Block-Constrained Methods of Fixed-Rate,
Entropy-Coded, Scalar Quantization®

Ahmed S. Balamesh and David L. Neuhoft
Department of Electrical Engineering and Computer Science

The University of Michigan
Ann Arbor, Michigan 48109

September 24, 1992

Abstract

Motivated by the recent work of Laroia and Farvardin, this paper presents new reduced-
complexity methods for avoiding the buffering problems associated with entropy-coded,
scalar quantization. Basically, given a fixed-size source block, these methods use dynamic
programming and other techniques to search the sequences produceable by an entropy-
coded, scalar quantizer for one with minimum distortion subject to a constraint on the
number bits produced by some binary encoding of these sequences. The result is that
although some encoding methods might have a variable rate on the sample level, the overall
quantizer has a fixed rate on the block level. A general class of such methods, called
block-constrained quantization, is introduced. A way to reduce the encoding complexity
and several ways to to simplify the search complexity are found. A node-varying method
with improved performance is given. New insight into the performance of block-constrained
quantizers is presented. Compared to the original Laroia-Farvardin method, the results
presented here show small improvements in performance and large reductions in complexity.

Key Words : Entropy Coding, Scalar QQuantization, Structured Vector Quantiza-
tion, Block-Constrained Quantization, Fixed-Rate Quantization.

1 Introduction

Quantization plays an important role in the transmission and storage of analog data.

It becomes increasingly important as demand presses against the capacity of available
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channels and storage media. Scalar quantization is the oldest form of quantization and
the simplest. But, it is possible to do significantly better. For example, entropy coding
improves the performance of scalar quantizers and can achieve performance within
1.53 dB of the rate-distortion limit, with respect to mean-squared error distortion.

The major disadvantage of entropy-coded quantizers is their variable output rate,
which requires buffering and causes synchronization problems. Buffer-instrumented
strategies have been used [1] to minimize such problems. However, such schemes
degrade the performance of the system for future samples of the source if the past
ones were bad. This means that the wrong samples get the “punishment”.

A new fixed-rate method that resembles entropy-coded, scalar quantization has
recently been proposed by Laroia and Farvardin [2]. With this approach, given a block
of source symbols, dynamic programming is used to find a sequence of quantization
levels that can be encoded with a fixed number of bits, using a kind of lexicographic
indexing. Consequently, the source samples are not quantized independently and the
samples which cause the rate to increase are the ones which are quantized with poorer
fidelity.

Although this appears to be the right approach for achieving the performance of
entropy-coded quantizers with fixed rate, there remain problems. Search complexity
(per sample) is high and increases linearly with dimension, and the lexicographic
indexing requires a large amount of storage.

In this paper, we suggest methods to substantially simplify the indexing and
reduce the search complexity. To simplify the indexing, we make use of the fact that
one can obtain a system that is fixed rate on a block level, while retaining the variable-

rate nature at the sample level. To simplify the searching we show that with high



probability only a small, easily identified subset of the states need be searched by the
dynamic programming. Moreover, we show that the dynamic programming can be
replaced with far simpler, suboptimal methods, with only small losses in performance.

As additional motivation for work in this area, we cite, as did Laroia and Far-
vardin, the need for low-complexity, fixed-rate quantization at moderate-to-high rates.
Although low rate (along with low distortion) is a primary goal of quantization, there
are many systems where after suitable preprocessing (e.g. a transform or subband
decomposition) there are important components of the data (e.g. low-frequency com-
ponents) that must be quantized with very low distortion and, consequently, with
moderate-to-high rate, e.g. three or more bits per sample. One might look to vector
quantization (VQ), because VQ achieves the distortion-rate function (asymptotically
as the dimension grows. However, at moderate-to-high rates, only small dimensions
are practical, which greatly limits V@ performance. Even relatively low-complexity
structured VQ’s (such as two-stage and tree-structured) have large complexities in
this range of rates. Thus, there is considerable need for low-complexity methods.
Block-constrained methods such as those presented in [2] and here have complexity
that increases slowly with rate. Thus, they are well suited to coding in the moderate-
to-high rate range.

This paper is oriented towards achieving the performance of scalar quantization
with first-order entropy coding, but with fixed-rate, low-complexity schemes. For
memoryless sources and moderate-to-high rates, such performance is better than that
achievable by practical VQ’s. For sources with memory, VQ may work better, but it
is believed that th methods described here can be extended to exploit source corre-

lation, as for example in [3]. In this case, future work may find these methods to be



competitive with the best fixed-rate quantization techniques.

Throughout this paper, we use the squared-error distortion measure and results
are given only for independent, identically-distributed (IID) sources, Gaussian and
Laplacian; however, it is anticipated that the results extend to sources with memory,
as for example in [3].

Section 2 gives background material on entropy-coded, scalar quantizers (ECSQ’s).
Section 3 introduces the problem of converting ECSQ’s to fixed-rate. Although the
first work in this area is that of Laroia and Farvardin, we describe our approach
first, as it is more elementary. The more sophisticated Laroia-Farvardin approach is
postponed to Section 4, where it will be seen to overcome some shortcomings of our
approach at the expense of increased complexity. Section 4, presents our approach and
that of Laroia and Farvardin [2] in a more unified framework. We use the term block-
constrained, fired-rate, entropy-coded quantization (or block-constrained quantization
(BCQ) for short) to describe such schemes. Section 5 describes the implementation
of the dynamic programming search. Section 6 discusses design and optimization
of BCQ’s. Section 7 compares the performance of the new and old BCQ methods.
Section 8 gives the reduced state implementation of the dynamic programming search.
Two very low-complexity search methods are presented in Sections 9 and 10. In
Section 11, we present a version of BCQ, called node-varying BCQ, that reduces
some of the shortcomings of method of Section 3. Finally, conclusions are given in

Section 12.



2 Entropy-Coded Scalar Quantization

An entropy-coded, scalar quantizer (ECSQ) consists of an m-level scalar quan-
tizer with levels ¢ = (q1,¢2....,¢m), Where ¢1 < ¢ < --+ < @y, thresholds
t=(ti,t2,... tmo1), where t; <1y < --- <1, and a variable-length, binary, prefix
code C' = {ey1,¢a,...,¢n}, where the binary codeword ¢; corresponds to level ¢; and
has length [;. Define [(¢;) = I, lmin = min; ; and lpay = max; [;. Let [ = (l1, 12, ..., 1)
denote the lengths of the binary codewords. It is well-known that there exists a pre-
fix code with lengths [ if, and only if, [ has positive, integer components that satisfy
Kraft’s inequality, 3°7°; 27l < 1. With this in mind, will always use [ to describe a
prefix code instead of C.

Define the quantization rule ), by Qi(z) = ¢; if v € (t,_1,4], j = 1,2,...,m,
where g 2 o and tm 2 +oo. When there is no ambiguity, we will use ) and @)
interchangeably. Finally, define the encoding rule f. by f.(q;) = ¢;. Define Q to be
the nearest-neighbor, quantization rule, i.e. Q(z) = ¢; if (z — ¢;)* is smallest.

Given a source sample z;, the entropy-coded, scalar quantizer produces ()4(z;)
and then transmits the corresponding binary codeword f,.(Q(x;)). We denote such a
quantizer by (¢,1,1).

Let the source be modeled by an IID, discrete-time, random process {X; :
i = ...,—1,0,1,...} with zero mean and variance o?. The squared-error distor-

tion, average length (rate) and entropy of a scalar quantizer (¢,t,1) are, respectively,

Dua(g:1) = B(X; — Qu(X0))%, U(L,1) 2 BI(Qy(X,)) and H(1) = — X, p; log, p;, where

p; = Pr(X; € (t;-1,1,]) and 0log, 0 is set to 0.

We define the optimum performance theoretically achievable (OPTA) for entropy-



coded, scalar quantizers as

>

O3 (r) inf — Deq(g,1), (1)

m, g4l

lelyy l(th<r

where

EFT);: {(117127---7lm) . l] - {1,2,...}722_1J = 1},
7=1

and the superscript “pe” in 6P° and LP° is included to indicate that (sample-by-

sample) prefix encoding is used. For a fixed (¢,1), we define the OPTA

A .
5Sq(gvlvr) = inf DSq(qvi)v (2)

L) <r -

which characterizes the optimum performance of the ECSQ (¢, , 1) over all choices of
thresholds t.

The usual way of designing an entropy-coded, scalar quantizer is to first design
a scalar quantizer with minimum distortion subject to a constraint on its output
entropy, and then to use Huffman’s algorithm to design a prefix code for the resulting
quantizer. The rate of the prefix code (and the resulting ECSQ) equals the quantizer
entropy plus a number between 0 and 1, called the redundancy of the prefix code.

Algorithms for designing quantizers with minimum distortion subject to a con-
straint on their entropy have been proposed in [6, 7, 8, 10, 11]. Such quantizers are
called entropy-constrained, scalar quantizers, to distinguish them from the abovemen-
tioned entropy-coded, scalar quantizers!. The optimum performance of such quantiz-

ers is characterized by the following OPTA:

en! A M
5Sqt(r) = inf  Dgy(q,1).

m,qt:H (8)<r

'In this paper, ECSQ will always mean entropy-coded, scalar quantization.



