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ABSTRACT
LOCALIZATION OF BROADBAND OCEAN ACOUSTIC SOURCES

by
Matthew Andrew Dzieciuch

Chairman: Theodore G. Birdsall

Underwater acoustic propagation is characterized by multipath or multimode
propagation. Signal processors can be designed to take advantage of the channel
complexity if the environment is known. The proposed technique, channel matched
filtering (CMF), synthetically backpropagates the wave front to a hypothesized source
location. Passive estimates of source location can be made without knowledge of sig-
nal characteristics. CMF is demonstrated to be a good performer in the wideband
case, as well as the narrowband case where matched field processing, a localiza-
tion technique appropriate for narrowband sources, has previously been employed.
Several ad hoc variants on CMF are also developed. Extensions of matched field pro-
cessing for broadband signals are made as well. CMF and its variants are developed
in the time domain which leads to computational efficiencies over the broadband
matched field processor. Comparisons of the various techniques are made with var-
ious signal bandwidths and with channels perturbed by internal waves. Accurate
and efficiently calculated impulse responses of the ocean acoustic channel are nec-

essary for the successful application of the CMF technique. Gaussian beam theory



(GBT) is developed for the propagation model since it provides impulse responses
which are shown to approach the accuracy of mode based models, while the compu-
tational complexity of GBT is of the same order as ray based models. A procedure
is developed here for the specification of the initial conditions of the GB model cor-
responding to an ideal point source which compares favorably with the accuracy of
mode based models. Impulse responses are shown to be easily obtainable from GBT
providing an efficient characterization of the channel in the time domain. Time front
visualization of a propagating spatial impulse together with amplitude and phase
information given by GBT provide great insight into the nature of ocean acoustic

propagation.



CHAPTER 1

INTRODUCTION

Rapid progress has been made recently in the mapping of the ocean’s tempera-
ture and current fields. It is now possible to measure the fluctuations in the sound
speed field, with tomographic techniques, over ocean basin regions, [13]. Since sonar
signal processors have long suffered from the lack of environmental information, it
is reasonable to ask how this data can be used effectively in source detection and
localization problems.

In the late seventies, oceanographers faced a crisis. General circulation models of
the ocean’s current fields were impossible to validate, [36]. Traditional measurements
made by current meters, expendable bathythermographs and similar instruments are
point measurements. That is to say, the instruments provide data about one point in
the ocean volume at one particular moment. While the instruments themselves were
not particularly expensive, it was clear that to gather the amount of data necessary
for meaningful analysis would be prohibitively expensive. Researchers realized that
a new synoptic method of oceanic observation was needed in order to adequately
sample the current field.

After some very innovating analysis and experimentation a new oceanographic
technique was invented, [37]. This technique, ocean acoustic tomography, provided

the means necessary to monitor the current and temperature fields in a large area
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from a relatively few sites. Instead of direct measurement of ocean properties, the
ocean acoustic characteristics were observed via long range propagation experiments
involving deep moored sources and receivers. Since the acoustic impulse response is
dependent on the ocean current and temperature fields, measurement of the ocean

acoustic channel provides information about these variables.

The science of acoustics has found wide use in the ocean because sound waves
have the remarkable property of being able to propagate over very long ranges. Elec-
tromagnetic energy, on the other hand, is not able to penetrate the sea to any great
depth. Therefore, sound is much more suitable for the remote sensing of the ocean
interior than electromagnetic waves, which are quickly attenuated by conductive

turbid saltwater.

It is well known that low frequency sound (less than 1kHz) can travel several
megameters underwater without prohibitive attenuation, [42]. The transmission of
energy over such great distances is facilitated by two facts. The first is that sound has
low attenuation at low frequencies. This implies that the medium does not absorb
the sound energy. The second is that the sound speed profile has a minimum at
a depth of approximately one kilometer. This implies that the energy is ducted as
in a waveguide and that boundary losses are not incurred for purely refracted rays.
Another well documented characteristic of the ocean acoustic channel is multipath
propagation. The typical point to point impulse response of the channel is the sum

of several time delayed, amplitude weighted, phase shifted arrivals.

Ocean acoustic tomography takes advantage of the long range multipath propa-
gation of underwater sound. The technique is fairly simple to describe but difficult
to implement, [23]. First, accurate measurements of the multipath time delays be-
tween a number of moored transceivers are made. Then, using historical data to
model a reference ocean, perturbations between the reference ocean and the actual

observations are calculated. The necessary changes in the current and temperature
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fields are then determined by using standard linear inverse theory. Since this is a
vastly underdetermined problem, the fields are restricted to a few oceanographically
efficient modes. Finally, the fields can be tracked in time by using a Kalman filter

that smooths the data.

There are several advantages of acoustic tomography over traditional point mea-
surements. I'irst, tomography naturally smooths small scale local variability because
the observed travel time is integrated over the entire propagation path. Secondly,
the number of data points increases quadratically with the number of moorings as
compared to linearly with point measurements. And thirdly, the technique takes
advantage of the fact that multiple arrivals can be separated and used individually.

This also increases the number of data points.

The efforts of physical oceanographers to include ocean acoustics into their models
resulted in a major step forward. Sonar signal processors can also benefit by including
ocean acoustic modeling in their efforts. Sonar signal processing has always been
hampered by a complicated multipath environment, [45]. It can be demonstrated
however, that the complex arrival structure can be used to the signal processor’s
advantage. The essential element is, of course, good modeling of ocean acoustic
properties. The study of techniques which utilize precise knowledge of the acoustic

propagation is the proposed thesis problem.

Assume that ocean acoustic tomography can give the signal processor accurate
environmental information, that is to say the temperature, density and current fields
are known well enough in the region of interest to allow one to infer the sound speed
field and thus to make a good estimate of the channel impulse response. Based on this
assumption, it is interesting to construct a solution to a standard sonar problem and

to compare the result to a solution which does not contain environmental information.

