducing the factors in

T
1 2 2.
B=-—F5 2h"q,q,h"x, ,x.
0o2n3 ie1 192" *3-2%3-2
1 X
T2 b2 (X )
(¢} .
i=1
Using the identity
2 . 2 2
T e T I s S L
results in g ?
1 2
B=—o a4, * 2% %, 204, ;&) %}
20 i=1
1 N 2 2 _
=5 {4, T M S X59)
20 .
i=1
N
2
T 2419 izl LIPS B (D.15)

Reducing the summation indices to common base provides the result

N

(D.16)
_ 1 ) - 2, 22

B= 5 aa, {2 Ggmxy D% x T oo x 2w
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The term under the summation can be recognized as the quadratic
variation and, for the M=2 process, goes to zero as the sam-
pling becomes dense. Then in the limit (h>0), equation (D.16)
will be of the form

_ 1 2 2
B —-;;5— 9,9, {XT X } , (0.17)

by use of the a.s. sample path continuity of the x process.

The next candidate for reduction is the term

A N 4 22

c= 1 Z h ql Xi_2
2
q N
L 2 2 2 2 2
= 202 {izl x; " h + h[x0 + X Ry X N—l]} , (D.18)

as the sampling interval becomes dense (h>0), because of the a.s.

sample continuity and the finite average power

2y 2 T,
c=% 5 x.2n , b [ XN de s (0.19)
202 i=1 1 202 °

The last factor to be reduced is
A1l N 4 2 .

D = s Z h 99 X4 o
20"h i=1
2
9, N,
=5 L x,h
20 i=1
2
q N
2 + 2 ¢ 2 ¢ 2 02 2
- 5 .Z X h + h(xo + X Xy X1 ) s (D.20)

where under dense sampling, and since this is an M=2 process

T
2 2
k) oL Y f xz(t)dt .
D = — Z x.*h
262 i=1 1 26> °
o * (D.21)
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Returning to the factor denoted by A (D.14) where

N
- l L ] L] L ]
A=) 2agxg gy )Gy gx L)

202 i=1
and reducing the product to

N
- . l . . .
243%; o (% 7% o)F PPN Y

A=ty 2
=1 200 i=1
(D.22)

20

i 1 2

so that the identity

_ . 2 . 2 L] L] 2
2 9%01 T Oy T Gy TR )

can be applied to the last sum in (D.22). The reduction afforded

by this identity is reflected as

l g L [ ]
A=—" 2q. (x. .-x, .)x
202 =1 1 i-1 "i-2771i-2
N
1 > 2 - 2 . 2 .° . 2
t 3 ,Z U (% 3=%y 5 )=2xy 5 -0y g% 5)
20 i=1

Further, reducing the indexed quantities to the same base

results in

207 i=1
l N . . 2 . 2 . 2

ey b Ca) Ggmxg D 4+ g0 x D) (D.23)
207 i=1

As the sampling becomes dense the last summation on (D.23)
is recognized to be a constant (UZT) via the application of

Baxters Theorem. Now, the term left to be reduced is the
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first summation in (D.23)

1 N . .
Al = Yo 121 2q%; (6 17%50)
To reduce this to a recognizable form, the summation by parts
rule
N N
_ N+1
TRy T XV ¥a ) L Vxn %y
i=1 1 ,
i=1
where Vl’ and V2 denote the first and second differences,
is applied to (D.24) with the result
N N
1 Z * ° 1
— 2q.x, ,(x, =X, ,) = —% ) 2q,x, Vox.
202 i=1 ; i-2""i-1 Ti-2 202h j21 17i-2 27i-2
N 2q
1 Z 1 N+1
— 2q.x, ,V, x, = ~—-{ x, V.x ]
202h i1 17i-2"2 Ti-2 202h i-2'1741-2 1
N
R TITR ALY
i=1
Rearranging the indices of the summand in (D.26) provides the
result
_1 oy .
2 L 2q.V.x, V.x, = - 2q
20°h 1i=1 i 17i-1'174i-2 202h 121 1
[Vx Vs y Ve V% - VigVaXeend .
Using the identity,
' B 2 2 2
ZVXiin_l = Vl Xi—l+vl xg (lel lei_l)

in equation (D.27) yields

(D.24)

(D.25)

b

(D.26)

(D.27)
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T 1

1 z -
- 2q . V.x, V.x. = ———-{ 2q, [V,x Vox o - Vox V.ox o -]
I 111% 151 T N 1N
3 2 2 2
+ izl q [ Vx40 e - (V= Vixg 0] - (D.28)
Collecting terms the result is
A - -
Aol [Ty %¥9%, = Vi%o*o1 PVaXnY1 -1
2¢"h
2 2 2
V. "%, V. x =V
a 12 g qu 1 21 “h o+ Zqih ( 170 21 N )
20 & h h
i=1
2
N Vx,~ Vx
B z hqu ( i i-1 ) .
i=1 h (D.29)

