
EECS 564 SOLVING INTEGRAL EQUATIONS Winter 1999

GOAL: Solve
∫ T

0
Kx(t, s)φ(s)ds = λφ(t) for Kx(t, s) = σ2min[t, s].

WHY? Any 0-mean independent increments random process
(such as the Wiener process) x(t) can be expanded as:
x(t) =

∑∞
n=1 xnφn(t), 0 ≤ t ≤ T , where E[xixj ] = λiδi,j .

SUB:
∫ T

0
σ2min[t, s]φ(s)ds =

∫ t

0
σ2sφ(s)ds+

∫ T

t
σ2tφ(s)ds = λφ(t).

∂
∂t : σ2tφ(t)−σ2tφ(t)+

∫ T

t
σ2 ∂t

∂tφ(s)ds = λ∂φ
∂t (Leibniz’s rule).

This is called the ”first integral” of the diff. eqn. to follow.

∂
∂t : −σ2φ(t) = λ∂2φ

∂t2 . A differential equation! (can handle):
SOLN: φ(t) = A cos(ωt) + B sin(ωt) where ω =

√
σ2/λ.

FIND A: Kx(0, 0) = σ2min[0, 0] =
∑

λiφ
2
i (0) =

∑
λiA

2 → A = 0.
FIND B: Substitute φ(t) = B sin(ωt) into ”first integral”; set t = 0:

→ cos(ωT ) = 0 → ωT = (n + 1
2 )π → λ =

(
σT

(n+ 1
2 )π

)2

.

φ(t): φ(t) = B sin
(

(n+ 1
2 )π

T t
)
→ B =

√
2
T using

∫
φ(t)2dt = 1.

K-L: x(t) =
∑

xn

√
2
T sin

(
(n+ 1

2 )π

T t
)

, 0 ≤ t ≤ T, E[x2
n] =

(
σT

(n+ 1
2 )π

)2

Wiener: x(t)=Wiener process→ xn ∼ N(0, λn).

WIDE-SENSE STATIONARY RANDOM PROCESSES:

PSD: Sx(ω) =
∏

(jω−zi)
∏

(−jω−zi)∏
(jω−pi)

∏
(−jω−pi)

=
∏

(ω2+z2
i )∏

(ω2+p2
i
)

= N(ω2)
D(ω2) .

SUB:
∫ T

0
Kx(t−s)φ(s)ds =

∫
dω
2π

N(ω2)
D(ω2)e

jωt
∫

e−jωsφ(s)ds = λφ(t).

F : [λD(ω2)−N(ω2)]φ̂(ω) = 0 (include initial conditions).
F−1: λ

∑
di(−1)i ∂2iφ

∂t2i −
∑

ni(−1)i ∂2iφ
∂t2i = 0 (differential eqn.).

For an example: see other handout, Srinath p. 117.