The results of the above papers numerically demonstrate that 65(r) is within about
1.5 dB of the distortion-rate function D(r), for a broad class of source distributions
and all values of r. Moreover, it is known that uniform quantizers are nearly opti-
mum for entropy-constrained quantization. The first discovery was that of Goblick
and Holsinger [4] who numerically demonstrated that, for large values of r, uniform
quantizers with output entropy r have distortion about 1.5 dB larger than D(r). Sub-
sequently, Gish and Pierce [5] proved the optimality of uniform scalar quantizers for
sufficiently smooth source densities and asymptotically large rates r. They also proved
that lim,_... (6 (r)/D(r)) = me/6 (i.e. an increase of 1.53 dB). Wood [6] proved sim-
ilar results. Moreover, it was demonstrated by several authors that even for moderate

rates uniform quantizers are generally nearly optimum (see [6, 7, 9, 10]).

ent

si¥(r) expressed as signal-to-noise ratio vs. entropy, computed via

Figure 1 shows ¢,
Algorithm 2 of [10], for a Gaussian source. It also shows the performance of entropy-
coded, scalar quantizers found by using Huffman’s algorithm to generate prefix codes
for the scalar quantizers that achieve 6g'(r). Note the 6 dB/bit slope of 65(r) and
D(r) which is, in general, the case for large rates.

Using Huffman’s algorithm to design prefix codes for optimum entropy-
constrained, scalar quantizers does not necessarily result in the best entropy-coded,
scalar quantizers. A better method for designing ECSQ’s is motivated by the work
of Chou, et al., who proposed a training-sequence algorithm to design entropy-
constrained, or entropy-coded, vector quantizers. In the case of scalar quantizers,
it 1s straightforward to modify their algorithm to use the source density instead of a

training sequence. The results of using this algorithm are also plotted in Figure 1.

We make several observations. The redundancy for this algorithm is noticeably less



than for the previous approach, especially at rates 2 or below. Both ECSQ design
approaches produce “scalloped” curves; i.e., the redundancy varies nonmonotonically
with rate. Finally, the redundancy of each gets large as rate approaches one, which

is due to the fact that prefix codes cannot have rate less than one.

3 Converting ECSQ to Fixed Rate

Consider the operation of the entropy-coded, scalar quantizer on a block basis.

Given an n-dimensional source vector z = (w1, 74, ..., ,), the entropy-coded, scalar
quantizer finds Q(z) 2 (Q(z1),Q(z2),...,Q(z,)) and transmits the binary string
fel@) 2 £(Q@) 2 (fuQ21), fo(Q(2)), ., [(Q(4))), which is uniquely de-
codable due to the prefix property of C. The total length of the output string is
I(z) £ 1(Q(2)) 2 T (Q(x:)), which varies greatly with z and necessitates buffering,

if transmission over a fixed-rate channel is intended.

A Naive Approach

We, first, consider a naive way to convert an entropy-coded, scalar quantizer (¢,, )
into a fixed-rate, block code. Suppose we have a desired input blocklength n and
rate r. Let us imagine having a buffer of length nr. Now given a source vector
x = (@1,22,...,2,), we successively apply the ECSQ to each source sample, placing
the resulting binary codewords into the buffer. Once it is filled to capacity the nr
bits are transmitted. Any further bits produced by the ECSQ are simply discarded.
And if less than nr bits are produced, the buffer is filled to capacity with zeros. The
decoder, which receives the nr bits, decodes them using the usual prefix decoder. If it
decodes fewer than n samples, the remaining samples are reproduced with the mean

value of the source. Although this system is very naive, it is easy to see that the



law of large numbers implies that if r > [(£,1), then as n gets large, its distortion
approaches Dy(q,1), the distortion of the ECSQ. Indeed, we show in Appendix A
that this happens even if all samples in the block were to be reproduced by the mean

value, when the decoder decodes fewer than n samples.

A Better Approach

A much better way to convert the ECSQ into a fixed-rate block code is the follow-
ing: Given a source vector = (x1,%2,...,2,), search for the closest sequence of n
quantization levels, whose corresponding binary codewords have cumulative length at
most nr. Clearly, such a system will give no larger distortion than the naive system.
Hence, if n is large and r > (¢,1), the distortion of the improved system will be no
larger than Dy (g,1), the distortion of the ECSQ.

This method is actually just one of a family of methods that we call block-
constrained, fired-rate, entropy-coded quantization (or block-constrained quantization
(BCQ) for short) that were inspired by the original pioneering work of Laroia and Far-
vardin [2]. We now give the details of the specific block-constrained method described

above.

Given a source n-vector z, the block-constrained quantizer finds y €

{q1,92, -, qn}" which solves the following minimization:
Minimize Z(Q?Z — yi)z, (3)
=1

subject to Y I(y;) < L,
=1

where L is called the length threshold or simply the threshold. It should be noted
that the above minimization has a solution if, and only if, nly;, < L, which will be

assumed to hold throughout this paper and will not be mentioned later.



Let 4 = (91,92,-.-,9n) be a solution to the above problem. Then, the encoder
transmits an | L]-bit string which is composed of the concatenation of the binary
codewords corresponding to g; through ¢, plus L] — [(§) zeros. This binary string
is uniquely-decodable. Therefore, it is clear that the rate of this schemeis | L]/n bits
per source sample. Thus, on the block level, we have a fixed-rate quantizer, while
retaining the inherent variable-rate nature on the sample level.

We call this kind of coding prefiz-encoded block constrained quantization (pe-
BCQ). We use the notation pe-BCQ(¢, L, n, L) to denote a specific code, whose dis-

tortion and rate are denoted Dyeq(q,l,n, L) and Rpc (n, L) 2 | L]/n, respectively.

beq
This notation is intended to emphasize that the distortion does not depend on the
prefix encoding scheme and the rate does not depend on the levels or the lengths.

The set of all sequences of n quantization levels whose cumulative length is at

most L forms the codebook
A B
Cbcq(gvlv n, L) = {Q € {Q17 q2;- -, qu} : Z l(yz) S L} . (4)
=1
Its members, called codevectors, comprise all possible solutions to (3).?

Finally, we define the OPTA for this class of BCQ’s as:

>

Bcq(T)

beq inf  Dyeq(q,Ln,nr),

g LLELES
which represents the best possible performance of prefix-encoded BCQ’s.

It is interesting to compare the output of the BCQ with that of the nearest-
neighbor, scalar quantizer with the same levels operating on the same block of source
samples. If the latter has a total length no larger than L, then both outputs coincide,

i.e. a valid output for one is valid for the other and they both have the same distortion.

?We emphasize that in our terminology, “codeword” means a binary sequence and “codevector”
means a sequence of quantization levels.
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Otherwise, the BCQ tries to find a sequence of quantization levels that is closest to
the source sequence and satisfies the length constraint. Nevertheless, the two outputs
will ordinarily be close to each other. Figure 2 shows a typical situation.

As an example, Figure 3 shows the performance of pe-BCQ based on a Huffman-
coded, uniform scalar quantizer with 20 levels spaced A = .54 apart, for various
blocklengths n and an IID, unit variance Gaussian source. One may observe a clear
improvement of the method with n. The figure also shows the performance of the
naive system based on the same levels and lengths, with nearest neighbor thresholds.
Notice that the block-constrained approach does significantly better than the naive

one.

Explaining the Asymptotic Behavior

Note that the above block-constrained method never actually uses the thresholds ¢
of the underlying scalar quantizer. Indeed, it is important to observe that given any
thresholds ', if one quantizes a source vector z with the scalar quantizer (¢,#',[) and
obtains (z) < nr, then pe-BCQ(q, [, n,nr) will find a y that is at least as good as

that produced by the scalar quantizer. It follows from the law of large numbers that

if > I(',]) and n is large, then pe-BCQ(q,l,n,nr) will have distortion no larger

than that of the scalar quantizer (¢,t',1). That is, for any ¢’ such that I(¢',]) < r,

lim sup Dbcq(gv lv n, nr) S Dsq(gv i/)

n—oo

By taking the infimum of the above over all ¢’ such that [(#',]) < r, it follows that

lim sup Dyeq(g, I, n,nr) < bsq(g, L, 7)),

n—oo

11



where 644(¢,L, ) is defined by (2) and assumed to be continuous at r.? Indeed, it is

shown in [16] that
inf Dyeq(q, L,n,nr) = lim Dyeq(q, Ln,nr) = bsq(q. L, 7), (5)

assuming dsq(q, L, r) is continuous at r. Moreover, it is clear that

lim Rpc (n,nr) = lim L]

n—oo n—oo n

=7 (6)

Therefore, the limiting distortion of pe-BCQ(q, [, n, nr) is, precisely, the least distor-
tion of entropy-coded scalar quantization with levels ¢, lengths [ and any thresholds

t such that [(2,1) < r.

It follows easily that

Opeq(r) = 65 (r), (7)

assuming 6P is continuous at r, where ¢F* is as defined by (1). This means that
the best performance achieved by the class of BCQ’s introduced so far (i.e. prefix-
encoded BCQ’s) is, exactly, the best performance achieved by ECSQ’s. (See [16] for
more details.)

[t is important to notice that (5) holds for any choice of [; it does not require [ to
satisfy Kraft’s inequality. Indeed, it holds for any real lengths (even negative ones).
This makes the result a very useful tool for the asymptotic analysis of the generalized
BCQ’s discussed in Section 4, below.

Finally, with our new understanding that BCQ does not depend on the quantiza-
tion thresholds, we reconsider the comparison with the naive system. In Figure 3, the

naive system used nearest-neighbor quantization, i.e. used a fixed set of thresholds.

3This is expected for continuous sources and © > lyin.
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But, for a given rate r, it may be possible to choose a better set of thresholds. Thus,
the comparison in Figure 3 is unfair to the naive system. To make a fairer compari-
son, we ran the naive system with a variety of threshold sets, and for each r we plot
in Figure 4 the best signal-to-noise ratio attained. Motivated by the work of [11],
for a range of A > 0, we considered sets of thresholds that minimized the functional
(x — q;)* + Al; over j. The same figure also shows the performance of BCQ as well
as its asymptotic distortion limit é,4(q,L, 7). It can be seen that the naive system

improved considerably, but is still substantially, inferior to the BCQ.

