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SIGNAL DETECTION WITH A PANORAMIC RECEIVER

I. INTRODUCTION

In this report formulas for signal-to-noise ratio are calculated for a
model of panoramic receiver. The receiver model consists of a linearly sweeping
local oscillator, an ideal mixer, an IF amplifier with Gaussian passband; a square
law detector, and a video amplifier with a Gaussian passband. This model was
chosen because an explicit formula for signal-to-noise ratio can be obtained for
it~ & rather remarkable fact in view of the complexity of the system.

Although the analysis is made only for the case of pulses with Gaussian
shaped envelopes and filters with Gaussian passbands, the results should be
indicative of what will occur in the more general case. Certainly the noise
povwer will be little different. It was shown in Technical Report No. 3l that the
Gaussian case is quantitatively consistent enough with the other cases studied to
be used in many design problems involving peak amplitude, output pulse width, and
apparent bandwidth. These are the features of the receiver output which are
pertinent here.

Ideally, one would like to know probability of detection and probebility
of false alarm as a function of signal, noise, and receiver parameters. For a
system as complicated as the panoramic receiver, this appears to be out of the
question at this time. Signal-to-noise ratio has been used successfully for many

years as a guide for designing linear systems for detection.

lH. W. Batten, R. A. Jorgensen, A. B. Macnee, and W. W. Peterson, "The Response of
a Panoramic Receiver to CW and Pulse Signals" Technical Report No. 3, Electronic
Defense Group, University of Michigan, June, 1952.
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Signal-to-noise ratio is defined as the ratio of peak signal power in the
absence of noise to the average noise power, at the receiver output. Since the
noise and the signal are uncorrelated, the average voltage output with signal
plus noise eQuals the sum of the output with signal only and the average output

1 Thus the peak signal output power measures the change in output

with noise alone.
voltage, on the average, caused by the signal. The noise povwer measures the
average amplitude of noise fluctuations and hence signal-to-noise ratio is a

measure of the amplitude of the change in voltage output caused by the signal,

relative to the amplitude of noise fluctustions.

II. A SIMPLE CASE

In this section, signal-to-noise ratio is calculated at the output of a
Gaussian filter when white noise plus a Gaussian pulse are passed through the
filter. This problem is‘relatively simple and serves as a good introduction to
the more complicated panoramic receiver problem.

It is well known that the filter which meximizes signal-to-noise ratio
has a transfer function proportional to the conjugate of the spectrum of the
pulse.2 It is the purpose of this section to consider the effect of matching the

filter bandwidth improperly to the pulses.

1
This is strictly true only with a square law detector.
2
See, for example, Part IT, pp. 12 and 20 of Technical Report No. 13 by W. W.
Peterson, and T. G. Birdsall, "The Theory of Signal Detectability"; Part I,"
The General Theory", June, 1953; Part II,"Applications with Gaussian noise,"
July, 1953. If the transfer function is Proportional to the conjugate of the
pulse spectrum, then the impulse response is proportional ta the pulse reversed
in time, and conversely.
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Assume that the pulse is (the real part of)

/2 2
_[E /2 . o 2.1
£(t) = <5J/;> exp. (Jat -2 ) s (2.1)
' where a is the center frequency in radians per second, and d is the pulse duration

in seconds between times when the amplitude is exp (—l/h). The constant factor

was chosen to make the pulse have energy E,l i.e.,

fw £(t) F®) 4at = E. , (2.2)

-0
The Fourier transform (or spectrum) of this pulse is®

F(w)

®
\/_%_{ fcof(t) exp (-jwt)dt
e i/2 (0] tE
(3 fon (oo - )
g 5\ a2
= (5/3% e (- - (0-0)2) (2.3)

The pulse spectrum, and hence the optimum filter, has bandwidth %- redians per

[

second between exp (-1/4) points. Consider a filter with pass band of the

same shape and center frequency but of arbitrary bandwidth, i.e., a filter with

transfer function 2
1 w-a
e -z - k) (21
n b

where b is the bandwidth in radians per second between exp(-l/h) points. The
response of this filter to the pulse given by equation (2.1) is found by multi-
Plying the pulse spectrum by the filter transfer function to get the spectrum

of the output, and then transforming this back to the time domain, i.e., the

1

This assumes a normalized losd of one ohm, a convenient and non-restrictive
assumption.
2