In this thesis we try to solve the passive source location problem, using envi-

ronmental information provided by a technique such as ocean acoustic tomography.
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Passive source location without environmental information is a standard problem
in ocean acoustics with many applications, [22]. A standard solution is to deploy
two vertical hydrophone arrays. The two arrays operate in a passive or listen only
mode. Also, the source waveform is unknown. Initially, the arrays are beamformed
to reduce directional noise. Then the beamformer outputs are used as inputs to a
generalized cross—correlator [8]. The output is a time delay estimate which localizes

the source along a hyperbola with the two arrays at the foci.

In order to deal with the multipath propagation problem a new signal processor
is proposed in this thesis, which synthetically back-propagates the wavefront to a
hypothesized source location. This method, called channel matched filtering here,
was inspired by phase conjugation techniques used in optical processors to reduce
the effect of atmospheric distortion, [53]. The motivation for the back—propagation
approach is to refocus the signal energy, which is dispersed both in time and space,
to a particular source location. By concentrating the energy, signal detectability
should increase. By searching over a set of hypothesized source locations, a source
position estimate can be made. In fact it will be shown that a single vertical array
can localize a source along a circle with the array at the center. Furthermore if the
ocean has some range variability in its sound speed, the ambiguity can be reduced

even more.

The channel matched filtering (CMF) algorithm is similar to the matched field
processing first described by Bucker [7]. The approach taken here removes the nar-
rowband restriction. By combining the broadband information in the manner de-
scribed by Baggeroer, Kuperman, and Schmidt, [1], a better position estimate can
be made. Since the CMF algorithm is implemented in the time domain, however,
calculation of the estimator is more efficient, as well as providing an alternate and
perhaps more transparent viewpoint of the problem. Recently, Clay [11] described

a similar technique in terms of impulse responses, but does not combine the theory
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with an ocean acoustic model. Wax and Kailath, [47], have also considered the op-
timal source localization problem, as a maximum likelihood estimate of position but

not specifically for the multipath ocean acoustic environment.

As mentioned above, the key element of the signal processing is an accurate
acoustic propagation model. Also, the acoustic model needs to be numerically efhi-
cient, since the channel matched filtering algorithm searches over range and depth,
and therefore the model is run repeatedly. A further requirement is that it be a
broadband model since no assumption about the source signal is made. These are
severe requirements. Propagation models generally available do not perform as well
as an advanced signal processor may desire. Therefore a recently developed modeling

technique has been explored for use in underwater acoustics.

The new ocean acoustic propagation model, called the Gaussian beam method,
was first described in the optics literature, [27], and has been more recently applied
to seismic signal processing by Cerveny, [9], [10]. It was first applied to the un-
derwater sound environment by Porter [38]. The idea is to approximate the wave
equation along the path that the sound energy travels. A number of unique results
are obtained in this thesis. Acoustic fields, magnitude and phase, and channel im-
pulse responses can be accurately and efficiently calculated. By plotting amplitude
and phase modulated time fronts, valuable insight into the nature of the propaga-
tion problem can be gained. Finally a procedure is defined which specifies initial

conditions for accurate modeling.

There are two parts to this thesis. The first part is about ocean acoustic prop-
agation modeling which is covered in chapters two and three. The second part is
about signal processing techniques which are covered in chapter four.

Chapter Two contains a basic review of underwater sound. A simple environ-
mental model adequate for computer simulations is described first. Then the wave

equation is derived from fundamental physical principles. Finally, both mode and
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ray theories of sound propagation are considered as solutions to the wave equation.

Chapter Three gives an approximate solution to the wave equation known as the
Gaussian beam method. First the method is derived from the wave equation and
the basic approximations are explained as was originally presented by Cerveny, (9],
[10]. Next, the subject of choosing initial conditions to accurately model an ideal
point source is discussed. A number of approaches, including minimum beamwidth
and beam reciprocity, are explored. A procedure is developed here that minimizes
the error due to approximation of the wave equation by a Taylor series. Then the
numerical procedure used to calculate acoustic fields and channel impulse responses
is described. It is found, in this thesis, that impulse responses can be accurately and
efficiently calculated using this method. Finally, comparisons are made to the more
exact mode solution in a specific situation where a mode solution exists.

Chapter Four describes a recent development in sonar signal processing called
matched field processing. This algorithm uses a spatial matched filter to search for
the source location. An extension to multiple frequency processors is made in two
ways: coherent and incoherent integration of the signal spectrum. Next, a new signal
processing algorithm for source localization is presented. The algorithm is called
channel matched filtering. Variations of this theme are also be presented that rely
only upon the channel phase and time delay characteristics. Finally, environmental
mismatch issues are simulated by ocean internal wave modeling.

There are two appendices. The first appendix provides a list of the computer
code that was used as an acoustic model. Also there is a brief discussion of how
the program works. The second appendix presents a brief discussion of linear ocean
internal waves. These are the main source of ocean variability considered in this

work.



CHAPTER I1

OCEAN ACOUSTIC MODELING

Good modeling of ocean acoustic propagation is essential for good sonar signal
processing. In the problem under consideration here, the model should be able to
accurately predict all important phenomena. Also, the model should be computa-
tionally efficient so that the signal processing algorithms which depend on it can be
reasonably implemented. Thus when comparing models, the criteria of model effi-
ciency or ease of calculation are just as important as model accuracy and consistency.

There are two main schools of thought in acoustic modeling, [44]. They are the
ray-based and mode-based approaches. Each has its advantages in certain situations.
There are limits, however, to the usefulness of both models. Roughly, mode theory
is a high accuracy, low efficiency model; while ray theory is a lower accuracy, high
efficiency model.

The mode model gives the best results in a range independent environment (the
sound speed is a function of depth only), where the wave equation is separable. For
a weakly range dependent environment, an adiabatic mode model can be used if
the sound speed fluctuation with range is small enough so that there is no mode
coupling. Both of these models give good amplitude and phase results for their
respective situations. The computational complexity of these models also make them

difficult and expensive to implement. Mode models are generally used when one is
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in a shallow water environment and bottom interaction is important. Also they are
important when one wishes to investigate frequency dispersion effects. The parabolic
approximation method could also be used. It sacrifices some accuracy for ease of
calculation. Even so, all these models give results only at a single frequency and

therefore must be run many times for a broadband signal.