Realizing that for an M=2 process, the derivative exists and
that the quadratic variation of the derivative approaches a
bounded constant as the sampling becomes dense ( h»o ), the

limiting form of equation (D.29) is

_ 2q1 lim XNVIXN xoleo hleole—l
lim Al = —~§-h+0 h - n - 5
h~>0 20 h
Nooo
+ WV, XN—l]
h2
2 2 2
N V.x V.x v
1 1i 154 *oy - 17N
——-—2— o ZZqi(hl)’h'}'quh[(ho) (h):]
20 h~>0
2
N vV x VX,
_ X qu. h ( i i l)
i=1 h h
qu . 1 T
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Collecting all the reduced factors to form the 1likelihood

ratio, the result is

T
2 2 2
Ax(t)/o"x , q) *exp { - L [ q f x (t)dt
—0 2 1
20 o)
2 2 2 T 2 2"
+q1q2 (XT —X, ) + 4y f . x“(t)dt - qz(O T + X %o )
T
-2q, [ iz(t)dt - 2q, (x X~ X X ) } (D.31)
i 1 T o0

(o}



APPENDIX E

Calculation of the Variance of the Random Variable 2§N

In Chapter 6, the variance calculation (equation 6.72)centered
around assuming that exponential terms are adequately well

represented by

e—pG = 1-p§ -

The intent here is to postpone such considerations, and carry
out the calculation using the complete form. The variance is

calculated from
i 2,02 N 2.
var(,B) =2 { ] ET(x )+ 2] ] E (éxkéxj)} . (E.1)
j=k=1 3>k=1

To facilitate the calculation each sum is considered separately.

The first sum is determined to be

ar

N _ N
¥ EZ(AX.Z) ) 2(%(0)—%(5))2
=1 N | j:l

-p, 06 -p, 96 '
w2 [py(1-e ) - p (1me )17}

(pzz—plz) (E.2)

[

where R.(nd) is defined as
X

2 -P,nd -pind
Ri(né) = ——§—§~ 9 { p,ye e pie 1 } . (E.3)
2(py Py )

The second sum is determined to be

195
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N N
2
2 77 BXbxoax) = 2(F T 2R, (3-K)-R, (G-k-1)-Rg (j-k+1))
, SRRy ( %t % Ry G
i5k=1 35k=1
N -2(i-k)p,0
= 2 2 Z Kz[pzze 2(l—-coshp26)2
§>k=1
+ 2p.p e~(j—k)(p2+pl)(l—coshp 8) (1-coshp,,S)
172 1 2
+ p12e—2(3—k)p15 (l—coshp16)2] , (E.4)
52
where K= —5— . Rewriting the double sum in the form
(P, =Py )
of a single sum the result is
N N-1
2 71 EPxlrp = 2 ] KO
3>k=1 3 j-k=m=1
-2(3-k)p, ¢ .
[pzze 2 (l—coshp26)2 —2plp2e (J_k)(p2+Pl)

(l—coshlﬁ)(l—coshpzﬁ) +p12e"2(j“k)pl(S (1-coshp 6)2] .
1 (E.5)

Again there are two sums to be considered. The first sum is
N-1

A= Z p 2e—szZG(l—coshp 6)2—2p p.€
=1 2 2 172

“m(p +p,) 8
p ~2mp,8 2
(l-coshplé)(l—coshpzﬁ) +p, e (l—coshpld) ]

-p, 6 -2p,T
pzz(l—coshpth)2 e 2 (1-e 2 )

25inh(p26)

~(plp2)6 -(pl+p2)T
2plp2(1—coshp16)(1—coshp25)e = (1-e

2sinh(¢ P17P20 %)
7
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T

2 2 -p.6 -p
+ P (1 coshplé) e "1 (1-e *17)

ZSinh(pIS) (E.6)

where the substitution T=N & has been made and T is fixed.

