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ABSTRACT

An analysis of the response of a panoramic receiver to cw and pulse
signals is presented. The receiver's response is studied quantitatively as a
function of the parameters: signal pulse length and frequency, receiver band-
width, swecp-rate, and type of i-f amplifier. The effect of these parameters
on the relative output amplitude, output pulse width, and apparent bandwidth
is emphasized. OSome general relations are derived. Two specific cases are
considered. An electronic differential analyzer is used to study the response
of a receiver with a single-tuned i-f amplifier to pulses having rectangular
envelopes. Theoretically the response of a receiver with a Gaussian shaped
i~-f passband to pulscs having Gaussian envelopes is derived. This ansvwer is
given in closed form. The agrecment betwveen these two cases justifies appli-
cation of the Gauscian case to most practical design problems. Many curves are
prescented to aid the design engincer.

ix
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THE RESPONSE OF A PANORAMIC RECEIVER TO CW AND PULSE SIGNALS

1. INTRODUCTIOH

The study of the response of a linear resonant system to a sinusoidal
driving function having a linear variation of frequency with time is pertinent
in various fields of engineering. This problen 1s encountered when an engine
is accelerated uniformly through a critical frequency.l The same situation
oceurs in the analysis of records of ocean waves by means of vibration galvano-
me‘c,ers.2 A panoramic superheterodyne receiver also presents this problem; and
this is the problem studied in this report.

An analogous second problem is the response of a system whose resonant
frequency varies linearly with time to a fixed frequency sinusoidal signal.

This problem is encountered in various types of spectrum analyzers and in pano-

-

2

ramic radio receivers. For the high-Q or very much underdamped system, the

two problems prove to be ecssentially e<;w.:'.valem:.2-’1L
As indicated by the bibliography, there is a considerable amount of
published work on these problems. Previous theoretical work has been confined
t0 a single-tuned circuit or its mechanical analogue with constant amplitude
riving functions. Microwave spectrum analyzers or panoramic radio receivers
usually represent resonant systems having many degrees of freedom; and with the

growing importance of pulse modulated communication and radar systems, the re-

sponse to pulsed driving functions is important. This report is concerned with

Levis, F.M., Ref. 2
®Barber, W.F. and Ursel, F., Ref. 3

Williams, E.M., Ref. 4; Barlow, H.M. and Cullen, A.L., Ref. 5; Nontgomery, C.G.,
Ref. 6; Marlic, W.B., Ref. 11; Thomasson, D.W., Ref. 12
o, G., Ref. 1
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this more gencral casc of the response ol a resonant system to a constant
amplitude or pulse modulated sinuscidel driving Tunction having a linear vari-
ation of frequency with time. Throughout this report the problem is stated
and discussed in terns of a panoramic radio recciver, but the resulis obtained

. N + Tq PR IR
here are directly applicable to other engineering problems.
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2., DESCRIPTION CF THE PROBLEM

2,1 Assumptions

The receivers of this investigation are idealizations of conventional
superheterodyne recelvers. Diagrammatically, they are shown in [Mig. 2.1. The
function of the mixer is to convert an incoming signal of fixed instantancous
frequency to one with an instantaneous frequency changing linearly with‘time.

It is ascumed that the envelope of the incoming signal is not distorted by the
mixer. The filter of Fig. 2.1 merely selects the desired Trequencies, and the .
detector operates on the output of the filter to obtain the envelope. These
cssunptions reduce the problem to thet of obtaining the response of a filter to
a particular Im signal.l

Several types of filters and a variety of input simals ave considered
in this report. Two filters are exemined theoretically: the onc a single reso-
nate circuit, the other a filter with a Gaussian amplitude response and a linear
phase responsce curve. Both of these cases are examined wvith a cw input signal
to the mixer. In addition, sinusoidal pulses with square envelopes (see Tig.
2.1) are studied in conjunction with the single circuit filter, and sinusoidal
pulses with Gaussian envelopes are treated as input signals to the mixer with
the Gaussian filter.

By mecans of a differential analyzer filters with one, two and four
sncehronously aligned single-tuned stages are examined with c¢w and pulse input
signals to the mixer. The pulses studied 21l have square envelopes in this in-

vestigation.

lUnder some circumstances the response of a trf receiver which sweeps in fre-
quency by changing the resonont elements 1s approximetely the same as that of
a receiver in which the resonant elements are fixed and the input signal sweeps
in frequency. ( Hok, G., Ref. 1) The analysis in the report is appropriate in
such cases. (See also Barber, N.F. and Ursel, F., Ref. 3)

7

2
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2.2 Definition of Parameters

The same notation is used throughout this report and vherever it is
convenient, formulas and results are presented in normalized and dimensionless
form. This facilitates the comparison of the several cases discussed.

Tne following parameters are used in describing the signal and the.
filter. The signal is assumed to have passed through the mixer, so that the
Tilter has a constant resonant frequency and the signal frequency is varying.

4 -- center frequency of the filter (radians per second)

a -~ Irequency of signal at the time t = 0 (radians per second)
b -- bandwidth of Filterl (radians per second)

¢ -- time of center of input pulse (seconds)

d -- input pulse widthl (seconds)

s -~ sweep-rate of signal (radians per second)

These parameters are illustrated on a time-frequency diagram in Fig. 2.2. lote
that the sccond definiton of "a" amounts to stating that the time origin is
taken as the time when the signal sweeps (or would sweep) throusgh the center
Trequency of tne Tilter.

The results can be presented in terms of dimensionless variables by
normalizing vith respect to one of the parsmeters. The effect is to reduce by
one the number of parameters involved. TIn this report the normalization is
usually with respect to bandwidth. Frequencies are then in bandwidth units,

o . . R e qan . /
C.3., 3, and times in reciprocal bandwidth units, t/1/b or bt. The appearance

lThe bandvidths and the widths of input and output pulses are generally measured
between points vherc the amplitude drops to 0.707 of its maximum velue. This
convention is adopted in this report cxeept in the treatment of the Gaussian
case, where all widths are measured to the e~L1/+ points. This simplifies tg;
formulas without seriously affecting the accuracy of the results, since ¢~1/%
is only 9% larger than 0.707, the vidth so defined is about 18% smaller than
the width between the 0.707 voints. Mo adjustment has been mede for this dif-
Terence in this repoxrt.

5
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~

of the time-frequency diagram in two possible sets of normalized coordinates is

showvn in Fig. 2.3.

5.5 TFactors Describing the Response

The gencral nature of the response of a panoramic receiver 1is quite
evident. The amplitude of the voltage output as a function of time is zero
sufficiently early; it reaches sone peak value and again approaches zero. The
peak value for a pulse input depends upon the value of sc, the difference between
the filter frequency and the signal frequency at the center of the pulse. The
peak value is a maimmum for sc approximately zero and approaches zero for large
values of sc.

The most important features of the response are: (1) its peak ampli-
tude when sc is zero, (2) the approximate width of the response in time, and (3)
the width of the peak amplitude curve plotted as a function of sc. Three dimen-
sionless measures of these features are defined below; these quantities are used
to comparc the cases discussed in this report.

The Relative Amplitude A

With a gziven input signal suppose the output voltage of the filter is
g(t). Let gy denote the steady state output voltage when the input to the filter
is a cv signal vwith the center frequency of the filter and the same peak voltage

as thet of the given signal. Then the relative amplitude A is defined as:

. (2.1)

The vdlue of A for sc = 0O is denoted by Ag, which is also referred
to as relative amplitude. Ay 1s a measurc of the effect of changes in bandwidth,
sweep-rate, and pulse width on the amplitude of the response Tor a given type of

filter.

__ ENGINEERING RESEARCH INSTITUTE - UNIVERSITY OF MICHIGAN —
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The output Pulse Width W
The Y- i

Suppose tg is the width of the output pulse in scconds (between half-
povier pbintsl). This width can conveniently be desceribed in dimensionless form
by

5to

W o= — - 2.2
= (2.2)

W is the number of receiver bandwidths swept through by the signal in the dura-
tion of the output pulse. Thus, if the output of the dotector is presented on
an oscilloscope with the abscissa calibrated in frequency, %% is the width of thec
output pulse in cycles per sccond.

The Apparent pandwidth B

guppose for a glven {filter and a ziven type pulse input the relative
amplitucée A, as a function of sc, drops to 0.707 fip at scp and scl_1 Then the
apparent pandwidth of the recelver for pulses 1s by definition

sC - 5C
2
B = - e : (2.3)

Essentially, a signal within %% cycles per second of the recciver Irequency is
received with little attenuation.

Both W and B are important factors in the discussion of the resolution
of a receiver.h 4 was pointed out that if the output of the panoramic receiver
is presented on an oscilloscope calibrated in freguency, the width of the pip on
on the oscilloscope would be %% cycles per second; the resolution could hardly

be expected to be much better than this width. It was also pointed out that a

1 - .
See footnote D. U
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signal within %% cycles per second of the recelver frequency is received with

little attenuation, and thus appears on an oscillograph at the receilver fre-

quency.

This discrepancy limits resolution to about g% (see Fig. 2.L).

_J L

FREQUENCY —»—

FIG. 2.4

THE RESPONSE OF A SCANNING RECEIVER TO A
SERIES OF PULSES AT A FIXED FREQUENCY

10
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3. THEORETICAL ANALYSIS

4.1 Single-Tuned Circuit

The special case of the single-tuned circuit filter, shown diagram-
matically in Fig. 3.1, is examined theoretically in this section for input
pulses which have sguare envelopes.

The assumed input current pulse to the filter is the real part of

ol

exp(jat + % te), for ¢ - % <t<cc+3

i(e) = R . (3.1)
0 sy for t < c - 5 or t > ¢ + > ;

then the real part of the response represents the output. In this form,

a is the pulse frequency at zero time in radians per second,
s 1is the sweep rate in rédians per second per second,
d 1is the pulse width in seconds, and

tlie center of the pulse in time.