As far as ease of use is concerned, simple ray tracing codes cannot be beaten. They
are easy to implement, cheap to run, and can handle range dependent environments
easily. For the most part they give correct time of arrival information, which is
frequency independent. Amplitude and phase results are suspect, if not completely
erroneous, especially around caustics and shadow zones. Ray models tend to be
used in a deep water situation when there are too many modes present for efficient

calculation and bottom interaction is not important.

A simple, but very useful introduction to underwater sound is given in the book
by Urick, [45]. This book is highly recommended as an introduction to sonar systems.
A more thorough discussion of ocean acoustic propagation was published by Tolstoy
and Clay, [44]. For a more recent reference which includes material on the scattering
of sound by a fluctuating ocean, the investigator should consult the monograph edited
by Flatté, [18].

In this chapter, a description of the ocean acoustic environment is given first.
Then, the wave equation is derived from basic physical principles. Finally, a review
of the basic mode-based and ray-based wave propagation models is presented as
well as some examples. In the next chapter a newer model is developed, Gaussian
beam theory, which compromises between the accuracy of modal solutions and the
efficiency of ray solutions.

In order to simplify this discussion, only two-dimensional models are considered
here. Full three-dimensional models are significantly more difficult to design and

to execute. Almost all important propagation phenomena are present in a two-—



dimensional vertical slice of the ocean.

The Ocean Acoustic Environment

The ocean is a turbulent, rotating fluid, whose properties are ever changing. The
property of most concern to the acoustic modeler is the sound speed field. It is a
function of the ocean’s temperature, salinity, and pressure. Also, the field varies with
time. It is affected by currents which move water masses of varying temperature and
salinity through the ocean. Also, the sound speed is affected by internal waves, which
are slowly moving density waves that move throughout the ocean’s volume.

Perhaps the most remarkable property of the abyssal ocean is that it acts as a
waveguide for acoustic energy. This is because there exists a sound channel where
the speed of sound has a minimum at a middle depth of the water column. This
means that all sound is refracted back toward the center of the “waveguide”.

A popular model for the sound speed as it varies with depth is the Munk profile.
It is a simple, analytical formula derived from physical principles, [35]. To derive
it one starts with the empirical thermodynamic equation of state for seawater re-
lating temperature, pressure and salinity, and combines it with the Brunt-Vaisala
frequency, a measure of the stability of the water column. The result is an expres-
sion for the sound speed which decreases exponentially with depth until it reaches a

minimum, then it increases linearly. The sound speed, ¢, can then be written
o(2) = coll + (™ + 7 — 1) 2.1)

where z is depth,
n=2z—-2z)/B (2.2)

and typical parameter values are

co = 1492.0 meters/second (2.3)
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e=74x10"3 (2.4)
z; = 1300 meters (2.5)
B = 1300 meters. (2.6)

Although the Munk profile is reasonable for mid-latitudes, Figure 2.1 shows a
comparison between it and a profile measured in the Greenland Sea, [32]. The Green-
land Sea is an Arctic environment where the water temperature is nearly constant
everywhere except near the surface. The two profiles are very similar at greater
depths but at shallower depths the agreement is terrible. Still, if only a general
representation at middle latitudes is desired, the Munk profile is a convenient and

accurate prototype and therefore will be employed throughout this thesis.

Another consideration is the volume attenuation of seawater, in which sound en-
ergy is lost to heat and molecular dissociation. At low frequencies, attenuation is
exponentially proportional to the square of frequency, about 25 decibels per mega-
meter per (kilohertz)2. This imposes a practical limit, signals must have temporal
frequencies of less than 400 Hertz to be heard at long ranges (greater than 100 kilo-
meters). Figure 2.2 shows attenuation vs. frequency, see [45]. There are several loss
mechanisms. The dominant ones are due to the viscosity of water and the ionic

relaxation of magnesium sulfate (MgSO,) molecules in seawater.

Although attenuation due to a lossy medium is important, its effects will be
omitted here. This is because there is a more dominant effect that must be included:
the loss due to cylindrical spreading. As a comparison, the absorption loss of a source
at 100 Hertz at a range of 1 megameter is about 0.1 decibels, while the spreading

loss is about 60 decibels.
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The Wave Equation

All ocean acoustic modeling is based on the wave equation. The development
shown here follows Bold, [5]. The acoustic wave equation is derived from three
well known physical principles, Newton’s second law, the conservation of mass, and
Hooke’s law. To understand how sound propagates in a fluid consider the mechanical
forces which act on a differential element of fixed volume in space.

The equation of motion in three dimensions for the differential volume of fluid is

described by Newton’s second law

Ju
Vp+ Par = (2.7)

where u is the vector of fluid velocity through the differential volume element, p is

the density, and p is the signal pressure.
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According to the principle of conservation of mass, any change in the density of
the fixed volume must be because some amount of mass either flowed into or out of

the volume. Accordingly, the continuity equation can be written

gt + V.- (pu) =0. (2.8)

This relates the density change per unit time to the divergence of fluid flow through

the fixed volume.

Hooke’s law is a stress—strain relation. It states that the density change of the
fluid is linearly proportional to the pressure acting on that volume of fluid. This is

a very good approximation for small signals. Hooke’s law is expressed as

p=po(1+2) (2.9)

where & is the bulk modulus. The bulk modulus is defined as the excess pressure

divided by the fractional density change.
Now there are two scalar equations and one vector equation with five unknowns;
pressure, density and the three components of velocity. To derive the wave equation,

solve for the pressure. Start by taking the time derivative of the continuity equation

0% du dp

V.p— .
8t2+ pat+v usy = (2.10)
Then by taking the second time derivative of Hooke’s law

p _ podp

o = noe (211)
and applying the V. operator to Newton’s law

Ou
Vip=-V. p— 2.12
P P (2.12)

Vp—=-7z5=V- (——u). (2.13)
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When the signal pressure is much less than the ambient pressure, the right side of

the equation becomes essentially zero and the scalar wave equation for pressure can

be written
1 9%
Vip—- —. =% = 2.14
where
c= = (2.15)
Po

is the sound speed. This is an excellent description of small signal sound propagation.
For a discussion of the fundamental approximations see [18]. Similar equations can
be written in terms of particle density or velocity. Pressure is used in the following

discussion because that is what most contemporary hydrophones measure.