Effects of Prefix Code Redundancy

As mentioned above, scalar quantization with first-order prefix encoding cannot
achieve the OPTA of entropy-constrained, scalar quantization, due to code redun-
dancy. A typical redundancy of .03 bits/sample (see Figure 1) translates into a loss
of about .2 dB in signal-to-noise ratio (SNR). As shown above, this loss is inherited
by any pe-BCQ. Of course, this redundancy can be reduced by applying a prefix code
to blocks of quantizer levels. However, this will increase the complexity of the BCQ.

As we will explain later, Laroia and Farvardin [2] avoid this redundancy by as-
signing non-integer lengths to the quantization levels. This, however, means that the
binary encoding/decoding can no longer be done on a sample-by-sample basis. We

will discuss this in more detail in the next section.

4 General Block-Constrained Quantizers

In this section, we describe a more general class of block-constrained quantizers mo-

tivated by the case explained above and by the work of Laroia and Farvardin [2].
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As so far introduced, a BCQ is characterized by quantization levels ¢, lengths [
(positive integers satisfying Kraft’s inequality), a blocklength n and a threshold L.
Its codebook consists of the set of quantization level sequences y, called codevectors,
whose cumulative length /(y) does not exceed the threshold L. A given source sequence
x is quantized into the closest codevector in the codebook (i.e. we find the closest
sequence of quantization levels whose cumulative length is no larger than L). And
each component of this codevector is encoded into the corresponding codeword from
some binary prefix code with lengths [.

A generalized BCQ is the same except that we allow the lengths in [ to be arbitrary,
real numbers (even negative) and we permit other methods to binary-encode the
codevectors. As before, the codebook, denoted by Cieq(q, 1,1, L), is given by (4),
where L may need to be different from nr, depending on the particular binary encoding
scheme, i.e. L is chosen so that the binary encoding scheme has a rate equal to the
desired rate r.

The quantization process proceeds as before via (3). If [ consists of rational (or
rationalizable) lengths with a relatively small denominator, then the quantization
can be implemented efficiently using dynamic programming as proposed in [2] and
explained in Section 5. If [ consists of arbitrary real numbers, the implementation
of (3) can be complex; however, low-complexity, approximations are possible. Such
methods will be considered in Sections 9 and 10.

There are many ways to binary-encode the codevectors into bits. However, the

minimum possible rate is achieved by fixed-length block encoding, whose rate is

R (In, L) & 1 [log2 ‘Cbcq(g7 Ln,L)H

beq n
bits per source sample, where ‘Cbcq(g, In, L)‘ is the size of the BCQ codebook. The

14



Laroia and Farvardin scheme used block encoding.

Conversely, when it is desired to achieve rate r with block encoding, the threshold
L should be chosen so that the codebook is as large as possible without exceeding
2l] There may be several suitable values. We let L¢(1, n,r) denote any such value.
With this choice of threshold, we are guaranteed to have ngiq(l, n, L**(Ln,r)) <r,
and it can happen that the inequality is strict. However, it is shown in [16] that
lim, o ngiq(l,n,[/be(l,n,r)) = r. Moreover, a constant ¢/(r) is found such that
lim, o, L*(I,n,7)/n = ¢(r), which shows the asymptotic behavior of L*(l,n,r)

for large n. We will also need the result, shown in Appendix B, that if [ satisfies

Kraft’s inequality and L < nlpay, then?

1 L
g 10g2 ‘CbCQ(gv lv n, L‘ < - (8)

n

This kind of block constrained quantization will be called block encoded BCQ)

(be-BCQ). Its OPTA is

sue(r) = inf Dieqlgs L, L)
bcq(r) n’m’gvle:]lzlgiq(anL)ST b q(g7 o )
Laroia and Farvardin [2] showed?®
Shea(r) < 651(r)- (9)

Therefore, be-BCQ 1is, asymptotically, at least as good as optimum, entropy-
constrained scalar quantization. Moreover, for any fixed ¢ and [, they show that the
limiting performance of be-BC(Q cannot be better than entropy-constrained scalar

quantization, i.e.

liminf Dyeq(g, L, LP(Ln, 7)) 2> 853(r). (10)

4See [16] for a more general version that does not require Kraft’s condition.
> Although they do not explicitly mention it, this, and the following, result require 6551“ to be
continuous at r.
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They also make the plausible conjecture that, even for small values of n, be-BCQ

cannot do better that 6&(r). Assuming so, then &pc,

(r) = 68 (r). One should com-
pare this result to (7), which shows that the best performance of pe-BCQ is 6£°(r).
Alternative, more constructive proofs for (9) and (10) are given in [16].

In view of the above, a be-BCQ based on an optimum, entropy-constrained scalar
quantizer seems a good idea. Specifically, given r, let ¢ and ¢ achieve 65(r), i.e.
H(t) = r and Dy(q,t) = 63" (r) and let [; = —log, p;, where p; is the probability of

the j-th level ¢;. Then, I(¢,1) = H(t) ~ r. Now consider® be-BCQ(q, [, n,nr). From

(5), we have, for large n,
DbCQ(gv lv n, nr) ~ DSQ[(Q? i) ~ 5:3t(r)7
and using (8) and the fact that [ (as chosen) satisfies Kraft’s inequality, we have

Ryeq(Lin,nr) S,

So, this BCQ operates at approximately 5:?(7“), ie. it is a good BCQ. Accordingly,
we consider the lengths [; = —log, p; to be ideal lengths.

We make a last remark. As demonstrated in Section 3, when [ consists of positive
integers satisfying Kraft’s inequality, a BCQ based on [ can be encoded, in a very
simple manner, using a prefix code with lengths [. (This is pe-BCQ.) In this case, L
(an integer) becomes the number of produced bits and r = L/n. By (8), we can see
that, r > ngiq(l, n, L). Indeed, in most cases, r > ngiq(l, n, L), which results in some
loss in performance versus a system using block encoding of the BCQ codebook.

This loss, which is an example of what we call a code-space loss, and other losses

encountered in BCQ will be discussed later.

SFor this case, as shown in [16], ¢;(r) = 1, so L”({,n,r) & nr is a good choice.
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Laroia-Farvardin Approach

As we have seen, the pe-BCQ’s introduced in Section 3 inherited the redundancy loss
of first-order prefix codes. Laroia and Farvardin’s approach suffers less from this kind
of loss because it uses non-integer lengths [, which make it better able to approximate
the ideal lengths of the form —log, p;. However, because of this choice, they cannot
simply do sample-by-sample, binary encoding of the levels with a prefix code. Instead,
they use the block encoding described earlier, which also reduces the code-space loss
mentioned earlier.

To simplify the search in (3), they make the lengths rational with a relatively
small denominator b (typically 4). Moreover, this enables the block encoding to make
use of a lexicographic ordering, which is a substantial simplification. The larger b,
the less the redundancy loss, but the more complex the search and the lexicographic
encoding.

They used the threshold LP¢(I,n,r), introduced before, and reported it to be
approximately equal to 1.5bnr.

Henceforth, we will use 1f-BCQ to refer to the Laroia-Farvardin quantizer. (It is

be-BCQ with rational lengths and lexicographic encoding.)

Losses in BCQ

Since BCQ’s asymptotically achieve the performance of entropy-constrained scalar
quantization, it is interesting to explore the losses incurred by BCQ’s due to practical
considerations. Below, we give a brief account of such losses.

First, we note from the above that, in general, for BCQ’s to achieve 5:?(7“), ideal,

real lengths must be used. Therefore, when, for practical reasons (such as simplifying
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the implementation of (3) and/or the binary encoding), the lengths are restricted to a
subset of the reals (e.g. integers in the case of pe-BCQ and rationals with denominator
b in If-BCQ), then some loss is incurred.

Another loss suffered by BCQ systems is that their rates are generally larger than
{10g2 ‘Cbcq(g, l,n,L)‘}/n, by an amount that we call a code-space loss. Generally
speaking, the code-space loss is larger for BCQ’s that use a suboptimal binary en-
coding scheme (e.g. the sample-by-sample, prefix binary encoding in pe-BCQ) than
for block-encoded BCQ’s, which have the the least possible code-space loss. Indeed
their code-space loss goes to zero as n tends to infinity. For pe-BCQ, the sum of the
two losses (length-restriction and code-space loss) corresponds to the redundancy of
the prefix code.

Finally, there is a finite-dimensional loss when n is not large enough for the law

of large numbers to entirely dictate performance.

Relationship to Permutation Codes

Permutation codes are fixed-rate, block codes that have been shown to achieve 652(r)
[13, 7, 9]. Therefore, it is interesting and important to compare them to BCQ.
Specifically, Cheq(g, L, n, L) can be viewed as a union of permutation codebooks. To
see this, we define the type of a codevector y € {q1,¢2,...,¢n}" as the m-tuple n =
(n1,n2,...,nn) where n; is the number of times ¢; appears in y. We denote the type
of y by T(y). Let C;j(ﬁ) 2 ly€{a. 92, qn}" : T(y) = n}. Given L and [ define the
set of admissible types N(l,n, L) 2 {n:n; >0, integer, j = 1,2,...,m, 372 n; =

n,> 7=y n;l; < L}. Then, the block-constrained quantizer codebook is given by

Cbcq(gv lv n, L) = U CZ; (ﬂ)



Moreover, for any n, C;j(g) is a the codebook of a variant-I permutation code [13].
Thus, a BCQ codebook is the union of permutation codebooks. It is interesting to
note that the lengths [ and L determine which types are included and which are not.
Thus, careful choice of [ and L can be used to construct codes with special features.

Shannon theory indicates that for very large n, optimal codes can be restricted
to the surface of an n-dimensional sphere. Permutation codes do this. However, if n
is not sufficiently high, then it is better to distribute the codewords over a spherical
shell whose thickness increases with rate. This explains the observation in [13] that
for a given dimension n, the distortion of permutation codes diverges from 6" (r)
as r increases. BCQ’s overcome this problem by mixing into the codebook multiple

permutation codes lying on spheres of different radii.

