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Abstract— In this report we study the asymptotic
connectivity of a low duty-cycled wireless sensor net-
work, where all sensors are randomly duty-cycled such
that they are on/active at any time with a fixed probabil-
ity. A wireless network is often said to be asymptotically
connected if there exists a path from every node to
every other node in the network with high probability
as the network density approaches infinity. Within the
context of a low duty-cycled wireless sensor network,
the network is said to be asymptotically connected if
for all realizations of the random duty-cycling (i.e., the
combination of on and off nodes) there exists a path
of active nodes from every node to every other node
in the network with high probability as the network
density approaches infinity. With this definition, we
derive conditions under which a low duty-cycled sensor
network is asymptotically connected. These conditions
essentially specify how the nodes’ communication range
and the duty-cycling probability should scale as the
network grows in order to maintain connectivity.In this
report we study the asymptotic connectivity of a low
duty-cycled wireless sensor network, where all sensors
are randomly duty-cycled such that they are on/active
at any time with a fixed probability. A wireless network
is often said to be asymptotically connected if there
exists a path from every node to every other node in the
network with high probability as the network density
approaches infinity. Within the context of a low duty-
cycled wireless sensor network, the network is said to
be asymptotically connected if for all realizations of
the random duty-cycling (i.e., the combination of on
and off nodes) there exists a path of active nodes from
every node to every other node in the network with high
probability as the network density approaches infinity.
With this definition, we derive conditions under which
a low duty-cycled sensor network is asymptotically
connected. These conditions essentially specify how
the nodes’ communication range and the duty-cycling
probability should scale as the network grows in order
to maintain connectivity.

I. INTRODUCTION

The Army’s Future Combat Systems potentially
rely heavily on the efficient use of unattended sen-
sors to detect, identify and track targets in order to

enhance situation awareness, agility and survivability.
Among different types of sensors, the unattended
ground sensors (UGS) are typically deployed and left
to self-organize and carry out various sensing, moni-
toring, surveillance and communication tasks. These
sensors are operated on battery power, and energy
is not always renewable due to cost, environmental
and form-size concerns. This imposes a stringent
energy constraint on the design of the communica-
tion architecture, communication protocols, and the
deployment and operation of these sensors. It is thus
critical to operate these sensors in a highly energy
efficient manner.

It has been observed that low power sensors con-
sume significant amount of energy while idling in
addition to that consumed during transmission and
reception. Consequently, it has been widely consid-
ered a key method of energy conservation to turn off
sensors that are not actively involved in sensing or
communication. By functioning at a low duty cycle,
i.e., by reducing the fraction of time that a sensor
is active/on, sensors are able to conserve energy,
which consequently leads to prolonged lifetime. This
is particularly applicable in scenarios where sensors
are naturally idle for most of the time (e.g., detection
of infrequent events such as fire, fault, etc., and
transmission of very short messages). However, as
sensors alternate between sleep and wake modes, its
coverage and communication capability are inevitably
disrupted. Duty-cycling sensory devices directly leads
to loss of sensing coverage, while duty-cycling radio
transceivers directly leads to loss of network con-
nectivity. It is therefore crucial to understand the
performance degradation as a result of duty-cycling
the sensor nodes, and to design good networking
mechanisms that work well with low duty-cycled
sensor networks.

In this report we aim at understanding the funda-
mental relationship between duty-cycling the radio
transceivers and the resulting network connectivity.
Specifically we will consider random duty-cycling



where sensor nodes are on/awake with a certain
probability (called the wake/active probability). The
definition of connectivity refers to the existence of
a route (consisting of active nodes) from each active
node to every other active node in the network. While
intuitively increasing nodes’ transmission radius and
decreasing nodes’ active probability have opposite
effects on the connectivity, it is less clear how they are
related quantitatively to ensure connectivity. We will
focus on understanding how these quantities scale
as the network density increases, by studying the
asymptotic connectivity of the network. Asymptotic
connectivity in this context refers to the existence of
a route (consisting of active nodes) from each active
node to every other active node in the network, as
the number of nodes approaches infinity.

More precisely, we consider the network with n
nodes uniformly and independently placed in a unit
square in R2. Each node is awake with probability
p(n) and is connected to active neighbors within
the range of transmission R(n) when it is active.
The problem under consideration is how p(n) and
R(n) are related to ensure that the network is con-
nected with high probability as n goes to infinity. An
important prior work is [1]. Our network model is
essentially the same as that studied in [1], with the
only difference that in [1] the wake/active probability
p(n) is always 1. [1] showed that it is sufficient
and necessary for each node to be connected to
©(logn) nearest neighbors to achieve asymptotic
connectivity as n approaches infinity. Building on this
result, in this study we show that the above randomly
duty-cycled network is asymptotically connected with
probability one if and only if the average number
of active neighbors a node has is on the order of
log (np(n)). It has to be mentioned that this result
cannot be obtained as a straightforward extension to
[1] as discussed in more detail in subsequent sections.

Given the sufficient and necessary conditions for
asymptotic connectivity, we further investigate the
relationship between transmission radius and active
probability with respect to energy consumption. We
also study the quantitative relationship between trans-
mission radius and sensing radius when both the
asymptotic connectivity as well as certain coverage
requirement need to be satisfied. Moreover, we dis-
cuss some important related issues further. Asymp-
totic connectivity in the sparse network is discussed
while we considered it in the dense network in this
paper. We redefine asymptotic connectivity to inves-

tigate how the sufficient and necessary conditions
are affected. Some experiments on phase transitions
of probability of connectivity are performed in the
network with sleep/wake activity. At last, we evaluate
transmission radius to show how it is affected by
introducing active probability.