The Modal Solution

There is no general analytical solution to the wave equation, (2.14). It is possible
to solve it in certain cases. The instance in which we are interested occurs when
the sound speed does not vary with range. In this case, there is a straightforward
solution to the wave equation based on the separation of variables. The solution is a
vertical eigensolution multiplied by a range varying Hankel function. The amplitude
and phase response of the channel can then be accurately calculated anywhere in the
channel.

Let’s take a closer look at the derivation of the modal solution. First, write the

wave equation in a cylindrical coordinate system,
st ts5t 57 =0 (2.16)

where z is the depth of the ocean measured from the ocean surface and r is the range.

Using cylindrical symmetry changes a three dimensional problem into one with only
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two dimensions. Now assume a time harmonic solution of the form
p(r, z) = pa(r)pu(2)e™". (2.17)

The wave equation then separates into two equations. A horizontal part

d? 10

65" + Ta% 4 kpp =0 (2.18)
and a vertical part

8p, w2

3.2 + (—CE- - kz) p, =0 (2.19)

where k is the constant of separation.
The horizontal solution is

2 (kT
pu(r) = HE® (kr) ~ me_’(kr_r) as T — 00 (2.20)

where H{?(-) is the zero-order Hankel function of the second kind, [44]. Often the
Hankel function is often approximated by an exponential. This is reasonable since
in most situations the receiver is in the far field of the source.
The vertical equation has no analytical solution for arbitrary sound speed profiles.
It must be solved numerically. Assume that the surface and the bottom are parallel
boundaries. The fact that the surface acts as a pressure release interface results in
the boundary condition
p,(0) = 0. (2.21)
The condition at the bottom is more complicated. Physically all that is required is
that the pressure is constant across the interface. This means that some energy is
transferred to the bottom. In reality, this does occur. At long ranges, though, the

more strict boundary condition
pv(zbottom) =0 (222)

applies because any solution which does not meet (2.22), will quickly decay. There-

fore, it can be assumed that any energy in the continuous k spectrum will be absorbed
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by the bottom, so only the discrete modes propagate to long ranges. This implies
a discrete spectrum of k values. Some examples of modal functions are shown in
figure 2.3. For a typical deep water case with a Munk profile there are as many as

five hundred significant modes. The modal functions can be shown to be orthogonal,
[ @) () dz = S (2.23)
0

The procedure for calculating modal functions is to use the shooting method,
[41]. First make a guess of the eigenvalue ( or wavenumber) k, and then calculate
the eigenfunction ( or modal function) by matching the boundary condition at one
end and extrapolating the solution to the other end. Using the error at the far
boundary, Newton-Raphson iteration can be done to converge to the correct value
of k.

In order to make a good initial guess for k, it is wise to first solve equation (2.19)
approximately using the WKB method. To do this, rewrite the separated vertical

mode equation as
52

352” +a’p, =0 (2.24)
with the dummy variable
2 w? 2
Now assume a solution of the form
pulz) = P(2)e (2.26)

which when substituted into (2.24) gives a real and an imaginary equation. The

imaginary equation
d*¢ dP d¢

PE? -+ 25&;‘ =0 (2.27)

P(z) = Py (fi-‘?-> " (2.28)

has the solution
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2
-

we must make the assumption that P is slowly varying, that is to say the amplitude

In order to solve the real equation

d*pP

- P=0 (2.29)

of the solution varies much slower than the phase, as expressed by

d’P
— = 0. 2.30
7 ~0 (2.30)
Now we have the solution for ¢,
Zbottomn
= / adz. (2.31)
0

Since the solution must be continuous, ¢ must satisfy the Bohr-Sommerfield condi-
tion

¢=/2122 adz=(n-1/2)7 (2.32)

where z; and 2, are the roots of

w2

o =~k =0 (2.33)

This condition implies that the mode must have an integer number of cycles during
the interval that « is imaginary.

It is well known that, in the absence of currents, the acoustic channel is reciprocal.
This means that the transfer function of the channel between two points is the same
regardless of which point is the source and which point is the receiver. In order
to calculate the acoustic field it is necessary to sum the contributions from all the
modes. Using the reciprocity condition and summing over the modes we get

M
p(r, 2 t) = 3 pi™ (25) S (2,) e 7= ) gt (2.34)
m=1
where z, is the source depth and z, is the receiver depth.
An example of a sound field is plotted in figures 2.4 and 2.5. Shown are the

magnitude and phase of the acoustic field of a 1200 meter deep source operating
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at 250 Hertz as a function of range and depth. The magnitude plot clearly shows
shadow zones where little acoustic power is present and convergence zones where
power is focused. The phase plot reveals little physical insight but does show the
complicated structure of the field. One thing that can be noticed is that there is a
jump in the phase along a caustic, (a place where rays cross that will be described
in more detail in the next section). Indeed more careful inspection reveals that the
phase changes by 90 degrees across the caustic boundary.

The modal solution depends upon the crucial assumption that the sound speed is
range independent. It is not able to cast any light in the case of a range dependent
sound speed. Although this does not pose a large problem for theoretical work it is.
not acceptable in practical situations. Also note that the modal solution gave results
only at a single frequency. This is a large problem for theoreticians as well as prac-
titioners of ocean acoustics since the model must be run many times to approximate

a broadband signal.

The Ray Solution

Another solution to the wave equation is given by the ray method. This method
makes the assumption that the sound energy has a much smaller wavelength ( or
higher frequency) than the typical dimensions of the medium it is propagating in.
This is equivalent to saying that we expect the solution to be locally a plane wave.
In the normal deep water ocean situation, ray acoustics gives a useful description of
sound energy propagation. This situation is characterized by water that is nearly
five kilometers deep and frequencies that are greater than ten cycles per second. In
other words the depth of the water should be much greater than the wavelength of

the acoustic energy. The usual case is

h
T > 10° (2.35)
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where h is the depth of the water and X is the wavelength.

