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FOREWORD

In this paper Mr. Birdsall has undertaken the study of a
problem the solution of which promises to extend the usefulness of the
theory of signal detectability as a tool in psychophysical investiga-
tions. The problem is that of the behavior of a receiver which has a
noisy memory: it "knows" the signal it is looking'for only approxi-
mately, not precisely.

Up to the present time, mathematical studies of the detecta-
bility of signals have assumed perfect memories for the receivers.
These studles consider cases wherein the receiver "acts" as if it could
reproduce a template of a signal specified exactly at the transmitter.
This template agrees with the transmitted signal in every detail. The
waveform recorded on the template, its amplitude, starting time, and
phase all agree precisely with the sigpal. The receiver can then com-
pute a cross-correlation between the template and the input waveform,
which may consist of either noise alone or signal plus noise. This
cross-correlation constitutes the datum necessary for making the optimum
decision regarding that waveform: either it contains a signal or it
does not.

It should be obvious to all familiar with statistics that, if
the template were an inexact copy, or if it had noise added to it, a
lower correlation would result on the average, and performance of the
receiver would suffer. In this case both variables have an error compo-
nent, while in the cases previously studied, one of the variables, the

template recording, is noiseless.
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One might say that Mr. Birdsall is investigating the case of
the noisy template. If one knows that the receiver template is noisy,
how should the inputs be Processed? Should one compute cross-correlations,
or should a different analysis be made? Tt turns out that if the tem-

plate is not VEry noisy, the receiver should compute the cross-correlation,

memory noise cannot be treated as noise added to the input. It has g
nenlinear effect which must be taken into account in the interpretation
of psychophysical data,

It is true that the scope of the Specific example treated in
the paper is limited. Even 50, the resulting curves will aid in inter-
Preting data and in achieving a better understanding of the problems

€ncountered in bsychophysical experiments.
Wilson P. Tanner, Jr.

Ann Arbor, Michigan
October 15, 1959
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ABSTRACT

This report treats the optimization problem of detect-
ing the presence of a signal in a background of white Gaussian
noise, under the restriction that the signal is specified
exactly but the receiver memory contains only a noisy version
of the signal. The optimum receiver is specified. The per-
formences of both the optimum receiver and the crosscorrelation
receiver with a noisy memory are calculated and compared for
a special case.
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DETECTION OF A SIGNAL SPECIFIED EXACTLY

WITH A NOISY STORED REFERENCE SIGNAL

1. INTRODUCTION

This analysis deals with the detection of a signal specified
exactly (SSE) but not known exactly by the receiver. From the presenta-
tion standpoint the problem is identical to the elementary signal known
exactly (SKE), but from the receiver standpoint the expected signal is
distributed. The specific case analyzed is that wherein the receiver
has a stored signal s(t) which differs from the true signal S(t) by
band-limited white Gaussian noise. The reception is similarly corrupt-
ed by band-limited white Gaussian noise, which is independent of the
internal storage noise. The analysis of the optimum receiver is made
in Section 2. Evaluation of the receiver is made in Section 3 for the
special case of 2WT = 1, and in Section U4 the cross-correlation receiver
is evaluated and compared to the ideal for this special case. Section

T is a discussion of the implications of the results.

2. ANALYSIS

1,2
This analysis is based on the theory of signal detectability -’

The observation is of finite time duration, T sec, and all signals and

1. W. W. Peterson and T. G. Birdsall, "The Theory of Signal Detectability,
Part I. The General Theory, Part II. Applications with Gaussian
Noise," Electronic Defense Group Technical Report No. 13, The
University of Michigan Research Institute, Ann Arbor, Michigan, June 1953,

2. "The Theory of Signal Detectability,” W. W. Peterson, T. G. Birdsall,
and W. C. Fox, Transactions of the IRE, PGIT-4, Sept. 1954, pp. 171-212.



noise waveforms have a finite series-bandlimit , W cps, on that time
interval. The external noise is white and Gaussian with noise power
per cycle No’ and the internal storage noise is also white and Gaussian

n .

with noise power per cycle XNO o

L}

The first step in the analysis is to derive the likelihood
ratio. The receiver (or observer) must base its response on the total
input, which is both the observation x(t) and the stored signal s(t).