The rest of the paper is organized as follows. We
present the network model and our main result in
the next section, and discuss its relationship to the
related work in Section III. In Section IV we give a
number of preliminary results, and Section V outlines
the proof of the main result. Sections VI, VII, VIII
give more discussion of our main result in the context
of energy, coverage, and some other issues. Section
IX concludes the paper.

II. NETWORK MODEL AND MAIN RESULT

Consider a unit square in R2, where n nodes
are deployed uniformly and independently. Time is
slotted. In each time slot, a node has a probability
p(n) of being awake or active, referred to as the active
probability. An active node is connected to its active
neighbors within a circle of radius R(n), referred to
as the transmission range. Such a network is said to
be asymptotically connected if there exists a path of
active nodes between any pair of two active nodes
with high probability as the density n approaches
infinity. In order to study the conditions under which
such a network is asymptotically connected, we will
utilize a number of results derived for a similar, but
not duty-cycled network (i.e., where p(n) = 1 for all
n). We begin by introducing the following types of
networks/graphs that will be used in this report.

e Gp(n,R(n)) denotes the duty-cycled network
mentioned above, i.e., a network formed in a unit
square where n nodes are deployed uniformly
and independently. In this network a node is
active with probability p(n) and when active is
connected to its active neighbors within a circle
of radius R(n).

e G(n,R(n)) denotes a non-duty-cycled network
formed in a unit square with n nodes deployed
uniformly and independently. In this network
a node is always active and is connected to
neighbors within a circle of radius R(n).

e GM(n,R(n)) denotes a network formed as a
Poisson point process with intensity n. In this
network a node is always active and is connected
to neighbors within a circle of radius R(n).



o F(n,¢y) denotes a network formed in a unit
square with n nodes deployed uniformly and
independently. In this network a node is always
active and is connected to its ¢, nearest neigh-
bors.

e FM(n, ¢y,) denotes a network formed as a Pois-
son point process with intensity n. In this net-
work a node is always active and is connected
to its ¢, nearest neighbors.

The following notations are used throughout this
paper. For two functions f(n) and g(n) defined on
some subset of the real line, (1) f(n) = O(g(n))
implies that there exist numbers ng and M such that
|f(n)] < M -|g(n)| for all n > ng (asymptotic
upper bound); (2) f(n) = O(g(n)) implies that
f(n) = O(g(n)) and g(n) = O(f(n)) (asymptotic
tight bound); and (3) f(n) = o(g(n)) implies that
lim,, .~ f(n)/g(n) = 0 (asymptotically negligible).

Our main result is shown in the following theorem.

Theorem 1 There exist two constants k1 and ko, 0 <
k1 < ko, such that:
1) for np(n)R?(n) = kolog(np(n)), we have

lim Pr{G,(n,R(n)) is connected } =1, (1)

2) for np(n)R?(n) = ki log(np(n)), we have
lim Pr{G,(n,R(n)) is disconnected } =1 .
n—oo

Eqgn. (1) is also commonly viewed as a sufficient
condition on connectivity and Eqn. (2) commonly
viewed as a mecessary condition on connectivity.
Put together, np(n)R?(n) = O(log (np(n)) can be
viewed as the sufficient and necessary conditions for
asymptotic connectivity. In subsequent sections we
will also refer to these two equations as part I and
part II of the theorem.

Below we sketch the idea of the proof of the above
theorem and discuss this result within the context of
other existing results on asymptotic connectivity.

Figure 1 summarizes the main idea of the
proof, and illustrates where our technical contri-
butions lie. The network we are interested in,
Gp(n, R(n)), is shown on the top left. To prove
the theorem, we first show that if a Poisson net-
work with intensity np(n), ie., G (np(n), R(n)),
is asymptotically connected/disconnected given the
condition np(n)R(n)? = klog(np(n)) for some
k > 0, then G,(n,R(n)) is asymptotically con-
nected/disconnected given the same condition (for
possibly different constants).

This process is illustrated by the arrow labeled
with “A” in the figure. Conceptually, because of the
random duty-cycling, there are only on average np(n)
nodes awake in the network at any instance of time.
This makes the network G,(n, R(n)) behave like a
Poisson network rather than one with a fixed number
of nodes. However, in order to study asymptotic con-
nectivity np(n) needs to approach infinity, which ren-
ders inapplicable the standard result of approximating
a binomial distribution with a Poisson distribution
(which assumes a finite intensity). Although this
seems a highly intuitive result, we were not able to
find a prior proof. We give one such proof in Lemma
3, where we establish the Poisson approximation of
a binomial distribution when np(n) — oo.

We next show that if the network F*(np(n), dnp),
i.e., a Poisson network with intensity np(n) where
each node is connected to its ¢, nearest neigh-
bors, is asymptotically connected/disconnected given
the condition ¢,, = clog(np(n)), for some ¢ >
0, then the network G*(np(n), R(n)) is asymptot-
ically connected/disconnected given the condition
np(n)R(n)? = klog(np(n)) for some k > 0.

This process is illustrated by the arrow labeled with
“B” in the figure. Here F*(np(n), ¢y,) is a Poisson
network with ¢,, neighbors for each node, and

Y A(np(n), R(n)) is a Poisson network with neighbors

within a finite radius R(n) of each node. Note that for
the latter, the condition np(n)R(n)? = klog(np(n))
for some £ > 0 is on the average number of neighbors
a node has, whereas for the former the condition
¢np = clog(np(n)) for some ¢ > 0 is on the actual
number of neighbors a node has.

The last step is to show that network
FMnp(n), dnp) is asymptotically con-
nected/disconnected given the condition
¢np = clog(np(n)), for some ¢ > 0. This

network is essentially the same as F*(n, ¢,) (with
a different intensity). This result is obtained in
similar ways as in [2], which showed the same result
for F(n, ¢y). This step is illustrated by the arrow
labeled with “C” in the figure.