The basic assumption of ray theory is that all arrivals are plane waves. A plane

wave can be represented by
p(z,y,z,t) = A(z, y, z)e*t-TEv2), (2.36)

If the function T'(z,y, 2) is set equal to a constant then it represents an isotemporal
surface or a timefront. In order to find T'(z,y, z), insert the plane wave solution into

the wave equation
2 .
(V24— w?AVT - VT — jw[AV’T + 2VA - VT]) ¢-T) = —Z AT, (2.37)
C

Now make the high frequency approximation by taking the limit of this equation as

w gets arbitrarily large. This results in
2 1

which is known as the eikonal equation.
The direction in which T increases the fastest at (z,y,z) is by definition the
direction of the raypath. In fact the gradient of T' defines the raypath by,

_tdr
" cds

vT (2.39)

where r is the coordinate vector defining the raypath and ds is an element of incre-
mental length along the path. To solve for the ray path r, take the gradient of the

eikonal equation to get

AVT - VYVT = %ch. (2.40)
Now substitute the definition of the gradient of T into equation (2.40) and use the
fact

d a:lt,' 6 dr

from vector calculus. Finally the result is

d (li‘i) __lo. (2.42)

ds \ cds c?
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which is the ray equation, a numerically solvable system.

The computational procedure to solve for the ray path is easy. First write three

scalar ray equations. For example, in the z direction,

d (ldx):z_“£§E (2.43)

ds \cds oz’
This can be rewritten as a system of two first order differential equations

_lds

a=-=" (2.44)
da 1 0c

where a is a new dummy variable. These can be integrated numerically using a
straight forward technique such as the Runge-Kutta method, [41]. The initial con-
ditions are the starting point and initial direction ( or gradient) of the ray.

An example of a ray trace is shown in figure 2.6. A number of rays are traced
leaving a point source which is at a depth of 1200 meters. A number of features can
be seen in this diagram.

The amplitude of the field can be estimated by using the distances between
adjacent rays. The width of the ray tube is inversely proportional to the arrival
amplitude. This method works well except in two well known cases, where rays
converge and where no rays are present.

Caustics are defined as points where two adjacent rays ( narrowly separated in
initial angle) converge. In this situation ray theory predicts an infinite amplitude
arrival. While this is obviously not physically possible, it is remarkable that accurate
amplitude estimates can still be made on the far side of the caustic, that is using
rays that have already passed through a singularity.

Shadow zones are the second situation which is poorly modeled by ray theory.
These are regions where rays indicate that no acoustic energy is propagated. The

boundaries are sharply defined by caustics. In the real world, energy is present in the
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shadow zones, especially near the boundaries of the shadow. A more correct model
would include this effect.

In figure 2.6, the region at a range of 45 kilometers and depth of 1200 meters
is known as a convergence zone. There is a focusing of the sound energy here that
reoccurs periodically.

Using the ray model with an impulsive source predicts a number of time delayed
impulses at the receiver. An example of an eigenray trace is shown in figure 2.7, with
both the source and the receiver at a depth of 1200 meters, 100 kilometers apart.
An eigenray is a ray that leaves the source at specific angle ( eigenangle) and passes
exactly through the receiver’s location. The separate ray paths for each arrival are
clearly shown.

Finally, figure 2.8 shows a time front generated by connecting the end points of
ray paths whose time delay along the path is the same and is about 70 seconds.
The four sheets of the time front clearly show four arrivals, that one would receive
depending on the receiver depth. The cusps trace the caustic boundaries as the front
evolves in time. Also shown in the upper figure is the same time front where the
depth and range are on the same scale.

Ray tracing codes are straightforward to implement, can incorporate range de-
pendent environments easily, and are frequency independent. The difficulty with this

type of model is that the amplitude prediction is not accurate in certain well known

regions.
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CHAPTER III

THE GAUSSIAN BEAM SOLUTION

As indicated in the previous chapter, modeling the impulse response of the ocean{
acoustic channel is difficult. None of the standard models really does the job that
is required for the signal processing algorithms to be considered in this thesis. The
main problem is that neither of the two well established modeling techniques can
achieve both high accuracy and high efficiency simultaneously.

The mode model, while being very accurate, is difficult to use. The cost is com-
plexity of calculation and a very small collection of boundary geometries that admit
solutions. A necessary assumption is that the sound speed be range independent.
The solution entails the calculation of eigenfunctions which are frequency dependent.
So for a broadband signal the eigenfunctions must be calculated across the spectrum,
and then the calculated transfer function (Fourier coefficients) can be used to syn-
thesize an impulse response.

Tracing rays on a digital computer is a fairly easy thing to do. This accounts
for the popularity of ray theory. The arrival time estimates are very accurate and
it is easy to include a range dependent sound speed profile. The main disadvantage
with ray theory is that the amplitude estimate is not always accurate. The theory
predicts infinite amplitude at caustics, which are where neighboring ray paths cross.

It also predicts zero amplitude in shadow zones. This does not match physical reality.

27
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Another problem is that in order to get accurate time of arrival estimates one must
trace eigenrays, rays that connect the source and receiver. Practically speaking this
means that many rays with different initial conditions must be traced until a ray

that goes through (or comes close to) the receiver location is found.

A recently proposed model is developed here, which gives reasonable results for
time of arrival, amplitude, and phase of a propagating signal without being difficult
or expensive to use. Another advantage is that it can use a range dependent sound
speed profile and it does not require eigenray tracing for accurate time of arrival
estimates. The theory is based on the idea of Gaussian beams which have been used
to model propagation phenomena in geophysics [9] and in laser cavities [31]. It was
first applied to an ocean acoustic environment by Porter and Bucker [38], in order
to calculated propagation losses at a particular frequency. In this thesis, the model
is extended to calculated impulse responses of the ocean acoustic channel and to

provide amplitude estimates for timefront analysis.