The receiver has error-free storage of the parameters NO, W,
T, end A\ and on each observation can perform error-free operations on
the specific x(t) received and s(t) stored. The receiver does not have
&ccess to the true signal S(t) other than through the above listed
items.

The probability density function of this input is found as

follows. The noise density function for the observation isl

1 \"T 1 " .
relx(t)] = (m) [ex0 - 3 [ Pwa], @
(o] o
o
and in similer fashion, the density function for the observation when

signal is present is
WT T
fSN[x(t):l = (-é—’ﬁ) exp[— ﬁl— j { x(t) - s(t)}2 dt] . (2)
o 0
0

The density functions for the storage signal s(t) are the same for both

hypotheses,
T

£(s(t)) = (W)W exp |:. N-::x [{s@) - s(4)} 2 dt] . (3)

1. See Peterson, Birdsall, and Fox, Eq (48); or Technical Report No.
13, Eq (3.2b).



Now from the receivers standpoint Eq. (3) specifies the distribution
of the true signal S(t) about the stored signal s(t). If S(t) were

known, the likelihood ratio would be the ratio of Eg. (2) to Eq. (1).
In the case of a distributed signal this ratio must be averaged with

respect to the distribution of the signall

1 oo 2 T
tix(t)) = f exp |- N—f S=(t)dat | exp ﬁ‘f x(t)s(t)at| ar(s) (&)
S o ‘g o7
where, of course, for a fixed stored signal s(t)

dP(s) = fls(t)ias . (5)

It is shown in the appendix that the evaluation of Eq. (4),

simplified, implies that the likelihood ratio is strictly monctone

increasing with the quadratic form

T 2 2 1 2

2ix(£)] -smi- [ x°(t) + £ x(t)s(t) - §s°(¢)at . (6)

o}
Thus the receiver which computes the above gquadratic will be an ideal
receiver under the conditions of the problem. Several equivalent forms
are given in Egs. (7) and (8).

T 1 2. 1 T 2

2{x(t)] -smi-[ [x(t) *+ 3 s(t)] dt - = f [s(t)]° at (7)

o) A o]

T
2[x(t)] -smi-_[ l}.x(t) +—>‘—S£§)—} [x(t) - -—sﬁlL-] it (8)
. O

1+ -1 ~ 14N +1

The receivers (all optimum) based on Egs. (6), (7), and (8) are given

in Figs. 1, 2, and 3.

1. See Peterson, Birdsall, and Fox, Eq (56); or Technical Report No.

13, Eq (3~Tb)'
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To date, the author has beep unable to obtain these distri-

& handful of cases. In the Others, approximations or analogs have

been used to obtain Numerical results. Such techniques could also be
applied to thig optimum receiver. less direct approach wag taken for
this problem; namely, the bPerformance in g two-alternative-choice-in-time
has been determinegd and is given in this section. It should be mention-

ed that although such an evaluation ig not as complete as an ROC

two observation intervals, xl(t) and xg(t), one which is due to noise



T
I(Xl(t)) > l(xe(t))’\‘:}f [xl(t) + % s(’t,):l2 dt>_£ [XQ(t) + _]i S(t)]edt.
(9)

It was assumed that &WT = 1, and hence each function of time can be
represented by a single sample, and that the integrals will be equal
to 1/2W times the integrand at the sampled points. Hence, if the

samples are denoted by dropping the "t",

i I:xl(t)] > l[:xg(t)] - (xl + -;': s)2 > (x2 + %\- 8)2 (10)
C:j(xl + % s)2 - (x2 + % s)2 >0 (11)
C:j(xl - xg)(xl * X, ¥ % s) >0 (12)
(xl - x2) >0 and (xl + X5 + % s) >0 (13)
C:> or
(xl - %X,) <0 and (xl + %, + % §) <0 .

Now if xl(t) is due to signal plus noise and xe(t) due to noise alone,
the probability that the above inequalities hold is the probability of
a "correct decision", i.e., in this case, that the output of observation
number one is greater than that of observation number two. It is
obvious that the situation is completely symmetric and that the
probability of & correct decision is the same as if the hypothesis had
been reversed.

