EECS 501 EXPECTATION Fall 2001

DEF: The expectation = expected value = mean = 1%t moment of rv x is
Elz] =% = [ X f,(X)dX (continuous rv); Y Xp,(X) (discrete rv).

Note: f,(X)=mass density— E[z]=center of mass. 2 rule for linear f,(X).

1. E[] is a linear operator: Elax + by|] = aFE[x] + bE[y| since
Blaz+by] = [ [(aX+bY)fo (X, V)X dY = a [ [ X fo,(X,V)dX dY
4 [ [Y fo (X, Y)AX dY = a [ X fo(X)dX +b [ Y f,(Y)dY. QED.

2. Can have p, (F[z]) = 0. Consider: Flip a fair coin. x=7#heads.
E[X]:1/2 but p,(F[z]) = Prlz = Elz|] = Pr[1/2 head] = 0!

3. Blgla)] = [¥ £, (V)Y = [ () fo(X)dX (note f,(V)dY = £,(X)aX),
Note: Flg(x )] + g(Elz]), e.g., B[~ ]7&1/E[ ]! Very common mistake!

4. Prlx > E[x]] # Pr[z < E[z]] unless f,(X) symmetric about X = E[z].

DEF: Median m of rv z is m s.t. F,(m) = Prjzr <m] = Prjz >m] = 1.

Conditional Expectations:

1. Elx|A] = [ X fya(X|A)dX = [ [, X Lp D dX dY is a number.

2. Elzly=Y] = [ X f,(X|Y)dX is a function of Y.
3. Elz] = [ Elzly =Y]f,(Y)dY since = [ [ X fu,(X]Y)dX f,(Y)dY
= [ [ X [fo,(X,Y)dX dY = [ X f,(X)dX. Iterated expectation.

EX: fxy(XY)=2if1<X<Y<2'elseO A={(X,Y): X +Y < 3}.

E[x]: f.(X ffxyXYdY fXQdY—Q(Z—X) for 1 < X < 2;else 0.
Elz] = fl dX X [2dY 2= [1X2(2 - X)dX = %. (Use 2 rule.)

Elz|Al: PriA] = [PdX (¢ dy2= ["2(3-2X)dX = L. (Symmetry.)

f$7y|A(X,Y\A) = 2/2 —4if 1< X <15&X <Y <3—X;elseO.
foa(X]A) = [y ¥ dY4=14(3-2X)if 1 < X < 1.5; 0 otherwise.

Elz|A] = [ X foa(X]A) = [} X4(3 — 2X)dX = I. (Use 2 rule.)

Elyle = X): fo(V|X) = 20550 = o200 = s lofor 1 < X <V < 2; else 0.
Elylx = X] = %(X +2)for 1l < X < 2 since fy|x(Y\X) is umform'

Elyl= Ei[Blyle = X]| = E;[3(X +2)] = 3E[2] + 1= 55 + 1= 3. (5 rule.)



EECS 501 VARIANCE Fall 2001

DEF: variance = (standard deviation)? = 2™ central moment of v x is
02 = Varla) = El(x — Bla))?] = Ela?] — (Ela])®

Note: f,(X)=mass density— o2=moment of inertia.
or=standard deviation—radius of gyration.

1. Translatlon invariant: 7., = o2 since fo44(X) = fz(X — b) (shift).

. Scaling: 02, = a?02 since E[(aa:) | — (Elaz])? = a®(E[2?] — (E[x])?).
3. 02>0; o= 0 - Pr[a: = constant] = 1. (The constant=E[x].)

[}

4. Var1ance is NOT linear: o2 ty 7 o2 + ay in general
Tty —E[(SUer) )~ (Elr +y])? = E[2?] + E[y*] + 2E[xy]
“(Ela))? - (Ely))? - 2E[2]Ely] = 02 + oy + 2(Elzy] — E[z]Ely)).

Necessary and sufficient: z,y uncorrelated — E[ry| = E[z]E[y].