ITII. RELATED WORKS

Two most relevant results to that studied in this
paper are from [1] and [2], respectively. In particular,
as mentioned above [1] studied a network of the
type F(n, ¢n), and it was shown that it is sufficient
and necessary for each node to be connected to its
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Fig. 1. Outline of the proof of Theorem 1.

©(log n) nearest neighbors in order to achieve asymp-
totic connectivity for this network. An immediate
thought was whether one could simply replace n
with np(n) in this result to obtain the conditions
for a network of the type G,(n,R(n)), assuming
np(n) — oo. Although intuitively appealing, there
is a conceptual difference. Replacing n with np(n)
in this result implies that the sufficient and necessary
conditions for asymptotic connectivity are for every
active node to be connected to np(n) nearest active
neighbors. However, these conditions are not directly
guaranteed when the neighborhood of each node
is defined by a fixed radius R(n) with randomly
deployed nodes, and when the nodes are randomly
duty-cycled. Instead, what Theorem 1 shows is that
it is sufficient and necessary for each active node to
be connected to an average of ©(log(np(n))) active
neighbors for asymptotic connectivity of a network
of the type G,(n, R(n)).

In [2] a network of the type G(n,R(n)) was
considered, and it was shown that with mR?(n) =
w, the network is asymptotically connected
with probability one if and only if ¢(n) — oo. This
result is not directly used in our study. However,
throughout this paper we follow heavily the basic
definitions and methods used by [1] and [2], as well
as use a number of (intermediate) results derived in
them with appropriate modifications. These will be
pointed out in subsequent sections.

[3] showed that the sufficient and necessary con-
ditions for asymptotic coverage with connectivity in
a grid network are p(n)R?(n) = ©('%2). Although
mathematically similar, these conditions are not the
same as the ones given by Theorem 1, since asymp-
totic coverage with connectivity is a different measure
from asymptotic connectivity, and a grid network is
different from a random network. [3] also showed that
the sufficient condition for asymptotic connectivity in
the grid network is in the form of

mp(n)R2(n)n

np(n)e 2
It can be shown that p(n)R?(n) = ©('%2") implies

— 0 as n — oo.

np np np
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Fig. 2. The square tessellation 75" .

_ wp(n)R%(n)n

np(n)e 2 — 0 as n and np(n) both go to
infinity. The reverse is not necessarily true. Therefore,
we see that the condition for a randomly deployed
network, ie., p(n)R%*(n) = O(*%") is more re-
strictive than that for a grid network. Other related
work includes [4], which studied the necessary and
sufficient conditions of both asymptotic coverage and
connectivity for a network with fixed node density A
but increasing area A. In addition, the concepts of
k-connectivity and path connectivity were studied in
[5] and [6], respectively.

IV. PRELIMINARIES

For the proof of Theorem 1, we need the following
definitions which were originally defined in [1], with
slight generalization to account for p(n) < 1.

Definition 1 Square tessellation 75" . The unit square

is split equally into My, = [/ 7@ 12 small
squares as depicted in Figure 2, where a constant
K > 0 is a tunable parameter, and [z] is the smallest
integer larger than or equal to z. This tessellation of
the unit square will be denoted by 7¢”. The small
squares are denoted by S;"”,i =1,2,---, M,,, from
left to right, and from top to bottom.

Definition 2 k-filling event. Consider a structure
composed of 21 squares each of side length d/6 and
placed in a larger square of side length d: one at the
center and the others at the periphery of the larger
square with distance d/4 between the center square
and the others. A k-filling event occurs if there are
at least k nodes in each of 21 small squares and no
nodes in the space between the center square and the
others.



Fig. 3.

The disk tessellation 7,°.

Definition 3 Disk tessellation 7} (a,b). Consider a
unit square with its bottom left corner being the
origin, as shown in Figure 3. Let r be such that
mr2 = w, where K > 0 is a tunable
parameter. Consider a grid of squares of size 2r,
with corners at (¢ mod 2r, b mod 2r). Inside each
square, we inscribe a disk of area %ﬂg")). The
set of all disks intersecting the unit square are called
the Disk Tessellation 75" (a, b). The disks intersecting

the unit square are denoted by D, i =1 < M,

Throughout our analysis, the asymptotic regime of
interest is where the duty cycle p(n) — 0, n — oo
and np(n) — oo.

Consider the network G*(np(n), R(n)), where 0 <
p(n) < 1. Denote the number of nodes that fall into
the unit square by M,,,, and denote the number of
nodes that fall into square S by N7

Lemma 1 lim,,;,,) o0 Pr{\an — np(n)| <
Vp(n) log(np(n))} = 1.

Proof: Since an is a Poisson random variable

with mean = np(n) and variance = np(n), by
Chebychev’s inequality,
Pr{| M,y — np(n)| > /np(n)log(np(n))}
np(n)
np(n)log(np(n))
1

= Tog (1) — 0, as np(n) — oo.

|
Consider G,(n, R(n)). Denote the number of active
nodes in the unit square by M, which is a random

variable. Denote the number of active nodes in square
S by Nf.

Lemma 2 limnp( )—oo Pri|M7 — mnp(n)| <
Vnp(n)log(np(n))} = 1.

Proof: Since M/ is a Binomial random variable
with mean = np(n) and variance = np(n)(1—p(n)),
by Chebychev inequality,

Pr{|M%—np(n)| > \/np(n)log(np(n))}}
np(n)(1  p(n))
) o)
— 1_& — as np\n) — o0
= Tog(up(ny) " 2 "p(n) = oo

|

Let n be sufficiently large and p be small. When its

product np(n) is of moderate magnitude, the poisson

approximation of binomial distribution is proven in

the literature [7]. In this report, we need it in the

special case of np(n) — oo as n — oo, which will
be proved in the following lemma.