The variables (xl - x2) and (xl + X, + % s) are independent

Gaussian variables. The means and variances are as follows:



Combining

Normalize so that oe(xi) = 1.
Then C(s) =
and u(xl) = S (14)
u(xy) = o
u(s) = 8.
Hence u(xl -X%X) = §-0 = 8
olx) = x,) = VT+1 = o (15)
80 that
S
Pr(xl X, >0) = @<J2> 6

and

S
Pr(x, -~ x_ < 0) = ¢><--——> s
1 2 \[2
where @ is the normal, or Gaussian, distribution function.

Similarly,
u(xl+x2+§-s) =S+O+§ =SZ"Z—2
- (1)
a(xl+x2+§s) =\/l+l+f§>\ =/_2j§_+2_l
80 that

B o g /M2
g = 8 an  ’ (18)
Pr(xl+x2+§s‘>0) =®(Sl)‘;i> R

and (19)

2 A+2
Pr(xl + x5+ X s<0) = (I)(—S ——ex> .

Egs. (16) and (19) as indicateq in Eq. (13),

Pr(correct) =cp<\-[sg>q> <SJ.X—2I—€> +®<-:/§2- i -sP—;T—%) . (20)



Had there been no storage corruption, the situation would have been
1abeled "SKE", and the corresponding performance would have been obtain-

ed from Eq. (20) by letting N - 0.

SKE Pr(correct) = ®<§—> (21)
NF
Figure 4 presents Eq. (20) for no internal noise (A = 0), for as much

internal as external noise (A = 1), and the limiting performance as

the internal noise increases (A = «).
.99

.98

.95

.80

Pr (CORRECT)

.70

FIG. 4. IDEAL RECEIVER PERFORMANCE, TWO
ALTERNATIVES FORCED CHOICE, 2WT = 1

To complete this analysis, the efficiency of this recelver
should be computed.l The computations were carried out for efficiencies
above 0.10 for constant values of A, and are shown in Fig. 5. Lines
of constant performance are indicated on this figure to show the

regions that would be encountered in normel psychophysical experimenta-

tion.

1. W. P. Tenner, Jr., and T. G. Birdsall, "Definitions of 4' and 7
as Psychophysical Measures," Electronic Defense Group Technical
Report No. 80, The University of Michigan Research Institute,
Ann Arbor, Michigan, March, 1958, and JASA, ¥ol. 30. No. 10,
October 1958, pp. 922-928. 9
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4, EVALUATION OF CROSS5-CORREIATION, 2WT = 1

This is an extremely simple case, since the cross-correlation

simply supplies the sign for comparison. Specifically,

T T
f xl(t)s(t)dt > { xe(t)s(t)dt®xls > X,8 (22)
o

s >0 and X, > X

1 2
<—>< or (23)
5 <0 and Xy < X
when Xy is due to signal plus ncise, the probability that X, > X, is
the same as the probability that X - %, > 0, namely,
Pr(x:L >x2) =P <—S—-> (24)
J2
Under any conditions the probability that the stored sample is positive
is
S
Pr(s > 0) =d:<——-> . (25)
NJN
Hence,

Prob(correct) = (@)q:(ﬁ) (——) < j—:) (26)

By comparing Eq. (20), for the ideal, with Eq. (26) one sees
that (342 ; L
where the term o appeared for the ideal, the term y eppears
for the crosscorrelator. For small values of A (A< 0.l), these are
roughly the same; for large values of N, the term for the ideal
rapidly approaches \/g , While the crosscorrelator term decends toward

zero. The curves of Figs. 4 and 5 apply with the following corrections.

11
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TABLE I

A for crosscorrelator o .ho .67 1.00 2.00

A for ideal 0 .50 1.00 2.00 o

A complete curve of this relation is given in Fig. 6. This shows the
serious loss of efficiency when the cross-correlator memory is noisy,
since 2 db more storage noise than external noise has the same effect
as 8.5 db on the ideal (noisy-storage) receiver. Figure 7 is included

for comparison with Fig. 4.
.99

Pr (CORRECT)
8
1

.80 N be

.60

JE
N

o

FIG. 7. CROSSCORRELATOR PERFORMANCE, TWO
AILTERNATIVES FORCED CHOICE, 2WT = 1
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2. COMPARISON COMPUTATIONS

