EECS 564 LINEAR LEAST SQUARES ESTIM. Winter 1999

0-MEAN: NOTE: ALL random variables are assumed to be O-mean.
1: Orthogonality Principle of Least-Squares Estim.:
Let z({y(s)}) = E[x|{y(s)}] be LSE of = from {y(s)}.
Let e = x — &. Then Eley(t)] = 0 for each value ¢ of s.
PROOF: Eley(t)] = Elry(t)|-E[E[z[{y(s)}ly(t)] = B, Elzy(t)|[{y(s)}]
—E[E[zy(t)[{y(s)}] = 0 using Ey[Elzyly]] = Ey[yElz|y]].

INTERP: span{y(s)} = {all linear combs. of y(s)}
= {all possible linear estimators of x}.
z=projection of x on span{y(s)}.
e=projection error_Lspan{y(s)}.

EX#1: Estimate vector x from vector y. & = Ay (linear form).
L El(z — Ay)y'] = Kpy — AK, = [0] = & = K, K 'y,
Much easier than previous derivations!
EX#2: Estimate x(t) from {y(s),T; < s <Ty}.
FORM: z(t) = f;f h(t,s)y(s)ds (linear; compare to & = Ay).
0= E[(z(t)— [ h(t,u)y(u)du)y(s)] = Kuy(t,s)— [ h(t,u) K, (u, s)du
Solve this integral equation over T; <t < T (see below).

oo: Infinite smoothing filter: T; — —oo0,T — oc.
x(t),y(t) jointly WSS— h(t,s) = h(t — s) time-invariant.
— Kyt —s)— [7_ h(t —u)Ky(u— s)du = 0.
F = Spy(w) = H(w)Sy(w) — eH(w) = Syy(w)/Sy(w)e

Special case: y(t) = z(t) + v(t) and E[z(t)v(s)] =0
— Elz(t)y(s)] = Elz(t)(x(s) + v(s))] = Elz(t)z(s)] and
K (t—S) El(z(t) + o(t))(x () v(s)] = Ko + Ky
Sa;y( ) = Sz(w) and Sy (w) = Sz(w) + Sy (w). Substitute:
)

oH(w)=5,(w)/(Sz(w) + Sy(w))e Note noncausal.

l
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EECS 564 CAUSAL WIENER FOR WHITE RPs Winter 1999

WANT: 2(t|{y(s), —o00 < s < t}) « (T; — —o0, Ty =t) (causal).
z(t),y(t) O-mean, jointly WSS. CAN’T use co smoothing.

LEMMA: y; ...yy O-mean with E[y;y;] = 0. y = [y1...yn]".
THEN: 2({y1...yn}) = S0, &(y;). Projections on L add.
NOTE: NOT TRUE UNLESS: (1) O-mean (2) E[y;y;] = di;!

PROOF: #(y) = K.y K, 'y = [Elay1]. .. Elzyn]ly = Yiv, Elryily:.

LEMMA: z(t[{y(s), —o0o < s < t}) = ffoo h(t — s)y(s)ds where

h(t) = { é(‘”y(t) Ei i z 8pr0vided y(t) is white.

PROOF: K, (t—s) = [ h(t—u)K,(u—s)du = [*__h(t—u)d(u—s)du
— Ky y(t —s) =h(t —s) for s <t and h(t) causal. QED.

What is the transfer function for this h(¢)?

L: Now use Laplace: L{z(t)} = [~_=z(t)e™*'dt = X(s).
F — L X(5)|s=jw = X(Jw) = F{z(t)} ( Slded Laplace).

X(s) = H(S *) = 2> 55~ (partial fraction expansion).

[ [X(s)]4 = {RE%;<O} 525~ (sum over poles in lhp).
X (s) = [X(s)]+ + [X(s)]-=realizable+unrealizable parts.
Note L{z(t)} = X (s) — L{z(t),t > 0;0,t < 0} = [X(5)]+.

. -3 _ 1 1 -3 _
EX: §2—s—2 7 s+1 s—2 — [32—3—2]+

Use this later.

+1
LY =25 =€t > 0;e*,t <0 (2-sided exponential).
NOTE: £L7{-L} = —e*,¢t < 0;0,¢ > 0 for a > 0 (note signs!).

y(t) white— H(s) = [Kyy(s)]+ where K,y (s) = L{K,(t)}.
Use this after prewhitening filter— causal Wiener filter.
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GOAL: A filter h(t) so that w(t) = y(t) * h(t) is white.
w(t) is innovations process associated with y(t).

h(t) must be causal and causally invertible:
h(t) has causal inverse filter h=1(t); h(t)xh™1(t) = 6(¢).

WHY? Know {w(s), —0co < s < t} «<>know {y(s), —o0 < s < t}.
So Z(tl{y(s), —o0 < s < t}) = z(t|{w(s), —o0 < s < t}).
h(t) causal+causally invertible— h(t) minimum phase.