6]

c i

The determination of the voltage that appears across the resonant cir-
cuit for this input current pulse is carried out in Appendix A. The result in

complex form is given by

o(t) = —3= exm(iat + 3 5 t2) o) (3.2)

vhere

R N
7= 2Rc\/§+:"/gt

and G is a function related to the error function of a complex variable and can
be calculated using tables for that function. The envelope for this voltage is

given by
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e = jg—‘i“GW)‘ . (3.3)

The case of & = @ (cv inputs), can be found elsewhere in the litera-
ture.l The extension to.pulses brings in two nevw parameters: the normalized
pulse width\/g d and the normalized pulse positionvﬁfc. Fortunately, the in-
crease in complexity is not as severe as the two additional parameters suggest

since the envelope at any time after (¢ + %) is simply given by
c o |
le(s) = Je(e + B)|e R (3.1)

Thereiore the starting time (¢ - %) can be taken as the only parameter, and the
envelope of any pulse 18 readily determined from the response to the pulse whici
starts at the same time and continues indefinitely. WNevertheless, the complete
analytic study of the normalized response with two parameters (normalized band-
width and starting time) is tedious and, since the results can easily be obtained
from a differential analyzer, only select cases have been carried out numerically
Two sets of calculated curves for particular bandwidths with the starting time
as parameter are given in Figs. 3.2 and 2.5; the curves are normalized to sweep-
rate. A comparison of these curves with the results obtained from the differen-

tial analyzer is made in Section 5.1 (see Figs. 5.1, 5.2 and 5.3).

3,2 The Gaussian Case

Tn this section the response of a filter with a Gaussian trapsfer

function to a cw signal and to pulses with Gaussian envelopes 1s discussed.

lﬁok, Gunnar, Ref. 1; Lewis, F. M., Ref. 2; Barber, N.F. and Ursel, F., Ref. 5
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The most important reason for considering this case is that a closed
form answer can be obtained. The Gaussian filter is not physically realizable;
however, if the time delay is neglected, the transfer function of n single-tuned
cireuits all at the same frequency approaches the Gaussian function as n becones
large.l As 1is pointed out in Section 5.2, the envelope of the response for this
hypothetical filter differs very little from that of several synchronous single-
tuned circuits; therefore, a study of this case gives insight into the problem.

The ftransfer function assumed is

2
Hw) = \/%; eXP{~(—w-—;)—2ﬂ}- (3.5)

-1/k

"a", and the bandwidth between e

The center frequency of the filter is
points is b.2 Note that the phase delay is completely neglected here, The intro
duction of a linear phase delay would not significantly change the answers.

The signal assumed for the cw case is,

2

st
£(t) = cos [at + —E“] (5.6)
and for the pulse case is,
2
: (t - o st2
£(t) = GXP[- = ] cos [at + ~§—] . (3.7)
- l/}.].
The center-time of the pulse is ¢, and the pulse width between e points is d.

The answer is derived first for the pulse case, and the cw case is obtained from

it by letting d approach infinity.

Ysec Section L.1, p. 26

2Sec Footnote p. 5

16
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The analysis is straightforward. The signal function is transformed
to the w - plane, multiplied by the transfer function H(w), and transformed back
to the t-plane. An outline of this manipulation is given in Appendix B. The en-

velope of the output for the pulse case is

,g(t)l = Aj exp {_ J_é[s(t - tm)]g 1 (sc 2} (5.8)

W b T2 ‘b

t
where Ao, B, W, and B are runctions or s, b, and d as follows:

b
Ay = — (3.9)
[(g—z- +v?) 2y 452]1/4
1 /%
B = ggw//ag + b2 + 52. g2 (3.10)
i o, 2 2
W g f@tP) e 8. — (3.11)
£§ + b2 + 52d2 o<B
d
%2 + b2 ]
tm = qr (3.12)
2 * b2 4 szdél
The envelope responée in the cv case reduces to
2
t , = Ap ex {;-l- [53] } 3
Ig( ) 0 P~ =5 |2 (3.13)
Where
Ay = n 2 . (3.14)
(b + 4s8)1
1 L 2 1 =
W = = bT + Ls = =, .1




—  ENGINEERING RESEARCH INSTITUTE - UNIVERSITY OF MICHIGAN -

The definitions of Ag, W, and B given here are consistent with those i
Section 2.2: Ay 1is the relative amplitude, W is the output pulse width, and B i
the apparent bandwidth,t

For the Gaussian case graphs of Ay, W, and B as functions of Eg are

given in Figs. 3.4, 3.5, and 3.6. A, is defined so that it has the value one fo
an infinite pulse and zero sweep=-rate. Ag is affected little by Sweeping until

L
is of the order 1 + zgayg » and drops off rapidly for higher swveep-rates,

o‘um

By definition the output pulse width W is onec for a cw signal and zero
sweep~rate. The curves are never below W = %% ; this is the output pulse widtr
corresponding to the impulse response of the filter (bd = 0). For low sweep-
rates the output pulse width is between the value for the cw signal and that for
the impulse response. TFor high sweep-rates the output pulse is essentially the
impulse response of the filter and is independent of bd.

The apparent bandwidth B is defined so that it is unity when the sweep-

rate is very low and the pulses very long. For short pulses B is greater than

- T AT 1 a & - 3 e .L.. —{{'__
one cven for zero sveep-rate, As the sweep-rate increases above ¥ 1+ NPT
S
the curve rises sharply and approaches B = 52 * bd asymptotically (see Pig.
5'6)-

lore curves and further discussion are included in Appendix C to show
the dependence of Ay, W, and B on all the paremeters. In Section 5.2, Ay, W,
and B as computed from the differential analyzer data are compared with Agy W,

and B for the Gaussian case.

lThe reader should keep in mind that Ay, W, and B are expressed in dimensionless
form.

18
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3.5 Two CGeneral Formulas

In Section 3.2 it was found that for the Gaussian case with constant

emplitude input signal,

2
ASSW = 1, (3.16)
and with pulse input signals,
o 13 o T
Af B = a3 2 = L (3.17)

It is natural to ask whether these formulas are more general., The answer is that
they can be proved with very broad hypotheses.

The general validity of (3.16) and (3.17) depends on a different defi-
nition of bandwidths and pulse widths. The width of a pulse is defined as its
total energy divided by its maximum power. The bandwidth of a Tilter with trans-

fer function H(w) is defined by

04]
P = f—(DH(LD) md{,})
max H(w) ﬁnsj

This is known as the "noise bandvidth."t A similar definition, in terms of the

2 fquations 3.16 and 3.17

energy of pulses, is given for apparent bandwidth B.
arc correct if the widths of bands and pulses are calculated in the above manner.
Usually these widths differ little from the 3 db widths of curves. They coincide
for square pulses. The ratio of noise bandwidth to 3 db bandwidth for synchro-

nous single-tuned amplifiers is 1.57, 1.12, 1.15, 1.06 for one, two, four, and

an infinite number of stages respectively.l Therefore, the formulas are still

lyallman, H. and Valley, G. E., Ref. 9 , p. 169; Lawson, J. L. and Uhlenbeck,
G. E., Ref. 10, pp. L76-177 4

25ee Appendix D.

22
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apnroximately true for » db bandwidths and pulse widths.
The details of the derivations are given in Appendix D. In deriving

zq 5.16, the signal

512
£(t) = £y cos [at + _E_]

is assumed to be applied to an arbitrary filter with a finite bandwidth. The
energy of the output pulse is calculated using Fourier transforms and Parseval's
Theorem, and the result 1s interpreted using the energy-type definition of band-
width and pulse width.

The first step in deriving Bg 3.17 1s to define apparent bandwidth.
This is donc as follows: Given any signal of finite energy, a family of signals
can be constructed; each member of the family is formed by shifting the original
signel in freguency. Let Tg (t) denote the signal which is shifted from the
original by @ radians per second. For each input signal T4 (t) the energy Ey
of the output pulsc is calculated. Ly is a function of @ which approaches zero
for large values of a (sec Fig. 5.7). Then the apparent bandwidth B is defined

as the width of the curve of L, as a function of @, divided by the filter

Eo
- bB

a

Figure 3.7

— 2%
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bandwidth, wvhere the width of the curve is determined by dividing the area under

the curve by its maximum height. Thus,

.[OO

3o da

B = % J-® ) (3.18)
b max EO

Equation 3.17 follows from this’definition of B when the energy of the output
pulse is calculated using Parseval's Theorem (see Appendix D).

It seems worth repeating that the derivations above assume an arbitrary
filter of finite bandwidth and an arbitrary type of pulse.

Tt is noted in Section 3.2 thet for fast sweep-rates, the apparent

bandwidth B, plotted on a log log graph, has the asymptote B¥* = bd -

?’D‘ 0]

This is true for an arbitrary filter. A proof using Eq 3.17 1is given in Appendix
D. By Bg 3.17,

= S, (3.19)

to Ao2

Tt is shown in the appendix that the response approaches the impulse response of
the filter as the sweep-rate becomes large, and thus to is the width of the
response to an impulse, while A, is related to the strength of the equivalent

impulse. Then the behavior of B for large sweep-rates follows from Bg 3.19.

2k
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L. SOLUTIONS BY DIFFERENTIAL ANALYZER

k.1 gtatement of the Problem
4ol oY

The physical problem is to observe the response of a bandpass filter to
pulse modulated sinusoidal signal whose frequency varies linearly with time. A

block diagram of the apparatus required is shown in Fig. 4.1,

PULSED fm

SIGNAL FILTER - RECORDER
GENERATOR
(c, d, and s) a, b, type

Fig. 4.1 Block diagram of differential analyzer.