In this chapter, the method of Gaussian beam propagation will be derived fol-
lowing the development of Cerveny, [9], [10]. Then the important consideration
of matching the field to an ideal point source field by tuning the initial conditions
will be covered. A discussion of various possible initial conditions can be found in
Miiller, [33]. An argument is made in this thesis that the most accurate result can be
obtained by minimizing the beamwidth of the beam closest to the receiver. The nu-
merical procedure for calculating impulse responses and fields will be described and
examples will be compared to the more exact modal solution. It will be shown that
the impulse response solution can be calculated for little more effort than a single
frequency calculation. Also it is revealed that the phase behavior of the Gaussian

beam solution closely models that of the real ocean.
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Derivation

It is well known that the high frequency wave field propagates mostly along rays.
Gaussian beam theory seeks solutions to the wave equation which are concentrated
close to each selected ray 1. Define an orthogonal coordinate system (s,n) along
the ray. The coordinate s measures the arc length along the ray from an arbitrary
reference point, n represents a length coordinate in the direction perpendicular to
)} at s. Rewrite the wave equation in the new coordinate system. The parabolic
approximation to the wave equation is used to obtain solutions close to the ray. A
complete derivation is given by Cerveny [9].

The starting point in Gaussian beam theory is the wave equation in two dimen-

sional Cartesian coordinate system

Pp 9 1867

dz? | 922 ¢ Btf'
where z is the range coordinate and z is the depth coordinate. As mentioned above,
high frequency acoustic energy is known to travel along rays, therefore there is an
interest in the behavior of the wave equation along a ray. The first step will then be
to transform the wave equation in Cartesian coordinates to a ray-centered coordinate
system as shown in figure 3.1. In this system a particular ray is indexed by 2 in
initial angle, s measures the distance along the ray from the starting point, and n
measures the perpendicular distance from the ray. Following the standard formula
for the Laplacian under a change of coordinates, the ray centered wave equation can

be written
2 2 2
1 0% 3p8(1)+h3p Ohdp hO%p (3.2)

7952 9595 \h) T o2 Y omon - 2o

with differential length element

dr? = dz* + d2* = h*ds® + dn? (3.3)
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Q
n
S
Figure 3.1: Ray Centered Coordinate System.
where
1 de
h=1+—-— 4
+ con " (3-4)

is the scale factor for an element of length along the ray.
Since it is known that energy traveling along a ray can be represented by a plane

wave, try a time delayed, harmonic solution for the pressure of the following form

p(s,n,8) = P(s,n,w) exp {—jw [t - / ZC(%} } (3.5)

The complex function P(:,-,-) modulates the plane wave which travels along the
central ray. It turns out that P will alter the wave by giving it a width and a
curvature. To find a solution for P, substitute equation (3.5) into the wave equation

(3.2) to get

0s? ¢ Os c? c? Js

%{82}).*__2_]}‘_)?_5_ [ﬁ_}_&@c:l P}+
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2 2 .
hé_}z_‘_hip_i ‘.J_Lip_i_ap Qﬁ_{_%gg—_—
ds On On

on? c? h? \ ¢ Bs 0. (3.6)

This is still an exact wave equation.

To approximate solutions to the wave equation close to the central ray, scale the

coordinate perpendicular to the ray according to frequency
m = w'/n. (3.7)

This expresses the fact that only solutions a certain number of wavelengths from
the central ray are to be considered. The wave equation can now be approximated
in the vicinity of the central ray by using a Taylor series. This is accomplished by
expanding the coefficients of equation (3.6) along the newly scaled coordinate. It is
possible to write the wave equation as a Taylor series since all it derivatives exist at
all points. The series has terms in powers of w™/2. As w gets larger ( or equivalently,
as the receiver gets closer to the central ray), it is clear that the lowest order terms

contribute the most. After keeping only the first order terms equation (3.6) becomes

P 2j8P [m?d%c j de
i T e as (?5@*55)”—0 (38)

om? = ¢ Os
This is a parabolic wave equation. It is most accurate nearest the central ray and
indeed is exact on the ray.
Continuing to seek the solution for the modulating function P(-,-,-), try the
following
P(s,m) = /& A(s) exp (j-21—m2F(3)>. (3.9)
where A(-) and T'(-) are complex functions. The exponential form of equation (3.9)

forces P(-) to decay away from the central ray. Substituting (3.9) into (3.8) results

in
[(20A . (10T , 1 8%
J (2‘5;+AF> — Am (ZE-*-F +;% = 0. (3.10)
If there are solutions for A and T" such that
ar ., 1 d%
el i 11
s + I +028n2 0 (3.11)
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and

dA ¢
S+ AT =0 (3.12)

then equation (3.10) will be satisfied as well.
To solve equation (3.11), first realize that it is an ordinary non-linear first-order
differential equation of the Ricatti type which cannot be solved analytically. Proceed

by using a known trick, [9], to simplify the problem. Let

B 1 Oa
I's)= = = —— 1
(s) a cads (3.13)
then substitute for I" to get
J%a Ocda %
“F7 9505 Tom® =0 (3:14)

a linear equation. Equation (3.14) can also be written as a system of two first~order

linear differential equations

Jda
% = P
o Je; 1 9%

which can be easily solved. As a matter of fact equations (3.15) can be solved
simultaneously with the ray tracing equations. Also note that o and 3 do not
depend on frequency, so they only have to be calculated one time. This is why the
Gaussian beam method is so efficient.

The solution of equation (3.12) is straight forward. Use the expression for I' given
by (3.13) to transform (3.12) into a first-order linear differential equation. Solving
this results in

A(s) = Ta~V2(s) (3.16)

where U is a complex constant.
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Finally, the total solution can be written as

p(s,n,t) = U [2((38))] v exp {—jw [t —r(s) - %%37#}} (3.17)

where

7(s) = /0 f(% (3.18)

is the time delay calculated along the raypath.

There are two important conditions that the solution of equation (3.14) must

fulfill so that (3.17) can be considered physically legitimate. The first is that
a # 0. (3.19)

This condition insures that the solution will remain finite at caustics. The second is

that

Im (gg) > 0. (3.20)

This condition guarantees that the modulating function P(-) will decay as one moves
away from the central ray. That is to say the beam will make a negligible contribution
to the field far from the beam axis.