T@is integral, and a number of others appearing in this report, can be evaluated
with the aid of equation B.l, page 69 of Technical Report No. 3: If U and V are
complex numbers, and if(ghe real part of U is positive, then

f exp (-Ut? + Vt)at =+/2/U exp" (V2/4U). (2.5)
-®
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output pulse g(t) is

[}

_[_zF(w) H(w) exp (-jot) dt
1/2 o
(g ’2:?> 25; f.f) exp [ - %E (w~a)2] exp (%)exp(éwt)dw
@/ﬁ-—%[ze@{[— %E + :Elg] (w-2)2 + ,jtnt} dow (2.6)

2

1/2
E/2), __bd_ | exp| - -—&——t exp (jat)
(d‘/;) Vb232,, < B+ 2 ) P

The meximm power of the output pulse, i.e., the maximum of g(t) g(t),

g(t)

]

"

occurs when t = 0. It has the value

[e(e) &), E/z_ b%geizu (2.7)

wn
]

If the noise is assumed white with spectral power density of N, watts
N
per cycle per second (or é__o_ watts per radian per second) at the input of the
x

filter, then at the output the noise spectrum is, by equation (A.7) of Appendix A,

P (@) = % ) -% . 2xH(w)E®)

and the total noise power is

po= Yo [ )@ a
2 %O

2

No @© -8

= 2 e -2 aw

Lt j;a) xp( b2 ) (2.8)
= N, b /4./2x

The signal-to-noise ratio is found from equations (2.7) and (2.8) to pe

oF Ybq

N, %2 + b

% - (2.9)
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This function is graphed in Figure 1. The maximum signal-to-noise ratio |
is achieved when bd = 2, and it has the value 2E/N0.l The asymptotes are lines
of slope one. A filter designed for ten microsecond pulses has one-tenth the
optimum bandwidth for one microsecond pulses, and hence, from Fig. 1, the signal-
to-noise ratio would be one-tenth of its maximum value if this filter rather than
the optimum filter were used with one microsecond pulses. The signal-to-noise
ratio would be reduced by a factor of 100 if a filter designed for ten microsecond
pulses is used with one-tenth microsecond pulses. Likewise, using a filtér .
designed for one-tenth microsecond pulses would result in a signal-to-noise ratio
of l/lOO of the maximum value when used with ten microsecond pulses. Clearly,
the fllter bandwidth must be matched to the signal if the receiver sensitivity is
an important considerstion. This is true also in the case of a panoramic recelver.
This analysis assumed for simplicity that the pulse and the filter are
Gaussian. The question arises as to whether it is safe to accept these results
as approximately true for other types of signals and filters. A partial answer
to this question is possible. In the first place it can be shown that the
asymptotes are always parallel to h5° lines. In the second place, if an optimum
type filter is used, the meximum signal-to-noise ratio is 2E/NO.2 If the curves
always have the seme maximum and parallel asymptotes, they are probably very
similar. Curves fdr two other cases are shown on Fig. 1 for comparison. Note
that iﬁ the case of a square pulse and a single-tuned circuit filter, the filter

is not of the optimum type for the pulse.

1 :

It is true in general that the signal-to-noise ratio at the output of a filter
which is optimum for a single signal is 2E/No. See Technical Report No. 13,

Part II, p 67. (In the first printing a factor 1/2 was omitted in equation (5.l),
and therefore the output was found to be E/N0 rather than the correct result
2E/N,) .
2

See footnote 1 above.
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is found also with the aid of Technical Report No. 3. The noise spectrun is
assumed white at the input to the IF filter. At the output its spectrum is
proportional to the power gain function of the IF filter. The spectrum after
detection is found through the use of autocorrelation functions, and the power
gain of the video filter is taken into account in finding the total noise power
at the output of the receiver. The signal-to-noise ratio is found by dividing
the peak signal power at the output by the average output noise power.l

The resulting expression for signal-to-noise ratio is

N/
s _ 2 168,28 VB2 + 28 . <-L(§S)2)
N No? a2(8s2 + bpWe) B2 ' D (3.2)
where
A, relative amplitude; the peak IF amplitude when the receiver is

not sweeping and tuned to the pulse divided by the emplitude when
the input is CW
b bandwidth of the IF (radians/sec between e-l/h points)

P bandwidth of the video (radians/sec between e~ 1/k points)

c the time difference between the occurance of the center of the pulse

and the instant that the receiver is tuned to the pulse frequency

(seconds)
a input pulse duration (seconds)
E energy of the pulse
Nb noise power per cycle per second
S sweep rate of the receiver (radians/ sec)

W normalized IF output pulse duration; the number of IF bandwidths

swept through during the output pulse.