This is equivalent to solving the ordinary differential equation

F[é*f‘-g,g% v, 4 = 1(s) (k1)
at

where £(t) is the time representation of the pulsed frequency-modulated signal.

Since only linear filters with fixed parameters are considered in this report,

the left side of Eq 4.1 is an ordinary linear differential form with constant co-

efficients; the order of the equation, n, depends on the complexity of the filter

considered.

A differential analyzer is well suited both to the solution of Egq 4.1 and

to the generation of the driving function £(t) (input pulse), through the solution

of an auxiliary differential equation.l

lBHSh: V. and Caldwell, S.H., Ref. 13; Ragazzini, J.R., Randall, R.H., and
Ruseell, F.A., Ref. 14; Macmee, A.B., Ref. 15

L
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The driving function is

2
f(t) = cos[at + EE—} if ¢ - g <t<ce+ %’ and (k.2)
2 a
(t) = 0 if t>c + '2‘

Thus f(t) is a sinusoidal pulse with a square envelope. The pulse has a duration
of d seconds and is centered at ¢ seconds; the instantaneous angular frequency of

the signal is
w = a+ st (h.3)

vwhere s is the sweep-rate in radians per second»per second.

The filters studied are of the sort encountered in the simplest
intermediate-frequency amplifiers, a synchronous single-tuned amplifier.l Each
filter has maximum response to sinusoidal steady-state signals at "a" radians per
second, and the 5 decibel bandwidth is "b" radians per second. TFilters con-
sisting of one, two, and four. single-tuned circuits are investigated. The use of
one single~tuned circuit is of special interest since this case can be calculated

without too much difficulty.2 This gives a check on the analyzer solu.tions.5

1
The steady-state amplitude response of the n stage filter is’

- n
]H(w)l ={1 +[(2) # - 1] . [“ib——ég]e ¢ (4.4)
For large n
(2) F_1nd m(2), (4.5)

Wallnan, H. and Valley, G. ., Jr., Ref. 9
2See Section 3.1
5See Section 5.1
Mo, cit. p. 172

no
(@2
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and

imit f o L a2. 2 .
1im In(w>‘ - 1imit 1 +[m2 a ] . iﬁa
n—- @ : n— Wb

s
]
L)

o
™ 1R
-

&

i

mf\)
—

no

. 54
Further, for frequencies near resonance, 1 + & & 2, and therefore

limit -2 mafe= 2 ,
as n-—o lH(wﬂ RE b . (%.7)

A Tilter having this Gaussien amplitude responsc curve can be handled by analytic
means if the input pulscs are assumed to have a Gaussian rather than a square
envelope curve.L The differential analyzer data for synchronous single~-tuned

ampliTier gives a measurc of the uscefulness of this analytic result.?

},2 Method of Solution

4.2,1 Differential Analyzer Setup An alternating current equivalent

ciréuit of the intermediate frequency filter-amplifier studied 1is shoﬁn in Fig.
4.2, The vacuum tubes are assumed to operate in a lincar fashion. The input
and output capacities as well as the plate resistance ry are lumped into the
appropriate single-tuned interstage circuits which all have identical element
values. The grid-plate capacities are neglected. This filter amplifier is de-

scribed by the equations

e, fo e = () = 1)
C,$§'+S_2_+L/ co dt = - gpel
® R OL (4.8)
C %%i + ;é + % j‘ ez at = - gpeos
C %%& + %& + % J' ey dt = - Eme%-

1 .
See Seetion 3.2

See Section 5.2
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TO BE REPRESENTED BY DIFFERENTIAL ANALYZER
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A block diagram of the differential analyzer setup for the solution
" of Bq 4.8 is shown in Fig. L.%. TEach block labeled "circuit" in Fig. 4.3
solves one of the second order differentisl equations of Eq 4.8. The details of

the interconnection of the differential analyzer components within these blocks as
well as the function generator block are given in Appendix E. Since all the cir-
cuits are tuned to a common resonant frequency and all voltages and currents are
at zero at the start of every solution, there are just two parameters for each
cireuit box. For the jth circult the smplitude of the driving function e; is
controlled by a potentiometer, Pij’ and the bandwidth by is controlled by a

potentiometer, Pre

In this study the bandwidths of all circuits are identical; the band-
width of the filter consisting of n circuits iél

1
b o= b/ (27 -1 . (+.9)
As indicated in Fig. 4.3, a four channel recorder permitted simultaneous
recording of the input pulse f(t) and the responses of one, two and four single-
tuned circuits. The input potentiometers vere generally adjusted to give approxi-

mately full scale deflection of the recorders at the time of maximum response.

4.2.2 Parameter Values The function generator output vwas a constant

amplitude sinusoidal signal that veried linearly in frequency from 10.25 to 20.19
radians per second in a period of 140 seconds. Therefore, the sweep-rate of the
driving signal was always .0T10 radians per second per second. The length of the
input pulse d and the time of the center of the input pulse ¢ were controlled by
a

closing a key comnecting the input signal to the first circuit box, at ¢ -3

seconds; d seconds later an electronic interval timer disconnected the input

Mo, cit. p. 172
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sicnal. The frequency of the input signal equaled the frequency of the filter,

a = 14,18 radians per second, 55.4 scconds after the start of each sveep.
Table 4.1 summerizes the ranges of parameter values. It will be noted

that the Q's of the tuned circuit, %, range from 11.28 to 567.2.

TABLE 4.1 RANGES OF PARAMETER VALULS

a 14,18 radians per second

b 0.025 to 1.257 radians per second
I - 55,4 to +70 seconds

e 2.65 to 125.7 seconds

.0710 radians per sccond per second

44}

%.% Discussion of Solutions

For convenience in the operation of the differcntial analyzer, all solu-
tions were run with a fixed fiiter resonant frequency "a" and a fixed input sig-
nal sweep-rate s.1 The aifferential analyzer solutions were run to observe the
offect of varying the four remalning parameters: (1) the center time of the in-
put pulse ¢, (2) the length of the input pulse 4, (3) the bandwidth of the filter

b, and (4) the number of single-tuned circuits. These parameters are displayed

on the time-frequency diagram of Fig. b b,
sone of the solutions as observed at the output of the differcential

analyzer are discussed here. Additional solutions and discussion are found in

Appendix F. A comparison between the solutions measured on the differential

analyzer and the solutions calculated analytically is given in Section 5.

lSee Appendix E for a discussion of this and for details of the differential
analyzer operating proceedure.

L“”* 3L




—  ENGINEERING RESEARCH INSTITUTE - UNIVERSITY OF MICHIGAN -

|
I

-~
| pd
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0 ) T_/_,/' a frequency =
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Fig. 4. Time-Frequency Disgzram Showing Problem Paranetors

4.3.1 Qualitative Results

A. Varying T'ilter Parameters The effect of varying the filte

parameters b and n is shown by Figs. k.5 4o 4.7. Figure 4.5 shows the response

of é two circuit filter to an extremely long input signal as the filter band-
width is varied. The Tour output traces illustrate an important effect. For a
fixed sweep-rate there is a filter bandwidth which leads to the ninimunm output

Wb
pulse width in seconds, s - From the data shown, the optimum bandwidth appears

to be about 0.234 radians per sccond.

Figure 4.6 shows the effect of varying the bandwidth of a one circuit
filter; the input signal is a pulse 10.6 seconds long with a center frequency
equal to the filter center frequency. The two important effects observable here

are: (1) the recduction in the relative amplitude Ay as the filter bandwidth is

32
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FIG. 4.6
RESPONSES FOR VARIOUS BANDWI|
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reduced (AO drops from 1 to .39 as the bandwidth b is reduced from 1.51 to .07
and (2) the "spreading" of the output pulse as the filter bandwidth is reduced,
The spreading of the output signal for large bandvidths observed in the previot
Tigure does not occur here since for large bandwidth the input pulse width
determines the output pulse width directly.

Figure L.7 shows the response of 1, 2 and 4 circuit filters, all
having the same bandwidth, to an input pulse having a center frequency somewhat
above the resonant frequency of the filters. There is an increase in the dela:
of the output pulse relative to the input pulse as the number of circuits is ir
creased, but otherwise increasing the number of circuits has little effect on
the relative amplitude and output pulse width. Note the envelope of the output

pulse tends tovards a Gaussian shape as the number of circuits increases.

B. Varying Signal Parsmeters The effect of varying the sign

duration d and center frequency (a - sc) is shown in Figs. 4.8 and 4.9 respec-
tively. As one would expect, there is a reduction in the relative amplitude of
the output if either (a) the input pulse duration is reduced, or (b) the center
frequency of the input pulse differs appreciably from the filter center fre-
quency. Figure 4.8 shows the effect on the output of varying d. Tigure 4.9 il-
lustrates the change in filter response as ¢ is varied. Each output pulse is +ti
result of a separate differential analyzer solution. The various output tapes
were cut and pasted together in the proper sequence to form the figure.