Any complex solution of (3.14) can be expressed in terms of any two real linearly

independent solutions. These solutions can be written in a matrix form as

n(s) = oa(s) ex(s) (3.21)

,31(3) 62(3)
with initial conditions

m(8o) = i (3.22)
The determinant of (3.21) is known as the Wronskian and is constant

det 71'(3) = 01,32 - angl = 1. (323)
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So the total solution for o and 3 can be written as the linear combination of the two

real independent solutions

a=za;+ e, B=unp+2pb- (3.24)

with complex coeflicients z; and z3. Since the ratio of 8 to « is what appears in

the exponent of equation (3.17), it is possible to eliminate one complex constant by

writing
B_chth (3.25)
« €y + Qo ’
where
e=So+jLlo= 2. (3.26)
22

Now there are only two real constants, So and Ly, instead of two complex constants
to specify.
The beam equation can be rewritten in a more physically meaningful way as

2

p(s,n,t) = A(s)exp {—jw [t —71(s) — %K(s)n"’] -~ -E;—ZZ?)-} (3.27)

where the beam magnitude (including cylindrical spreading) is given by

1/2
_ c(s) _ c g g o1-1/4
|A(s)| = ’xp [m (S)] = 9]/~ [(Soas + 02)? + L207] (3.28)
the beam phase is given by
_ 1 Loal
arg A(s) = arg ¥ 5 arctan Sro T o (3.29)
the beam curvature is given by
B(s)\ _ (Soor + @2)(SoBr + B2) + Liou By
K(s) =R = .30
0 =re (5 (Boas + s + L] (530

and the beam half-width is given by

T - 1/2
L(s) = [L‘;'Im (gg;)} = ;‘5‘0 [(50011 + as)? + Lgaf] / . (3.31)
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This completes the derivation of a single Gaussian beam. Note that the Gaussian
beam is an exact solution to the wave equation when the receiver lies on the central
ray. What this implies is that the method spatially averages the acoustic field over
the width of the beam. That is to say that any spatial inhomogeneities in the sound

speed field of dimension less than the width of a beam are smoothed.

Initial Conditions

In the previous section, the behavior of a single Gaussian beam was described by
solving the parabolic wave equation near a central ray. If an ideal source is to be
modeled, a set of Gaussian beams must be fitted to the initial wave field. The wave
field p(M) at the point M can be expressed in terms of a finite sum of Gaussian

beams as
p(M) = % ®(£2) pa(s,n) (3.32)

where the function ®(Q1) is specified by the initial source field and {1 indexes the
beams. The trick to this problem is to find the number of beams needed to adequately
represent the field and to find the correct initial beam width and curvature. The
values of the constants Sy and Lo, which have not yet been specified, can then
be tuned to adjust the initial width and curvature of the beam. In this section,
a new analysis which specifies the minimum number of beams needed to model a
point source is made. Also, a procedure which minimizes the approximation error is
defined.

Insight into this problem can be developed by studying a more restricted case.
Suppose that the sound speed is constant. Now we want to model an ideal point

source in two dimensions, whose field can be described by

1
Arps(r,0) = ~ exp {—j (wt —kr 4 %) } (3.33)
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where 7 is the distance from source and 8 is the angle. This function is independent
of 8 and implies that the function ®(2) is a constant. The parameters Sp and Lo
will also be assumed to be constant from beam to beam. This greatly simplifies the
problem.

In order to determine the number of beams needed to approximate the field (3.33),
first consider the behavior of a single beam in a homogeneous environment, that is
where the sound speed is constant. In this case, the ray paths follow straight lines

and the equations for the beam parameters a and 3 can be simplified to

da a8
Cﬂ 5—;——

= = 0. (3.34)

Integrating these yields

a(s) = cfs+ao
B(s) = po (3.35)

Now the expressions for the beam magnitude, phase, curvature, and width can be

simplified also. Explicitly, the beam magnitude is
C -1/4
A = 11/~ [(So+ s+ L3] (3.36)

the beam phase is

arg A(s) = arg ¥ — %arctan SOL-?— > (3.37)
the beam curvature is
K(s) = o +9) (3.38)

(So + 3)2 -+ Lg,
and the beam width is

L(s) = \/wl—z) [(So +5)2 + Lg]m. (3.39)

The next step is to adjust the width of the beam. Suppose a width of [ at the

receiver is desired. This can be achieved by adjusting the parameters Sy and Lo to
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the values
Qg wl 2

-t Lo = ———. 3.40
So o o 203 (3-40)

Doing so results in a beam width and curvature of
L(s)=1 K(s)=0. (3.41)

So the solution to the wave equation along the central ray in a homogeneous environ-
ment is approximated by a plane wave modulated by a Gaussian shaped weighting

function. Also the beam magnitude and phase are

2C¥1

|A(s)| =

(3.42)

1 wi?
arg A(s) = arg ¥ + —2-a,ta.n2(2— 0) =arg V¥ + —2- (3.43)

The magnitude rolls off inversely proportional to the square root of the distance from
the source just as it should.

Now the effect of the number of beams can be examined. Plot the magnitude and
phase of the approximate field as described by equation (3.32) as a function of angle
for three different cases. All three cases have the same beam width but differ in the
number of beams. The ideal point source field has a constant magnitude and phase.
It is clearly seen in figure 3.2 that only the most dense case adequately matches the
ideal point source field. The beams in the dense case are conveniently chosen to be
spaced exactly one beam width [ apart. This implies that there must be enough
beams in any matching field so that any two beams are no farther than [ meters or

one beam width apart.

Minimum Beam Width

As long as there are enough beams so that they are separated by no more than

one beam width, any curvature and width can be used. Since the approximations
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made earlier are most accurate nearest the central ray, the parameters Sy and Lo are
chosen to minimize the width of the beam thus minimizing the contribution of the
beam to receivers which are far from the central ray. Doing so minimizes the error

in the approximation.

