EECS 216

LAPLACE TRANSFORM

Forward:

Inverse:
Need:

Laplace transform X (s) of z(t) is: X(s) = L{z(t)} = [, z(t)e™*'dt.
z(t) = % fccjjo(f X (s)estds. You’ll never use this formula—ever!
x(t) piecewise continuous; of exponential order, for X (s) to be defined.

EX:
EX:
EX:

Lle™ 1)} = ;7 et = 15 poraura- @ =0 = L1} = .
1/2 s

L{cos(wt)1(t)} = L{ 3(e?¥t + e7I*)1(t)} = e = o
L{sin(wt)1(t)} = L{Qij(ejwt — eI 1(4)} = /() _ _ w

1/2
s—jw +
1/(25) _

sS—jw

Props:
Vital:

s+jw s24w?-
LMY = 1. L{ea(t)} = X(s—a). Ll cos(wi) (1)} — s

L{9Y — 5X(s) — 2(0).L{LL} = 5"V (s) — s"Ly(0) —... — T_¥(0).

dtn—l

Use:

and:

Y(s)

The solution to the linear constant-coefficient differential equation

n n—1 m m—1
T ar D+ any(t) = K (G52 + b5+ b (t))

Initial Conditions y(0), %(O), . ‘CZ:? (0) for differential equation, is:

n—1 dn—l—iy i i
2 (0 E a;st™J
i=0 dtn—1—1 (0) j=0 7

st4a1s"—1+.. . 4+a,

_ Ksm+blsm—1+...+me(3) +

st4a1s"— 1+, . 4+ay,

=7ZSR+ZIR

INVERSE LAPLACE TRANSFORM OF RATIONAL FUNCTION

Goal:

Note:

of RATIONAL if STRICTLY

1 sm4bis™ 4. b,
Compute L { } rFUNCTION Y PROPER

st+a1s”—14+.. . +a, (m < n)

ORIGINAL STRICTLY

. STRICTLY _
If this is not FUNCTION — ¢ T PROPER -

PROPER unction, write

1.

Compute the n poles {p;} which solve s™ +a;s" 1 +...+a, = 0.

2.

PARTIAL

s 4bys™ Vb by . A
FRACTION _ +..+

sh+aisn—14+.. . 4+a, s—p1

A
S§—Pn

Compute

where:

PR bipy 4 b
(Pr—p1)--- (P —Pn)

sM4+b1s™ . +b,,
(s—p1)...(s—pn)

A =

(s — P)|s=p, = (formula).

Note:
Note:

Denominator=(py — p1) ... (px — Pk—1)(Pk — Pk+1) - - - Pk — Pn)-

C o COMPLEX | ok yr
Assumes poles distinct: p; # pj.  ONJuGaTE - Pk+1=D; — Arr1=A4}

. Then £71 {8m+b13m_1+'“+bm } = A1eP'1(t)+. .. ApePrt1(t) (formula).

st+a1s"—1+.. . +a,

Note:

£t o St b §(f) + Arer it (E) + . AP tL(2),

Note:

L1 {s_’glaeiej-w) + S_A(Z__jjew) } = 2Ae® cos(wt + 0)1(t) (useful formula).

Several illustrative numerical examples are given overleaf.



EECS 216 INVERSE LAPLACE TRANSFORM EXAMPLES

Solve:
Soln:

dt2 +y =1t for t > 0 with y(0) = 1 and %(O) = —2. Take L:
[s?Y (s) — sy(0) — E(O)] +Y(s) = %. Substitute initial conditions:

— [*Y —s+2]+Y =5 = [ +1]Y =s—2+ 5 (don’t need partial

_ s—2 1 1 . 1 1 .
Y(s) = oA [32 —32_'_1} = o =t [32 —82“} fractions here)

Y(s) = 255 — w57 + = — y(t) = cos(t) — 3sin(t) + ¢ for t > 0.

Solve:

Cy 39 4 9y — 4¢3t for ¢ > 0 with y(0) = —3 and 2(0) = 5.

Soln: [s?Y(s )— sy(0) — 2(0)] — 3[sY (s) — y(0)] + 2V (s) = +%5
— [s?Y +3s—5] =3[sY +3]+2Y = 25 — [s?—3s+2]Y + (35— 14) = 25
_ 4 3s—14 s—3 _ _—3s°423s5—38
— Y(s) = (52—35+2)(s—3)  s2-3s+2s-3 (5—1)(:—2)(3—3)-
FPP){AA%TTIIAOLN: Y(s) = =% + 5+ & —y(t) = —9¢t + 4e?t + 23t for t > 0.
Solve: =¥ + 2 .+ 5y = e tsin(t) for ¢ > 0 with y(0) = 0 and dy (O) 1.
Soln: [ Y(s )—Sy( ) = G (O)] +2[sY(s) = y(0)] +5Y (5) = ey
— s 2Y—1]+2[3Y]+5Y— Froen T2 )Y — 1= s
_ 1 1 s°42s42 _ s24+25+3
- Y(S) T (824254+2)(s%2+2s+5) + 8242545 3212312 - (82—|—2$—|—_5)(s—2i_+25—|—5)'
Poles: s242s+2=0 — {—1+ j} and s*+2s+5=0 — {—1 + 2j}.
PARTIAL 1/(6; 1/(6 1/(6 1/(65 -
FRACTION: Y(S) - s—{—(lzz 5-1/—(1-1{3 + s-l—/l( 32)3 o 54{1(—1—32)3 Note 6L = %6 ¢ /2'
— y(t) =22e tcos(t—Z)+22e P cos(2t — Z) = ze![sin(t) +sin(2¢)]1(¢).
. 5242543 1/3 2/3  _  1/3 1/3)2
OR: Y(S) (32—|—28—|——5)( —;—I—2s—|—5) 2+és—i—2 + s2+és—i—5 o (s+1/)2—|—1 + (s(ﬁ—{)2)+4
— y(t) = e 'sin(t) + se " sin(2t) for ¢ > 0 (this is usually too hard).
Solve: The simultaneous ‘éf = 2x — 3y with z2(0) = 8.
differential eqns. % = —2x + y with y(0) = 3.
Huh? Using Laplace transforms, this is actually very easy!
Soln: sX(s) —8=2X(s) —3Y(s) — (s —2)X(s) +3Y(s) =8.

sY(s) —3=-2X(s)+Y(s) = 2X(s)+(s—1)Y(s) =3.
Solving 2 simultaneous algebraic equations in 2 unknowns yields

X(s)= 21 = 54 3 a(t) = 5e~! + 3¢ for t > 0.
Y(s) = 55’3534 = Sil — 334 — y(t) = et — 2¢% for t > 0.