4.5.2 Quantitative Results Figures 4.5 to 4.9 indicate qualitatively

the effect on the filter output of varying the various signal and filter para-
meters. A quantitative measure of the Tilter response is furnished by the factc
introduced in Section 2.3: the output relative amplitude Agy, the output pulse

width W, and the apparent bandwidth B. More than four hundred solutions of the

36
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type shown in Figs. 4.5 to 4.9 were run on the differential analyzer to determinc
the dependence of these factors on the circuit and signal parameters. Some
typical curves of A,, W and B are discussed below. Additional curves and dis-
cussion are included in Appendix P,

Relative Amplitude A The relative amplitude is the peak

anplitude of the output pulse normalized to the steady-state amplitude of the
output for a cw input signal at the bandcenter frequency. A, is the value of A
which corresponds to bandcenter pulses (¢ = 0). Fig. h.iO shows the variation
of the relative amplitude versus sweep-rate for a cw receiver input. Curves for
one, two and four circuit filters are plotted. TFor every case, the rcsponse is
wnity for very low sweep-rates. For very high sweep-rates, the responses drop
off rapidly. The response of the single circuit filter is considerably greater
than that of the other filters. For all filters mcasured the response has
dropped 35 decibels at i?; = 1. |

The relative amplitude as a function of the input pulse length and the
sweep-rate are shown in Fig. k.11l. The cw response curve is replotted in this
figure for comparison. If the pulses are short, relative to the rcciprocal of
the bandwidth in cycles per second, (bd < 27), the reclative amplitude response
is less than the responsc for the cw case for very lov sweep-rates. At high
SWeep-rates the response to pulses is approximately bounded by the cw response
curve, but in every case there is a range of sweep-rates over which the response
to a short pulse exceeds the response to a cw signal. TFor very high sweep-rates
one would expect the response curves for all pulse lengths to approach the cw

response curve.

Output Pulse Width W W is the width of the output pulse in time

(measured between 3 decibel points) relative to the time it takes the input

T 39
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signal to sweep over the Tilter passband. Data have bheen obtained siving the
dependence of W on the signal and circuit Parameters. The curves of FPigs. 4,:
and 4,13 are typical of the results obtained., fThere is an increase of W as ti
sWweep-rate is raised. Tor large sweep-rates the width of the output pulse to

approaches a constant determined by the filter impulse response. Then W = 2
becomes linear in s. The length of the input signal d and the number of circu
n have little influence on W for high sweep-rates. An exception occurs for th
case of one circuit; W is about one-half the value for the two end four circui
cases. The beat phenomena which are observed in the output for the one circui-
case have the effect of appreciably reducing the output pulse length as measur
between 3 ab points.l It should be pointed out that this beating phenomenon c:

give rise to some other ancmalous results,®

Apparent Bandwidth B As indicated qualitatively in Fig. bh,9, the

relative amplitude of the output pulse is a function of the difference between
the center frequency of the input pulse and the filter bandcenter, sc. The pea
response drops off as the magnitude of sec is increased. A typical series of

plots of relative amplitude A versus %E is shown in Fig. 4.14. The center valu

of the curves shown is Ay. The apparent bandwidth, B, is defined as the distan

between the points on these curves at which A = Vé%~. Bach curve of Fig. L.1h4

determines one value of B.
Plots of B as a function of sweep-rate with the number of circuits anc
the length of the input pulse as parameters are given in Fig. 4.15. For very

low sweep-rates B has a horizontal asymptote. For very large sweep-rates B has

[

"lg. F.h, Appendix F

lSee 3
: Appendix F
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£ on asymptote given by (%§ . bd).l As a result the curves of Fig. 4.15 are rea-

sonably reliable even though only three points were obtained for most curves.

? gince each point on this plot represents about seven differential analyzer solu-
tions, about two hundred solutions were required to obtain the data plotted.

mhe nunber of circuits is seen to be of little importance, but the length of the
input pulsc nas a major cffect. TFor low sweep-rates narroving the pulse

inereases the apparent bandwidth vhile for high svweep-rates the reverse is true.

4

ection 3.5

93]
®
(v
w2
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D.  COMPARIZON OF SOLUDTION:

5.1 Single-tuned Civeuis by Two Methods

1

The response of sinsle-tuned circuits to pulses with square envelopes
has been discussed in earlier so ctions of this report.

and cifferentiol analyzer curves {or certain cases werce precented. The vesults
£

of the tvwo investisotions arc compared here. Figure 5.1 illustraotes curves ob-
tained by these two techniques for very broad pulses, Tigures 5.2 and 5.3 arc

similar ereent that the Tulses started ab Trequencies near the center of the

rassband of tiwe Tilter. The bandwidtho Tor the three Tigures are Gifferent. A
part of the discrevancy of Fis. 5.5 probably is due to the slight difference in
oing time of the two curves. These three Tigures and Tigs, 5.4 and 5.5 4in-

dicebe a very zood agraement between the mmerical calculations anc. the Qiffor-

cnvial analyzer colutions.

5.2 The Gaussian Case and Difre renticl Analyzer Solutions

-

The relative amplituds A, output tulse width W, and apparent band-
ViGtl D have been caleulataed both for the Gaussian case (Zection 3.2) mnd from
the differential analyzer solutions for one, two and Tour circuit synehronous

cingle-tuned filters (Section o7, Bight tywical families of curves conparing

tiese data are given in to 5.11.

The velative ammlitude for a cu input sizsnal is shovm in Fig., 5.%. T

curves for two circuits, four circuits 5, and the Gaussian case differ very little

1,

the curve for the one circuit filter is higher at Tast sueep-rates, but not Ly

-

more than a Tacto

z

~ of two. Tha relative amplitude curves Tov pulses (Figz., 5.3

h&
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-

and 5.0) are more irrezular. The curves still have the same general Teatures,
however, and they differ by no more than a Factor of two.

Figure 5.7 shows the outnut pulse vidth for a constant amplitude sig-
nel.  Again the curves for two and four circuits and the Goaussian case are very
close. The curves for the one circuit Tilter azre lower, but not by more then a
factor of three. The output‘pulée width curves for a pulse input (Figs. 5.8 and

5.9) are &ll of the same seneral shape and are within a Ffactor of three of cach
D o X

other, with the curve for a onc cireuit Tilter diverging the most.

R

5.11 are within forty per cent of

O

The curves for B in Figs. 5.10 an
eachr othey for fast sweep-rates and within a factor of two and one-half for slov

cwecp-rates. The curves for a particular value of bd have the same agymmpiote for
fast gveep-rates (sce Section 3.3) and the asyuptotes are perallel for slow swecn-

" -,
T

robes. The liniting values of B for slow SWecep~rates can e obtained theoreti-

7 Por the single-tuncd circuit as well ag Tor the Goussion case, and these

TADLE 5.1 APPARENT BANDVIDTH FOR ZZRO SWREEP-RATE

bd % o1 21
[l
1 circuit 5.01 1.69 1.17
Gaussian Filter | 1.62 1.18 | 1.05

Generally the one circuit Filter #ives somevhat greater relative ampli-
tude, 2 little narrower output pulse, and a clishtly larger apparent Landwvidth

han any of the other filters congidered.

a1
L
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Certain featurcs of the receiver response in the differential analyzer
solutions differ considerably Trom the solution of the Gaussion case. Tor ci-
ample, the time of maximum responsc can hardly be cxpected to agrec, since the
Geussian filter is assumed to have no phase delay. Also, the output pulse shape
for the Gaussien case is always Gaussian, while a wide variety of shapes appear
in the differential analyzer solutions, as observed in Scction k.3,

The solution of the Gaussian case gives an understanding of the nature
of the response of a panoramic recciver. loreover, the Gaussian case is guanti-

tatively consistant enouch with the other cases studied to be uscd in meny design
sttt (]

problems involving peak amplitude, output pulse width, apparcnt bandwicti, and

61
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The response of a banoramic receiver to cw signals gnd pulses has been
investigated in +this report. The reccivers studied were idealized Superhetero-
dynes; several types of i-T amplificr Tilters were consicered, In nany cases
the analysis applies to a trf panoramic receiver.

Theoretical studies were made of the following cases:

Y .

2) Single-tuned i-f Tilter with cw ang square envelope pulsecs as

0
[

5 1lnput signals, and
b) Gaussian shaped i-f passband with CW and Gaussian envelope pulscs
as input signals.
Differential analyzer solutions vere made for i-f filters of one, two, and four
single~tuned circuits with ¢v and square cnvelope pulscs as input signals.

The character of the response is found to depend in a minor way upon
the type of i-T Filter used. General Tormulas Presented in Section 3.3 hold
regardless of the type of Tilter or the type of input pulse. Thus one antici-
pates that the important features of the response are little altered with other
types of bandpass Tilters,

Only the envelope of the response is studied in this report. The
pertinent response factors investigated were the relative amplitude, the output
pulse width, and the apparcent bandwidth. These Ffactors largely deternine the
character of the responsc. They are functions of +he receiver sweep-rate, the
i-f bandwidth, and the Signal pulse width.

The Gaussian case has been presented in considerable detail in +his

-
1

study. .Analytically, the responsc for this case is very satisfying. The answer

B

5 given in closed Toim, and it is sinple vhen expressed in terms of the

62
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irportant factors: relative amplitude, output pulse width, and effective band-

width, More significant is the Tact that the Gausgian case is fairly representa-

tive and can be used with suitable caution in the design of panoramic equipment.

The formulas and the many curves in this report will enable the en-

gineer to optimize certain design features of a banoramic receiver subject to

the application requirements.
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APPENDIX Al

Derivation of Response to a Single-Tuned Circuit

Let

IA

o2 3
exp{ja’c + Jst },for c - é(ﬁs Tt

d
S c+ 3 (A.1)

i(t) =

0 fort<c-51-andt>c d
’ +
2 2

be the input signal current to a passive lumped-constant network and let 3 desig-
nate its Fourier transform. Similarly, let e(t) be the voltage produced at a
given output and T its Fourier transform. Assume the circuit is quiescent prior

to the application of the signal. Then,

d
cC + =
~ % ) [ 3 2
€ = z(p)T = (p exp[jaT+ JST] exp(-oT) 4T (a.2)
Jen a
c -2

where z(p) is the appropriate transfer impedance. Tor a passive network z(p) is

a rational function and can be expanded in partial fractions as follows.

n

z(p) = ELD—? = ¥ () (A.3)
h .
®) 5w () (mopy)

where Dy designates a root of h(p) = 0, and multiple roots are excluded.? Then

equation A.2 becomes a
n c+ 5 2
g =J——;';~ > ' &(py) f exp[jaT -l-‘]s2 ] exp(~-pT)AT. (A.L)
T x=1 h' (pp)(p-py) a :

c-2

l‘I'he proof given here follows that of Gunnar Hok, Ref. 1. k
2The extension to multiple roots is not difficult.