5 Dynamic Programming Implementation of

BCQ Search

The goal is to efficiently perform the minimization in (3) that defines the quantization
rule of a block constrained quantizer BCQ(q, L n, L). First, consider the case where
[ consists of positive integers. In this case the minimization can be implemented
using dynamic programming as in [2]. For completeness and for future reference, we
describe it here. Assume that a source sequence x is given. Let y* denote a minimizing
sequence of levels and D* denote the resulting distortion. The minimization in (3)
is simplified by the introduction of the notion of state. Specifically, the “state” of a

k-tuple of quantization levels (y1,ya, ..., ¥%) € {q1,q2, - - -, @m}* is defined to be

A
Sk = 3(31173127 .- 7yk) = Zl(y2)7
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and we take sg = 0. Let S} denote the set of possible values for s;. Since we are only
interested in y = (y1,¥2,...,yx) that satisfy the length constraint 3=, /(y;) < L, we
remove from S any values larger than L. Thus, there are at most L states in 5.

In dynamic programming one recursively solves for y* and D*. Specifically, for

ke{l,2,...,n} and s € S, let

Dl*w - min Z(Q?Z — yi)z,

(1,92,-0098):5(Y1,02 500Uk ) =5 1=1

and let y7 = denote the k-tuple that achieves the minimum in the above. Given that
one has already found Dy ; and y; for a given k and all s € 5%, one recursively finds

* * .
Djy , and Yoy, 8 follows:

* . * 5
Diys = min - Dy, + (Tht1 — ¢;)7 5 € Sk,
je{1,2,...m}
* *
Yey1s (gk,s—ljvqi)v 8 € Skt1,

where j solves the above minimization and D} ; = oo, for any s < 0, except Dg, = 0.

Then

D= min D*

7,8

se{l,...,.L}

and

where § solves the above minimization.

The above can be viewed as a search over a non-uniform trellis as illustrated in
Figure 5. At depth k, the trellis has a state corresponding to every possible sum of
k lengths, e.g. state s represents all the quantizer k-tuples whose total length is s.

Thus, every state has m branches entering it, where the branch labeled with ¢; (or
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(), — q;)?) comes from the state s — [; at depth & — 1. The maximum number of
states at any depth is no larger than the maximum allowable total length L. Roughly
speaking, this search requires storage proportional to nl (which is, approximately,
the total number of states in the trellis) and computational effort proportional to mL
arithmetic operations per source sample.

For rational lengths with denominator b, the search is performed on the equivalent
codebook Cpeq(q, bl,n,bL), so that bL replaces L in the algorithm and, hence, in the

storage requirements and the computational effort.

6 Design and Optimization

Although for large n, as discussed earlier, the block-constrained quantizers can be
based on the levels and lengths of an optimum entropy-coded/entropy-constrained,
scalar quantizer, for moderate values of n, it helps to optimize the levels and lengths
for the given n and r. To do so, one may alternately optimize the lengths [ for given

levels ¢, and vice versa.

1. Optimizing ¢ given [,n and L

Given [, one can optimize ¢ using the method described in [2]. This is, actually,
a generalized LBG [14, 15] algorithm for trellises, which guarantees monotonic

decrease in distortion per every iteration.

We describe this algorithm very briefly. Given a training sequence

{2t 22, ..., 2%} of n-dimensional source vectors. Let y* be the output of

BCQ(gq,L,n,L) corresponding to 2%, The algorithm replaces g by ¢ =
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(1,42, - - - Gm) where
cjj:m Yooz, i=12,...,m, (11)
j
and S; = {(k,2):yf =¢q;i=1,...,n,k=1,..., K}, i.e. ¢; is replaced by the
centroid of the set {z¥ : (k,7) € S;}.

Now, let gk be such that ¥ = g; if y¥ = ¢;. Thus,

K n
Yollet =gt P = Yo (et =)’
k=1

IA
NE
]
0

|
=

J=1 (k,i)€S;
K n
k=1 :=1
K
= > " —y"|?
k=1

Noting that gk € Cbeq(q, L, n, L), we can easily see that the distortion of the next
iteration will not be larger than 37, ||* — ¥/ K and hence, the distortion will

be non-increasing.

. Optimizing [ given ¢,n and L

As before, consider a training sequence {z*} and let {y*} be as above. Let p;

be the frequency with which the level ¢; is used, i.e. p; 2 nj/nk, where

A K
k
n; = |S;=>_n},
k=1

nf ‘{(k,i):yf:qj,izl,Z,...,n}‘.

>

For the moment, suppose that K = 1, i.e. we have only one training vector.

Then, (n1,n2,...,n,) is the type of y' and 3, n;l; < L. Now, we replace [
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by I such that >, anNj is minimum over all possible [ of interest (e.g. positive
integers satisfying Kraft’s inequality in the case of pe-BCQ, or positive rationals
with denominator b in the case of If-BCQ, etc.). Note that this is equivalent
to minimizing >_; p;l;. Thus, we have )7, Z(y}) =3 anNj < Yinil; < L and,
therefore, y' € Cheq(y, I n, L). Consequently, in the next iteration the distortion
can be at most ||z' — y'||*. It is interesting to note that the problem of finding
[ is the same as finding lengths [ that minimize the average length for a source
that has probabilities {py, ps,...,Pm}. Therefore, if {l1,15...,1,,} C IR' then
ZNj can be chosen as —log, p; and if [ must contain positive integers satistying

Kraft’s inequality, then [ corresponds to the lengths of codewords produced by

Huffman’s procedure applied to a source with probabilities {p1, pa, ..., pm }, ete.

The above argument no longer holds if K > 1, since, in this case, minimizing
Sinily =373, n?lj < KL does not guarantee that the individual sums >~ n?lj

* is no longer guaranteed to belong to Cpeq(q, In,L).

are reduced. Thus, y
Nevertheless, this algorithm can be tried. In many cases, it results in a reduction

in distortion.

Another less intuitive algorithm has been proposed by Laroia and Farvardin

in [2], which they argue is asymptotically optimum in n.

. Choice of initial ¢ and [

Initially, ¢ and [ can be obtained using a good ECSQ design algorithm and a
Huffman design for the lengths for the case of pe-BCQ. The method of Chou, et
al., [11] (which is a generalization of Algorithm 2 in [10]) is quite a good choice.

We tried both the training-sequence and density versions of such. For high rates,
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we found that a uniform scalar quantizer with a Huffman code is a sufficiently
good initial choice. Also, the optimized ¢, [ found for high dimensions are good

initial choices for smaller dimensions.

For BCQ’s using other encoding schemes similar considerations may still hold,

as in the case of If-BCQ [2].

7 Comparison of pe-BCQ and 1f-BCQ

Complexity

Table 1 gives rough complexity estimates for the dynamic programming implementa-
tion of the codebook search for pe-BCQ (L = nr) and If-BCQ using rational lengths
with denominator b (L ~ 1.5bnr.) Only the dominant terms are shown. Also, the
table shows corresponding estimates for the complexity of the binary encoding. From
the table, we see that, a pe-BCQ with dimension approximately 1.56n has almost
the same search complexity as 1f-BCQ with dimension n. Moreover, pe-BCQ has a
trivial binary encoding complexity as compared to 1f-BCQ, particularly in storage

requirements.
Performance

Table 2 shows the signal-to-noise ratios of pe-BCQ for rates 1.5,2,2.5,3 and dimen-
sions 48,96, 144,192, for IID Gaussian and Laplacian sources. The signal-to-noise
ratio of If-BCQ with dimension 32 and b = 4, as reported in [2], is also included, to
compare with the pe-BCQ with dimension 192. In this case, pe-BCQ has the same
search complexity as lf-BCQ, while the former has comparatively negligible encoding
complexity and the latter requires six times less storage for the search. Overall, the

pe-BCQ is less complex and requires less storage. Also, included in Table 2 are the
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performances of entropy-constrained” and entropy-coded scalar quantizers (using the
Chou, et al., algorithm mentioned in Section 2).

According to (5)-(7), the performance of pe-BCQ should approach that of entropy-
coded scalar quantization (ECSQ) as n gets large. We see from the table that with
n = 192, the signal-to-noise ratio of pe-BCQ is less than that of ECSQ by about .1
to .6 dB. As explained earlier, entropy-constrained quantization has higher SNR than
ECSQ, typically two or three tenths of a dB. (An exception is the Laplacian source
at rate 1.5.)

The decrease in rate that would result by replacing the prefix encoding with block
encoding is shown in parentheses in Table 2. Notice that these numbers decrease with
dimension n, which corresponds to the fact that, generally speaking, less code-space
loss is incurred by pe-BCQ at larger dimensions, so there is less to be recovered by
block encoding. Multiplying these numbers by 6 gives, approximately, the gain in dB
that would result from block encoding. Typically, it is about .1 dB.

For the Gaussian source the table shows that at rates 1.5 and 2, If-BCQ with
n = 32 is better than pe-BCQ with n = 192. However, at rates 2.5 and 3, pe-BCQ is
slightly better than If-BCQ. For the Laplacian source, the performance is similar but
tilts in favor of pe-BCQ. For example, at rate 3 pe-BCQ is about .5 dB better. The
table also shows that the performance of pe-BCQ degrades gracefully as n decreases.

The abovementioned behavior can be explained in terms of the previously men-
tioned BCQ losses. While pe-BCQ suffers more length-restriction loss than 1-BCQ,
it suffers less finite-dimensional loss, because of the larger n at which it can operate
with reasonable complexity. Moreover, its larger dimension reduces its code-space

loss. The fact that pe-BCQ performs better, relative to 1f-BCQ, on the Laplacian

"These are quoted from [2].
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source can be understood by noting that the Laplacian density has heavier tails than
the Gaussian (in a sense, it’s more nearly uniform), so the codeword lengths are
more uniform. This causes the variance of the length produced by a nearest neighbor
quantizer to be smaller, which in turn causes the law of large numbers to activate
at smaller dimensions, which makes the dimension advantage more pronounced for a
Laplacian source than for a Gaussian. (Notice that the SNR increases more with n
for the Laplacian than for the Gaussian.)