Lemma 3 Suppose that p(n) — 0 and np(n) —
oo as n — oo. For any nonnegative 7 < n and
sufficiently large n, Pr{M} = j} is approximated
by Pr{M,, = j}, i.e., in the limit their difference
goes to zero.

Proof: We have that

Pr{Mg = j} = (3)p(n) (1 = p(n))" 7 |
_ jy = (opm)yem?®

!
As Pr{M? = j} is a binomial distribution de-

termined by n and p(n), we will denote it by
b(j;n,p(n)). Thus

b(0;n, p(n)) = (1 = p(n))". 3)

By the definition of the derivative of function log x,
we have

Pr{M,,

. logx —log(x —0) 1
lim =—.
0—0 1) x

“4)

Since p(n) — 0 as n — oo, Eqn. (4) can be written
as

i 082 —log(z —p(n)) _ 1
n—o0 p(n) x
For x = 1, we have
“log(1 —
iy —losd —p(n)) _
n—o0o p(n)
In other words, Ve; > 0, there exists N7 > 0 such
that n > N; implies \W — 1] < €. Let



A(n) = W —1, such that A(n) € [—e1, €1].
For all ¢; > 0 and e3 > 0, there exists Ny > 0 such

that n > max{Ny, Na} implies

(1= p(n))" — e "]

= 11— p{n)) T D el
_ ’ep(n) log(1—p(n))-(=np(n)) e—np(n)|
|eHAM) (=np(n) _ o=np(n))
|e=mP(n) (g=mp(n)-AM) _ 1)), 5)
Because |A(n)| is bounded by e, |e~"P(M)AM) 1|

is bounded by some N3 > 0. Therefore, Eqn ®))
< |e‘"7’(")\ - N3 < €o. Thus for sufficiently large n
we have

e~ mp(n)

b(0;n,p(n)) =~
Furthermore, for any fixed ;7 we have

b(j;n,p(n)) _ np(n) — (j — 1)p(n)
b(j — Lin, p(n)) j(1 = p(n))
Therefore for sufficiently large n, we have

(np(n))’
J!

b(j;n,p(n)) ~ e P = Pr{M,, = j}.

Lemma 4 (Lemma 3.2.5 (iii) in [2]) Suppose Y is a
Poisson random variable with parameter A, then for
any K > m, we have

X Pr{|Y — A > pA} =0,V € (17, 1),

1
li —
)\Hufoo /\e

where p* is the root of —p* + (1+ p*)log(1+p*) =
F.

Lemma 5 below is based on Lemma 3.1 in [2],
with a slight modification by using np(n) instead of
n.

Lemma 5 For any K >~ W,

hmnp(n)—»oo Pr{maxi |Nznp - Klog(np(n))‘ <
pK log(np(n))} =1,V € (p*, 1),

where p* € (0,1) is the sole root of the equation
—p+ (1 +p)log(l+p*) = %

Proof: Recall My, £ 72200 . By invoking

the independence property of the Poisson process for

~p
, N

the random variables N, NJ¥ . .. oty s WE
have K
Pr{ max |N/” - Klog(np(n))| < uK log(np(n))}
1<i<M,,
M.y

= H Pr{|N”p Klog(np(n))| < pk log(np(n))}

(PT{\N”p K log(np(n))| < pK log(np(n))})*"
= (1 = Pr{|N{" — K log(np(n))|

> pk log(np(n))}) M
_ oy los(1=Pr{|N = K log(np(n))| >pK log(np(n))})
If we let ppp £ Klog(np(n)), which is the mean
value of Ny'”, then
Pr{ max |N P
1<i<M,,,,

bnp

e K
= exp{
Pnp

— Klog(np(n))| < pK log(np(n))}

-log(1 — Pr{|]v1"p

— Papl > Hpnp})}-

Since by Chebychev’s inequality,
var(N7?)

Priny” (1pnp)?
np

- pnp| > anp} <
(:Upnp)Q :U'2,0np

and log(1 — z) is approximated by —z for small z,
we have

— 0, as np(n) — oo,

Klog(np(n))| < pKlog(np(n))}

Pnp

S Pr{IN}" —pup|>ppnp}-(140(1)

Pr{ max [N/ —
1<i<M,,,

=€

Hence, by Lemma 4, we deduce that
P?’{Kmaﬁ |NJ'P — K log(np(n))| < K log(np(n))}
1<
— 1, as np(n) — oco.

|

Consider the disk tessellation 7;3’(a,b) in a unit
square with nodes deployed as a Poisson point pro-
cess with intensity np(n). Similarly to the square
tessellation, let the number of nodes that fall into disk
D;" be denoted as Np,’;.
Lemma 6 For any K > W and any point
sequence {(an,by) € RZn=1,2,---},
1, () o0 Pr{Ng{Di < (1+ p)Klog(np(n)), for
any disk D;" in tessellation 7} (an,by)} = 1,Vp €
(", 1),



where p* € (0,1) is the sole root of the equation
—p* 4 (L4 ) log(1 + p*) = %

Let us consider graph G*(np(n),R(n)). Let
P¥M(np(n), R(n)) be the probability that
G (np(n), R(n)) has at least one isolated node (i.e,
one with no neighbors) and P} (np(n), R(n)) be the
probability that G*(np(n), R(n)) is disconnected.
From continuum percolation [8], we know that
P}(np(n),R(n)) is asymptotically the same as
PYM(np(n), R(n)). Consider  G(np(n), R(n)),
the network with exactly np(n) number of nodes.
Let Py(np(n),R(n)) be the probability that
G(np(n), R(n)) is disconnected.