The second sum is

N-1 -2mp, § 2
m 2 2 - +p.)6

B = (-1) Z ﬁ-[p2 e (l—coshpzﬁ) —2p1p2e m(pl pz)

m=1 ‘

2 -2mp_ ¢ 9
(l—coshp15)(l—coshp26) + pie (l—coshplé) 1 -
(E.7)
To facilitate manipulations, let
2 N-1 —2mp26
B, = p, (1-coshp,9) X me (E.8)
1 2 2
m=1
B2 =—2plp2(l—coshp6)(l—coshpzﬁ) Z me
m=1
N-1 ~2mp. ¢
B, = p 2(1—coshp.6)2 Z me 1 . (E.10)
3 1 1 &
: m=1
so that
B = (ﬁl)[Bl+B2+B3] s
(E.11)

(-1)¢8
-5 I A .
1

Evaluation of the sums associated with the Bi factors provides

the result
-p, T  -p,9¢
B, = p22 {(l—coshp26)2(1~e 2 ) e 2 (sinhpzé—coshp26)}

/4sinh2 p26 s (E.12)
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B2 = —2p1p2{(1—coshp15)(l—coshp26) e 5 (1-e 5 )
(p;+p,) 6 (p,+p,) 8 (p,+p,)
(sinh L2 cosh X 2 y} /4 sinh2 —1 270 >
2 2 2
(E.13)
-p;T P §

By = p2{(-coshp,®(@-e 1 )e T (sinhp,s-coshp,®) }
L2
/4sinh Py § - (E.14)

With the constituent parts determined the variance expression is

Var(,B) = 2{(p22—p12)2 [p,(1-e )-p, (1-e )1
20" .
t o, H2 oy B (19

where A and B have been defined in equations (E.6) and (E.11).
Rather than attempting to simplify this expression, the assumption
used throughout this presentation will be invoked. That is,

assume that the sampling rate is such that the approximation

e_'p(S = 1-pd,
is wvalid. Under this condition, the factors A and B are zero and
the variance expression reduces to
4 2
Var(ZBN) = 20 N&

4 2
_ 20T , :
= N (E.16)

where T 1is a fixed observation interval.



APPENDIX F

~

Moment Calculatjons of the Noise Corrupted Random Variable (B, )
A

The purpose of this appendix is to illustrate the steps
leading to the mean and variance computation of the noise corrupted

measurement (BN), for the M=1 and M=2 processes.

For the M=1 process let

Fal _ A2
B = ) éxk (F.1)
k
where é.xk =x +e —(xk_l— ek—l) = éxk + A e (F.2)
and ey represents the zero mean, white and data independent
quantizing noise with variance Oez, The mean is
~ X /\2
E(BN) = X E(A X )
= z E(A x 2 +20e Ax +h e 2)
k= TR STRTT Tk
) 2 2
= A AQ
k E(,Xk )+2E("k)
= E(B,) + 2N0 (F.3)
N e )

Begin the variance computation by defining

S oye L1 2, 2
E(BN2)~ K3 E(A X, _z}xj) | (F.4)
E(ENZ) = g E [ E(A x ?é sz) +2E (be, é?kész)

2
+EQ e’ ész) + 2B@e 2 x, by )

2
+4(§ej.§ ekéxj Ak ) +2E(§@k éej éxj)
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2 2 2
+ E (Aej bx, ") + 2B (Aej he, Ax)

2 2
+ E(é»ek éﬁj )] . (F.
Using the properties of the quantizing noise then
2 2
E(le, Lx, ij ) = E[(e,~e; ;) (Ax, éxj )]
= Ee, Mx M.% - e bx 1x.0)
k =k =9 k-1""%5"
_ 2, 2, _
= E(ek) E(éxkéxj ) E(ek_l) E(A X é;j ) 0, . (F.
2 2, 2 2
E(A e Mx,%) = Efe, ) E(bx)
2 2
= ZOe E(éxj ) (F.
E(A e. Ax. Ax 2)= 0 F
=85 = T ’ '
E(be .fe. bx. Ax )= (ECbe. 2 ) E(Ax %) = 20 2 E(Mx, D), j=k
28555 =% = e R
E(éej égk)E(éxk éxj) = 0, j#¥k (F.
2. 2 2 2 2 2
E(A e, bx ") = E(Aej ) E(x, ) = 267 E(bx ), (F.
2 2 2 20. 5% 3#k
E(A e “he.®) = E(be. ) E(le,?) = o) 5 3
= k=73 —k =3 4
E(fe, ") ik, (F.

Using these terms

o2
E(BN )

1]

]

+

) ~2. "2
jkE(é\xké.xj)

Z e 4 2 2 / a 4
32 E(Az, " ) + 1207 E(4x, ") +E{le, )

) 2, 2 2 2 e 2y
2 >k E(ézk é;j ) + o, [ZE(éxj ) + 2E\ﬁ}k ) o

(F.