The degradation of the performance of pe-BCQ as the rate gets smaller can be
understood in view of the fact that performance of pe-BCQ follows that of ECSQ),
which, as shown in Figure 1, degrades as the rate approaches one. On the other hand,
1f-BCQ is not so limited, and performs better than ECSQ at small rates.

Finally, we comment on the effect of m on the performance of BCQ’s. One is
tempted to believe that the performance of a BCQ) must improve as m increases.
However, the subtle behavior of the number of levels in entropy-constrained quantizers
[12, 10], as well as entropy-coded quantizers, makes the issue less trivial. Moreover,
the effects of m on the code-space loss is not at all clear. For these reasons, we feel
that the effect of m needs to be extensively investigated and, thus, we did not try to
investigate it here. We leave it for future research. The reader is referred to [2] for

some discussion of the effect of m on be-BCQ’s.

8 Reduced-Complexity Almost-Optimal Search

Motivation

Consider a block-constrained quantizer BCQ(g,{,n, L), and let Q(-) be the nearest-

neighbor, scalar quantization rule corresponding to ¢. Given a source vector z, if
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1(Q(z)) < L, then Q(z) solves the minimization in (3). Therefore, in practice, nearest-
neighbor quantization is performed first and the BCQ search is performed only if the
resulting total length exceeds L. With this in mind, we ask the question: Can we make
use of Q(z) to simplify the BCQ search? In this section, we answer this question in

the affirmative.

Differential search

The basic idea is that given a source sequence x = (21, %2, ..., &, ), equation (3) has
an optimal solution § whose state is close to that of the output y° = Q(z) of the
nearest neighbor quantizer at each time k. We call Q(z) the unconstrained output.

Specifically, we show in Appendix C that (3) has an optimum solution y* such that
59— (l(go) — L4 lnax — lmin) < sp < s, k=1,2,...n, (12)

where s) = s(y9,39, ... y0) £ Ty 1(?) and si = s(yi, 5, y0) = Sy 1) Tt
follows, then, that at any time k, we can restrict attention (in the dynamic program-
ming search) to a subset of (l(go) — L + lmax — lmin) states determined by s and the
excess length Z(g) 2 I(y°) — L.

Since the storage and number of arithmetic operations required by the dynamic
programming is proportional to the number of states that need to be considered, the
complexity of the search has now been reduced by the factor L/(ZN(@ + lmax — lmin)- If,
as usually happens, Z(g) is small, this is a sizable reduction. On the other hand, Z(g)
will occasionally be quite large, and for most applications the cost of implementation
is determined by the maximum required storage and number of arithmetic operations.

Therefore, it is necessary to put an upper limit on the number of states that will be

considered. Specifically, we fix a number L that is much smaller than L but large
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enough that I(z) is no larger than L most of the time. When [(z) is less than
L, we restrict attention to the subset, described above, containing no more than
L+ lpae — Lo, states. When 7(1) > E, we use some simple suboptimal strategy; for
example in the case of pe-BCQ), we use the naive approach described in Section 3. A
better strategy would be to use one of the simple suboptimal methods described in
Sections 9 and 10.

An interesting way to look at the above results from defining the differential state

as

0
Sk_Sk_Sk'

Then, we see that s). € {0,1,..., 4 lhax — lmin — 1 }. Therefore, we call the search per-
formed as above the differential search in contrast to the search described in Section 5
which we will, henceforth, call the direct search. As before, the differential search can
be viewed as a search over a differential trellis which has, at depth &, a state corre-
sponding to each possible reduction in length from the length of (y{,y9,...,y?), i.e.
state s” at depth k represents all k-tuples (y1,y2,...,yx) of quantization levels which
satisfy S5, 1(y?) — I(y;) = &' and every state has at most m branches entering it,
where the branch labeled with ¢; (or (x4 — ¢;)*) comes from the state s’ — (I(y2) — 1)
at depth & — 1. Figure 6 shows a section of a typical differential trellis. Table 3 sum-
marizes the complexity of the differential search in comparison to the direct search,
as well as two suboptimal methods to be introduced later.

It remains to demonstrate that L can be chosen so large that most of the time,
ZN(@ is no larger, but L is small enough to adequately limit the complexity. Figure 7
shows how the performance of the differential search varies with (INJ + m)/L for the

pe-BCQ’s considered above for an IID Gaussian source, rate 3 and several dimensions.
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We assume that when ZN(@ exceeds L, the naive approach of Section 3 is used. In this
case, the maximum number of states in the differential trellis is LAl —lin < L+m.
Thus, (INJ + m)/ L measures the fractional reduction in complexity resulting from the
differential search. In each case, the performance of the differential search improves
with increasing L and “saturates” at the performance of the direct search. We also
see that the value of [NJ/L needed to insure negligible loss (relative to the direct search)
decreases with n, which indicates that the savings in complexity increase with n. For
example, for n = 192, choosing L = 70, vields about a 6-fold reduction in complexity
with .03 dB loss in signal-to-noise ratio.

Some idea of why it is possible to choose L much smaller than L is gained from

the following lemma which is proved in Appendix D.

Lemma 1 Given lengths [ such that Ly < lmax, @ quantization rule Q(-), and 0 <
a < 1, then for any IID source {X;}, there exists a constant K (usually reasonably

small) such that for all sufficiently large n (usually not very large),

>}§a,

for any L, where | = EI(Q(X)). O

3 | b

Pr {ZH:Z(Q(XZ)) — L > Kyn+n(l—

To study the choice of L, we apply the above lemma to the nearest-neighbor quanti-
zation rule Q(-), upon which the differential search is based. We see that choosing
small and L = K\/n4n(l— L/n) suffices to guarantee that I(X) is not larger than L
most of the time. Now, we examine how this choice of L compares to L. If [ < L/n,
then L < K+/n, whereas L is ordinarily chosen to be proportional to n. However, if
[ > L/n (and this is often the case), it generally happens that [ is close enough to

L/n that for moderately large values of n, the term K/n dominates and L is again

much less than L, as confirmed by the results in Figure 7.
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On the other hand, for very large values of n, we need not be concerned. For
one thing, the naive approach described in Section 3 works well and it has trivial
complexity. Moreover, as indicated in Figure 4, the naive approach works best with
optimized thresholds for which [ is smaller than for nearest-neighbor quantization.
This suggests a compromise where a differential search is based on a quantization
rule with / close enough to L/n that L can be chosen small relative to L. So, by
the above lemma, the differential search will rarely give up (i.e. ZN(X) > L with small
probability). Of course, in this case, the differential search is no longer guaranteed to
find an optimum solution for (3), since the nearest-neighbor quantization rule is not

used. However, this is not expected to degrade the performance significantly.

9 Low-Complexity Greedy Search

The previous section illustrated the value of using the unconstrained output y° to
guide the search. Another way to use the unconstrained output is the following:
Given z and y° = Q(z) such that I(y°) > L, one may perturb y° by changing one
or more of its components, e.g. ¥?, to quantization levels that are assigned shorter
lengths, while taking care not to cause a large increase in distortion. Of course, the
dynamic programming discussed previously does this optimally. However, in this
section, we describe much simpler suboptimal methods that work nearly as well.
Consider a greedy way to perturb the unconstrained output. The basic idea is
to find the component of y° which can be replaced by another quantization level of
smaller length in such a way that the reduction in length per unit distortion increase

is maximized, i.e. we are looking for the most return in terms of length reduction

from the increase in distortion that we incur. Equivalently, one may perturb the
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component of y° that minimizes the distortion increase per unit length saved. After
removing this component from consideration, this process is repeated until the total
length has been reduced to L or all the components of y° are exhausted.

We describe the method in more detail. Define

A2 Sy T HR) > 1)

+00, otherwise.
Note that Af is the increase in distortion per unit of length saved if y? is replaced by
q;. Then, the greedy search is described as follows: For ¢ = 1,2,... n, the algorithm
finds the value of j (call it j;) that minimizes Af Then, for every iteration, the value of
i (call it 7) that minimizes AZ’ is found. The i-th component y? of y° is, then, replaced
by ¢;, and this component is removed from consideration for future iterations. This
process continues until the total length of the perturbed y° is no larger than L, the
number of iterations reached some specified maximum N, or no more components of

y? are available for change (i.e. every component has been visited by the algorithm

or has a length of /i, that cannot be reduced).

In the above algorithm, there are two cases where the algorithm stops without
producing a valid y (i.e. I(y) < L). One case occurs when N iterations are not enough
to reduce the length to L. The limit N can be carefully chosen to ensure that this
occurs with low probability. Another case occurs when the algorithm would fail to
reduce the length to L even if it were to make changes at all possible components.
This is possible because the algorithm is allowed to make a change only once in any
component. Moreover, the tentative change in a component ¢ is determined aperiori

in a greedy fashion. It can be argued that this kind of failure occurs with very low

probability, and the simulations verified this in all cases tried. In case of failure, some
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suitable action has to be taken, e.g. for the case of pe-BCQ, the naive approach may
be used.

There are a variety of ways to actually organize the computations involved in the
greedy search, with various tradeoff between storage and computation. However, to
give a feeling for its complexity, we mention that one straightforward implementation
requires approximately 5m arithmetic operations per source sample, 2m + N binary
comparisons per source sample and 3(n + m) storage locations. These are much
less than for direct or differential search provided that N is not too large, which is
normally the case, as seen from Figure 8. Table 3 summarizes the complexity of
several search methods, including the greedy search.