Two further computations may be made for the sake of
comparison. Had the signal actuelly been distributed on transmission
with the same distribution as that in storage, the ideal receiver of
Section 2 would be the true likelihood receiver for this new case,
and the only differences would be where the signal variance incregses,
sample variances also increase; namely, for a signal in the first
interval,

02(x2) = 1 02(x

1) = 1+ (27)

ol S A2 sl \'_@ -5 )z =5 [ A%

N «]x2+2x+h } T \Vd WA 2Zonek
A2 4hn+h

The radical - rises from 1.0 at A = 0, to 1.15 between A\ = 2

A T+2A+h
and A = 3, then decreases slovly to 1.00 as A > ». Hence a good lower

Equation (20) becomes

Pr(correct) = &

approximation is

o) < 2a(2) ol 2ot 5 ) o

On close inspection, one observes that Eq. (29) 1s the exact

equation for the cross-correlator for this case. Hence, when the signal
has the same variance as the stored signal and 2WT = 1, the ideal
receiver does only slightly better than the cross-correlator. Thus

it can be concluded that the improvement of the ideal over the cross-
correlator is much more important when the signal is actually stable

but memory is poor, than when the signal is distributed and the lack of

specificity is not due to poor memory .

14



A Pinal calculation is for a receiver which has noise-free
storage but ANO Joules per cycle added to the input. The detection
index for such a receiver is

2 2E 1l 2E
(@) = = = (30)
N0+KN0 L4+A No

s0 that the efficiency is

= 7 (31)

This receiver does not behave at all like those in the poor memory
situation, and hence it can be concluded that, at least for this and
similar cases, noisy memory does not act like "additional noise that

can be reflected (invariantly) into the input."

6. SUMMARY OF EQUATIONS FOR 2WT = 1

In this section the final performance equations are repeated,
together with definitions of parameters. Since one man's normelization
is another man's poison, two alternative notations are used.

First Normalization:
E - signal energy at receiver input and at receiver memory
input.
No - noise power per cycle of white noise added to signals at
receiver input.
A - ratio of memory-noise power per cycle to No'

Signal Specified Exactly, Ideal Receiver (SSE, Ideal):

P(c) = @(x%)b(x/%; \/5—{—2—>+®<-\/§;->cp<- %;— «/’_‘—;——2) .* (20.1)

b 4 -EE
® is the normzl or Gaussian distribution function @(x) = Jz_lﬁe 2 dat.
-

15



Signal Specified Exactly, Cross-Correlation Receiver (SSE, X=-cor):
E E
o) - o /o (/) o VEo(VE) e
o o} o] o

Signal Known and Specified Statistically, Ideal Receiver (SKS, Idesal):

- /B
_ B /2 28 AN+ ks
Fle) —@(\/IE ﬁﬁ)(\/l;\ AZa2neh
2
E /2N S /N2iund
+®(\7ﬁN: \/’;)(b(/l;‘ Nsanah | (26.2)

Signal Known and Specified Statistically, Cross-Correlation Receiver

(SKS, x-cor):

o) - (VE /) e VENVAA @ (AE)- o)

Second Normalization:
E - signal energy at receiver input.
Nb - noise power per cycle at receiver input.
€ - signal energy at undistorted memory.

n, - noise power per cycle of memory noise.

(SSE, Ideal):

0 o/ (B AR EE)
(SSE, x-cor):

P(c) = <«/%; ﬁef) + D <‘\/—N_§> o (— \/né—‘i> . (26.2)

(e}

16



(SKS, Ideal):

P(c) =

E2n2+hEeN n +he2N2
& 2ek & Jéé oo
EDO+2eNO n 2 2+2EeN n +he2 2

o~ n0+hEeN no+l+e2NO
+ @ (- \/— = 5 (28.2)
Eng, +2€N E“nc+2EeN n +he2N
(SKS, x-cor):

P(c) =®<q/§i——feeﬁ;>® }f%)wb <- «/E-ﬁ-i——ig-éﬁ;)@(-«/i—e) (29.2)

s}

In all cases, with no internal noise, both receivers are ideal and

(SKE, Ideal):

ro) =afv/E) - (32)