6l
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Taking the inverse transform and interchanging the order of integra-

tion, a
n ¢tz joo
e(t) = 2 8 f cxp [sar + JST?]_/' cxp p(t - T) gpar,
k=1h' (p) . 2 end (p - Pr)
¢ -5 —jeo (A.5)

By the inversion theorem of operational calculus, if the real part of P < O,

: O for t<T
Jao
- 2Bt 1) 4 - (8.6)
2] J[ (p - py) exp p(t - T) for t > T, |
-Jo

and therefore the cxpression for the voltage becomes,

n t
~ o
e(t) = v B exp Bt + (Ja - p)T + 321 } ar (A.7)
ht (pk) 9 2 .
=1
d
C —
2
d d - . . .
for ¢ - E <t <c + oe The vpper limit of the integration t is replaced by
c =+ % for t> ¢ + %
Now define,
) = ==y -
% (T) = Tz (e -m) + 5.5 T (A.8)

Then the exponent of the integrand in Iq A.7 can be written

2 2
I )

-
Pt + (Ja - pp)r + IE
2 2 2

2
+ j[at + gg_]’

and the voltage expression assumes the form

65
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n
g(p . st ,
e(t) = 2 k) /2 exp[ga‘b + i—] G(%) (1.9)
h' (py) ¥ S 2
k=1 >
t)
1 n2w, X
where G()i{) = - J exp ,[,j - ] f exp -~ J "é“ d)f{4 (A.10)
Y(e - 8)
N x + iy e
The error function of a complex variable defined by vﬁ;? .f e 2 4z
0

has been tabulated and can be used to evaluate G()i).2
For the case of the single tuned‘circuit shown in Fig. 3.1, the gencral

formula for the voltage reduces as follows:

N 1 _ RLp
Z(¢J) - l l - 2 .
=+ =+ pC P='RLC + pL. + R
R i
Then,
g(p) = Rip,
n(p) = RLCD® + Lp + R,
h'(p) = 2RLCPp + L, and
g(p)  _ _Rp . L1
h'(p) 2RLCP + L 2c 1+ _L
2RCp
The roots of h(p) = 0 are
L d . d - . :
G(%) = O for t<c - 2, and for t>c + 5 the upper limit of the integral is to

be replaced by Yele + %).

E”Tables of Integrals Associated with the Error Function of a Complex Variable,"
Hastings, C. and Mercum, J., RAD-28%, Douglas Aircraft, August, 1948,
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Py
1 4+, /T [J_']z 1. b
= - = * = _|.= = - = .24
erc ~ Y 1Ic T lZRe ZRC — J8 5 I Ja.
P
2
Then, if <2>> 1,
6y) L oalme) o 1
h'(py)  h'(po) 2C
By Eq@ A.9 the voltage is e(t)=™ L exp (jat + jSte) . [G()’) + G()’i
C./2s 2 1 2]

Also, 1t is readily showm that

lim

a — G()é) =

approximately by

fen 2

1 A Jst
& o~ ex at + “~——
e(t) = == exp (J )

where )i =

b .
gﬁ-i-Jﬁt.

67

0, so that Tor hign frequency

G(1)

the voltage response is given

(A.11)

(A.12)

(A.13)
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APPENDIX B

Derivation of the Response of a Gaussian Filter

In this appendix the formulae are derived for the response of a filter
with a Gaussian shaped transfer function to a signal which is changing linearly
in freguency and has either a constant amplitude or a Gaussian shaped envelope.

Assume the filter transfer function is

, o1 RNRY-
Ew) = e exp[ (cs a) ] R (B.1)

and the input signal is (the real part of)

f(t) = exp [ j(EEE + at) - (t_c)e]' (B.2)
2 a2
The procedurce is to find the Fourier transform F(w) of £(t), multiply
it by H(w), and transform back to the t-plane. The filter response is the real
part of the resulting function g(t). The calculation is simplified by using the
convolution formula:

® : ®
1 f Ho) » Flo) ed g = L f £(A) h(t-A) @ A (B.3)

/on ‘o /2n ‘o

where h(t) is the Fourier transforms of H(w).l’2

Two preliminary remarks will make the derivation go smoothly, In the

first place, the envelope of the real part of a complex function of time is Just

lTitchmarsh, E. C., "Introduction to the Theory of Fourier Integrals", Oxford
University Press, 1937, p. 51l.

The use of complex functions for the signal f(t) and the impulse response h(t)
is justified if the response of the filter is negligible at zero frequency.

2
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the absolute value of the function. This can be seen as follows: Let Z(t) be
any complex function of t. It can be written, 7Z(t) = lz(t), exp (je(t)), where
8(t) is the argument of Z(t). The real part of Z(t) is then IZ(t)] cos 6(t), and
the envelope of this is ,Z(t)‘.
Secondly, in computing the Fourier transforms, use will be made of the
folldwing formula:
.[Ooexp ( - ut + vt) dt ;J/i. exp XE . (B.k4)
o u Ly
The integration is along the real axis in the t-plane, and u and v are
complex numbers, with the real part of u positive. This formula can be derived

as follows:

e8] 109)

o Ve v 12
[Fnlwen] o s ofE] ] u[oogf]e

- u o 2u

AT
Letting 2 = u(t - 29),
® . v .0 - 2

/. exp (- ut? +vt) dt = ;%ﬁr exp Ea‘j. exp(-7°) 4 z = uoexp .

Note that the path of integration in the Z~-plane is not along the real
axis, but along a line which may be oblique to the real axis. From the require-
ment that the real part of u be positive, it can be shown that the path of inte-
gration in the Z-plane makes no more than a U5° angle with the real axis. With
this restriction the integrél}foo exp(- Z2) 4z is independent of the angle of the
path and thus equal tow/ﬁ] Whigg?is given by integration along the real axis.

Now the calculation of g(t) can be carried out; Before use is made of

(B.3), h(t) must be calculated.
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1 © .
h(t) = 72-;—_[ H{w) exp (jwt) dw
-

1 [ @ ex [ 'wt - -(in—:._aig_ ] ds
on bld o2 W
2 o
1 I - = 2a
= exp [ 2]; o xp [ o3 +(Jt + =5 )<D] dw

which yields, after application of (B.4) and simplification,

= ja - b2t2 . .
n(t) ~ll—~2ﬁ_ exp [a t T—] (B.5)

The expressions for f(t) and h(t) can now be substituted in (B.3):
(00

g(t) = f (M) a(t-n) an

—

L (® JsA” (Me)?7 . - 2 2
= ex + Jan - J . ex [ t~A 3 - ] a
,/'27%_.[ p[ 5 — 7z Pl (t-2)% + za(t-2)] an
o]
b ) [_ ¢ pege ]j.oo . [ 0,1 b2 s 2¢ . b2
= Y exp Z T + jat - exp | Zt - _5)’+ A 2 + _§) ] an
and using (B.}) again; 5
[2(: . bgt]
- b I . -
a(t) T oo/ LE_gs 7 @ ‘4+Jat+4[}_ PE-.JE]' (8.6)
ge L2 a2 4 2

As has been remarked, the required answer is the absolute value of g(t), which
can be obtained by taking the absolute value of the first factor and keeping

2, @ 2
only the real part of the exponent. 2c b t] [l b

lg(t)l = b exp { - gg - bet? +l[;5 _;_. ég i Z—
2 ! 2.e
2 (B2 20 R85 R
(B.7)
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The exponent of (B.7) can be put into the following form:
L 2
- 2 [ d2 + 'b2 + ¢2 dg] t C[—C_‘té -4 bg] 52C2
O[(L v2)5 | 2] | - 2 . a2 b o, 207 (2-6)
a 2t + 48 [dg + b= + s<d ] [55 + be + s°d ]

Referring to the definitons of A, W, and B in secction 2.3, and recalling

1
that in the Gaussian case the width of a curve is taken to the e J; points, it is

clear that
b .
A, = B.
° (B;-+-b2 )2 TR i (8-9)
ae ] L
1 L
B = B“//(Eg + b2 4 sgdg, and (B.10)
(lL +Db2)2 + Ls2
v o= 4 &z - (B.11)
= 5 N 5 - o = 5 AOB . .
— 4+ b7 + s=d
ae
The time of maximum response is given by
%§+b2
t, = C . (B.12)
- By v2 4 522
d
Now g(t)l can be written
|e(e)] = &g ex {’l (687 L [sel® .
o exXp W—E[ T"‘] o3 [b] } . (B.13)
S tE

Tor a cw input the siznal is exp J [ + at ] , and the cubnut

2

can be obtained Trom (B.T) by taking the limit as d angroaches infinity

d— o Idt” = Fﬁ+lmﬂ% @@{ U++,§} (B.7")
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APPENDIY C

Curves for the Gaussian Case

The curves in this appendix together with those of Section 3.2 nake
up a complete set of curves of Ag, W, and B Tor the Gaussian casc. They are

listed in Table C.1.

TABLE C.1 Curves for the Caussian Case

I. Normalization with Respect to Bandwidth

A, Bveep-Rate as Abscissa, Pulse Width as Parameter

1

e
Py

AO
¢l
B

AN
(O3]

.

B. Pulse Yidth as Abscissa, Sweesp-Rate as Paraseter

Ao
i8]
B

.

C
c.
c.