Lemma 7 (Lemma 3.1 in [2]) If nR%*(n) =
10g(np(72)))+6(n) then
np(n ’

lim sup P’\;(l)(np(n), R(n)) <e

np(n)—oo a

where ¢ = lim,,_, o, ¢(n).

Lemma 8 (Theorem 2.1 in [2]) If 7wR*(n) =

log(np(n))+e(n) 400
np(n) ’

liminf Py(np(n), R(n)) > e (1 —e™°),

np(n)—oo
where ¢ = lim,,_, o, c(n).

The following theorem is proven using intermedi-
ate results in [2].

Theorem 2 The network G*(np(n),R(n)) with
TR%(n) = W is connected with proba-
bility one as np(n) — oo and n — oo if and only if

lim,, o ¢(n) = 0.

Proof: (Sufficiency) From percolation theory,
for any € > 0 and for all sufficiently large np(n), we
have

P} (np(n), R(n)) < (1+ €)PXD (np(n), R(n))
(14 e)e e |

IN

where the second inequality is from Lemma 7. Since
€ > 0 is arbitrary, we have

limsup P} (np(n), R(n)) < e °.

np(n)—oo

(Necessity) From Eqn. (1.21) in [2],

P} (np(n), R(n))

1 efnp(n)TrR2 (n)
> Pd(”p(n)aR(”))(§ —€) — TR
1 e—c(n)

> Pa(np(n), R(n))(5 —€)

27 log(np(n)) +c(n)’

Based on Lemma 8, since € > 0 is arbitrary,

liminf P)(np(n), R(n)) >

1
—e “(1—e9).

V. PROOF OF THEOREM 1

In this section, we prove both two parts of Theorem
1. For simplicity we will ignore edge effect in our
discussion, but note that edge effect does not alter
the main theorem (see also [1], [2]). The proof of
each part consists of three steps. In part I, the proof
proceeds as follows:

Given np(n)R(n)? = kylog(np(n)) for
some ky > 0, we show G,(n,R(n))
is asymptotically connected if
G np(n), R(n)) is asymptotically
connected.

It is shown that if there exists ¢y such
that F*(np(n), c2 log(np(n))) is asymptot-
ically connected, then there exists k2 such
that G*(np(n), R(n)) is asymptotically con-
nected with np(n)R(n)? = ko log(np(n)).

We show that F*(np(n), cz log(np(n))) is
asymptotically connected for some co > 0.

)

2)

3)

For the first step, note that R(n) is bounded and
that n — oo implies np(n) — oo. For sufficiently



large n,

Pr{G,(n, R(n)) is connected}

= Z Pr{G,(n, R(n)) is connected| M = j}

7=0
li—np(n)|<+/(np(n) log(np(n)))  Otherwise

Pr{G,(n, R(n)) is connected| M, = j}

- Pr{M; = j}
li—np(n)|<+/(np(n) log(np(n)))

connected| M = j} - Pr{M; = j} +o(1)

= > Pr{G*(np(n), R(n))
|7=np(n)|<y/(np(n) log(np(n)))
is connected|an =j}- Pr{an =7}
“(I4+0(1)) +o0(1), (6)

where the third equality is based on Lemma 1. The
fourth equality is based on Lemma 3 and the fact
that G,(n, R(n)) given j active nodes is the same as
G*(np(n), R(n)) given j nodes are in the network.
From Lemma 2 we have that Eqn. (6) can be written
as

Pr{G,(n, R(n)) is

(14 0(1)) - (Pr{G*(np(n), R(n)) is connected }
+o(1)) + o(1).
Therefore if
nlingo Pr{G*(np(n), R(n)) is connected} = 1,
then
nh_)rgo Pr{G,(n,R(n)) is connected} =1,

thus completing the first step.

In Step 2 we show that if there exists co for
FA(np(n), c2log(np(n))) to be asymptotically con-
nected, then there exists ko for G*(np(n), R(n)) to
be asymptotically connected with np(n)R(n)? =
kalog(np(n)). To prove this, let us tessellate
G np(n), R(n)) by 74P, with K, pu satisfying
Lemma 5. Consider some nodes whose radius is
R(n) = %{ng)) on 7g”, as shown in
Figure 4. Every circle contains a small square.
From Lemma 5, we know that each circle con-
tains more than or equal to K (1 — p)log(np(n))

nodes with high probability, where u € (u*,1). We

SI"I’ S;I” _S};‘P

Fig. 4. Nodes with radius of transmission R(n) =

2K log(np(n)) np
A/ mp(n) on 74",

construct another graph by connecting each node
with its nearest K (1 — p)log(np(n)) — 1 neigh-
bors, which is F*(np(n), K(1 — u)log(np(n)) —
1). If Fnp(n), K(1 — p)log(np(n)) — 1) is
asymptotically connected, then G*(np(n), R(n)) with
np(n)R(n)? = 2K log(np(n)) is asymptotically con-
nected. Thus there exists ks = 2K when ¢ =
K (1 — p). This completes the second step.

Finally, we want to prove that
FAN(np(n), ez log(np(n))) is asymptotically
connected for ¢ > —2 . It suffices to show
that for some § > 0,

log(4/e) "
lim Pr{F(np(n), (2/log(4/e) + 6) log(np(n))) is

connected} = 1.

According to Lemma 6, p* — 1 as K —
(1/1log(4/e))*. So for any § > 0, there is a constant
4§’ > 0 such that

K =1/log(4/e) + ¢’

= (14 p")K <2/log(4/e)+6. (7)

For the rest of this proof, we fix the parameter K in
the Disk tessellation to be the one in Eqn. (7), and
fix p such that

1>p>p" and (14 p)K < 2/log(4/e) + 6.