1 See Appendix B.
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It will usually be possible to adjust the video bandwidth P, and there-
fore the optimum vidgo bandwidth deserves consideration. By differentiating (3.2)

with respect to B, it can be shown that the signal-to-noise ratio has its maximum

forl
ﬁ = 12) /2 (3'3)
(-
o 852
If this value of B is substituted in equation (3.2), the result simplifies to
S _E 1 2 [— -i(sc/b)z] (3.4)
Von2 B (b%e 1)% =P 1" gz o
4s®

By using the expressions for Ags W, and B given in Technical Report No. 3, the

following alternate forms can be derived from equations (3.3) and (3.4):

B8
Popt. = (3.5)

A/(+423?) -4p°

2
E .ok L ,sey\@
S . bl — B
opt. video = ————— €eXp (‘ ( ) ) (3.6)
(x ) Pilter NoZ g 44b2g2 B2 ' D

Equations (3.3) through (3.6) are derived in Appendix B.
The effective bandwidth,B,can be increased indefinitely by increasing
the sweep rate. Hence for large enough sweep rates S, the expression
b+ 1232 - up2 , (3.7)
is negative, and the optimum video bandwidth is imaginary. If B = j¥, then the

optimum video filter has a transfer function of the following type:

Ho) = y—%—;exp (+7%?) (3.8)

1.
See Appendix B.
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Such a filter is unrealizable, of course. It is not entirely unreasonable to
consider such a filter; however, a situation very similar to this occurs in the
problem of detecting signals in radar clutter, and Urkowitzl has shown that signal-
to-noise ratio can be improved by using an approximation to a similar unrealizable
filter. That case will not be considered in any detail in this report, however.
Since the ideal filter is unrealizable in certain ranges of the variables
b, d, and s, signal-to-noise ratio with no video filter at all will be considered
in these ranges. The expression for signal-to-noise ratio with no video filter
can be found by letting P approach infinity in equation (3.2). That equation then

reduces to

2 L 2
S E 16A ( L sc > ,
= = == __0 - = .
. R B (%) 32

The dividing line between real B and imaginary B occurs where P becomes infinite

2 2.0 (3.10)

and b+ b%a° - 4B
If this equation is satisfied, the ideal video filter is no filter at all.
Signal-to-noise ratio is plotted in Figures 3, 4 and 5 to show its
dependence upon sweep-rate and IF bandwidth. In these figures the pulse is always
assumed ceﬁtered on the passband, i.e., C is assumed to be zero.
’ Equation (3.6) shows the dependence of signal-to-noise ratio on IF
bandwidth and effective bandwidth when an optimum video filter is used. The

corresponding equation for the case of no video filter, obtained by eliminating

A, in favor of B from equation (3.9) is

(

Harry Urkowitz, "Filters for Detection of Small Radar Signals in Clutter",
Journal of Applied Physics, Vol, 24 No. 8, August 1953.

o) 2
. . E 16 o ysc )
) no video filter = N02 R exP( 2 ('b ) (3.11)

=114

10



ve~€-ll NAL $9I-£9-8 2922

FIG. 3 . NORMALIZED SIGNAL-TO~-NOISE RATIO VS. NORMALIZED BANDWIDTH,
NORMALIZED SWEEP RATE AS A PARAMETER.
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IV. PANORAMIC RECEIVER DESIGNED TO COVER A FIXED BAND

Suppose that a receiver is required to be essentislly wide open to pulses
of duration d that may occur anywhere in a certain band. The effective bandwidth
of & panoramic receiver is bB radians per second, and hence it is desired to adjust
the receiver parameters so that bB always equals the band to be covered. Figure
6 is a plot of the signal-to-noise ratio as a function of IF bandwidth, bd, ﬁhere
the sweep rate has been adjusted along with the IF bandwidth in order to hold the
effective bandwidth bdB constant.