VI

IT. Hormalization with Respect to Pulse Width

A. Bweep-Rate as Abscissa, Bandwidth as Parameter

C.lt Ag
C.5 bay
.6 baB

B. Bandwidth as Abscissa, Swecp-Rate as Parameter

Lle

Co? AO
c.8 bpay
C.9 DbadB

ITI. HNormalization with Resmect to Sweep-Rate

A, Bandwidth as Abscissa, Pulse Vidtlh as Parameter
>

C.10 Ap
b
Cc.11 7: W
b
c.1l2 x/E- B

—

These numbers are fizure numbers. 73
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B. TPulse Width as Abscissa, Bandwidtn as Parameter

.15 A
al i b A d
Colay B b
'
C.15 X B
/S

The output rulse width W ang apparent bandwidth B are normalized with
Tespect to bandwidth by definiton, Where they are presented with o different
normalization, they are multinlied by the factor which will correct their nor-
malization, Survose one wishegs to know how apparent bandvidth varies as a
Tunction or pulse width for a Tixed sWeen-rate, Hormalization with respeet to
Sweep-rate should be chiosen; then the apparent bandwidth in radians per second
is g% 5 orjg§~;;§r . ulnccigj i1s fixed, apparent bandwvidth in radians per

sccond is proportional to BB » and its demendence ubon vulse width iz shown

in Fig. C.15.

A brief discussion of the dependence o Ag, VW, 2nd B on Svecu-rate
and pulse width was given in Section J.2. Beveral features arc brousht out by
the curves in thig appendix. For any siven Sweep-rate, there ig a pulse width
wihich leads to g minimum apparent bandwidth., It ig given by s5d2 - 2. This
can be seen in Pigs. C.3 and C.15. For a fixed Sweep-rate and for pulses such
that sde > 2, there is g bandwidtlh which Zives a minirunm output pulse width (sce
Fig., C.11). ror long pulses (sd2 > 10), the ninime oceurs Very nearly vhere
b2 = pg

In many of the Zraphs there is an wnattainable rezion. Tor example,
in Mg, C.7, the relative arplitude is seen to be bounded by the curves for
Sd2 = 0. Thus, if bd < L, Ao must be less then 0.45 regardless of the SWeep-

rate. 1In Fig. C.3, the curve for ﬁw = 0 is the cnvelone of the family —
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no curve is found below it. In Fig. 5.6, the envelope is found to pe

)4_:- . s 3
- s is never less 1t} this, an 1 i
B =./1+ 2 B is never le 1an this, and it has this valye only when

sd2 = 2. The envelope is also shown in Fig. C.1hk; it corresponds to the

minima in Fig. C.1ll.
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APPENDIX D

Derivation of the General Relations Among Factors Describing Response

The success of the derivation of Eq 5.16 and Eq 3.17 depends on a dif-
ferent definition of the width of a curve. Suppose f£(x) is a function which
approaches zero when le becomes large. Then the width w of the graph of f(x)

is defined nere as

foo |2(0)]? ax
=@

nax lf(x)l 2

W oo= (D.1)

For example, the width of a pulse is defined as its total energy divided by its
marimum pover, and the bandwidth of a filter with transfer function H{w) is

(e8]
j. H(w) H{w) an

h = - . (D.2)
nax  H(w) H(w)

This is knowm as the "noise bandwidth.”l

Suppose a scanning signal of constant amplitude,

. 2
£(t) = fo exp [jat + d5t ] (D.3)
2

is applied to a filter with transfer function H{w). Then the output signal is
given by
@ it
e(t) =°[ Flw) H(w) e g
-

vhere F(w) is the Fourier transform of f(%4).” By Parseval's Theorem,Z the energy

Yallman, 1. and Valley, G.E., Ref. 9, p. 169
Lawson, J.L. and Uhlenbeck, G.E., Ref. 10, p. 101

2Titchmarsh » An Introduction to the Theory of Fourier Integrals, Oxford Uni-
versity Press, 1937, p. 50 o1
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in the output pulse is,

e8] ) o0
‘/ [g(t)] at = Qﬁ[ F(w) H(w) Flo) (o) do. (D.%)
-0 - @
But,
® - Ly Alee)®
= L1 . - J - 2s
f(t dt = T e D.
F(w) JE= (t) e W ( 5)’
so that,
£6°
Flw) Flw) = ——, and fron (D.h),
@ 2 Prfol p @ — )
_[ [:(t)] @ o= T[T ne) Te) @ (D.6)
- ® Lw

How all that remains is to interpret these integrals using the definition given
above Tor the width of a curve.

As was pointed out above, the energy of a pulsc is the product of pulse
wvidth and maximum power, SO

/

—~@

® -
[g(t)] gt = to* (masximun power of output pulse) (D.7)

vhere t, is the width of the output pulse. The maximum of onll(w) H(w) is thae
na:simum pover gain of the Tilter, so by &g D.2,

o8]

D
j. Hw) Olw) do = :;'(maximum pover gain of filter). (D.8)
o <
Substituting in Eq D.6,
bt 2
to* (maximum power of output pulse) = O, (maximum pover gain of filter)
5 (p.9)

92 =
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f02 is the power ol the input sifmal, and by the definition of relative amplitude
A
O’
maximum pover of oulput pulse
AL = (m S cput_pulce) . (D.10)

(input signal power):(maximum power gain of filter)

A° . 3% = a2 .y = 1 (D.11)

which is &g 3.16.

The difficult part of proving Eq 3.17 is defining "apparent bandwidth."
Suppose the input signal £(t) to the filter is a pulse of arbitrary shape and
frequency, and supposc ite transfomm is F(w). If the pulse is shifted in fre-
quency by a radians, the transform of the resulting pulse fa (t) is Flw + a)-
The response of the Tilter to each of the family of pulses resulting from shift-
ing ©(t) in Trequency is a function of @. In particular, the energy of the
output pulse is a function of @ which approaches zero for large lal. The ap-
parent Landwidth B is definedé here as the width of the graph of energy of the

cutput pulse as a function of @, divided by the Tilter bandwidth (see Fig. D.1).

>
O
@x
w
=
[i1]
w
(7]
wd
o
a.
- bB
2
a
[
2
o

!

|

a=0 a

Figure D.1
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There is no loss of genera lvtj in assuming that the output pulse cnergy
is a maxinum for @ = O. The outpubt pulse enersy as a function of a iz, by
Parseval's Theoron,

@
21rf Flw+a) I(w) Flo +a) Ho) do , (D.12)
— 0
and by B¢ D.1,
2:tf f Flo + @) (o) o+ @) Ha) W da
1 . -
B 5 5 (D.13)
Eﬁf ) Flw) I(w) dw
—
Changing the order of intesrati on in the numerator,
‘ w
Qf ) I{e)|  Flw+a) Flo +a) da o
.]_: _a) . ™ 1!
B = (.\)...f)
b m . -
Ezr/ T(w) H{w) Flo) Hlw) oo
But,
@
f Flw+a) lw +a) ca f T(a) Fla) ca,
-
so that
@ ey
f H{w) I(w) do 21tf Fla) IF(a) da
B = 1l - - @ R
T p e8] (D-l5)
Enf Plo) I(w) Flo) o) dv
—
and all that remains is to interpret the three inteprals.
By (D.2),
48]
Eth I(w) H(w) do = b-(max pover gain of Tilter) (D.16)
-
ol
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and by Parseval's Theoren again,

00
jr F(a) Fla) da = a-(max power of input pulse). (D.17)
-
¢ 8]
2ﬂ/. F(w) Hw) Flo) Elo) dv = to(maximum pover of output pulse for
~o "centered" input pulse), (D.18)

where d and t, are the widths of the input and output pulses respectively. Sub-

stituting in Eg D.15 gives

d- (max power of input pulse)-p-(max power gain of filter)

® brtyr(max power of output pulse for "centered" input pulse) (p-19)
By the definition of relative amplitude Ay,
2 (max power of output pulse for "centered" input pulse)
bo = (max power of input pulse)(max power gain of filter) (D.20)
Substituting (D.20) in (D.19) gives
A02 Bz—.o- = 1 (D.21)

which is Eg 3.17.

As an application of (D.21), & proof is given here that the straight
lines B¥ = bd-fé are asymptotes for the apparent bandwidth as the sweep-rate
becomes large. Since the curves are plotted on log-log graph paper, the condi-
tion for B¥* to be an asymptote for B is

lim  BX

s—0 3 1. (D.22)

By Eq D.21,
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Substituting this for B and bd - §§ for B%, the condition (D.22) becomes

b
. + 2 . st 2
im 5 . BoAo® _ 1y stoAo® o 4. (D.25)
s—=w b a 5= b )

Let M(t) denote the envelope of the input signal. It igs convenient

to choose the time origin so that M(t) is a maximum when t = 0; this is

achieved by substituting t + ¢ for t. The frequency of the input signal when

t = 0 is then sc + a, and the input signal is
'stg 3
£(t) = m(t) eI + d(sc + o)t (D.2k)
Since
@ .
ot e-Jat
1 f 17‘(@4-(1)(-:'J dw = / Flw +q) e o +a)t d{e +aq)
Ven Zm A 2x

eIt (4,

a translation in frequency in general is equivalent to multiplying £(t) by
e Ja't This can be achieved by changing the paraneter c in (D.24),. Thus, the
"centered pulse"

is the input signal which has the value for the parameter ¢

which maximizes the output powver.