Let 7y = %ﬁ(;@)) be the radius of the disks
in the Disk tessellation. Then choose two positive

constants €,n € (0,1) such that

(1 +n)log(np(n))
np(n) '

®)

7 (Tnp — ernp)2 >



Now let us tessellate the unit square by a collection
of several disk tessellations:

1
TP £ {Tgp(i-ETnp,janp), i,7=0,1,2,---  2:[]+1}.

€
This collection of tessellations has the following
property: For any point (a, b) in the unit square, there
is a disk in 70 whose center is within a distance of
€ryp from the point (see Figure 3). Since the number
of tessellations in 7."” is finite, by Lemma 6, we know
that

Pr{Every disk of 7"’ contains no more than
(2/log(4/e) + 0) log(np(n)) nodes} — 1,
as n — oo.

By the choice of 7y, € and 7", any disk with

radius (1 — €)ry, and centered in the unit square
will be contained in a disk in the collection of
tessellations 7.7 (see Figure 4). So if any of the
disks of the tessellation collection 7.”” contains
no more than (2/log(4/e) + J)log(np(n)) nodes,
then each node of F*(np(n),cslog(np(n)))
will be connected to every node that is within
distance of (1 — €)ryy. So if we define B,, =
{Every disk of 7."¥ contains no more than (m—k
9) log(np(n)) nodes}, then

Pr{F*(np(n), (2/log(4/e) + 8) log(np(n)))
is connected|B,,,} — 1, as n — oc.

Therefore

Pr{F*(np(n), (2/log(4/e) + 5)log(np(n)))
is connected}
= Pr{Bp,} - Pr{Fnp(n), (2/log(4/e) + 6)
log(np(n))) is connected| By, }
+ Pr{By,} - Pr{F(np(n), (2/log(4/e) + 6)
log(np(n))) is connected| By, ,}
=(14+o0(1))-(1+0(1)+0(1) =1, as n — oo.

Hence we proved that F*(np(n), calog(np(n))) is
asymptotically connected for co > m, complet-

ing the third step.

The proof of the second part of Theorem 1 follows
a very similar procedure, consisting of three steps:
(1)  Given np(n)R(n)?> = kilog(np(n)) for
some ki > 0, we show Gp(n,R(n))
is asymptotically disconnected if
G (np(n), R(n)) is asymptotically
disconnected.

SIS, S

Fig. 5. Nodes with radius of transmission R(n) =

K’ log(np(n)) np
A/ np(n) on Tg; .

(2) It is shown that if there exists ¢; such that
FA(np(n), c1log(np(n))) is asymptotically
disconnected, then there exists k; such that
G (np(n), R(n)) is asymptotically discon-
nected with np(n)R(n)? = ky log(np(n)).
We show that F*(np(n), c1 log(np(n))) is
asymptotically disconnected for some ¢; >
0.

In the first step, similar to part I we will use
the fact that n — oo implies np(n) — oo.
With slight modification from connectivity to dis-
connectivity on the argument used in part I of
the proof given early, one can easily show that if
lim,, .o Pr{G*(np(n), R(n)) is disconnected} = 1,
then lim,, .o Pr{Gy(n, R(n)) is disconnected} = 1.
This completes the first step of the proof of part II.

In the second step we show that if there exists
c1 such that F*(np(n), c1 log(np(n))) is asymptot-
ically disconnected, then there exists k; such that
G (np(n), R(n)) with np(n)R(n)* = ky log(np(n))
is asymptotically disconnected. To prove this, we
tessellate G*(np(n), R(n)) by 7of, with K, p
satisfying Lemma 5. Furthermore, we split each

square into [4/ %1:”)12 smaller squares. Denote

by 757 the new tessellation with [ %12 ‘

3)

[ —9'2}(_1: = )V squares and let NZ* be the number of
nodes in each smaller square S;. Thus Ni* is a Pois-

son random variable with mean % log(np(n)).

Similarly to Lemma 5, for K" > m, we have

lim Pr{max NZ* < (14 p)K'log(np(n))} =1,

Ve (u,1), ©)



where K' = %K and p** is the root of —p**+

(1 + ) log(1 + p**) = 77
Consider some nodes with radius R(n) =
%, the side length of each smaller
square on 7¢~ as shown in Figure 5. Every cir-

cle is included in a group of at most 9 small
squares. From Eqn. (9), each circle contains less

than or equal to K(él_ 1) log(np(n)) nodes with

high probability. We can thus construct another

graph by connecting each node with its near-
est wmg(np(n)) — 1 neighbors, which re-

sults in F*(np(n), K(;;“) log(np(n)) — 1). Con-

sequently, if F*(np(n), K(;“) log(np(n)) — 1) is
asymptotically disconnected, G*(np(n), R(n)) with
np(n)R(n)? %Klog(np(n)) is asymp-
totically disconnected. Note that for large np(n),

%log(np(n)) > 1. Thus there exists k; =

%K when ¢y = % This completes the
second step of the proof.

Finally, we want to prove that
FA(np(n), c1 log(np(n))) is asymptotically
disconnected for c¢; < 1_2‘?]{ It suffices to

show that for some ¢ > 0,

lim Pr{F*(np(n),elog(np(n)))) is connected} = 0.