Consider a receiver required to receive pulses that lest ten microseconds
and may be anywhere in a 1.6 megacycle band. This effective bandwidth could be
accomplished either by having a 1.6 megacycle IF bandwidth, or by having a
narrover IF bandwidth and by scanning rapidly. For this hypothetical case, bB is
21 x 1.6 = 10 megaradians per second, and dbB is therefore 100. It can be seen
from Figure 6 that for bdB equal to 100, the maximum signal-to-noise ratio occurs
for bd = 100 and s = 0. As the IF bandwidth is decreased to bd = 14, the point
at which the optimum video bandwidth is infinite, the signal-to-noise ratio drops
only .0k db.l Beyond that point, the signal-to-noise ratio begins to drop rapidly
with the (unrealizable) ideal filter, and even more rapidly with no filter at all.
The receiver could thus be operated with nearly maximum signal-to-noise ratio with

100 14,2

IF bandwidth anywhere in the range from b = = tob = ——a-,l.6 me to 226 ke.

At b = Egg » the sweep rate would be zero, while at b = l&;@ s the sweep rate
v d
would be 2§;§l radians per second per second, or 156 kilomegacycles per second per
d
second.

1
Table I summarizes this and several similar cases.

1k
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FIG. 6 . NORMALIZED SIGNAL-TO-NOISE RATIO VS. NORMALIZED BANDWIDTH,
NORMALIZED APPARENT BANDWIDTH AS A PARAMETER.
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. TABLE 1 For 10 usec Pulse
Bdb sd2 bd (§) aifr Sweep Rate |[IF Bandwidth |Video Bandwidth
0 19.90 0 318 Ke/s 45.4 Ke/s
20 .085 db ‘
19.86 | 6.485 31.6 KMc/s? | 103 Ke/s |  ememccoe-
0 99.98 0 1.6 M 45.3 K
100 042 db /s 53 Ke/s
98.51 | 1k.212 156 KMc/s2 .226 Mc/s m——————
0 M i/
M>100 4343 o ( 8 ) Z
M oM M b2a° .y

The collected equations of interest for Bdb rad/sec are the following:

(®a)® = (eaw)® - 1- (sa2)2 (h.2)
The video bandwidth, B, is found from (3.5) to be
V2 _Bab
P .25 bt + b2 - (Bab)2

b (k.2)

For s = 0, the IF bandwidth, b, is determined by
(va)2 = (Bab)® - & (4.3)

and the video bandwidth B, is
172

8 =<——-—82———> b . (b.4)
(Bab)< - 8

If the receiver is used for bdB >> 4, then

. Bdb
b = KT)' radians/sec (4.6)
and
B = %b < ‘/-g:— radians/sec (%.7)

when the sweep rate is increased so that no video filter is nécessé.ry, equation
/72

(3.10) yields v - (o VBB L 2), (1.5)

16
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by
and for Bdb>>k4, 5 (Bdb

b = 2 radians/sec (4.8)

Summarizing, equationé (%.1) through (4.5) apply whenever
ma)* 2 u(y + s2ak (4.9)

so that B is real, and for large effective bandwidth, the same signal-to-noise
can be obtained by adjustment of sweep rate, IF and video bandwidths from

slow sweep bd = (Bdb) and Bd =VB
to bd = 2(Bdb) and wide open. video. ;
Note that the fast-scanning narrow band and the slow-scanning or non-scanning
broadband receivers have nearly equal signal-to-noise ratio only if the optimum

video filter is used. If the video filter is not matched, the fast-scanning

narrow-band receiver is superior.

Because the video filtér is so important when a slow scanning broadband
receiver is used to cover a fixed band, the equation for mismatched video band-
width is determined from the general signal—Zo-noisezrati?ﬁ!Eq 3.2. /e

o aaee Al (e e
(ﬁ) = (';) 532 V2ol - Lg2 (k4.10)

(B—O%;)z[(a—gpi)z ¥ 1] +1

The last factor in (4.10), the video mismatch factor, has a maximum value of one

at B = 5opt: and depends on the parameter (Bopt/b), the ratio of optimum video

to IF bandwidth. In Fig. 7 the optimum video bandwidth, ﬁoptd, necessary to
achieve an apparent bandwidth Bdb is plotted as a function of the IF bandwidth,bd.
The video mismatch factor is plotted in Fig. 8. From Fig. 8 it is evident that
it is better to have the video too wide than too narrow, and no video at all