10)

11)

2

12)



201

Computing the variance

Var (EN) = jzk E(éxk4) + 2 Z Z E(A'

Az,
— 3]

) 2 2 4 2.2
+ 12 0" E(x, ") + 2E(e, ) + 6(0_7)

j=k

>k

+ 2 z z [ 2E(Z\c ) + ZE(é‘j

2 2, 2.2
- 4N0e E(BN) - 4N (oe )

ooy 2
Var(BN) = Var(BN) + lZNOe E(éxk

2.2 2 2
+ 6N(0_ )" + 4N(-1) o " E(8x,

2.2 2
+4N(N—l)(0e )T - 4NGe E(BN)

_ 2 4
= Var (BN) + 80e E(BN) f 2N ( Ge + E(ek

Expressing the quantity E(eké) in terms of the second moment E(ek

4

_ 4
K ) = 1.8 Oe , then

E(e

Var(B_) = 2
N Var(BN) + 80é E(BN) + 5.6N Oe

In dealing with the second order process it will be necessary to

compute the moments of the quantities

A N Z ~
18y = E é-Xk ’
2% % kL

where for analog differentiation

]

éxk éxk+ éek

A
Ax, + he

k *-kB

]

oy

In this situation two different independent noise sources have

been modeled where their respective variances are Var(ek

2y 4 402

)

2, 2.2
—4N (Ge )

4

o

4,

o)

2) + 2N E(ek4)

2
-E (BN)

A

(F.13)

(F.14)

2,

(F.15)

(F.16)

(F.17)

(F.18)

(F.19)
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) = o) .
kB eB

Var (e

Following the development for the M=1 process

E(lBN) = g E(A sz)

_ 2
= E(lBN) + 2NoeA (F.20)

~ 2
Var(lBN) = Var (lBN) + lZNOe E(A xkz)

A
+2N E(e 4) + 6N (o~ 2)2
k e
A 2 Ay
H4N(N-1) (0 2)% ~4No © E(.B.)
e e 1N
A A
—4N2(o 2.2 -
eA ) (F.21)

4

> _ 2
Var(lBN ) = Var(lBN) + 80e E(lBN) + 5.6N Oé (F.22)
A A
N
EGBy ) = g EG %)
2
= E(ZBN ) + 2N GeB . (F.23)
B) = 2
Var(zBN ) Var (ZBN) + SOeB E(ZBN) + 5.6 NUeB (F.24)

In dealing with the M=2 process construction of the
derivative process can also be modeled by digital differentiation.

In this situation the noise corrupted measurements are

kT % Tk
KT R T Cpe)/h

where h is the sampling interval.

Mo K>

The noise source is assummed to be independent with variance

o} . Following the previous developments
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E(,B,) E B %)

2
E(lBN) + 2 NOe1 (F.25)

4

o 2
= B
Var(lBN ) Var (lBN ) + 80e E(1 N Y + 5.6 NOe (F.26)

1 1

~

For the measurement 2BN define

1 X _ - - - - _
Ax =3 B X - (- NdHleme )-(e ymey o}

A

it

ot (Aebe, D/n " (F.27)

The the mean of B is

2Py
BBy ) = LEQ XD
_ logera 2y L2 s :
= KB e S ) Sy
YE (Logte )7
2
= E(B) + 6N 0 °
2N _e_
2
2
= E(,B) (1+ 69, )
23 (F.28)

The variance computation begins with

~

S92 2
B{ 18 %" px " ]

i

E(2BN2 )

2 2
B T, 0,
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2
1 -2
oy Lehep ) By
h
+ & (he. -Be. ) bx. Ax
12 Tk Tkl = L
+<Z (he, -le ) (be, ~Ae )2 Ax
I R e e e =
s 2
+ 85 (e, —te, )P
5 j —i
h
+ 2 (he.<he. (De=be. )2hx
-3 Lot (Begte ) By
2
i) G Pn?
h? h?
E(.B.2) ) B¢ + %% 2
28y jok U 1
2
240 2 .2 60 2
+ el Egng ) + eq E(éik
7 2
h h
+ 234 (cre 2)2 + 18 E(ekl’)}
h 1
2
¥ 2,2 60
* 2,5 | E(Ax, éxj )+ ey
2
2
60
+ %%, E(éxkz) v36 (o 2y .
2 4 €y
h h

2 .2
E° (,By) = E (,By ) + 12 No, E(,B

1

2
1

h2

Var(zBN ) = Var (ZBN) + 36 Noe

2 . * 2
+ E(éejﬁég_l) éxj éxk

. 2
E(Ax,
(}J )

)y + 36 No( o °
N e
I

2

A
E(Qxk )+ 54N (Oe

h

)

1
2

2

2

(F.29)

(F.30)

(F.31)

)2
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18 N E( ™ +N-1) 12 ¢ 2 ECx D)
k el k
2
+36 N(¥-1) (0, 252~ 1ow g, 2 . 2
1 1B - (F.32)
3 =3
h h

Sy L 2 4
Var (ZBN) = Var (ZBN)+ 240e E(ZBN)+ 18 N(2.8) Oe

1 h4
h

(F.33)

Nl
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