According to Lemma 5,

lim Pr{max |N/" — K log(np(n))|

n—oo

< uK log(np(n))} = 1.
Therefore if we let
AP 2{ No (elog(np(n)) + 1)-filling event occurs
in the trap of S;”},

an é{(kla k27 e 7]{an) : kl + k2 T anp
= M"™, where M"™ >0 and k; > 0,Vi},

then we have

Pr{Fnp(n), elog(np(n)))) is connected}
< Pr{A}? Vi}
= B o Iengnye@ue PT{ATP Vi NP = Ky, Vi}
= B o Jengn)e@re PT{ATP Vi NI = iy, Wi}
- Pr{N[" = k;, Vi}
The last step of this proof is the same as the proof
of the necessity part in [1], replacing n with np(n).

V1. ENERGY EFFICIENCY WITH ASYMPTOTIC
CONNECTIVITY

Low duty-cycling was originally proposed to con-
serve idling energy as described in Section I. That
is, total energy consumption may be reduced with
smaller p(n) with and larger R(n). Theorem 1 gives
us the idea how R(n) and p(n) scale as n grows
in order to maintain connectivity between nodes in
the network. Given the condition for asymptotic con-
nectivity, it is interesting to show that under what
conditions of R(n) and p(n) minimize total energy
consumption of nodes.

We adopt the energy model from [9]. Energy spent
in transmission is a function of R(n) and the number
of bits to transmit. Energy spent in reception and one
spent in sensing are only functions of the number of
bits. Let F/ denote the average energy consumed by
a node for a unit time, which is

E = (C1R(n)* 4 Cy)p(n),

where « is a constant which depends on the attenu-
ation of the signal in the environment. We will use
the common values of @ = 2 and o = 4. C; and ()
are constants which depends on the number of bits,
the energy used by the circuitry for every bit, and so
on.

We want to minimize E with respect to the condi-
tion from Theorem 1. For some k£ > 0,

min (C1R(n)® + Co)p(n
R(n),p(n)( 1R(n) 2)p(n)

w.r.t. p(n

YR%*(n) = klog(fw. (10)

e Suppose o = 2. Optimizing Eqn. (10) is equiv-
alent to show the following equation.

win C1F log(np(n))

v n + Czp(n).

(1)
Eqn. (11) is an increasing function of p(n).
That is, smaller p(n) results in smaller energy
consumption. The more sensors in sleep, the less
energy consumed. Then, how many sensors to
put into sleep depends on constraint on delay
and data rate that each node carries. This will be
related to the number of hops to traverse, which
is also a function of R(n). This can be studied
as future research.

e When o = 4, Eqn. (10) becomes

C1k?1log®(np(n))
n?p(n)

+Cop(n).  (12)

p(n)
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Fig. 7. Energy consumption when C1 = 1,C = 1,k = 10 and
a=4.

Eqn. (12) is minimized when p(n) = Le2/". In
order to maintain asymptotic connectivity, p(n)
cannot decrease faster than % While asymptotic
connectivity is guaranteed, energy consumption
is minimized if p(n) decreases to zero with the

rate %62/ " as n increases.

We evaluate Eqn. (10) to give numerical results
when o = 2 and o = 4. Figure 6 shows that energy
consumption is an increasing function of p(n) as in
Eqgn. (11) when @ = 2. When o = 4, there exists
a minimum of energy consumption at p(n) = %62/ "
as shown in Figure 7. When n becomes large, p(n)
approaches to zero. Thus, energy consumption is
approximately linearly proportional to p(n) for large
n as ones in Figure 6.

VII. ASYMPTOTIC CONNECTIVITY WITH
COVERAGE

Suppose that inactive nodes turn off both the radio
transceiver and sensory device. And let 7(n) be the
sensing radius. We are interested in a condition for

asymptotic connectivity while we give a certain level
of coverage.

We consider G, (n, R(n)). Given that the long term
average sleep ratio of a node is ¢(n) := 1 — p(n),
regardless of the distribution of the on and off periods
(assuming they are both of finite mean which is
desirable for coverage purpose), the probability that
a given point in a unit square is not covered by any
active node is

n

Py=7 ) (})(ar?(n)) (1 —ar?(n))"~ .

j=0

where n7r?(n) is the expected number of nodes
deployed within a circle of radius r(n) around the
point. The associated joint probability of the point
being uncovered and at least one node being within
a circle of radius r(n) is

n

Puc =" qn () (xr2(m)) (1 — mr2(n))" 7

=1

j (nmr?(n))ie " " (n)

J!

n
Jim P, o = lim > a(n)

7=1
— lim e M) (] _ gmnmr(natn))
— lim e—nﬂ'Tz(n)(l—q(n))
. (e (n)g(n) e a0
5ttt
Jj=n+1
~ fim e—mm)(1=a(m) (1 _ g=nmr(ma(n))

First equality is from Lemma 3. The last equality is
2 i o—nwrZ(n)q(n)
because > ., (nr (”)q(”);e “" converges
to 0 as n goes to infinity. Furthermore, we can obtain
7n7r'r‘2(n)
g(n) = 020 ") 4 1 for fixed P, =V when

_ nrr?(n)
n goes to infinity.

To achieve asymptotic connectivity for active
nodes, np(n)TR?*(n) = kologn from Theorem 1.
This relationship gives us a boundary condition for
asymptotic connectivity. Furthermore, a random sleep

1 7n7rr2(n) .
— Og(v+62 ) to achieve
nmwr2(n)

schedule is p(n) =



P, .= V. Therefore, to achieve both,
log(V + e~ (n)
nmr?(n)
nlog(V + e " (1)
nmr?(n)

nl- JmR?(n)

= ko log[—

_R(n)
r?(n)
—kglog[

log(V +e """ (”))
1 —nnr?(n)

g ) log(V +e ). (13)
First, for fixed n and when V' is very small, Eqn. (13)
becomes

2
R (n) log efmrrz(n)

= ko log(— log e~ (M)

1
72 (n)
= nwR*(n) = ko logn.