(B =) is less than a decibel below optimum if the optimum video is as wide as

17
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the IF. However, a computation of the sweep rate shows that sd? is only slightly

less than Bdb for Bdb > lO.l

At the other extreme, if sd2

is required to be less than one, then it
can be shown with a little juggling that the optimum-video-to-IF ratio will be
slightly greater than ‘gg—g for Bdb> 10, and the video match is important.
Practical considerations may favor either the fast-scanning wide video
or the non-scanning matched video type receiver. Ny, the noise power per unit
bandwidth at the input of the receiver, was considered constant in the analysis
made in this report. This quantity Nj includes both the nois? coming into the
receiver and the noise produced in the receiver itself, and thus includes, for
example, local oscillator noise and the noise produced in the IF amplifier. As
bandwidth and sweep-rate are varied, the noise per unit bandwidth will not remain
constant. Broadband IF amplifiers generally have higher noise figures than
narrow-band amplifiers. It may not be possible to build a fast-scanning local
oscillator with low noise level in its output. These factors must be taken into
consideration, and thus the optimum sweep rate IF bandwidth and video bandwidth

for a receiver is certainly a function of the state of the art,among other

things.

i

Bidb - 2<sd® < Bdb -3

ENGINEERING RESEARCH INSTITUTE -« UNIVERSITY OF MICHIGAN —

20
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APPENDIX A

Fourier transforms are commonly used in several different forms, and with

each form the constant multipliers are different. The form used in this report is

Flo) = == fci'(t)e-m at (A.1)
Jex o

where F(w) is the Fourier transform of £(t). The pertinent formulas are collected
in this appendix for reference.
With this form of Fourier transform, the inverse transform is
1 o et
£(t) - 7= fF(m)e am . (a.2)

-0
Parseval's theorem takes the form

@ (s
= A.
ff(t) f(t)at fF(w) Flo) ao ’ (4.3)
-0 -0
and it can be shown that if H(w) is the transform of h(t),
(6] Jot o0}
L [ BeFw@e a=-== [z(Mn-Aax . (A.4)
2’{ _w 2’ _w
Thus if a filter has impulse response h(t), the response to a signal f(t)
is the transform of H(®w)F(w) multiplied by.2nx .

The energy spectrum of a signal f£(t) is

P(w) = F(o) Flo) ’ (a.5)
and the total energy is
® 0 W
ff(t) flX) at = f Flo) Flo) am = f P(w)dw. (a.6)
.—GD -0 -0

If the signal v(t) is passed through a filter with impulse response h(t), or trans-

fer function H(w), the spectrum at the output is
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P (@) =[2a(0)F()|[ V/ari(o)F )]
= 2xH(w)H(w)F (o) F(w)
P (@) = 2nH(m)ﬁTETPin(w) (A.7)

where Pin(w) is the spectrum of the input signal. Equations (A.6) and (A.7)’holds
also if Po(oa) and Pin(a)) are interpreted as the power spectrum of noise.

The autocorrelation function p(7T ) for stationary noise is proportional
to the transform of the spectrum. That is,

1 P st
(1) = X 7= _4) Pla)e. do (4.8)

where P(w) 1s the noise spectrum. The value of K depends upon the choice of the
form of the Fourier transform. The constant can be determined from the fact that
p(0) must be the total noise power, ’and hence

@
p(0) = f P(w)do .

-0
It follows that K = /2x , and the auto correlation is the transform of the
spectrum, multiplied by V2 , i.e. ;
' © Jot

p(t) = [ Pl a . (a.9)
-0
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APPENDIX B

In this appéndix the expression for signal-to-noise ratio in a panoramic

recelver is derived. The receiver model is shown in block diagram form in

Figure B.l.
IF with Square Gaussian
Input — 1deal L |Gayggian | Law Video |— Output
Mixer Passband Detector Amplifier
I
Scanning
Local
Oscillator

Fig. B.1 BILOCK DIAGRAM OF PANORAMIC RECEIVER

The signals assumed are pulses with Gaussian shaped envelopes. At the output of

the mixer they have linearly varylng frequency, and at this point are assumed to

2 2
£(t) =/§-\/§ exp[d(%—+ at) - (:Z) } (B.1)

The constant factor was chosen to make the signal have energy E, i.e.,

have the form

©
E = ff(t) Ry at (B.2)

-0
The noise is assumed to be white stationary Gaussian noise with a power of Ny watts

per cycle of bandwidth. The transfer function of the IF is assumed %0 be

g 1 (cn-a.)2
H(w) = = exp | - 7 ’ (8.3)
and the transfer function of the video filter is
_ 1 ()2
G(d)) = ,__-.2,( exp [- TB ] . (B-h)
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First the meximum signal power is found with the aid of The Response of a