The design and optimization approaches described for the direct search can also
be applied here, with the main difference being that the level optimization algorithm
described previously no longer guarantees a monotonic decrease in distortion. If n is
not too large, a clever approach is to optimize the direct search system for a given n
and use the optimum parameters with the greedy search provided n is not too large.
This gives excellent results. If n is very large, we use the resulting parameters for
the direct search with the largest n that we can run. Further, “fine tuning” can be
attempted by trying the optimization methods mentioned above.

Figure 8 shows the performance of the greedy search applied to optimum pe-BCQ
systems obtained for the direct search case for an IID Gaussian source and rate 3.
The figure shows the variation in SNR as the value of N is varied. We see that the
performance improves with increasing N and it saturates at a value of N much less
than n. For example, for n = 192, saturation occurs at N = 60. This gives N/n ~ .31,

and due to the simplicity of the greedy search, this means a tremendous reduction
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in complexity compared to the direct search. Moreover, we observe that the value of
N /n where saturation occurs decreases with n.

Finally, comparing the “saturation” levels in Figures 7 and 8, we see that the
greedy search works very well compared to the differential (or direct) search, e.g. for
n = 192, the greedy search achieves SNR of 16.02 dB vs. 16.08 dB for the direct
search. It should be noted that, contrary to the case of the differential search, the
“saturation” of the greedy search does not necessarily correspond to the performance

of the direct search. This is due to the suboptimality of the greedy search.

10 A Lagrange-Multiplier-Based (LM-Based)
Suboptimal Search

Another low complexity method is based on the following lemma, which shows that
BCQ effectively does a scalar quantization but the scalar quantizer that is used de-

pends on the input source vector.

Lemma 2 Let x be a source vector and y the corresponding output of BCCQ(q,L,n, L).

Then, there exists a set of thresholds t such that

lz = ylI* = llz — Qua)|’

and

(Qulz)) < Uy)-

Proof : [First we show, by contradiction, that x; < x; implies that y; < y;. Suppose,

x; < x; but y; > y;. Let z = (z1,22,...,2,) be such that z, = y;, z; = y; and
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zk =y, k &€ {1,5}. Then, 3, 1(z) =3 l(y;) < L and

lz =z = llz—yll® = (zi—y)*+ (z; —y)" — (@i —y)* — (x; — ;)

which contradicts the fact that y minimizes ||z —y||* subject to 3_; {(y;) < L. The proof
is, now, completed by sorting the source samples in ascending order and grouping the
ones which are mapped to the same output levels (which occur in clusters by the
result just proven) and setting thresholds between the clusters. If there is a common
point between two clusters (an event of probability zero for a continuous source), then
it can be assigned to the level with shortest length or arbitrarily if the two levels have
the same length. ]

The lemma suggests that for given levels ¢ and lengths /, one might try to quantize
a source vector z by finding the thresholds of the scalar quantizer that gives an
equally good output as BCQ(¢, ., n, L) and using them to perform scalar quantization
of z. Finding such a scalar quantizer might be a complex task. However, a good
approximation might suffice. Another approach is to have a collection of quantizer
threshold sets, to quantize the source samples using each and to choose the output
that gives minimum distortion with total length no larger than L. In this approach, a
good collection of threshold sets is needed. In the following, we show how to choose
such a collection that is indexed by just one parameter.

Motivated by the Lagrange-multiplier formulation of entropy-constrained, scalar
quantization and by the work of Chou, et al.[11], we consider scalar quantizer thresh-
olds that minimize the quantity (x — ¢;)* + Al; for different values of the Lagrange

multiplier A\. To further motivate this collection of scalar quantizers, consider the
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Lagrangian relaxation [17] of (3):

Minimize > (z; —y:)* + M(y:), (13)

=1

subject to vy, € {q1,q2,...,qn} for all ¢,

where A > 01is a Lagrange multiplier. A well-known fact from non-linear programming
theory is that a solution y(A) to (13) solves (3) with L = L(X) 2 i l(yi(N)). This
suggests that a possible way to solve (3) is to solve (13) for several values of A and
keep the solution that results in the smallest distortion D()) 2 (@ — yi(N))? with
LX) < L.

It can be easily seen that a solution to (13) is given by:

yi(A) = 45
where
(5 — q;)° + M < (2 — qr)* + My, forall k€ {1,2,...,m},
i = 1,2,...,n, where ties are broken arbitrarily, i.e. solving (13) is equivalent to

performing scalar quantization on z with a quantizer that minimizes the quantity
(x;—q;)*+ Al;. Tt is shown in Appendix E that, for A > 0, L(A) is non-increasing with
A and that D()) is non-decreasing with A. Moreover, it is easy to see that L(A) = nlyin
for sufficiently large A.

Finally, the scalar quantization to minimize (z; —¢;)*+ Al; can be performed using

thresholds t(A) = {t1,%2,...,tm_1}, given by

e+ AL -1k }
t{ = min + = ck>15, 14
' { 2 24k — @1 (14)

; Ay —1;
t;, = max{tj_l,min{q]—l_%—l—— P :k>j}},j:2,3,...,m—1.
2 2qr—q;
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Therefore, we can try to solve (3) by solving (13) for values of A starting at
zero and increasing gradually until L(A) < L. If L(X) = L, the solution obtained is
optimum. Otherwise, it might not be. However, it would be a good approximation.
The goodness of the approximation is a function of the fineness of the step by which
A is varied. In order to limit the number of steps needed, we might start with a
larger step and then reduce the step size to get a finer approximation. And to limit
the complexity, we limit the number values of A to be tried. The performance of
such an algorithm for an IID Gaussian source is shown in Figure 9, where A is varied
in steps of 0.1 and if the total length gets below L, the step size is divided by 10
an so on, until the total length equals L or some maximum allowable number of
iterations NV is exceeded. We did not spend any effort in optimizing the strategy of
varying A. Methods from non-linear programming can also be used to optimize the
strategy, e.g. bisection and related methods (see [18]). Also, it should be noted that
in the above method, iterations continue until L(A) = L or the maximum number
of iterations is exceeded. In many cases, no improvement is obtained after a certain
number of iterations. Thus, better stopping criteria are possible and need to be,
further, investigated.

Finally, we comment on the complexity of the above method. For each iteration
(i.e. for each value of A we try), the thresholds £(A) have to be calculated. Since g and [
are fixed, the quantities (¢;+¢x)/2 and (It —1,)/(2(qc —¢;)), J, k €{1,2,....,n}, k>
in (14) can be calculated off-line and stored. This requires m(m—1) storage locations.
Then, the calculation of £()) needs no more than m(m — 1) arithmetic operations and
m(m — 1)/2 binary comparisons. Once the thresholds (A) are found, the source

samples are quantized using these thresholds. This, in turn, requires no more than

36



n(m —1) binary comparisons and computing the total length requires no more than n
arithmetic operation. For N iterations, the method performs, approximately, m(m —
1)N/n + N arithmetic operations per source sample and (m—1)(m+ Z)N/Zn binary
comparisons per source sample. Therefore, the complexity is controlled by N.

Figure 9 shows the performance of this method applied to pe-BCQ with rate 3
for an 1ID Gaussian source. As in the case of the greedy search, we notice that the
performance improves with increasing N and saturates at values of N much less than
n. For example, for n = 192, this method achieves a performance within .03 dB of
the direct search performance with N = 20. Again, this is a tremendous reduction in
complexity. It is even simpler than the greedy search. Indeed, from Table 3, we see
that, in contrast to the greedy search, the LM-based search needs storage independent
of n. Moreover, for large n, the arithmetic operations dominate the complexity of
the LM-based method while the binary comparisons dominate the complexity of the
greedy search. So, the two methods have features that satisfy different needs. Finally,
comparing Figures 8 and 9, we see that in general, the LM-based method performs
better than the greedy method. The reason is that, most of the time, the LM-based
method produces an optimal or near-optimal solution, while the greedy method has
no such optimality features.

A final remark is that, in contrast to the direct and differential search methods,
the greedy and LM-based methods work for any values of [, i.e. they do not require [

to be rational.
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11 A Node-Varying, Block-Constrained Quan-
tizer

In this section, we propose a method to reduce the code-space loss of pe-BCQ and,
thereby, improve its performance. The basic idea is introduced by means of an ex-
ample.

Consider pe-BCQ with dimension n = 6, rate r = 2, threshold L = nr = 12,
quantization levels ¢ = (¢1, ¢2, . . ., ¢5) (whose specific values are of little concern in this
discussion), and prefix code C' = {0,10,110, 1110, 1111} with lengths [ = (1,2,3,4,4).
Figure 10 shows the corresponding trellis®. A bold branch (solid or dashed) indicates
that this state transition corresponds to two codewords of the same length (in this
case 1110 and 1111). A dotted branch is a useless branch; i.e. one that is not used
in any BCQ codevector. For example, the node corresponding to state 6 at depth
2 (called “node (6,2)” from now on) has one bold dotted branch emerging from it,
due to the fact that any path from this node that begins with a codeword of length
4 will have length at least 6 +4+ 1+ 14141 = 13. Since this is greater than the
threshold, no such path corresponds to a codevector in the BCQ codebook. On the
other hand, it is possible to have paths beginning with codewords of length 1, 2 or 3
leaving this node. Thus, three solid branches are shown.

This BCQ has 1107 codevectors and, consequently, code-space loss (L —
log, ‘Cbcq(g, l,n,L)‘)/n = (12 — log, 1107)/6 = .31, which is fairly large. In fact,
the useless branches are a substantial cause of this loss. Specifically, a useless branch
wastes bits because if it were not assigned a codeword, then shorter codewords could

be assigned to the other branches stemming from the same node. The new BCQ

8See the discussion in Section 5 for a description of the trellis.
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codebook would have more codevectors employing these other branches. Hence, the
codebook would be enlarged, the distortion would be decreased, but the rate r = L/n
would remain the same.