Second, for fixed V' and when n is very large, Eqn.
(13) becomes

B (n )) log V' = ko log(— log V)

gn
R*(n)
7w
= ko(log 1og% —log )

1
r2(n)
lo i—&—kzlor()

gV 2108

(14)

We evaluate Eqn. (14) to give numerical results in
Figure 8. It shows boundary conditions for % for
asymptotic connectivity with some levels of coverage
V. Each graph gives a ratio of R(n) to r(n) as r(n)
increases for k2 = 1 and k2 = 3. As r(n) increases,
R(n) increases at a slower rate than r(n) given V
and ko. As V is larger, r(n) is smaller and the ratio
gets larger. If ko is larger, it increase R(n) or p(n).
Thus, the ratio of R(n) over r(n) gets bigger.

VIII. DISCUSSION
A. Sparse Network

[10] studied the scaling property of connectivity
for sparse networks where the node density d is fixed
and the number of nodes n grows to infinity as well
as the area A. Authors showed that the sufficient
condition for the network to be connected is r?n =
kAlog+/A for some constant k > 0. If we put dA
instead n, the condition becomes r2d = klog VA.
This result can be viewed as average O(log A) =
O©(log(n/d)) = ©(log n) nearest neighbors are suffi-
cient for the network to be connected.

25

R(n)ir(n)

0.5+

(a) kz =1

R(n)/r(n)

L L L L L L
o 0.1 0.2 0.3 0.4 0.5 0.6 0.7
r(n)

(b) ks =3

Fig. 8. Boundary conditions for If((:)) for p-asymptotic connec-

tivity with some levels of coverage V when k2 = 1 and 3.

Consider results in [1], which considered dense
networks. Authors assumed fixed unit area and there-
fore transmission radius r is bounded. To investigate
the conditions for asymptotic connectivity of the
network, the number of nodes n grows to infinity
as well as the node density d. They showed that the
network is asymptotically connected if each node has
O(log n) nearest neighbors, which leads to the same
result as in [10]. Although the results in [1] are proven
for any fixed area A, we conclude that the result for
dense networks can be applied to sparse networks.

In this paper, we considered the network formed
in the unit square. As we argued above for results in
[1], the result in this paper can be applied directly to
sparse networks.

B. Phase Transition

[2] showed that probability of connectivity has
zero-one transitions for large n in the random network
with fixed radius R(n). In this paper, we showed it
for large n in the random network with fixed radius
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Fig. 9. Phase transition in probability of connectivity when
p(n)R%(n) = clo% and p(n) = 0.8.

R(n) and active probability p(n). We experiment
zero-one transitions in probability of connectivity in
the random network when p(n)R?(n) = @(105")
and R(n) is bounded. Note that the condition of
bounded R(n) is implied in the network formulation
considered in this paper.

Figure 9 depicts probability of connectivity when
p(n)R%*(n) = clofl" with respect to ¢ for n =
20, 50, 100 and fixed p(n) = 0.8. When n gets larger,
the transitions become shaper. Figure 10 depicts prob-
ability of connectivity when p(n)R?(n) = clo% with
respect to ¢ for n = 20,50,100 and p(n) = ﬁ
In this case, R(n) decreases to zero as m goes to
infinity. Therefore, np(n) goes to infinity and R(n) is
bounded. On the other hand, if p(n) decreases faster
than or equal to 1/n, np(n) does not go to infinity
and R(n) becomes unbounded. Therefore, such cases
are unable to be satisfied in this network. This is
illustrated in Figure 11, which depicts probability of
connectivity when p(n)R?(n) = clo% with respect
to ¢ for n = 20,50, 100 and p(n) = 1. As c increases,
probability of connectivity never reaches to one.

C. Radius with Low Duty-Cycling

We showed in Theorem 1 that the network
Gp(n, R(n)) is asymptotically connected given the
condition nR?(n)p(n) = K log(np(n)) for some
K > 0. It is of interest to quantitatively measure
the increase of transmission radius when nodes are
low duty-cycled in order to maintain asymptotic con-
nectivity. Intuitively, transmission radius with duty-
cycling becomes larger than one with no duty-cycling,
i.e., p(n) = 1. Let us denote the transmission radius
with duty-cycling by R(n) and one with no duty-
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Fig. 10. Phase transition in probability of connectivity when
p(n)R?*(n) = ¢ and p(n) = %
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Fig. 11. Phase transition in probability of connectivity when

p(n)R%(n) = Clong and p(n) = L.
cycling by R'(n). Then,

R(n) _ log(np(n)) s

R%(n)  p(n)logn’
Suppose p(n) = #, 0§ < 1 for simplification.
Eqn. (15) is
R?(n) nPlog(n'=?) 3
R2(n) logn w(1=6) (16)

Figure 12 evaluates Eqn. (15) for some n. As
shown in Figure 12, the ratio of R'(n) to R(n)
reaches to 1 as [ approaches to 0. This is obvious
because p(n) decreases at slower rate as n increases,
which allows enough nodes to be on without increas-
ing R'(n). At extreme case, R'(n) = R(n) when
B8 = 0. As [ increases, the ratio becomes large.
It reaches its maximum when § = 1 — loén' I}
approaches to 1 as n goes to oo.

IX. CONCLUSION

In this report we studied the asymptotic connec-
tivity of a low duty-cycled wireless sensor network
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where sensor nodes are randomly duty-cycled ac-
cording to a fixed active probability. We derived the
sufficient and necessary conditions for the network to
be connected as the number of node grows to infinity.
These conditions are in the form of the joint scaling
behavior of the number of nodes in the network as

well
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as the active probability. Thus such results reveal
duty-cycling should be scaled as the network
denser in order to maintain network connectivity.
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