Note: z,yindependent — x,yuncorrelated; converse NOT true:
Indpt: Elxy] = ffXfo,y(X, Y)dXdY = [ X f.(X)dX [Y f,(Y)dY

EX1: f.(X)= ,a < X < b; 0 otherwise. Then 02 = (b — a)?/12.
f,(Y) = 1, |Y\ <1 Bly*) = [1],Y?dY = 4; E[y] = 0. Shift & scale

EX2: z,y uncorrelated— agx_gy =902 + 405, NOT 902 — 405!
EX3: Continue example from ” Expectation” (overleaf):

1.5
E@%Ay— X(B-2X)dX = 5. o2, =% — ()=

Oolpex = (2 — X)?/12 since fy|x(Y\X) uniform. Note 02, = 0!

Flip fair coin. If heads, use f,, (X); if tails, use f,,(X) for f.(X).
Let  be resulting rv. Then f,(X) = 1 f,, (X) + 1 £, (X).

E[z"] = $E[z}] + 1 E[z}]: n'" moments —probabilistic choice OK.
o2+ %ail + %0372: central moments— probabilistic choice NOT OK.

EX: Heads— f;,(X) =1,0< X < 1; tails— f,,(X)=1,1< X <2

Easy to compute E[z1] = 1; Ezs] = 3,02 =02, =

fHX%=§O<X<2_Mﬂ:1—

L=

(uniform)
1 411
57212t
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Correct way: E[z?] = 5 fo X2dX + 1



EECS 501 CORRELATION AND INEQUALITIES Fall 2001

DEF:

Note:

The covariance = cross — covariance of two rvs z,y is
Aoy = Covla,y] = El(x — Ela)(y — Ely))] = Eley] — Ble]Ely).
f(X)=mass density— A ,=cross or mixed moment of inertia.

1.
2.
3.

03yy =00+ 0, +2Xgy. Also, \yy = Covlz,z] = 07 > 0.

x,y independent— x,y uncorrelated < A, = 0 « 0323+y =02+ 05.
Schwarz inequality: A7, < \yzAyy = 020,

Proof:

Elx Elzyl? . . . FElx
E[(z — E[[yg] y)?] = E[z?] — E[[y%]] > 0 (with equality iff z = E[[yg]] Y)

— Elzy]? < E[2%|E[y?]. Set + — x — E[x] and y — y — E[y]. QED.

DEF:
Props:

DEF:
Props:

Normalized rv I associated with rv z is T = x_a—li[x]
Normalized Z is dimensionless with F[z] =0 and oz = 1.
Correlation coefficient=p,, = Azj = % = F Kx_UE[x]> (y_E[y]ﬂ.

Oy

|pzy| < 1 from Schwarz inequality. x,y uncorrelated«— pg, = 0.
e—Ble] _ L y—Elyl

T Oy

x,y perfectly (anti)correlated« p,, = £1 <

DEF:
DEF:

The correlation between rvs z,y is Elzy]. z,y 0-mean— Exy] = Azy.
x,y are orthogonal if E[ry] = 0. Unscramble the nomenclature:

. x,y are uncorrelated iff their covariance=0. (I didn’t name these!)
. x,y are NOT wuncorrelated if their correlation=0, unless 0-mean.
. x,y are orthogonal if their correlation=0 and they are 0-mean.

Proof:

Proof:

Proof:

Proof:

PROBABILISTIC INEQUALITIES

. Union bound: Pr[ul¥ A;] < Zf\le Pr[A;] (see text p. 11).

By induction. Pr{UuittA;] = Prlul, A+ PrlAn.1] — Prl(UN 4N
Ay ] < Privl A+ Pridn ] < DL Ak Pridn ] = S5 PriAi)

. Markov inequality: Pr{z > a] < E[z]/a if z > 0,a > 0, E[z] < 0.

Ela)= [ X fo(X)dX > [ X f(X)dX > [ af,(X) = aPrlz > a.

. Chebyschev: Pr(|z — E[z]| > €] < Z—; if ¢ >0 and E[z],02 < co.

Apply Markov inequality to (x — E[x])? with a = €2. Very loose bound.

. Chernoff: Pr[z > a] < E[e*®=)] for any a and any s > 0.

Prlxz > a] = Pr[e’® > e°?] < E[e®®]/e*® = E[e*(*~%)] using Markov.