Minimization of the beam width at the receiver is straight forward. Simply form

the partial derivative of the beamwidth as shown

OL(s) _ 1 [-2 [(Soal +az)’ + L%a%] s [L%;a% = (Socr1 + a3)? (3.44)
w ) '

0L, 2 Lo L3
By setting equation (3.44) equal to zero, one can solve for the parameter Ly. After

a little effort the result is
Lo=— [§al_+a_] , (3.45)

Qg

Using this value for Lo gives the minimum beam width at the receiver.
Now it is time to worry about Sy. For help, return to the homogeneous environ-

ment situation and consider the beam curvature

1

K= 5579

(3.46)

where the value of Ly that minimizes the beam width has been used. It is known
that the curvature of a wave front generated by an ideal point source is inversely

proportional to the distance from the source. Therefore, setting
So=0 (3.47)

will best fit the beam’s curvature to that of an ideal point source.

There is one more constant to determine, that is the beam constant W. It is
necessary that the energy

E= f: Ip(s, n, )| dn (3.48)

along the wavefront ( i.e. where t = 7(s)) be well defined. Rewriting equation (3.48)

as

E=|A| /_Z exp {_zi—’zz-)}dn, (3.49)
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and using the fact that

/oo e dn = Vrl, (3.50)

-0

it is possible to obtain a simple expression for the energy contained in the beam
which is
T
E =|A| L(s)\/g. (3.51)
The energy should be constant with frequency in a homogeneous medium as range

increases asymptotically. In this case, since the beam width is

L(s) = sy /5‘%, (3.52)

and the magnitude (using r o s at long ranges) is
1
[A(s)] = W] =e, (3.53)
the beam constant ¥ can be specified as

U] = Vw arg ¥V = —;-arctan % + g (3.54)

Numerical Procedure

So far a description of the behavior of a single beam has been given, and initial
conditions to minimize the approximation error have been derived. Also it has been
discovered that enough beams must be used so that none are farther apart than one
beam width. A new procedure will now be given of how to calculate the acoustic
field and the channel impulse response using the Gaussian beam method.

Once the Gaussian beam field due to a source at point § and a receiver at any
point R in the ocean acoustic channel is known, the impulse response from S to R

can be written.

h(t) =3 Aib(t— 1) | (3.55)
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The advantage of Gaussian beam theory is that for only twice the computational
effort of conventional ray theory, accurate values for the 4;’s can be calculated. How

to calculate the impulse response (3.55) is the subject of this section.

To gain some insight into the physics of the situation, consider a time front again.
As you will recall, a time front is just the connected end points of rays as they move
through space. Using Gaussian beam theory, the amplitude and phase of the time
front is also known now. In figures 3.3 and 3.4 the calculated magnitude and phase
of a time front at T = 70 seconds is displayed. This would not be possible with a
standard ray trace code. The time front magnitude plot shows how the rays become
folded over as they propagate through the channel. The cusps are in reality caustics.
The amplitude increases rapidly and peaks at the caustics. Also the phase changes
rapidly at the caustic and is constant along each individual sheet or arrival. This is

exactly the behavior that is expected in the real ocean.

Now calculate the impulse response at a point. To do this sum a number of
Gaussian beams at the receiver point. This yields an amplitude and a phase at that
point. It should be pointed out that although « and 8 are independent of frequency
and need be computed only one time, the amplitude and phase will change with
signal frequency. Therefore, it is necessary to find the amplitude and phase response
over the entire range of frequencies we are interested in. Once this is done, an inverse
Fourier transform can be performed to synthesize the time response. In figure 3.5, a
point to point impulse response is shown. Notice that the impulse from the source has
become a doublet, the linear combination of an impulse and it’s Hilbert transform,
the effect that is expected when an acoustic signal passes through a caustic. This
particular example was calculated using a source at a depth of 1100 meters and a
receiver at a range of 100 kilometers and a depth of 1300 meters. The source and
receiver were shifted slightly off axis in order to separate the middle arrivals in time

and produce a clear diagram. The frequency response was calculated in a range from
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Figure 3.3: Gaussian Beam Time Front Magnitude.

0

1000

[ 8]
[=3
3
Y -

8

Depth (meters)
:

5000 i . i N : s i R L . I 1

96000 98000 100000 102000

Range (meters)

25

-100

100

o]
Phase (degrees)

Figure 3.4: Gaussian Beam Time Front Phase.

104000




43
50 to 1000 Hertz and then the inverse discrete Fourier transform was applied. The
plotted result thus has about 2 millisecond time domain resolution. The added low-
amplitude oscillation around each peak is simply an artifact due to the application

of a rectangular windowing function in the frequency domain.

Although A; and 7; are theoretically weakly dependent on frequency, our best in-
formation is that in the real ocean A4; and 7; do not change appreciably over the range
of frequencies (5-500 Hz) that we are interested in. As shown in figure 3.5, the Gaus-
sian beam method is in good agreement with the complex amplitude weighted, time
delayed, multipath model. This suggests that there may be an alternative method
of calculating the impulse response. By slicing the time front into its component
arrivals, it is possible to avoid the inverse transform. In figure 3.6, the frequency
response of the Gaussian beam method is shown. The geometry of this situation is
the same as was used in figure 3.5, namely the source was at a depth of 1100 meters
and the receiver was at a range of 100 kilometers and a depth of 1300 meters. The
amplitude, phase (delay-independent component), and time delay of each path or
arrival was plotted as a function of frequency. As hoped each path’s parameters are
essentially independent of frequency. It is only the interference between paths that

produces a variation in field strength with frequency.

Since the frequency response of the Gaussian beam method is essentially flat, the
use of the inverse Fourier transform is avoided. Instead, it is necessary to calculate the
amplitude, phase, and time delay of each arrival at only one representative frequency.
In order for a modal code to calculate a similar impulse response, all modes would
have to be evaluated at many frequencies ( depending on the time domain resolution

needed) and the inverse Fourier transform would have to be performed.

Finally, in figures 3.8 and 3.9, the single frequency (250 Hertz) field due to a point
source at a depth of 1200 meters is shown. The ray paths in figure 3.7 are shown to

enhance understanding.