1
Panoramic Receiver to CW and Pulse Signals . Then the noise power is calculated,
and finally the expression is given for the ratio. |
The signal function and the transfer function of the IF amplifier are the

same except for a constant factor as those assumed in The Response of & Panoramic

Receiver to CW and Pulse Signalsl, and hence the expression for the envelope of the

signal at the output of the IF amplifier can be taken directly from that report.
Ig(t)l - E. g A exp — 1 s(t -t ) 2_ 1 8C 2 (305)
dJ=x %o B — = =\

b

AO =
1
[(-3‘2. + b2>2 + hsz] /4
B =%—\/_§.2_ +b2+32-d2 ' (B.7)

sd <—:—2— + b2)2 + hs2

sd 1
W e A (B.B)
2 b 2
b —h-a— + b2+ 5232 A8
d
, __1}5 + b2
tm = C i . (B'9)
'—-2' + b2 + 52d2
| 4

The output of the square law detector is the sqQuare of the signal enve-

lope:
2
2 - - ¢ 2
Y N R b IR e
1

op. cit., page 1.
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This is a Gaussian pulse, and the video filter is Gaussian also; there-
fore the formulas (B.5) through (B.9) can be applied again. This time the sweep

rate, s, is zero, the center frequency, a, is zero, the filter bandwidth is B,
bW

the center time of the pulse, c,is t; , and the pulse width 4 1is Jr_ .
5/2
There 1s also the constant factor
2 E p° exp{ - 2 8c 2 (B.11)
x a4 o© T2 B ‘

to be carried aslong. Only the maximum response is required, and that is the fac-
tor, (B.ll), times Ao evelusted for these special values of sweep rate, filter

bandwidth, and pulse width. From the expression (B.6) for A, we cbtain

2
5= f2

= o)

2} B (B.12)

Ag exP{ - _§§ (E%)\/Bsg . 52

22

The peak signal power is the square of this voltage.

The noise spectrum at the input is assumed to be constant with a power
of No watts per cycle. If this is thought of as spread over all positive and
negative frequencies (as is convenient in working with Fourier transforms), then
one-half of the power should be associated with the negative frequencies and one-
half with the positive frequencies. Also, since there are 2x radians per cycle,
the density per cycle must be divided by 2% to give power density per radian.

Hence the power density at the IF inmput is

I R = Jo
Pin(a)) = 5 “oxm NO T (3-13)

By equation (A.7), the spectrum at the output of the IF filter is
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2
2(w - a)
b2

N
© exp | - (B.2%4)
2x H(w) H(o) Pin(a)) = Iy [ ]
By equation (A.9) » the autocorrelation function of the noise is/2n timeg
the Fourier transform of the noise spectrum, and hence the autocorrelation at the

input to the detector is./2x times the transform of (B.14), or

ro (7)) =2 exp[aar- b2 72 ] (8.15)

in L /2% 8
A formula for the autocorrelstion at the output of a square law detector

is presented in Threshold Signa.lsl. In that book, the noise is represented in the

form

n(t) = x(t) cos wt + y(t) sin wt (B.16)

where n(t) is the noise voltage, ®w the center frequency of the noise spectrum, and
x(t) and y(t) are assumed to be uncorrelated and to have the same autocorrelation

function p(7 ). The autocorrelation function of this noise n(t) is

il

r(t) average {n(t) n(t +T)}

average {[x(t) cos ol + y(t) sin UJT] [x(t + T )cos ot +1 )+

v(t + 1) sin ot +T)]}

i

average { x(t) x (t +T) cos wt cos w (t+7) + x(t)y(t +1)
cos wt sin o(t +T) + y(t)x(t+T) sin wt cos ot +7)

+y(t)y(t + ) sin ot sin o(t + T)} ’(B.l7)

[average {x(t)x(t ++T)}] cos ot cos w(t +T) +

+ [average {y(t)y(t +T)}] sin wt sin o(t +T)

1 3. A. Lavson, G. E. Uhlembeck, "Mhreshold Signals," McGraw-Hill,1950,
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At this point the other terms drop out because x(t) and y(t) are uncorrelated.
The expressions in brackets in (B.16) are the autocorrelation of x(t) and of y(t),

i.e., p(r ). Thus

r(t) = p(7) [ cos wt cosm(t +T) + sin ot sin @ (t +‘L‘)]

= p(T)cosoT (B.18)

Thus p(T ) is the envelope of r( 7). Since r(t ) is given in complex form, the
envelope is the absolute value, lr( T )l . '
The sutocorrelstion function at the output of the detector as given by

Lawson and Uhlenbeck 1is
2
r (7)) =Pk [ . (T)] . (5.19)

or r o (7) =xm2+u[rin(r)]2 .

