EECS 564 VECTOR GAUSSIAN DETECTION Winter 1999

GIVEN: Observation R of a Gaussian random wector r, where:
PDFs: pyim, (R|Hy) ~ N(m, K1) where mg, m; are mean vectors
PriH, (R|Ho) ~ N(mo, Ko) Ko, K1 covariance matrices.
DEF: |Kg| = det(Ko); Qo = K5t Am = mq — my.

1 —(R-m)T KT (R—m1)/2
Primy (RIHY)  Go) N2 /1K,
LRT: A = 71 = X7 L
R (R) Pr (B[ Ho) 1 o~ (R=m)T K L(R—mg)/2
(2m)N/2\ /K,

log LRT: ¢(R) = 2[(R—m0)TQo(R—mo) — (R—m1)TQ1(R—m1)]
(subtract 3(log |Ko| — log|K1|) from threshold logn).

Consider two cases: mg #= mq and Ky # K;:

mo # my: L(R) = 5[(R—mo)" Qo(R—mo) — (R—m1)" Qo(R—my)]
Ko = K1 {(R) = (Am)TQoR + $[m Qomo — m{ Qoma] (constant).

LRT: {(R) = (Am)"QoRZ~ — correlation receiver.
U(R) =N ((Am)TQo);R; — matched filter.

N-P: Under H;, £(r) ~ N((Am)TQom;, (Am)T'QqAm).
TEST —use previous results for scalar Gaussian detection:
scalar: Pp =erfc(1="2); Pp=-erfc(T=2) =erfe(="0 —d).
Fisher discriminant= d? — EEHI-EUH])® _ (Am)TQoAm.

)

Ko # Ki: U(R) = 5(R—mo)"(Qo — Q1) (R—myp). AQ = Qo — Q1.
mo =m1 WLOG mg =0 — {(R) = 1 RT(AQ)R quadratic form.

scalar: Distinguish Gaussians with different variances— R?~ 27
vector: AQ > 0 —inside/outside ellipsoid: RT(AQ)R~

signal: Ko = oI (noise); K1 = 0] + K, (random signal+noise):
+noise — Zf\; (% — 2+/\ ) (R/)2>’76111p801d since — 1 > JQ_lMi.

= [¢1 - - - on]T R: matrix of eigenvectors decorrelates.




EECS 564 ANTIPODAL SIGNALING Winter 1999

GIVEN:
GOAL:

Gaussian detection with mg #m,, Ko=K; =K.
Choose mg, m1 to maximize d?> = (Am)TQoAm
subject to constraints ||mgl|?,||m1]|? < E?=energy.

: max ||Am||? — m1 = —mg for any mg where ||mg|| = E

m1 = —myg: opposite sides of circle/sphere: antipodes.

SOLN:

PROOF:

: Let K = diag[o?]. Clearly still want m; = —my.

Different noise strengths in N 1ndependent channels.
2
max d? = Ziil (A”;)i = va . 4(7:0) Let 07 < 02,1 # k.

g’
1

(mo)x = —E; (m1)k = E; (mo)i = (m1); = 0,4 # k:
Put all signal energy into least-noisy channel.

_ (mo)z’.

Scale i'" component by o;: Let (mg); =

Problem becomes: max d* = 4 zz L(Mo)7 = 4]mol|?
subject to constraint S0, 02(1mg)2 = E? (ellipsoid).
Which points on this ellipsoid are farthest apart7
Points along the k-axis, where o3 is smallest o?. QED.

K # I:
SOLN: mo

PROOF:

Let K have eigenvalues/vectors \;, ¢;. Let A\p < A\;,7 # k.

= —FE¢p; mi = E¢y: (above: ¢p =[0...1...0]1.)
Put all signal energy into least-noisy eigenchannel.

Let R = [¢1---¢n]T R and Am/ = [¢1 -+ on]T Am.
d*> = (Am)TK—1Am = (Am’)sz'ag[%i]Am’

2
d? = va . (AT )i . same problem as above (02 — N\;).

my = [¢1...ON] ’1 [p1...0N][0... E...011 = E¢y.
((R) = (Am)diag[-|R' = 53ER), = 32 ¢ R
({(R) ~ R}, = ¢ R is "matched filter: project R onto ¢.