In this section, we explore such node-varying BCQ’s (nv-BCQ), in which each
node of the trellis is assigned a subset of the original quantization levels (or the
original set itself) and a prefix code for just these levels. It should be noted that
just as with ordinary pe-BCQ, dynamic programming can be used to perform the
trellis search, because the level subset and prefix code to be used at any given node
is uniquely determined by the node. Moreover, the binary sequence produced by any
path on such a trellis is uniquely decodable, because the prefix code to be used at
given node is uniquely determined by the node, and the node is uniquely determined
from previously decoded symbols.

As a concrete example, suppose node (6,2) is assigned the level subset {q¢1, ¢2, ¢3}
and the prefix code {0,10,11}. Further, suppose all other nodes are assigned the full
set of levels and the original prefix code C'. One may easily check that the resulting nv-
BCQ codebook contains the original pe-BCQ codebook plus additional codevectors,
such as the level sequence (¢4, g2, 3, 42, ¢1, ¢1) whose length has been reduced from 13
to 12. In a sense, the pruning of the branches corresponding to levels ¢4 and ¢5 has
resulted in a “denser” trellis, in somewhat the same way that careful pruning of a
(biological) plant produces a denser plant.

As another example, notice that node (11,5) has only one useful branch stemming
from it, corresponding to level ¢; and the binary codeword 0. Accordingly, this node
can be assigned the level subset {¢;} and the degenerate prefix code containing only

the empty string with zero length. This means that when this node is reached, no
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further bits need be sent, because ¢; is necessarily the next level. Unfortunately, while
seeming beneficial, this change adds no new codevectors. On the other hand, if we
assign the level subset {¢1, 2} and the prefix code {0,1}, then new codevectors will
be added to the codebook.

As a final example, consider assigning the subset {¢;} and the prefix code con-
taining just the empty string to node (12,5). In this case, all level sequences that
lead to this node and then are followed by ¢; are added to the codebook. One may,
similarly, add more codevectors by assigning the subset {¢;} and the the empty string
codebook to nodes (12,3) and (12,4).

A basic principle is that given a pe-BCQ (or, for that matter, an nv-BCQ) and
a node in its trellis, if one assigns to this node a subset of the levels that contains
all levels presently useful for this node, and one assigns a new prefix code for this
subset such that the new codeword assigned to a useful level is no longer than the
previous codeword assigned to it, then the new nv-BCQ codebook will contain the
previous codebook, the resulting average distortion will be less than or equal to the
the present distortion (usually strictly less), and the rate will remain the same.

This basic principal notwithstanding, optimizing an nv-BCQ is a difficult task.
One might try nodewise optimization. That is, for any given node, one might try
all possible level subsets and all possible prefix codes to find the one that results in
the largest codebook or the smallest distortion. But such nodewise optimization is
not likely to be the best solution. For example, assigning (as above) the level subset
{q1,¢2} and the prefix code {0,1} to node (11,5) gives the best codebook among
all those produceable by changes only at this node. However, it causes the branch

from node (6,2) corresponding to ¢4 and ¢5 to no longer be useless, which eliminates
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the justification for assigning level subset {¢1,¢2,¢3} to this node. So it is not clear
whether it is better to make the change to node (11,5), to make the change to node
(6,2) (described previously), or to make both changes.

Moreover, even if an nv-BCQ could be truly optimized, considerable storage would
be needed for the level subsets and prefix codes assigned to each of the approximately
nl nodes. To reduce storage, one might limit the level subsets and prefix codes to
members of some relatively small collections of such. Nevertheless, for each node one
would still need to specify the index of some subset and prefix code. To avoid such
added storage, in the following we propose the use of a simple rule for assigning level
subsets and prefix codes to nodes.

Given scalar quantization levels ¢ = (¢1, ¢z, ..., ¢y) with probabilities p; > p; >
oo 2 Py for 1 < k < m, let ¢* = (q1,42,-..,q), and let C* be a Huffman code
for probabilities (py, pa,...,pr). (C' contains only the empty string.) Let lf denote
the length of the j-th codeword of C* and let [¥, and [*__ denote the minimum

and maximum lengths, respectively. To node (s,17) assign the level subset gk and the

prefix code C* for the largest k such that

1* < L—(n—i)lk — 5.

max min

One may easily check that this guarantees that the branches corresponding to

q1,---,qr will all be useful, assuming that each can be followed by a path whose

branches all have length /%, or less®.
Applying this approach to the pe-BCQ example in Figure 10 leads to the nv-BCQ
whose trellis is shown in Figure 11. The (nontrivial) prefix codes are C* = {0, 1}, C? =

{0,10,11}, C* = {0,10,110,111} and C* = {0,10,110,1110,1111}. The codebook of

We don’t actually look ahead to see if there is such a path because this would add to the
complexity.
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this nv-BCQ has 2342 codevectors. (approximately twice the original number), and
the code-space loss has been reduced to .13.

Table 4 shows the SNR’s resulting from applying this nv-BCQ approach to 11D
Gaussian and Laplacian sources. We chose m = 20. To design the quantization
levels ¢, ..., ga0, we started with uniformly spaced levels and thresholds, found level
probabilities pi, ..., p20, and Huffman codebooks C% C?, ..., C?° for the level subsets

. ¢, ..., ¢*°. We then found a new set of quantization levels (i.e. centroids) in the

manner described in Section 6, and a new set of Huffman codes. This process was
iterated until the performance no longer improved significantly.

As shown in Table 4, the performance of such nv-BCQ), is better than that of
pe-BCQ. For example, comparing with Table 2, we see that the SNR of nv-BCQ with
n = 128 is comparable to that of ordinary pe-BCQ with n = 192. Moreover, for
n = 48, the SNR of nv-BCQ is .06-.6 dB higher SNR for the IID Gaussian source
than for pe-BCQ with the same n, and .2-.5 dB higher for the IID Laplacian source.
The gains tends to be larger at smaller rates, because varying the prefix codes allows
the effective average length to be closer to, or even less than, one. Finally, we note
that the gains in nv-BCQ come at the expense of only a slight increase in complexity.

The implementation of the suboptimal search methods discussed in Sections 8-10
for the node-varying case is not straightforward and needs to be further investigated.
We leave this for future research.

Motivated by the above nv-BCQ, one may define more general classes of node-
varying/time-varying BCQ’s. As shown in the examples above, there are numerous

possible strategies for designing such BCQ’s. Such strategies need to be investigated

further. Our discussion here does no more than scratch the surface. The richness of
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such schemes necessitates deeper understanding. this to future studies. We leave this

to future studies.

12 Conclusion

In this paper, we have explored a quite general class of fixed-rate quantizers that
we called block-constrained quantizers, motivated by the work of Laroia and Far-
vardin [2]. We proposed methods to reduce the binary encoding complexities of such
quantizers.

We have discussed the relationship between block-constrained quantizers, entropy-
coded /entropy-constrained quantizers and permutation codes. Moreover, we have
explored some basic properties of BCQ’s that give insight into their behavior.

Different methods to reduce the search complexity of BCQ’s have also been in-
vestigated. In particular, very low-complexity, suboptimal search methods have been
proposed and shown to perform very close to the optimal while providing a large
reduction in complexity.

Node-varying BCQ’s have been proposed as a means of reducing the code-space
loss of pe-BCQ’s. The results show significant gains.

The investigation of BCQ’s is by no means complete. The optimization of BCQ'’s,
particularly the lengths, is still an open problem. The effects of the number of lev-
els need further investigation. Node-varying BCQ’s need to be further studied and
the application of the low-complexity search methods to node-varying BCQ’s is of

particular interest.
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A Convergence of the Performance of the Naive
System

Consider an IID source {X;} with mean p and finite variance o, and a naive system
based on ¢,1,[ with blocklength n and rate r. Let X = (X1, X,,..., X;) and gmax =
max; |¢;|. Assume that the decoder produces Q(X) = (Qu(X1), Qi(X2), ..., QX))

if 1(Q(X)) < nr and, otherwise, produces (g, g, ..., ). We denote the distortion of

this naive system by Dhaive(q, £, [, n,nr). We will show that

lim Dyaive(q, 1,1, n,nr) = Dyg(g, 1),

n—oo

it l(t, 1) <r.

To this end, define

>
=

3
S—’
| —
—
S
O
Py
=
N
S—’
I
-
——

A

{z = (21, 22,...

and let £, [ and r be such that I(t,]) < r. Then, by the weak law of large numbers,
P(AS) 2 Pr{X € A7} — 0 as n — oo.

Now,

1 1
Daaive(q, L. L,y nr) = —/ |z — Q)| *p(z)dx + 5/146 |z — pl*p(z)dz,

nJA

where = (p, pt, ..., pt). It follows that

1
Duaive(@, 1, Lnynr) = Dag(q,t) + 5/A (lz = gl = llz — Qu(z)||*) p(z) dz

c
n

= Dsq(g, i) + E[fn(i)]v

where

a llz—pl* —llz - Qi)

n

fa(2) Lag (),
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and 4 is the indicator function. It suffices to show that E[f,(X)] — 0 as n — oc.

We can easily see that

fa(X) — 0, in probability, as n — oo,

(X)) < gn(X) & HEmallP4n 4 00)

n Y

Elg.(X)] = 20? + p* + ¢2,.. < o0, for all n,
and
Gn(X) — 202 4+ p* + ¢2,,,, with probability 1, as n — oo.

Define a,, 2 E[f.(X)]. First, we show that for any convergent subsequence a,,, , a,, —
0 as k — oo. Note that f,, (X) — 0, in probability, as k& — oo. Then, by Proposition
4.18 of [19], there exists a further subsequence fr, (X)) such that fr, (X) — 0, with
probability 1, as ¢ — oo. Now, by Theorem 4.17 of [19], a,,, = E[f,, (X)] — 0 as
t — oo and since a,, is convergent, then a,, — 0 as k — oo.