The output signal is, by the convolution formula}

g(t,c) _[f (T) n(t -7) ar

fM(T) exp{J + J(sc + a)r}h(t -T) ar , (D.25)

where h(t) is the transform of H(w), the filter transfer function.

lTitchmarsh, loc.cit., p. 51

96
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As in Eq D.20,

Aoe - (max powér of output pulse for centered input pulse)

(max power of input pulse)(max power gain of Tilter)

_ max | g(t,c)| 2 , (D.26)
max 'f(t)l 2. max 2n H(w) H{w)

and

slimCD 5to Aog = &E‘I&) [to-max , V'8 g(t,c)l 2]

b benax [M(t)] 2 . max ox ’H(u)) H(w)

2
max  lim to-| /5 g(t,e

max [M(t)] 2. max 2x H(w) H(w)

Referring to g D.25,

. . (o8] s 2 2
lim - 1 jsT
s-——a),‘/s_ g(t:c)'g =] = /S—f M( ) el‘iP{J + jla + sc)r} h(t- 1) ar|.
S—= 0 o o
Nov,l
fo9) R 2
jsT .
f exp { > } at = (1 + j) -J-f- , (D.28)
-
and from this it can be shown that
lim 1 B fco L fis( T +c)? )

lDwigh’é, H.B., Tables of Inteprals and Other Hathematical Data, Ig. 859.5,
Maemillan, New York, 19L7

97




—  ENGINEERING RESEARCH INSTITUTE - UNIVERSITY OF MICHIGAN  —

It follows that

Tl
lim . ~-Jsc
s——co”A;b g(t) = (L +3) /= exp{ 5 }' M(-c) h(t ~ ¢), (D.30)
and the response, in the limit, is the same as the response to an impulse. This
observation makes possible the calculation of the limiting value of t,. By (D.1)

and using Parseval's Theorem,

(08} @
f bt 2 at f H{w) Hw) dw
lim ¢ = =% ~ . 4= 2 and
s—@ O max lh(t)] < maz | h(t)] =
b max H{w) H(w) .
lin ¢, = 1(())1(2 . (D.31)
& —cD) may. |t
Substituting (D.70) and (D.31) into (D.27) gives
2 2 ) 2
lim Sto Ao 'l + JI T max lM(—c)l2 mazx lh(t - ) b max H(w) E(w )
s—® b B z TN 2 > OF
b max ,M(t)]L nax 2x H(w) H(w) maxl h(tn
lim  stoho? L (D.52)
s—0 ~ . "o

o]

which is the required condition, Eq D.23.
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APPENDIX E

- Differsntial /nalyrer Procedure

L.l Analyzer Setup

The mathematical problem is to study solutions of the equations

aey cl 1
—L+ =4 = [ e at = i(t
at R L f . 1),
de2 | ep | 1
C—= + & + = j' es dt = - g.e
at R L e m=L2
(E.1)
de—; Cx= l dt
+ + = .[ e = -ge
it r LJd ? e’
dely ey . 1 J' N .
S — e) at = - €z
at TR 7L i m®3
where,
. _ _ d
i(t) = 0 for t< c - 3,
2
i(t) = cos (at + §g~) for ¢ -'% <t <c+ % , and (B.2)
. d
i(t) = 0 for t>c+ 35 .

The system of equations E.1 is of a particularly simple type in that
the solﬁtion of each differential equation becomes the forcing function for the
succeeding equation; otherwise all four differential equations are identical.

The electronic differential analyzer is an analogue machinc employing
voltages as the dependent variables and time as the independent variable. It
consists of a number of high;gain amplifiers which, through suitable feedback

connections, cen be made to perform the operations of addition and integration

99




of these variables. The interconnection of analyzer units to solve any one of
equations B.1l is given in Fig. E.l. In this figure the ground connection is
common to all elements, although it is omitted in the drawing. All voltages are

neasured with respect to ground. The equation solved by this sctup is

de 5 . /-
— = -E’L.ej -eoof ¢y at + Fij - 1(3) (5.3)

which is identical with any of g L.l provided,

Lo oy = Pr
= by = Lo
RC 250
and
i = a2 = 200. Tk
1C & )

b, is the circuit bandwidth in radians per second end "a" is the circuit center-
frequency, which for these solutions was held constant at 10./2 radians per
sccond. Tig. E.la represents the contents of any one of the blocks labelled
"eireuit' in Tig. h.3.

A sinusoidal signal with freguency proportional to time was generated
by solving the differential equdtion,

2a
a<f
+ (10 +st)2f = o0 (E.5)

with the initial conditions

gi = 1.5,
dto
fo = 0 .
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For small s, one would exucet the solution of this e uvation to be
b

- 2
4 5 1.5 cos [IOt + EE_]. (z.6)

at )

<

When iiq E.5 is solved on the differential analyzer, it is observed
that the amplitude of the first derivative increases as 0< st £ 10. This in-

crease can be reduced to negligible proportions by modifying the equation solved

to
d=f + e, (10 + st)e ¢ - 0. (E.5")
as° dt .

The differential analyzer circuit for the solution of Eq E.5 is shown in Fizx.
E.2. The variable cocificient of £ E.5" is generated by the two ganged poten-
tiometers M-1 and M-2 driven by a synchronous nmotor at éz RP. The circuit

1

shown solves the equation

220 1o 10 8
SEE L [1o+———]-f = 0, (.7)
ate at w
nt_ 10 6 t gy w7 s B . L
Since 8 = 107 1 = EZ 5 and Eq 2.7 is the same as g B.5' with s = 1L

radian per second per second. The ariplitude of the first derivative, which is

used as the output signal, is obsecrved to remain constant to within Tive per

cent wvhen € = 3 x 10—5. Thus the signal used is
. arf £2 )
l(t) = at = 15 cos [lot -+ 5-8—)] volts (5.8)
for

0 <t < 140 secconds.
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The interconnection of the input function generator and the various
circuits to solve equation E.l is given in TFig. L.3. The block labelled key and
interval timer consists of a switch which is closed manually at c - % seconds

and an electronic interval timer which opens the circuit d seconds later. The

Tour channel recorder is made up of two dual Brush recorders.

[.2 Differential Analyzer Solutions

E.2.1 Run Proceedures For all differcntial analyzer solutions the

input signal sweep-rate s, the filter center frequency a, and the input signal
amplitude are held constant. In each run four quantities have to be specified:
(1) the type of filter (number of single-tuned circuits n), (2) the bandwidth
of the filter b, (3) the length of the input pulse in time d, and (&) the time
cf the center of the input pulse c.

Table .1 shows a typical series of runs. These vwere made to study the
cffect of varying the time ¢ and pulse length d on the response of a two circult
filter. The bandwidth of the filter can conveniently be normalized in terms of

the reciprocal of the pulse width. This series is for

bd = 2r. (£.9)
Table .1 Typical Series of Runs
2 circuits bd = Zxn : s = L.0710 rad/se02
d in seconds 5 10 20
- 25 - 20 - 15
- 10 - 10 - 10
¢ in seconds - 5 - 5 -5
0 0 0
+ 5 + 5 + 5
+ 10 + 10 4+ 10
+ 25 + 20 + 15
10k
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In accordance with Eg 4.10, the bandwidth of the individual circuits is

b Selln
b, = —__.656 = =5 (E.10)

and from Eq E. 4, the damping potentiometer settings are given by

P = I &ivisions. (E.11)
a

For each run the time of the start of the pulse must be determined relative to
the start of the run. For every run the time t = 0O of Fig. L.k occurred 55.3
seconds after the run started., If ¢ = -15 seconds and d = 20 seconds, the
signal is connected to the Tilter input 55.3 -[15 + gg] = 350.3 seconds after
the run begins. The signal is disconnected from the filter input by the elec-
tronics interval timer 20 seconds later. The proper time to connect the signal
is determined by observing the Brush recorder tape, which is driven by a syn-
chronous motor at a rate of 5 millimeters per second. The input pulse is always
recorded on one of the four output channels so that a check on this time is
available,

£.2.2 Extraction and Processing of Differential Analyzer Qutput Data

A data tape as recorded at the output of the differential analyzer is shown in
Fig. E.3. Two data are extracted from each tape as indicated in the figure:
the maximum amplitude of the pulse envelope A' and the length of the output
pulse in time t,. The time t, is measured between the points at which the en-
velope amplitude is A'/N/EZ Throughout this study a comparisdn of the behavior

of various filters was made in terms of three guantities: A, W, and B.l

lSee Section 2.3 for a more detailed discussion.
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A is the peak amplitude of the output pulse relative to the steady-~
state output amplitude of the filter when a sinusoidal signal is applied having
the frequency a. The steady-state response is a Tunction of the filter band-
width, and therefore three steady-state runs have to be made for the series in-
dicated in Table E.l. The differential analyzer output for one such steady-
state run is showvm in Fig. E.2b. The steady-state amplitude AO' is determined

from this tape, and then the normalized amplitude is given by

Al
A = — (E.12)
A

The output pulse width W is the width of the output pulse in frequency
relative to the bandwidth of the filter b. Since the frequency of the input
pulse depends linearly on time as given by Eq 4.3, the width of the cutput pulse

in frequency is sty, and
Mo 22 (E.13)

The determination of the apparent bandwidth B of the filter circuit
is a somewhat more involved process. Two steps are required: (1) Plots of the
normalized amplitude A versus %% are made, (sc is the difference between the
center frequency of the input pulse and the center frequency of the filter).
The da%a taken from the runs indicated in Table E.1 yield +the three plots shown
in FPig. E.%. The normalized response 1s a maximum when the pulse outer fre-
guency equals the filter frequency and drops off at higher and lower frequencies,
The apparent bendwidth B can be measured directly from the curves of Fig. E.b;

it is the width of these curves between the points at which response is 70.7 per
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cent of the response at sc¢ = 0. The three values of B measured from the inter-

mediate plots of Fig. #.4 are plotted against the normalized sveev-rate §5 in
o2

Fig. E.5.

E.3 Discussion of Errors

E.3.1 Machine Errors The circuit resistor and condenser values are

correct to within X 0.1% of their nominal values. Trimmer resistances vere
used to provide fine adjustment of the re¢sonant frequencies of the individual
cirguit loops. These frequencies are adjusted to be within * 0.1% of one
another and of the input signal frequency, when taking steady-state tapes.