7. CONCLUSIONS

Several receivers have been discussed and evaluated. The one
of primary concern in this report is the receiver that is the optimum
receiver when restricted to receivers with noisy memory and detecting a
signal specified exactly in white Guassian noise. The second receiver
is the crosscorrelator, which would be the optimum receiver if the
memory were perfect. The evaluations of Sections 3 and 4 are for the
noisy-memory, signal-specified-exactly situation, for which the receiver
under study is optimum and the crosscorrelator is not. In Section 5

the signal was actually distributed and both receivers evaluated;

17



neither is the optimum recejiver for the condition. In Section 5 a
receiver with additional noise at the input but no memory noise was
treated. It can be concluded that the performance of the "noisy-
memory, signal-specified-exactly" optimum receiver detecting a signal
under the conditions for which it is optimum is not equivalent to the
performance in any of the other receiver-signal combinastions.

Two normalizations have been presented in Section 6, and the
interpretation inherent with these normalizations deserves discussion.
The first normelization, used in the analysis, considered the internal
noise proportional to the external noise. Of course, this is possible
for any fixed situation. However, when the efficiency n is plotted
against the input signal quality §E the rise in efficiency embodies the
fact that the memory-signal qualit; is correspondingly increasing. The
result is that for very small signals the efficiency is very low and rises
rapidly as the signal level increases. 1In contrast, if the model being
studied has a fixed-quality memory signal %?-the increase of efficiency
with signal level is quite different. Figu;; 8 shows this effect. The
efficiency is constant for low level signals and then rises to 1 when
the external quality becomes much larger than the internal quality.

In any application of a noisy-memory model the experimenter
has one more variable to contend with. On the one hand, it is conceiv-
able that this type of model could unify previously conflicting data.
On the other hand, one would not expect the relation of ihternal
quality to external quality of signal to be the Proportional relation
of Fig. 5 or completely independent as in Fig. 8.

The basic analysis of this problem has been only partially

completed in this report. The determination of the ideal receiver is

18
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completed in Section 2. However, the numerical evaluation has been
completed only for the special case of SWT = 1 and a symmetric forced
choice in time where no memory degradation took place between presenta.-
tions. Although the author feels this special case indicates the effect
of "noisy-meﬁory", & more complete evaluation might shed more light on

this model.
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APPENDIX

EVALUATION OF EQUATION (k)

Insertion of Eq. (3) and (5) into Eq. (4) yields

T
1(x) = <m>WT[ exp[f [ -f(0)eex(0)s(e) - £{s(0)- s(e)}at | as.

o o0

In evaluating this, & simplified notation is used to recognize the
completion of the square in the exponent integrals; specifically, the
time argument was omitted.

The negative of the integrand of the inner integral is

2 2
2, 1 N2 al_ s- _ 288 S5
S —8XS+7\(S-D) = 8%-2x8 + = - 5=+ %
2
2 1 s s
= S<l+—x>—28G-+x>+ x
s 2 2
X + = ]
1 A _(x+-x) EE
= | SN 1+ - + oy
N 1
1+ L L+ ~
A
s \2
- (1 4+L\s- TR At 428x-5-
- N 1 1+
l+x

Hence

T 2
_ 1 xx +2X8 -5 AX+8
£(x) ’( 2w ) e"p[ N_(1+N) dtlf exP[ N~ f ( x+1) d{\ as.

T



Now this should be examined in careful detail. The integral with respect
to S is a Lebesgue integral in the 2WT dimensional function space. For
each x(t) and s(t) the expression

./T

s(t) - ?\.x(t)-i-s(‘t) 2 at
o T+n

represents the square of the distance from S(t) to the fixed point

AxX+s . Hence the integral
1+

fexp-).+lfTS_ aers V2 at | as
3 N X +1

is proportional to the probability of the region of integration because the
integrand is proportional to the normal probability-density function in 2WT
dimensional space. The region of integration is the whole space and hence has
probability one, independent of the center §§$§.of the distribution. This in-
tegral has some (non-zero) value ky which is not a function of S(t), s(t), or
x(t), although it is a function of A and Ny. This value need not be deter-
mined since the desired result is to show that the likelihood ratio can be
written as

o) 2
t(x) = kl exp Jf AX +28X-5 dt.
(6] N031+A5

‘Thus £(x) is strictly monotone increasing with the exponent

T
£(x) -—smi—f <x2+2§-fé - §_2_>dt.
A

o}
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