Now, it suffices to show that a, — 0 as n — oo. To show this, note that a, is
bounded. Thus, for any subsequence ay, , there exists a convergent subsequence a,,
and by the result above, a,, — 0 as 1 — oo. Therefore, any subsequence of a, has
a further subsequence that converges to 0. A standard result in real analysis implies

that a,, — 0 as n — oo. [ |

B Proof of (8)

Consider [ satisfying Kraft’s inequality and L < nly.x. Then

> (32
7=1
= ZnGZ_“,
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where n, is the number of sequences of n quantization levels having total length «.

Now,

ZnGZ_a = Z ne2” " + Z n.27",

a<L a>L
> ZnGZ_“
a<L
> 2783 ",
a<L
= 2L Cheqlq, L,m, L)),

where the first inequality follows since nl,.x > L and the last equality follows from

the definitions of n, and Cpeq(q, I, n, L). Therefore,
‘Cbcq(g, l, n, L)‘ < ol
The result (8) follows by taking log, of both sides and dividing by n. ]

C Proof of (12)

Let y° = Q(z) and [ = I(y°) — L. If I(y°) < L, then y* = y° satisfies (12). Thus,
we assume /(y°) > L. First, we observe that there always exists an optimum solution
§ to (3) such that /(g;) < I(y?) for all i. This can be seen as follows: Suppose 7 is
an optimum solution to (3). Let § be such that g; = g; if I(g;) < I(y?) and §; = v,
otherwise. Then, we can easily see that j satisfies the hypothesis, i.e.

Zn:l(?)z’) < I,

=1

and

lz =" < llz=3l*
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Now, let § be as above, then 2%, (I(y?) — I(§;)) is non-decreasing in k and

S0 (I(y?) — () > 1. Therefore, there exists K, 1 < K < n, such that

K-1 K
>y — U5 < zgz 0) — 1(4:).
=1 i=1
Moreover, y* = (§1, 2, - - - UK+ Y y1s - - - » Yy) also solves (3) and for any 1 < k < n,
k ~
Z l(yzo) - l(yz*) < + lmax - lmin-
=1

Also, since I(;) < I(y?), we have

k k
Uy < DUy
=1 =1
The above two equations imply that y* satisfies (12). [ ]

D Proof of Lemma 1

Consider a quantization rule Q(-) applied to an 11D source { X;} and let the lengths [ =

(1,13, ..., ly) correspond to the quantization levels ¢ = (q1,¢2,. .. respectively.

)
) ) ) A A
Without loss of generality, we assume that min; [; = lnin < lhax = max;(; and

Pr{l(Q(X1)) = 1;} # 0if [; € {lmin, lmax }- Also, let pmax = Pr{l(Q(X1)) = lmax} and
[ = E[[(Q(X1))]. Define the moment generating function M(s) by
A m
M(s) = Elexp{sl(Q(X1))}] = > _ pjexp(sl;),
7=1
where p; 2 Pr{l(Q(X1)) = [;}, and define the large deviation rate function I(u) by

[20]

A | supsso(su—1InM(s)), u > [

I(u) .
sup,o(su —In M(s)), u <1
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It can be easily shown that I(u) is convex |J and continuous on [lin, lmax]. More-

over, I(l) =0, I'(l) = 0, and I(lnax) = In(1/pmax) > 0. Finally, 1/1"(u) is bounded.
Let K1 = sup,(1/1"(u)) < oo.

Let = I(lmax).- Now, given 0 < o < 1 and N large enough that In(1/a)/N < 3,
then by the intermediate value theorem, for every n > N, there exists u, > [ such

that I(u,) = In(1/a)/n or exp(—nl(u,)) = . By Chernoff’s bound,

Pr {ZH:Z(Q(XZ)) > nun} < exp(—nsu,)M(s)", for all s >0,

=1

= exp(—n(su, —In M(s))), forall s >0,
which implies

Pe{STHQUN) 2 b < infe—afsu, ~ ()
= exp(—nl(u,)

Since I(l) = I'(l) = 0, then by the second-order Taylor’s theorem (e.g. [17, p. 504]),

there exists 7, [ < Vn < Uy, such that
1

I(u,) = 5]"(’yn)(un — )%,
or
21 (uy,) - 2In(1/a) 1 - T - K
n = [ = —+ <\ 2In(l/a)K1—=+ 1= —+1,
EN T TN T, Ve TS VR R e = O

where K 2 2In(1/a) K. Thus, for any L, we have

e S1QUX) - L2 K= D} = PefS QUG 2 n( 41

P Vi
< Pr{ém(&))znun}
< «
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E Proof of Properties of L(\) and D(}\)

It is sufficient to show th following:

Lemma 3 Lel A > \ > 0. Given x, let ¢ and ¢ be such that

(= P+ MG < (z—q)*+Mq), forall ¢ € g,
(x— )2+ MG < (x—q)*+XN(q), for all g € q.
Then,

L@ =) > (e — )

2.10(q) < 1(9).

Proof :

1. Suppose
(x—q)* < (x =97

Then,

A

(x — q~)2 < (x-— q~)2 + Al(§), since A >0,1(¢) >0,

< (z =@+ N(qg), by (17),

< (z—q)* + \(g), since A > S\,Z(qN) > 0,

A A

(& = q)° + M(q) = Ai(§) + Al(), by (16),

IA

A

(z — §)* — M(§), since \ > A, I(q) >0,

IA

(x — §)*, since A > 0,1(¢) >0,

IA
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which is a contradiction.

2. From (15),

MG =) < (z—q)*"—(z—9)"

< 0, by part 1.

Since A > 0, then I(q) —1(¢q)) <0, and the result follows.
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Table 1: Rough complexity comparisons for f-BCQ’s and pe-BCQ’s.

BCQ | peBCQ

Trellis Depth n n

Number of States 1.5bnr nr

Trellis Branching Factor m m
Search Operations per Branch 2 2

Arithmetic Operations

per Source Sample 3bmnr Qmnr

Storage Locations 1.5bn%r ner

Arithmetic Operations

per Source Sample mnr insignificant

Binary

Encoding Storage Locations bn?r? | insignificant

Table 2: SNR, in dB, for pe-BCQ and several other methods.

Rate pe-BCQ Entropy- | If-BCQ
r n = 48 96 144 192 ECSQ | Const. SQ | n = 32
IID Gaussian Source
6.31 6.48 6.52 6.51
1.5 (0.19) (0.16) (0.15) (0.14) | 716 7.55 7.58
9.82 10.04 10.12 10.16
2.0 (0.063) | (0.042) | (0.028) | (0.021) | 1026 | 10.55 10.43
12.91 13.05 13.15 13.22
2.5 (0.063) | (0.031) | (0.028) | (0.021) | 34| 1354 13.21
15.49 15.86 15.98 16.08

3.0 (0.063) | (0.042) | (0.035) | (0.026) | 1635 | 16.56 16.01

IID Laplacian Source

7.18 7.42 7.54 7.59

1.5 (0.19) (0.16) (0.15) (0.14) || 769 8.55 8.22
2.0 ((1)90'(6)3) ((1)90'451%) ((1)9032) ((1)90'3(1)) 11.26 | 1131 10.73
2.5 (102175% (103"1116) (5%‘3% ((1)?03121) 14.03 | 1432 | 1331
3.0 ((1).50'23) ((1).60'421%) ((1).603‘95;) ((1).60'3%) 17.08 17.20 16.05
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Table 3: Rough complexity comparisons for different BCQ search methods.

Direct Differential Greedy LM-based
%{%Eﬁ n n N.A. N.A.
Number of Locnr | L+ ooy — i N.A N.A
States max min L. L.
Branching m m NA. NA.
Operations per 2 2 NA. NA.
Arithmetic N (m—1)N | <
Operations per 2mL | 2m(L + lmax — lmin) 5m mn + N
Source Sample
Binary . N
Comparisons per 2m+ N W
Source Sample
L%)tc%l;c?(%ﬁs nlL (L + lpax — lmin) | 3(n +m) m(m — 1)

Table 4: SNR, in dB, for node-varying BCQ.

Rate nv-BCQ pe-BCQ | If-BCQ | Entropy-
T n =32 48 64 128 n=192 | n=32 | Const. SQ

ITD Gaussian Source

1.0 4.40 4.40 | 4.40 | 4.40 4.67 4.64
1.5 6.99 6.95 | 6.92 | 6.83 6.54 7.58 7.55
2.0 9.92 | 10.01 | 10.07 | 10.16 10.16 10.43 10.55
2.5 12.85 | 12.97 | 13.07 | 13.20 13.22 13.21 13.54
3.0 15.52 | 15.68 | 15.82 | 15.99 16.08 16.00 16.56

IID Laplacian Source

1.0 3.05 3.06 | 3.06 | 3.06 5.61 5.76
1.5 7.55 7.64 | 7.66 | 7.70 7.59 8.22 8.55
2.0 10.56 | 10.77 | 10.86 | 11.03 10.80 10.73 11.31
2.5 12.67 | 12.94 | 13.04 | 13.30 13.42 13.31 14.32
3.0 15.64 | 15.97 | 16.15 | 16.44 16.52 16.05 17.20
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Figure 1: Performance of entropy-coded and entropy-constrained scalar quantizers
for an I1D Gaussian source.
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Figure 2: Relationship between nearest-neighbor quantization and BCQ.

o4



- A=0.54, m=20

./D(r)-153dB

15.4
2.90 2.95 3.00 3.05 3.10
r, bits per source sample

Figure 3: Performance of BCQ and the naive system for fixed ¢ and [ and several
values of n.
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Figure 4: Performance of pe-BCQ and optimized naive system for an IID Gaussian
sotirce.
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Figure 5: Trellis for the dynamic programming search.
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Figure 6: A section of a typical differential trellis.
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Figure 7: Performance of differential search for an IID Gaussian source.
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Figure 8: Performance of greedy search for an IID Gaussian source.
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Figure 9: Performance of the LM-based search for an IID Gaussian source.
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