The potentiometers which‘WCre used to control bandwidth and amplitude
are 10 revolution Helipots marked with 1000 divisions. These potentiometer
settings are correct within one division. The errors which have the greatest
effect on the data taken were those which occurred in making bandwidth settings,
particularly at the smaller values of b. The values of b, are accurate to
yithin X .Cl radians per second; thus the percentage error ranges Irom + .01%
for by, = 1.257 radians per second to + 15% for b = 0.07854 radians per
second. .

The pulse length and the center of pulses in time are correct within
+ 0.3 second, except for the centered pulse group of runs, in which the tolerancy
was ¥ 1 second.

E.».2 Data Processing Brrors Readings from the topes could be npade

within one-fourth division out of twenty. This is X 1.25% at full scale, and
within X 5% at one-fourth of the full deflection. Readings at less than one-
fourth full deflection were usually avoided.

Some idea of the overall reproducibility of the data may be gained
by comparing plots from two sets of data for the same parameters, taken at dif-

ferent times, as shown in Fig. E.6.
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APPENDIX F

Differential Analyzer Data

F.l Examples of Differential Analyzer Solutions

Section 4.3 includes a discussion of several typical solutions taken
from the differential analyzer. Additional runs showing the form of the re-
sponses and certain anomalous effects are included in this appendix.

Figure I'.1 shows how the response to pulses changes with the pulse
position for one, two, and four circuits. The middle pulse is centered on the
filter passband and the other two pulses are each about midwvay between the
center of the passband and the 3 &b point. The tendency of the envelope of the
response to approach a Gaussian shape with an increasec in the number of circuits
is evident in this Tigure.

Figure F.2 gives the response of one circuit with various bandwidths
to a cw signal. The outout pulse width is clearly a minimun for some inter-
mediate bandwidth. The undulatory nature of the response that predominates
in single circuit filters and narrov passbands is evident here. Flgure F.3
shows a similar set of curves for the four circuit case. These responses are
delayed in time and depressed in arplitude by comparison with the single circuit
solutions of the same bandwidth. The output pulse width is also seen to be
longer for the greater number of circuits, and the undulatory character has
been suppressecd.

Figure F.4 shows an interesting ancmalous effect that can be attri-
buted to the beat phenomena. Figure F.ha indicates that = change of 25% in the
input pulse length can cause the output'pulse width to triple. Figure F.h4b

shows a simlilar situation for the two circuit case. The solutions in Fig. F.5

i12




FIG. F.I
RESPONSES FOR VARIOUS NUMBERS OF CIRCUITS & INPUT PULSE POSITIONS
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are also included because they show an anomalous effect. Note that the beat
phenomenon is much more pronounced in the two circuit solution that in the single
circuit case. By the fourth circuit the ripple has disappeared and the envelope

approximates the Gaussian shape.

F.2 Curves for the Factors A,, B, and W

Most of the solutions compiled from the differcntial analyzer are sum-
marized in this section. The objective is to present fairly complete data on
the relative amplitude, effective bandwidth, and output pulse width as a function
of the number of circuits, pulse width, bandwidth and the sweep-rate, Table F.1l
swmarizes the curves of Ay, B, and W obtained from the differcntial analyzer
solutions. Since examples of each type of curve have becn discussed previously,

the compiled results are included without corment.

LIable F.1 ZLocation of Curves of AO, B, and W
for Differential Analyzer Solutions
Type of Filter 1, 2, and k Circuits 2 Circuits
ba 1 2 -;5 7 2 ® -g-, %, 2n, and
Ag F.6 |F.7 |F.8 |F.9 |TF.10 | k.10 k.11
i F.I1 | F.12 [ 4.13 |F.13 | F.1b | F.15 L.12
B k15

lNumbers in table are figure numbers,
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FIG.F5
RESPONSES FOR DIFFERENT NUMBERS OF CIRCUITS
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Lewis, F.M., "Vibration During Acceleration Through a Critical Speed,”
Trans. Am. Soc. Mech. Eng., APM-54-2k, pp. 253-261; 1932.

This paper presents a solution of the fundamentally similar mechanical
problem of "running a system having a single degree of freedom and linear
damping through 1ts critical speed from rest at a uniform acceleration.”

Barber, N.F. and Ursell, T., “The Response of a Resonant System to a
Gliding Tone," London Philosophical Magazine, Vol. 39, Pp. ZU5-361; May
1948,

This study is similar to the work of Hok and that of Lewis. The same
integral is derived for the response and discussed in some detall. The
discussion of the case of varying the natural period of the system rather
than the frequency of the signal is carried farther in this paper. Inter-
esting diagrams are presented and good experimental agreement 1s shown.

Williams, E.M., "Radio-Frequency Spectrum Analyzers," Proc. I.R.E., Vol.
3, pp. 18-22; January 1946. —

This paper 1s an experimental study of resolution and the bandwidth cor-
responding to optimum resolution. The author concludes that the best
resolution defined as the frequency between 3 db points of the output is
1.2 s/2x and that this resolution is achieved for a bandwidth of

s/4x cps.

Barlow, H.M. and Cullen, A.L., Microvave Measurements, pp. 320-332; 1950.

In the section on microwave spectrum analysis, the authors discuss the
response of a fixed resonant system to a signal of varying frequency as
it applies to microwave spectrum analyzers. For resolution defined as
the frequency between 3 db points of the output, the optimum Q is given as

e s
Qopt = i i.e., b = 21s
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10.

11.

12.

13.

Montgomery, C.G., mBditor, Technique of Microwave Measurements, Vol. 11,
MIT Radiation Laboratory Series, pp. 403-455; 1947,

Chapter 7, "The Measurement of Frequency Spectrum and Pulse Shape,” dis-
cusses the principles and design of spectrum analyzers, giving descriptions
and circuit diagrame of representative spectrum analyzers. The author also
discusses the response of a Gaussian filter to signals of constant ampli-
tude and linearly varying frequency in connection with the generation of
pulses (Section 4.6).

Marique, J., "Response of a Circuit to a Linear-Frequency-Sweep Voltage,"
Onde Elect., Vol. 31, pp. 313-315; July 1951. (in French)

The universal response curves of Hok are transformed into a set of curves

which can be applied more readily in practice. These are based on circuit
bandwidth corresponding to a 3 db fall in response, and show response as

a function of sweep-rate. As this increases the current maximum decreases
and occurs later, while the passband (3 db below the maximum) increases.

Hatton, W.L., "Simplified FM Transient Response," Technical Report No. 196,
MIT; April 1951.

his paper derives the response of a single tuned circuit when the input
current makes a sudden Jump in frequency. The paper examines the instan-
taneous output fregquency, the rise time, and the maximum overshoot.

There are also earlier papers by D.A. Bell, H. Salinger, and C.C. Eaglesfield
which treat the special problem of transient response with a sudden change
in frequency.

Wallman, H. and Valley, G.Z., Vacuum Tube Amplifiers, Vol. 18, MIT Rediation
Laboratory Series.

Lavson, J.L. and Uhlenbeck, G.E., Threshold Signals, Vol. 24, MIT Radiation
Laboratory Series.

Youlic, W.E., "Panoramic Principles,” Electronic Industries, Vol. III, No. 7,
pp. 86-88, 206; July 194k,

A description is given of the basic components in the panoramic system and
applications to industrial and other problems are suggested.

14}

Thomasson, D.W., "Panoramic Display - Design Considerations,” Electronic

Enginecring, Vol. 21, No. 257, pp. 259-261; July 1949.

Basic design principles of panoramic display are presented. General limi-
tations are pointed out and several applications are suggested.

Bush, V. and Caldwell, S.H., "A New Type of Differential Analyzer," Journal
of the Franklin Inst., Vol. 240, pp. 255-325; October 1945.
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Ragazzini, J.R., Rwendall, R.I., and Russell, F.A "anal
(o 2 2 3
il ¥
pan

.y lysis of Problems
in Dynemics by u10ctron1c Circuits," Proc. I.R.B., Vol. 35, pp. bhb-452;
Moy 1947,

liacnee, A.B., "An Zlectronic Differential Analyzer," Proc. I.R.H., Vol. 37,
pp. 1315-1%524; November 1949.

Selinger, H., "On the Theory of Frequency Analysis by Means of a Searching
Tone," lektrische Hachrichten Technik, Vol. 6 . 295%-702; August 192
> J 2 B 1D
(in Gernan).

This paper describes an autonatlc spectrum analyzer; the response of lov-
pacss Tilter to signal svecping lincarly in time is prescnted. The author
considers an "ideal" filter with a rectangular amplitude response curve

and a lincar phasc response curve. lle concludes that sweeping will not
seriously affect the spectrun cnalyzer output provided

t

~128x .
va
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197 oF syMBOLS

~

a, the instantaneous Irequency in radians ver sccond of the filter input signal
at time, t = O.

a, the center frequency of the filter in radians per second.

A(relative amplitude), the peak response to a pulse per unit of centercd cw
signal with the same input amplitude (sce Section 2.3).

Ao(relative amplitude), the value of A for centered pulses (see Section 2.3).

b, the bandwidth of the filter in radians ner second.

s(cp - c1)
b

pulse per unit bandwidth such that the responcce is at least 0.707 of the maxi-
mu (sce Section 2.3).

B (effcetive bandwidth), the range of frecuencies of the input

¢, the center of the input pulsc in tinme (seconds).

¢y, Cp, the centers in time of the input pulsc such tnat the peax response is

0.707 of its maximum value.
d, the input pulse width in time (seconds).
s, the sweep-rate in radians per second per second.

sc, the distance in radians per second from the filter to the center of the
input pulse.

%, the time in seconds.

t., the time of naximum response in seconds.

™o
tgys the width of the output pulse in seconds.

W= Sto (output pulse width), the width of the output pulse in frequency per
unit of bandwidth (see Section 3.2).

.w, the frequency in radlans per second.

lAdditional syribols of less significancc arc defined where they are used in the
text.
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