The first term in this expression is the dc component of the output, and hence may

be dropped. Thus by equation (A.9),the noise spectrum is the Fourier transform of
the gecond term divided by,/2x , or

No) = /h Tin (7) 2exp[-,ja)r]d‘r

2%
(0]
N2b7 -
o
= - l:exp - -,jw!] art
165° -0 b
2
Ng'b hx [ o :\
= —  expl|- 3
162V b2 b2
NZb { o? (5.20)
- B.20
= 8n/x exp b2

By (A.7), the spectrum at the output of the video filter is obtained by multiply-

a7
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ing (B.20) by 2x G(w)G(w), where G(w) is the transfer function of the video filter

The noise power output of the recelver is the integral of the noise spectrum:

2
N='/‘—-N—§E exp [-%}G(w)m dw

Jo WE
o)
2
_ Kb oxp [ _ef 2 } aw
8x/x J-© b2 B2 ,
-1/2
Ep (1,2 (3.21)
8x \ b° 52

Then the signal-to-noise ratio is obtained from (B.12) and (B.21):

"
B2 . 16, W2l3«/ 52 + 7 exp] - L < sc >2
= IR e

NS a2(8s% + vop2uR) B2

(B.22)

- {143]

b

The signal-to-noise ratio with no video filter can be found from (B.22)
by taking the 1limit as the video bandwidth P becomes infinite. If the numerator

and denominator of (B.22) are divided by BZ, the equation takes the form

2
léAQnW2 1+ -23—
B2

s.E S (s’ B.2
’ N Nﬁ ) exp e <b> (B.23)
d2<8 §_+b2W2>
a2

and as f approaches infinity, the limiting signal-to-noise ratio is

2

L
(s)ﬂ . E°  16a . { . ( sc )2}
by “~ xp = —— (Bae,'l')
N/no video filter 2 ova 2\ b

The optimum video filter bandwidth can be found by differentiating (B.22)

with respect to f and solving for the value of f which makes the derivative zero.
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5 <§>E2 TR xp{ X ()2} N PO
6 \N) ¥ = T 2\ ?/ |55

(832 + b2a2w2)2

L 22 -1/2 ,
0 =1/2 P +2p [ (48> + m%)(8s% + vBAF)2 -
(832 + baﬂewa)2

- (8% + 2%82)2(8s2 + baﬁawa)(zbaswéi]

0 = (82 +12)(8s2 + v2p23)-(p" + 26%62)(b3W?)
0 = 86282 + v + 8522 + bBA2 - W2 - e

0 = 8b252 - (bhw2 - 852)ﬁ2

13; . hl_‘_gf -1 (B.25)
B 8 |

This can also be written in the following form:

B = _Db (B.26)
\/bhwe-l
8s<

The signal-to-noise ratio with the optimum filter can be found by sub-

stituting the expression (B.26) for B in equation (B.22). It is somewhat simpler

to substitute for 1/52 from (B.25) into (B.23).
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2o

exp{-
= 2
No sadzd//byw2 -1

2
b hse

Substituting for W in (B.27) and (B.26) yields

/s

1
By equation (3.11) of Technical Report No. 3,

w |+
o

ol

(ﬁ)optimum ) :

, [12a2
filter %

-1

video

v2a°

opt 8AB

1
op. cit., p.l.
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and B = b 4 2

A [ sc
2

b

')

(B.28)

(B.30)

———




From equations (3.9) and (3.10) of Technical Report No. 3,‘1

2D 2.2
v < . 1>(u %) = )
A); b2a2 b
and 2.2
B° = "he +1+ & g‘ , (B.32)
b2a” b

and therefore

or v28° = 4p2 + b + b2a° (8.33)

This expression can be used to eliminate A from (B.24), (B.29) and (B.30).

Thus

w
=

( ﬁ)no video = Ez—z_o ’432 R 1 2 exp{ ) gé. (%)2](3.3h)

2
filter b +pa

and (g)o . B2 L exp{- ’L<5_c_>2} (B.35)
’ N jopt video Ng W B2 \ b

' Pilter
dB V8
and Popt = 55 5 (B.36)
| »\/ y +vbd - 4B

1 op. cit. P. 1
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