2 H(]w 2;) H( Jw—2i) _ 2 i
HOW? S, (jw) = [Gwr0) [[Cio—po) Sy(w?). Replace s = jw:

F— L S,(s) = ll:lli ;z) HE z ;z) S, (—s?). Watch sign of s.

Let H(s) = Hi_ii, [] taken over RE {z;,p;} < 0.
Then H(s)=(pre)whitening filter for y():

o h(t ) L1 H(s)} causal since RE {z; < 0}.
e hi(t)=L"1 {H( 7} causal since RE {p; < 0}.

Sy(s) = ( ) —(s) spectral factorization. H(s) = 1

Sy (5)°
EX: S,(jw) = wfj;55522j1444 = S,(w?). Compute the filter h(t).
Sy(=5%) = i = (s one=g (57 =—w?)
h(t)=L"1 {%} =0(t) +6et —2e 2 fort >0
using Eiii’;ﬁﬁiﬁ% =1+ (sfi;r(igrz) 1+ 35— 55

2o y(t) = ()] = w(t) — [Kew(t),t > 0] — (1),
501: Spw(w) = Syy(w)H* (W) — Sy (s) = Sxy(s)H(—s).
S H(S)LAKy (1) % h(—1). > 0} = ey [ 2208
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EX+#1: Observe y(t) = x(t)4+v(t). Want Z(t[{y(s), —oco < s < t}).
SPECS: Elz(t)v(s)] =0; S.(jw)= wgiﬂ; Sy(jw) = 1.

Sy(]w) 2+1 —|— 1 1 — S ( ) 82:111 (w2 p— —32)
— Sy (s) = 5 Sxy( ) = s, (5) = 12
S, () -7/ 1=s T GADE-e) 50 = =1
1 Sey(s)| _ (s+1) 1 _ o2t
Sy (5) [Sy—(s)} — G2 D) T - h( )=e"t>0.

NOTE: S, (jw) has poles at +1; Wiener filter has pole at —2!

Sy (w)

EX#2: Find oo smoothing filter for EX#I H(w) = ROETHE)
= 3?(/¢5020+T)1ll = =2 — h(t) = 2e 2" (noncausal).

EX#3: y(t) = x(t) + v(t); Elz(t)v(s)] = 0; Elv ( Ju(s)] = 6(t — ).
Causal Wiener filter— eH(s) =1 — S+(S>
if S;(s) strictly proper (#poles>+#zeros).

PROOF: S, =S, =8, —1— 2w = Sl g+ 1

S, S, y S,
A [Sey] g+ 1], 1(gt_1)—1_ L
S-i- |:Sy_:|_|__ [Sy Sy—]+ S;—(Sy ) S+
strictly —
since S, roper Sy proper— S proper— S—_ proper

strlctly

since #poles=#zeros—partial fraction=1 + bropor

EX#1: 1 - 1/21% = Si2 checks. Recall y(t) — \S%L] — w(t).

INNOV- z =y(t) — w(t) — w(t) = y(t) — 2(t) = y(t) — y(t) (here).
ATTONS elnnovations=whitened y(t)=prediction error for y(¢).
Kalman filter uses this to form innovations process.
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Pure Prediction of WSS Processes:

GOAL: Compute z(t 4+ d|{z(s), —o00 < s < t}) for "delay” d > 0.
SOLN: K., (t,s) = Elz(t+ d)x(s)] = Kx(t — s+ d)

— 8.y (8) = Sp(s)e?® (time advance). Substitute:
1 _
57 132, -

1 | Sge® |  _ pds], — 1 ie?*
& [55] = Fsetl = g [T
dp
o = L5 u g ysing [ae L:ge_;’ for RE p < 0.

ds
S—p

S
Sry
Sy

TIME: Initial part of P!, ¢ > 0 now unrealizable.
ADVANCE Unrealizable part—even more unrealizable!

EX: S;(w) = 2+4 — Sf(s) = 8+2 — (5 +2)% T3 = e~ 24,

— 2(t +d|{x(s), —00 < x < t}) = e~ 2%z(t) not filtered.
Use only most recent observation: 1%'-order Markov!

Performance of Wiener Filters:

GEN: Ele?] = Ele(x — &)] = Elex| — [ h(t,s)E[ey(s)] = Elex]
= E[(z — &)z] = E[z?] — [ h(t, 8)K.y(t, s)ds (need h(t)).

co: Ele?] = fo(w)(l - S"S;"’;j’)(;)(li))g—ﬁ (note correlation).
oo: y=x+v— Ele’] = [ S,(w) g (f)fg) ®) 4 (Parseval).

CAUSAL: y =z +v,S,(w) = 0? — Ele?] = o2 [ log <1 + S";(;’)) dw

2
This is the Yovits-Jackson formula (Van Trees p. 501).

HUH? To make sense of this, try some limiting cases:

o? — oo: log(l—ks(w))_#)ﬁE = [ Ss(w —‘; (a priori).

0% — 0: Linear factor— 0 faster than log — oo — (E[e?] — 0).



